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Abstract

In order to correct different numbers of erasures in distributed storage systems, the design of locally
repairable codes with hierarchical locality (H-LRCs) is crucial. In this paper, we study h-level H-LRCs
where h is not limited to 2. We present four constructions of cyclic h-level H-LRCs with length [ny
such that ged(l,q) = 1 and n4|(g — 1). These four classes of cyclic h-level H-LRCs are optimal
with respect to the generalized Singleton-like bound. The minimum Hamming distances of them are
d = 61,01 + 1,81 + 2,61 + dp, respectively. Furthermore, these four classes of cyclic h-level H-LRCs
have new and flexible parameters which are not covered in the literature. By setting the parameter [
appropriately for the third construction, one can construct optimal cyclic h-level H-LRCs with length

n|(¢ — 1) and distance d = 01 + o where o is not limited to 0,1, 2, dp,.

Index Terms

locally repairable codes, cyclic codes, hierarchical locality, h-level hierarchy, distributed storage

systems

I. INTRODUCTION

In large-scale distributed storage systems, locally repairable codes (LRCs) play an important
role due to their local erasure-correcting. Some companies, such as Microsoft, Facebook and so
on, have employed LRCs in practical systems. For LRCs with 7 locality, the ith symbol can be
recovered by accessing the other r» symbols of its codeword. In 2012, Gopalan et al. [15] first

introduced the concept of LRCs with 7 locality and a large number of studies on them emerged
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later (see [4], [9], [12], [16], [17], [18], [19], [20], [21], [24], [26], [31], [38], [39], [40]). In
the same year, Prakash et al. [32] introduced the concept of (r,d) LRCs which degenerate into
LRCs with 7 locality when § = 2. The definition of (r,d) LRCs can be found in Definition 1 of
this paper. Prakash et al. [32] also gave an upper bound on the minimum Hamming distance of
(r,0) LRCs which can be found in (1) of this paper. By this bound, many researchers constructed
optimal (7, ) LRCs in the literature (see [2], [5], [6], [8], [10], [13], [14], [22], [23], [29], [30],
[33], [34], [35], [37], [41]).

In 2015, Sasidharan et al. [36] generalized (r,0) LRCs to LRCs with hierarchical locality
(H-LRCs), which have h-level hierarchical locality. They also derived a bound on H-LRCs
with h-level hierarchical locality. For A = 2, the H-LRC with 2-level hierarchical locality is
called a 2-level H-LRC. If h is not limited to 2, then the corresponding H-LRC is called an
h-level H-LRC. The definition of h-level H-LRCs can be found in Definition 3 of this paper. In
[36], Sasidharan et al. utilized RS-like codes to construct optimal 2-level H-LRCs with length
n < q — 1. In 2019, Ballentine et al. [1] presented a general construction of 2-level H-LRCs
from maps between algebraic curves. In 2020, Luo and Cao [28] proposed optimal cyclic 2-level
H-LRCs with length n|q — 1 or n|q + 1 based on cyclic codes. In the same year, Zhang and Liu
[42] constructed 2-level H-LRCs with flexible parameters based on some optimal (7, ) LRCs.
In 2021, Chen and Barg [7] studied h-level H-LRCs and convolutional codes with locality. They
first obtained optimal cyclic h-level H-LRCs with length n|q¢ — 1 and then constructed optimal
cyclic h-level H-LRCs with unbounded length n = ¢™ — 1. In 2022, Blaum [3] gave a recursive
construction of extended integrated interleaved (EII) codes into multiple layers, which suited as
LRCs due to their hierarchical locality. In 2023, Chen et al. [11] constructed three classes of
optimal 2-level H-LRCs with different lengths. The last one is a class of optimal cyclic 2-level

H-LRCs whose length is n|q — 1. Recently, Liu and Zeng [27] constructed three new classes of
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optimal cyclic 2-level H-LRCs with unbounded or large lengths.

The main objective of this paper is to study cyclic h-level H-LRCs. We first give the definition
of h-level H-LRCs by considering the length and minimum distance. Then we present four
classes of cyclic h-level H-LRCs which are optimal with respect to the generalized Singleton-
like bound on h-level H-LRCs. All the h-level H-LRCs proposed in this paper have new and
flexible parameters.

The structure of this paper is given as follows. In Section II, the definitions and notations are
given. Then four constructions of optimal cyclic h-level H-LRCs with distances d = 41,61 +
1,01 + 2,01 + 0y are presented in Sections III-VI respectively. Finally, some remarks are given

in Section VIIL.

