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Abstract

The main objective of this research is to determine the influence of micro-crack on the propagation of a semi-infinite crack.
This study is mainly based on the determination of the strain energy during the interaction between the semi-infinite crack
and the neighboring microcrack. The problem is formulated by a plane element, having a micro-crack varies around itself and
around a semi-infinite crack. The cracked element is subjected to a uniform load according to mode I. The theoretical analysis
of the strain energy is based on the stress found during the propagation of the semi-infinite crack. During the positioning of
the micro-crack with respect to the semi-infinite crack, according to the strain energy results, the presence of the micro-crack
can amplify, reduce and sometimes arrest the propagation of the semi-infinite crack.

I. Introduction

The interaction between the semi-infinite crack and a neighboring micro-crack has been studied by several
researchers [1-3]. In this paper, based on the strain energy, this study is devoted to determining the influence
of microcrack on the semi-infinite crack. During the propagation of semi-infinite crack, the strain energy is
mainly based on the stress field found by H. Hamli benzahar [4]. The problem is formulated by a brittle
material of a thin thickness, cracked at the end, having a microcrack varies around itself by an angle α
and around d the semi-infinite crack by an angle (see Figure 1). The cracked model is subjected to a
uniform load making opening of semi-infinite crack according to the first mode of rupture (Mode I). Using
the mathematical approaches, the constraints and strains fields of a micro-crack and semi-infinite crack are
formulated by using of the complex potentials theory [5]. The strain energy rate is defined as the energy
released during the cracking of a brittle or ductile material [6]. To determine the evolution of the semi-infinite
crack, several researchers used the principle of J-integral [7-8]. Experimental and numerical results show
that macroscopic specimens which contain microscopic defects producing local stress concentrations [9-10].
In brittle materials, the failure is considered to be an energy-consuming phenomenon, taking into account
the energy state of the atoms before and after cracking. [11]. This study is divided to two parts;

• The first part is devoted to the study of the orientation of the microcrack around the semi-infinite
crack according to the angle , whose strain energy is determined for each position of the microcrack.

• On the other hand, the orientation of the microcrack around itself (according to the angle α) is studied
in the second part.

According strain energy results, the positioning of the microcrack can amplify, reduce and sometimes stop
the propagation of the semi-infinite crack.
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Fig. 1 Presence of semi-infinite crack and microcrack in the plane element

where ρ : distance between the semi-infinite crack and micro-rack. d ; semi-infinite crack length.b 1 and
b 2 ; dimensions of the micro-crack along the x and y axis successively.

II. Brittle failure

The brittle failure occurs suddenly by cleavage generated during separation of the atoms forming the material
[12]. In brittle metals, it is experimentally observed that failure only occurs if the material plasticizes, which
shows that microcracks or defects are created during the plasticization of the material [13]. The sudden
failure strength of a brittle material is determined by the critical value of the stress intensity factor in mode
I ( KI). It varies according to the chemical composition and the property of the cracked material [14]. The
stress intensity factor in mode I, can be linearly calculated by the stresses which tend towards infinity at
the end of semi-infinite crack [15]. It makes to determine the size of microcrack and effective in stopping
of the cracking and consequently controlling the necessary and sufficient qualities [16]. The KI represents a
physical characteristic of the material determined experimentally under conditions [17]. In linear elasticity,
the distribution of the plane stresses in the vicinity of the semi-infinite crack is expressed in polar coordinates
[18] :

σij(r, θ) =
Kij(r)√

2πr
fij(θ)(1)

II. 1 Brittle failure theory

For a element of elastic material having a semi-infinite crack, the propagation of this one modifies the surface
of their lips. Griffith [11] approached the energy problem and thus proposed a theory of failure based on

2
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energy consumption during the crack propagation process. The total energy conservation of the cracked
system is given as follows [19]:

dWt = dWe + dWex + dWs + dWk = 0 (2)

where, dWe ; elastic energy, dWex ; potential energy due to external forces, dWs ; separation energy,dWk ;
kinetic energy.

In case of kinetic energy greater than zero (dWk > 0), the semi-infinite crack will unstably propagates. The
energy rate is defined as being the energy released during the propagation of the semi-infinite crack [20]. By
definition, it is given as follows:

G = − ∂
∂S (We +W ex)(3)

According to Griffith [11], the propagation of the semi-infinite crack is ensured when the energy rate is
greater than twice the characteristic surface energy of the material (G > 2 ). Irwin [21] used the term
surface energy or energy absorbed in the fracture process to apply it to plastic materials. It also showed
that at the crack tip, there is a relation between the strain energy rate and the stress intensity factor.