II. DEFINITIONS AND NOTATIONS

Throughout this paper, we define the following symbols:

e ¢ —— prime power;

e GF(q) — finite field consisting of ¢ elements;

e GF(q)[x] — polynomial over GF(q);

e [n,k,d|, — k-dimension linear code over a finite alphabet of size ¢ with minimum

Hamming distance d and length n;

e o« — primitive nth root of unity in some extension field of GF(q);

e (x), — the smallest nonnegative residue of x module y;

e I' — a cyclic shift operator that I (a) = (a;, g1y, » Alitn-1y,) fora = (ag, ar, -+ ,an_1),
0<1<n-—1;

e C|s — a punctured code of C such that C|s = {(csy, Csys - 4 Cs,y v )t (Co, €15+ Cn1) € C}

where S = {so,s1, -+ ,Sm-1} € {0,1,--- ,n—1}.
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For an [n,k,d], cyclic code C, if ¢ € C, then I'"(¢) € C forany 1 < 7 < n—1.In
the perspective of polynomial, the [n, k,d], cyclic code C is a principal ideal of the quotient

ring GF(q)|z|/(z™ — 1). C can be generated by a polynomial g(zx) called generator polynomial
g GF(q)[z]/( ) g y a poly g g poly

where g(z)|(z™ — 1). Then h(zx) = 1;(;)1 is called the parity-check polynomial of C. The set
{a’|g(a’) = 0,0 <i < n—1} is called the defining set of C. For an integer i, the g-cyclotomic

coset of 2 mod n is given by
C’i = {Z7 Zq? 7:q27 U 7iqeiil}7

where e; is the smallest positive integer such that 1¢“ = ¢ mod n. Let D be the defining set of
C. It is known that the set {j|a? € D,0 < j < n — 1} is a union of some g-cyclotomic cosets
mod n.

The following lemma is the famous BCH Bound.

Lemma 1: (BCH bound [25]) Let C be an [n,k,d], cyclic code with defining set D. If
{a"+0 < i < d —2} C D for some integers 4', then the minimum Hamming distance of
C is greater than or equal to d'.

The following lemma is the Hartmann-Tzeng Bound.

Lemma 2: (Hartmann-Tzeng bound [25]) Let C be an [n, k, d], cyclic code with defining set
D. If {a#totizb|) < 4 < d' —2,0 < iy < d"} C D for some integers i, a,b such that
ged(n,a) =1 and ged(n,b) = 1, then the minimum Hamming distance of C is greater than or
equal to d' + d".

The following lemma is about the defining set of punctured code of a cyclic code [28].

Lemma 3: Let C be a cyclic code with length n over GF(q). Let n’ be a divisor of n and [ = 7.
Suppose that « is a primitive nth root of unity and 5 = ! is a primitive n/th root of unity. Let

S={a,a+1l,a+2l,--- ,a+ (n' — 1)} where 0 < a <[ —1. Clearly, C|s is a cyclic code with
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b . b+n’ ab+2n’ . b+(1—1)n’
) )

length n’ over GF(q). If the complete defining set of C contains o’ « e
where 0 < b < n’ — 1, then the complete defining set of C|g contains [3°.

The definition of (r,d) LRCs is given as follows.

Definition 1: Let C be an [n, k, d], code. For each i, 0 <i < n—1, if there exists a punctured
subcode of C with length at most » + 0 — 1 and minimum distance ¢, whose support contains ¢,
then ith symbol of C is said to have (r,d) locality and C is an (r,d) LRC.

If 6 = 2, then the (r,0) LRC degenerates into an LRC with r locality. The Singleton-like
bound on an (r,0) LRC with [n, k,d|, is given as follows [32]:

dgn—kﬂrl—(ﬁ-‘—l)(é—l). (1)

r

Definition 2: 1f the parameters of an (r,0) LRC meet the bound (1) with equality, then it is
said to be optimal.

There are many optimal (r,0) LRCs obtained in the literature (see Section I).

Similar to the definition of 2-level H-LRCs given by Luo and Cao in [28], we give the
definition of h-level H-LRCs by considering the length and minimum distance.

Definition 3: Let h > 1, 0 < rp, < rpy < --- < rp < k,and 1 < 6, < dp1 <

- < 07 < d be integers. A code C of length n is called an h-level H-LRC with parameters
((r1,01), (re,02),- -+, (rp,dz)) if for every coordinate i € {0,1,--- ,n — 1} there exists a subset
S; € {0,1,--- ,n — 1}, such that
(1) 7 € S; and the size of S; is at most 71+, —1—1-2?:2 q’;—;-‘ — 1) (0; — 041) where 6,41 = 1,
(2) the minimum distance of C|g, is at least d;,
(3) C|s, is an (h — 1)-level H-LRC with parameters ((r2, d2), (r3,03), -, (rn, dn)).

The generalized Singleton-like bound on an [n, k, d], h-level H-LRC with parameters ((ry, d1),
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(rg,02),- -, (rp,0z)) is given as follows [36]:
" Tk
dsn—kﬂ—;dﬂ—1)(5j—5j+1) )

where 05,1 = 1.

Definition 4: If the parameters of an h-level H-LRC meet the bound (2) with equality, then it
is said to be optimal.

Note that (r,d) LRCs can be seen as a special case of h-level H-LRCs for h = 1. There are
some optimal 2-level H-LRCs (h = 2) in the literature (see Section I). However, to the best of
our knowledge, there are very few results on optimal h-level H-LRCs (A is not limited to 2) in

the literature (see [7]).

III. CONSTRUCTION OF OPTIMAL CYCLIC h-LEVEL H-LRCS WITH d = §;

In this section, we give a construction of cyclic h-level H-LRCs with minimum Hamming
distance d = ¢; which are optimal with respect to bound (2).

Let o > 1 be an integer and ¢ a prime power. Let n;, < n,_; < --- < n; be integers such
that nq|(¢ — 1), and n,44|n, for z = 1,2,---  h — 1. For an integer | with ged(l,q) = 1, the

g-cyclotomic coset of ¢ mod n is C; where n = In; and 0 < ¢ < n — 1. First, we define

Dh = U Cin, U Cinp1 U U Cipp15-1, (3)

i=0,1,, 1 1

sty ’nh

n

where § < n;, — 1. For some integers 0 < Ay 1 < Ap o <+ <Ay <np_q — "h:é, define

xT
D, = U U Cing+inn+6 Y Cing+jnp+s41 U - U Cinjingy 4+ 15 4)
i=0.1,-- lnilfl j:0717._.’\‘ Ay Jil

C

éJnh—f—(F U Cinz—&-{ni%éjnh—‘ré—i-lu U inz—&-{ﬁ%éJnh—&-é—i—(Am)nh_(g—l’

(&)
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where v =1,2,--- ,h — 1.

Before discussing the structure of D", D%, and Df, v = 1,2,---

following theorem.

Theorem 1: For any n, defined above, x = 1,2,--- , h, we have

U Cingte = U {ing + ¢}

i=0,1,, 21 1 i=0,1, 11

K 7”L‘ b 1nx
where 0 < ¢ < n, — 1.

Proof: 1t is obvious that

U {an + C} - U Oinz—&-c'

i=0,1, 1 1 i=0.1.... g

IR IR
nx nx

We only need to prove the rest that

U Cing+e U {ing + c}.

=01, 11 =01, 1

[kl Y ng Y ng

N

Inq
Ny

For any integers 0 < i <

and n|(¢ — 1), we have ¢ = an, + 1 for some integer a. Then

(ing + ¢)q® = (ing + ¢)(an, + 1)* = In, + ¢,

where

April 23, 2024

,h — 1, we first give the

(6)

(7

®)

—1 and s > 0, we have (in, +c)¢® (mod n) € Cjy,, 1. Since n,|n;

(€))
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It follows that

(ing + ¢)¢° (mod n)=In, + ¢ (mod In;)

= (1), Ny + c.

nx

Note that 0 < (I)wm, < %2 —1, which implies that

ng x

(ing + ¢)q° (mod n) € U {ing + c}.
i=0,1,, M 1

ng

Therefore, the (8) holds. Together with (7), the desired result is got.

Now we give the structure of D", D%, and D¥, x =1,2,--- ,h — 1.

Theorem 2: For D", D7, and Dy, x =1,2,--- ,h—1, defined by (3), (4), and (5) respectively,

we have

D'= )  {inping + 1, iny +6 -1}, (10)
i=0,1,, 51

pi={J U A{inetinn+d ing+jna+6+1,--- ing+jny+n,—13, (11)
i=0,1,+, "0 1 j—0,1,..., LLﬁféJ -1

A A A
DY = ) L ) a 1,---.2 z A _s—14(12
b, U {mﬁ{n 5Jnh+5,mx+{nh_5Jnh+(5+ , ,mx—ir{nh_aJnh—l—é—l—( o) np—s — 1}(12)

Proof: Applying Theorem 1 to (3), (4), and (5) respectively, one can obtain those three

equalities.

Let C be an [n, k,d], cyclic code with defining set {a‘|i € D} where

D:Dhu< U D;;uD;f). (13)

=12, ,h—1
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For the code C, we have the following result.

Theorem 3: Define Ag = Ay, A, =0, Apy = —6, and ng = Iny. C is an optimal cyclic

[ing, Iy =320, l;” (A —Ai1), L”ﬁiéJ d+0+A;+1], h-level H-LRC with parameters ((ry,d; =

MLSJ 546+ AL+1), (ra, 85 = {nfgéj 546+ Dg+1),- -, (rn,6p = {nfféj §4 54+ Apt1)),

Whererj:nj—zZ ]Z](A Aipy) for 0<j < h, 2 = Pﬂ forall 0 <j<i<h-—1,and
h—1
T JAVES}
- - | — 14
ol A RO Al (Freer{ R P} a4

forall 0 <j < h-—1.

Proof: Tt can be checked that {0,1,--- | {nfiéj np+0+ (A1), —s—1} C D. By Lemma 1, the

minimum Hamming distance of C is at least { J np+0+ (A1), —s+1 = {nfiEJ O+0+A+1.

The dimension of C is k =n — |D| = Iny — S, l;“ (A — Ajgr).

Now we prove that C is an h-level H-LRC. For any coordinate i« € {0, 1,--- ,n— 1}, suppose

that S; = {(i);, (i);+1,- -, (i);+(ny—1)I}. Itis clear that i € S;. Let 3 = o be a primitive n;th

root of unity. Note that U {n,gm+1,---  jng+ {

J nh+(5+(A >nh,5—1} g D. By
j=0,1,---,[—1

Lemma 3, C|s, is a cyclic code with length 1, and its complete defining set contains {37'|;' € D'}

where D' = {0, 1, -- -, {nhAi(SJ np + 0 + (A1)p,—s — 1}. By Lemma 1, the minimum Hamming
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distance of C|g, is at least L 0 4+ 6 + Ay + 1. Further, we can calculate that

h
™ +51 — ]."‘Z (’7:—1—‘ — 1) ((5]/ —6j/+1>
j'=2 J!

h
A
:nl—z%(Aj,_Aj,H)Jr th_ldJéJr(SJrAlJrl) —~1

j'=1 J

S| (S R ES o)
ARICSIER

h
n A
=n =Y —(Ay = Dy) + {nh_léJdJréjLAl

h—1
71 A Ajiy
+-/Z:2Lj’-‘ <L”h—5J5 Ay th_(;Jé AJ+1>

J

S D F SR VI S D R P
nh—d nh—é Th

h

n A bl r A A

1 1 1 i’ i’+1

— _ E Ao — A § = J _ | =

" §'=2 ”J"( ’ ’ H) \JLh 5J ’ §/=2 Lj’—‘ (\th 5J ’ Lﬂbh 5J 5)

+Z[ﬁl Aji) — {nf_QéJHLJ (An — Apsr)
Z(—H)< = 2] ([l 2] )

Q

=m 15)

where the last step employs the fact ~2 = “—ﬂ and equality (14) for 1 = j < j' < h—1. For any
] J

coordinate i’ € {(i);, (i);+1,- - -, (i);+(n1—1)1}, suppose that Sy = {(i);+(7*) ni 1, (i) +({i*) n1 +

Iny

B, ()4 (%) m 4 (ng — 1) 22]1} where ¢/ = (i), +4*1. Tt is clear that ' € Sy. Let v = a2
2 no

be a primitive noth root of unity. Note that U {jna,gna + 1,-+- | jng + L
j=0,1,--, 2

7 g

Jnh—i-
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6 + (Ag)p,—5 — 1} € D. By Lemma 3, C|g, is a cyclic code with length ny and its complete

np—08

defining set contains {+/'|;’ € D"} where D" = {0,1,--- , { Az J ny+ 0+ (Aa)pn,—s — 1}. By

Lemma 1, the minimum Hamming distance of C|g, is at least Lnff 6J 0+ 0+ Ay + 1. Similar

to the derivation of (15), we can obtain

h
T
ro + 0y — 1+Z (’VTJ.,
J'=3

-‘ — 1) (5j/ - 5j/+1) = Nao. (16)

By discussing it recursively in this way, one can get similar results on the parameters (7, d,)
forx =3,4,--- ,h.

Next we prove its optimality. For the [Iny, Iny — > " B (A; — Ayy), d], h-level H-LRC with

i=1 n;

parameters ((rq,01), (r2,92),- -+, (74, ds)), by bound (2) we have

h
[
d < Iny — [lm - Z o (Ai - Az‘+1)

n.
i=1 "

(] [(E P (E T

+1—[QW5+5

Th

h—1
SR (e s oe o)
— | r; np— 0 np — 0

=\ n T n, rh h—0
h—
IRI(F= IR
| ny — 0 ny — 0
:L A1J5+5+Ay+1 (7
nh—5

where the last step employs the fact ;2 = “—ﬂ and equality (14) for 0 = j < i < h — 1. Then

np—~o

the minimum Hamming distance of C is exactly L Ay J 046+ A;+1 and C is an optimal

cyclic h-level H-LRC.
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0
Remark 1: In [7], the length of cyclic h-level H-LRCs should be n|(¢ — 1) or n = ¢™ — 1 for
m > 1. By our construction, the length of cyclic h-level H-LRCs is n = In; for ged(l,q) = 1
and n1|(q¢ — 1). Thus, the parameters of cyclic h-level H-LRCs by our construction are new.
The other three classes of cyclic h-level H-LRCs presented in this paper (see Sections IV, V, VI
respectively) also have new parameters for the same reason.
Example 1: Let ¢ = 97, h = 4, n; = 96, ny = 48, ng = 24, ny = 6, l = 2, and 6 = 3. For
A; =6, Ay =4, and Az = 3, one can get

D4U< U Dgupg>_< U {6i,6i+1,6@'+2}> u( U {24i+3,24i+4,24@'+5}>

z=1,2,3 i=0,1,---,31 i=0,1,,7

U ( U {48@'—1—9}) U (U{96i+10,96i+11}> .

i=0,1,2,3 i=0,1
For a cyclic code C of length In, = 192 with defining set {a'|i € D*U (U, , 5 Di UDf)}, one
can check that 0,1, - - , 14 belong to D*U (U,=125 DZUDy). By the BCH bound, the minimum
Hamming distance of C is at least 16. The dimension of C is k = In,—|D*U(U,_ 5 DsUD})| =
192 — 128 = 64. By Lemmas 1,3 and Definition 3, it can be verified that C is an h-level H-LRC

with parameters ((32,16), (17,11), (9, 10), (3,4)). By bound (2) we have

d < 192—64+1— Ug—ﬂ —1> (16 — 11) — U?—ﬂ —1> (11 — 10)
(] ona- (5] -

= 16.

Thus, C is an optimal cyclic [192, 64, 16]y; h-level H-LRC with parameters ((32,16), (17,11),

(9,10),(3,4)).
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IV. CONSTRUCTION OF OPTIMAL CYCLIC h-LEVEL H-LRCS WITH d = §; + 1

Now we construct a class of cyclic h-level H-LRCs with d = d; + 1 which are optimal with
respect to bound (2).

For an integer » > 1 and a prime power ¢, let n, < np_; < --- < n; be integers such
that nq|(¢ — 1), and n,1|n,, © = 1,2,--- ,h — 1. For an integer | with ged(l,q) = 1, define

g-cyclotomic coset of ¢ mod n by C; where n =In; and 0 <7 <n — 1. Let

E'= |  Cint1UChmys2 U+ UCin, s, (18)
z‘:o,l,m,%—l

where § < n; — 2. For some integers 0 < Aj_; < Ap_op < -+ < Ay < nj_q — 226 — 1 such

np

that (n, —0) t (A1 + 1), let

=01, g A
i=0,1 T -1 j=0,1,, | A2 |1

BE= |J ¢ uc U---ucC
b i+ 20 | np+641 7 ingt| JA2s [+ ing+| 225
i=0,1,0++, 20—

Jnh+5+<Am>nh—6 » (20)

where v =1,2,--- ,h — 1.
Let C be an [n, k, d], cyclic code with defining set {a‘|i € D} where
D:COUEhU< U nguEg). (21)
2=1,2,- ,h—1
Then we can get the following result.

Theorem 4: Define Ag = A1+ 1, Ay, =0, Apyq = =46, and ng = Iny. C is an optimal cyclic

[Ing,ln; — Zh (A — Agyy) — 1, L A1 J d + 0+ Ay + 2], h-level H-LRC with parameters

i=1 Mg Tth(S

(1,6, = L Ay J5+5+A1+1),(rz,5g - Lﬁz&J 5464+ Dot1),- -, (1,0 = L Aﬁ(sJ P

np—0 h np

Ap+1)), where r; = nj—zh L(A=Ajpr)for0 < j < h, 2 = ﬁ—]-‘ forall0 < j <i < h—1,

1=J n;
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and

=TS (] - L) *

i=j
forall 0 <j < h—1.

Proof: Note that Cy = {0}. Similar to Theorem 2, we can obtain

E"= ] {ing+Ling 42, iny + 6}, (23)

. l
i=0,1,+, 7L -1
h

Er= | U {inetinn+0+ Ling+jna+0+2, -+ ing+jny+ny}, (24)

a
i=0,1,.-, ™M —1j:0,1,~~~{ Az J—l

Tng ny—98

U {iny+ L

i=0,1,-, 2 1
Ny

A,
5Jnh+5+27 : ,an—‘—\‘ Jnh+5+<Ax>nh—5}a(25)

A,
Jnh+5+1 mx—%
nh—(5

ny—

where z = 1,2,--- ,h — 1. It is easy to check that {O,l,---,{A Jnh+(5—|—( Dnp—s} C D.

By Lemma 1, the minimum Hamming distance of C is at least L J np+ 0+ (A1)n,—s+2=

Ay
TLh—5

Similar to the proof of Theorem 3, it follows that C is an h-level H-LRC with parameters

J 8 4 0 + Ay 4 2. The dimension of C is k = n — |D| = Iny — S" B (A, — Ayyq) —

zln

((Tl, 51>, (7“2, 52), SR (Th, 5h)) For the [lnl, l’l’Ll — Z ny (A Az—i—l) d]q h-level H-LRC

Zln

with parameters ((r1, 1), (r2,92), -+, (T, dn)), by bound (2) we have

ln1

dglnl—[lnl Z (A; — Apay) — +1—PW5+5
i=1 Th

(] (afererae)- (forse s

" In T A
=) (A - A2+1)+2—[—°W5+5+{ L J5+A1
Th nh—5

%
=

1
h—1

S e[ va-0e)
— | Ti nh—5 np — 0

S
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Since (n, —d) 1 (A; + 1), we have

Ao | JAo—1| | oA
{nh—(SJ_{nh—(FJ_th—cJ (27)

which leads to

h—1
In, ro Ing To AN
d < Z(nl — L—I—D (Ai—Ai+1)+n—(5+2— [a—‘(s—i-é%— th_5J5+A1
_h_l @ A 5— Ai+1 5
— |7 ny, — 0 ny, — 0

_ { Ay J5+6+A1+2. (28)
nh—(S

The last step of (28) employs the fact ;2 = ﬁ—ﬂ and equality (22) for 0 = j < i < h — 1. Then

the minimum Hamming distance of C is exactly L"ﬁi 5J 0+ 0+ A;+2 and C is an optimal
cyclic h-level H-LRC.
O
Example 2: Let ¢ =113, h =4, n; = 112, no, =56, ng =28, ny =7, | = 2, and 6 = 3. For
Ay =8, Ay =5, and A3 = 4, it follows that

D:COUE4U< U EguEg)

r=1,2,3

:{0}u< U {7i+1,7z’+2,7i+3}>u< U {28i+4,28z’+5,28i+6,28i+7}>

i=0,1,-,31 i=0,1,-,7

U < J {56i+ 11}) U ( | {1120 + 12,112 + 13, 112i + 14}) .

i=0,1,2,3 i=0,1
For a cyclic code C of length in; = 224 with defining set {a‘|i € D}, it is easily checked that
0,1,---,17 belong to D. By Lemma 1, the minimum Hamming distance of C is at least 19. The

dimension of C is k = Iny — |D| = 224 — 139 = 85. By Lemmas 1,3 and Definition 3, one can
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verify that C is an h-level H-LRC with parameters ((43, 18), (23,12),(12,11), (4,4)). By bound

(2) we have

d < 224—85+1— G%W —1) (18 — 12) — (Fs—ﬂ —1) (12 — 11)

() ([2]-)eos

= 19.

Thus, C is an optimal cyclic [224,85,19];13 h-level H-LRC with parameters ((43, 18), (23, 12),

(12,11), (4,4)).

V. CONSTRUCTION OF OPTIMAL CYCLIC h-LEVEL H-LRCS WITH d = §; + 2

Next we present a construction of optimal cyclic h-level H-LRCs with d = §; + 2.

Let A > 1 be an integer and ¢ a prime power. Let n, < n,_; < --- < n; and [ be integers
such that ged(l,q) = 1, ny|(¢ — 1), and nzq|ng, © =1,2,--- , h — 1. Define g-cyclotomic coset
of i mod n by C; where n =1In; and 0 <7 <mn —1. Let , A1, Ay, -+, Ay_1 be integers such

that d <np —3,0< A1 <Ap_ g < - <A < nh_l—”h:é—l, (A1), -5 <np—0—2, and

n

=] | q - J np + 6+ (A)n,—s + 1). Assume that E", E%, and E¥, z = 1,2, ,h—1,

[gcd(zﬂn;ll) np—0

are defined by (18), (19), and (20) respectively.

Let C be an [n, k,d], cyclic code with defining set {a'|i € D} where

_ h x T
D—COUCL Al Jnh+5+<A1>nh75+1UE u( U EQUEb>. (29)

"h? =12, h—1
Then the following theorem is got.

Theorem 5: Define Ag = Ay + 2, A, =0, Apyy = —9, and ng = Iny. C is an optimal cyclic

i=1 n; np—6

[Ing,lng — Zh (A — A1) — 2, L A1 J d + 0 + Ay + 3], h-level H-LRC with parameters

(1,61 = [ Ay J(5+(5—|—A1—|—1),(r2,52 - { A35J 4G+ Dat 1), (r, G = { A%J P

np—~0 nh np
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Ap+1)), where r; = nj— S0 (A —Ayyy) for0 < j < h, M = “—3-‘ forall0 < j < i< h—1,

=7 n;

and

1=

w12 (] - ) <30>

forall 0 <j <h-—1.

A1 J ny 490+ (A1), s+ 1}. Since

Proof: First, we prove that CL A Jnh+5+<A1>nh,5+1 = {{nhﬂs

np—0

=il QnA aJ 40 4 (Ar)n,—s + 1), we have
ni

Q A, 5J i+ 8+ (Ar)nys + 1) ¢ (mod Iny)

ny —

nh5

Jnh+(5—|—<A >nh,5—|—1
. ln1 (mod l?’Ll)

A
:\‘ ! Jnh+5+<A1>nh_§+1+\‘

ny — 0 Ini/(qg—1)
- | A F O+ (A s+ 1
- nh . 5 7/Lh 1 nhfé
|25 5 (A s+l
+ . 1 -l d !
1/ ged(l, &1 gea(, 1) 1 tmed fm)
Ay
= ny+ 0+ (A1), —s + 1. (31
ny — )

It is well known that Cy = {0}. Similar to the proof of Theorem 4, we can check that

{07 17 T \\nhAi(;

of C is at least {

J nyp+ 9+ (A1)y,—s+1} € D. By Lemma 1, the minimum Hamming distance

J nyp+ 0+ (Ay)y, s +3= LfiaJ 0 + 6 + A + 3. The dimension of C is

E=n—|D|=ln — S, (A - ) -

Similarly, it can be verified that C is an h-level H-LRC with parameters ((r1,d1), (72,92), - -,

(rn,0n)). For the [Ing,lny — S B(A; — Ayyy) — 2,d], h-level H-LRC with parameters

zln
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((r1,01), (re,02), -+, (rn,ds)), by bound (2) we have

h
z
d < Ing — [lnl—z Z}(Ai—AiH)—z +1- K—ﬂ(sw
i=1

] (IR I E)

h—1
— [E—‘ ({ A J 0 — {ﬂJ 0+ A; — Ai+1> . (32)
, T np —0 n—0

Note that (A;),, s < np — 0 — 2. Thus

Ao | |A+2
nh—(5 __nh—(5

25| (00 = 0) + (A5 +2 ‘

nh—5

N

L h — 0 ny — )
Ay
= = 5J . (33)

This implies that
h—1

A
dgz(lnl—ﬁob@ Al+1)+l—5 3—[;—0%+5+Ln 15J6+A1
h h —

n; i
=1

S (2 [2))

nh—5

where the last step employs the fact ;1 = [:—ﬂ and equality (30) for 0 = j < i < h — 1.

Therefore, the minimum Hamming distance of C is exactly { J 0+0+A;+3andC is an

optimal cyclic h-level H-LRC.
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Remark 2: One can relax the restriction [m] ] (L = Jnh +0 4+ (Ay)n,—s + 1) to
7 nl

np—~0

[4)] | (L Ay J np+ 6+ (A1), —s +1 +in1> such that ged(l,iny + 1) = 1 for some

gcd(l,% np—0

. By the

0 <i <[ —1, and substitute CL N

with C'
TLh,(;Jnh+6+<A1>nh—5+1 L 21

" ,5Jnh+5+<A1>nh—6+1+inl

Hartmann-Tzeng bound in Lemma 2, an optimal cyclic h-level H-LRC with the same distance

d = 0; + 2 can be obtained.

Remark 3: By setting l\%, it is well known that [gcd(lfﬂ)] | ani(sj nh+5+(A1>nh,5+w> al-
ni

ways holds forw=1,2, - --. One can substitute CL Ay
np—0o

with CL Ay

|rnto+(AL)n, s +1 P |0+ (A1) 5+

U ---. Then more optimal cyclic h-level H-LRCs with distance d =

UC| a,
[

2L |0+ (A1)y, s +2

91 + o (0 > 2) can be obtained although the length of them is n|(q — 1).
Example 3: Let =73, h=3,n1 =72, no =36, n3 =9, =4, and 6 = 2. For A; = 7 and
Ay =1, we have

D:COU012UE3U<U Ejqu{f)

r=1,2

:{0}u{12}u( U {9z’+1,9¢+2}>u< U {36i+3}>

i=0,1,--,31 i=0,1,-,7

u( U {(72i+4,72i+5,- ,72z'+9}>.

i=0,1,2,3
For a cyclic code C of length In; = 288 with defining set {a'|i € D}, it is obvious that
0,1,---,12 belong to D. By Lemma 1, the minimum Hamming distance of C is at least 14.
The dimension of C is k = In; — |D| = 288 — 98 = 190. By Lemmas 1,3 and Definition 3, it

can be verified that C is an h-level H-LRC with parameters ((48,12), (27,4), (7,3)). By bound
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(2) we have

d < 288—190+1—<[%80—‘ —1) (12-4)-([%} —1) (4—3)

(2]

= 14.
Hence, C is an optimal cyclic [288,190,14];3 h-level H-LRC with parameters ((48,12),(27,4),(7,3)).

VI. CONSTRUCTION OF OPTIMAL CYCLIC h-LEVEL H-LRCS WITH d = §; + ),

Finally, we present a construction of optimal cyclic h-level H-LRCs which have minimum
Hamming distance d = §; + 9.

For an integer h > 1 and a prime power ¢, let n, < ny_; < --- < ny be integers such that
ni|(¢ — 1), and ngq|n,, x = 1,2,--- ;A — 1. For an integer [ with ged(l,q) = 1, let C; be

g-cyclotomic coset of ¢ mod n where n = In; and 0 < ¢ < n — 1. Define

F'= | Cis2UCinyis U UCin,sn,—1. (35)
i=0,1,, -1

For some integers 0 < Ay, 1 < Ap o <+ <A < 2h=1 _ 1 guch that 2 1 Ay, define

Tp

by = U U Cingtjnn+nn U Cing+jny+np+1, (36)
i=0,1,0, -1 j=0,1,-,| 4% | -1
4

Q, if (Ag)y =0,
sz = Uln1 Cinm-i-L%Jnh-ﬁ-nh’ if <A90>2 =1and x 7& 17 (37)

i=0,1,, 211

U Gy, otherwise,
=01, 1—1

\

where z =1,2,--- |h — 1.
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Let C be an [n, k,d], cyclic code with defining set {a‘|i € D} where
D:COUFhU< U FfUF,f). (38)
2=1,2,- ,h—1
Then the following theorem is obtained.

Theorem 6: Define Ay = A1+1, Ay, =0, Ap 1 = 2—ny, and ng = Iny. C is an optimal cyclic
[ing,Iny — S0 l;?l (A; — Aiyq) — 1, (A1+3) — 1], h-level H-LRC with parameters ((ry,d; =
([5H] + D —2) + Ar+ 1), (ra, 02 = (|52 ] + 1) — 2) + Ag + 1), -+, (ra, 0 = ([ 52| +
1)(np —2) + Ay + 1)), where 7; = n; — Zz ; ZJ (Aj — Ajyq) for 0 < j < h, =2 = “—J-‘ for all

0<j<i<h-—1,and

no 2S5 132))

forall 0 <j <h-—1.

Proof: Similar to Theorem 2, we have

Fh {z’nh—|—2,inh—|—3,--- ,inh+nh—1}, (40)

I
L

;= U U {ing + jnn + np, ing + jn, +np + 1}, 1)
i=0,1,, 1 j=0,1,,| B | -1

@, lf <Ax>2 = O,
. A . o
Ff= . .L.Jm_l{mx |55 i+ i}, if (Ag)e =1and 2 # 1, (42)
U {ing + 1}, otherwise,
i=0,1,- -1

\
where z = 1,2,--- 'h — 1. Since Cy = {0}, one can check that {in; — n, + 2,Iln; — ny +
3o ,Iny—1,0,1,--- LAlj nyp+n,—1} C D. By Lemma 1, the minimum Hamming distance

2

of C is at least |3t|ny, + 20, — 1 = 33" 1 The dimension of C is k = n — |D| =
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Iny — S0 (A~ Ayy) —

i=1 n,;

Similarly, one can prove that C is an h-level H-LRC with parameters ((71,01),(72,02)," - ,(7r,01)).
For the [Iny, Iny =S, ™ (A;—A, 1)1, d], h-level H-LRC with parameters ((r1,8,), (72, 82),- - -,

i=1 n;

(74, 61)), by bound (2) we have

l’l’Ll

(A A1+1> —1

+1—<K—ﬂ —1) (np, — 2)

{AMJ) (np —2) + (A; — Ai+1):|

d < In, — [ml Z
=1

7

S (-9 (18-

2
_ il;? A — Az+l)+2—<{ W—1) (nh—z)Jﬂ%J (nn —2) + A,

SR hnoes]

It should be noted that 2 | Ay, which implies

5)-3)-5- 12
2 2 2 2

S

Thus

d < hz Im_ POD (A, — Al+1)—|—m—1(nh—2)+2

i np

~ [_J (np— 2) 4y — 24+ L%J (np — 2) + A,
|

(-2 non-

J nh—2)—|—A1+2nh—2
+
2

3)m -1, (45)

where the first equality employs the fact Z—J = “—7-‘ and equality (39) for 0 = j <i < h —1.
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Hence, the minimum Hamming distance of C is exactly — 1 and C is an optimal cyclic

(A143)np
2
h-level H-LRC.
O
Remark 4: Note that the minimum Hamming distance of h-level H-LRCs in this section is
d = 1 + 0, which is different from those of the other classes of h-level H-LRCs in this paper.
Example 4: Let g =25, h =3, n1 = 24, n, =12, n3 =4, and [ = 2. For A; = 3 and A, = 2,
one can obtain

D:C’OUF3U<U F;uF,ff)

r=1,2

_{0}u< U {4@+2,4¢+3}>u< U {12i+4,12i+5}>

1=0,1,---,11 1=0,1,2,3

U(U{24z'+1}>.

i=0,1

For a cyclic code C of length in; = 48 with defining set {a‘|i € D}, it can easily be seen that
46,47,0,1,2,3,4,5,6,7 belong to D. By Lemma 1, the minimum Hamming distance of C is at
least 11. The dimension of C is k = In; — |D| = 48 — 35 = 13. By Lemmas 1,3 and Definition
3, it can be verified that C is an h-level H-LRC with parameters ((7,8),(4,7), (2, 3)). By bound

(2) we have

e (LS (L
(8]

= 11.

Therefore, C is an optimal cyclic [48, 13, 11]o5 h-level H-LRC with parameters ((7,8), (4,7), (2, 3)).
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Table 1. The lengths and distances of cyclic h-level H-LRCs in [7] and this paper

Length n Distance d Remark
nl(g—1) d> 41 |[7], Remark 3
n=q"—-1,m>1 d=461+1 [71
n=lIny, ged(l,q) =1, nq1|(¢ — 1) d=6 Theorem 3
n =Iny, ged(l,q) =1, n1|(¢g — 1) d =961+ 1| Theorem 4

n =lIny, ged(l,q) =1, n1|(g — 1),

[gcd(llg)ﬂ ({nfiéJnh+5+<A1>nh_5+1+in1) d =61 +2| Theorem 5
e

and ged(l,in; +1) =1 for some 0 < i <[ —1

n =lIny, ged(l,q) =1, n1|(g — 1) d = 01 4 6| Theorem 6

VII. CONCLUSIONS

In this paper, by considering the length and minimum distance the definition of h-level H-
LRCs was given. Then four classes of optimal cyclic h-level H-LRCs were constructed, which
have minimum Hamming distances d = 1,61 + 1,91 + 2,1 + 9, respectively. Compared with
cyclic h-level H-LRCs in [7], our cyclic h-level H-LRCs have new and flexible parameters.
By setting [ |’1n;11 for the third construction, more optimal cyclic h-level H-LRCs with distance
d = 1+ o (o is not limited to 0, 1,2, d;,) can be obtained, but the length of them is n|(¢—1). It
is interesting to construct optimal cyclic i-level H-LRCs with any Hamming distance and length
in future work.

Table 1 summarizes the lengths and distances of cyclic h-level H-LRCs in [7] and this paper.
It can be seen that the parameters of cyclic h-level H-LRCs in this paper are new and more

flexible than those in [7].
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