II. 2 Different modes of fracture

The semi-infinite crack can propagates according to three modes of displacement of the lips of the opening
[22]. It can also be propagated according to the mixed mode representing the superposition of two or three
modes [23]. Figure 2 illustrates the three modes of displacement of the crack lips. In the first mode of
fracture (Mode I), the surfaces of the semi-infinite crack tends to step aside perpendicularly with respect
to the plane of crack [24]. Mode II is considered, if the surfaces of the semi-infinite crack slide between it
parallel to the plane of crack [25]. On the other hand, mode III occurs when the surfaces of semi-infinite
crack slide between it perpendicular to those of mode II [26].

Fig.2 three modes of fracture

For each mode of fracture, the stress intensity factor is determined as a function of the component of
constraints. When the point of application of constraints tends towards zero (r - 0), the stress intensity
factor is found as follows:

{

KI =
√

2πrσ22

KII =
√

2πrσ21

KIII =
√

2πrσ23

(4)

II. 3 Elastic deformation of material

The deformation of a material is generated during that is subjected to mechanical stresses. it characterizes
the behavior of the material [27]. The deformation capacity of an element depends on the nature of the
material and shape of the piece while respecting the manufacturing processes [28]. The Figure 3 shows a
volume element subjected to triaxial traction along the x, y and y axes.

3
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Fig. 3 Traction of an volume element

To determine the deformations corresponding to the stresses applied to this volume element, we use the
principle of superposition [29]. The elastic deformation of a material is only given with constraints, the
relationship between stress and strain can be written in the following matrix form:

[]=1E
1 amp;−ν amp;−ν
−ν amp; 1 amp;−ν
−ν amp;−ν amp; 1

amp;
0 amp; 0 amp; 0
0 amp; 0 amp; 0
0 amp; 0 amp; 0

0 amp; 0 amp; 0
0 amp; 0 amp; 0
0 amp; 0 amp; 0

amp;
1 + ν amp; 0 amp; 0

0 amp; 1 + ν amp; 0
0 amp; 0 amp; 1 + ν

*

[] (5)

where εij ; axial strain,ν ; poisson ratio, E ; elasticity modulus of material.

III. Interaction between microcrack and a semi-infinite crack

The interaction between microcrack and a semi-infinite crack, generates a high concentration of stress,
straints and displacements at the crack tip [30]. The semi-infinite crack is determined by their length (l ).
On the other hand, the microcrack is defined by Burger’s vector (b = bx +iby ). During the propagation
of a semi-infinite crack towards the neighboring microcrack, a damage zone surrounding the initial crack
occurs with a high concentration of stresses. It is considered to be a highly disturbed area and also called
the fracture process zone [31]. The extension of semi-infinite crack is envisaged in a small zone near to the
initial crack in which, a strain energy is released [32]. The elastic behavior of cracking during the presence or
absence of micro-crack has been studied by several researchers from various disciplines such as metallurgy,
mechanics, physics [33-35]. In our case, the interaction is ensured by a semi-infinite craeck with a neighboring
microcrack varies around the crack tip with angle and around itself with angle α (see Figure 1). The loading
is applied according to the first mode of fracture which opens the crack perpendicular to their lips (Mode I).

4
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The mathematical problem of the interaction (crack-dislocation) is formulated in terms of complex potentials
of plane stress [36]. The total plane constraints generated by this interaction, are given as a function of global
complex potentials;

σ11 + σ22 = 2
[
φ

′

O (z) + φ
′

O (z)
]
(6)

σ22 − σ11 + 2iσ12 = 2
[
zφ

′′

O (z) + ψ
′

O (z)
]
(7)

with

φO (z) =φSIC (z) + φd (z)(8)

ψO (z) = ψSIC (z) + ψd (z)(9)

where φSIC (z),ψSIC (z) ; complex potential functions of semi-infinite crack. φd (z),ψd (z) ;

complex potential functions of microcrack,φInt (z),ψInt (z) ; presentents the complex

potential functions of the interaction between semi-infinite crack and microcrack.

III.1 Constraints field

The constraints field generated during the interaction between the semi-infinite crack and neiboring mi-
crocrack, represents the superposition of two constraints fields produced by the semi-infinite crack and the
microcrack [37]. The constraints found at semi-infinite crack tip, are characterized by a factor called stress
intensity factor (SIF). The orientation of microcrack around semi-infinite crack, can generate the stress and
consequently release the energies in each zone of the material [38]. Using Equations (6) to (9), H. Hamli
Benzahar [4] determined the constraints field of interaction between microcrack and a semi-infinite crack in
the following form:

σ11 = 2µb
π(1+k)ρ [4sin (α− θ)− sin (α+ θ)− sin (θ) cos (α− 2θ)](10)

σ22 = 2µb
π(1+k)ρ [sin (α+ θ) + sin (θ) cos (α− 2θ)](11)

σ12 = 2µb
π(1+k)ρ [cos (α+ θ)− 2sin (α− θ) + sin (θ) sin (α− 2θ)](12)

III. 2 Strain energy release

The semi-infinite crack propagates during the rate of release of the stored elastic strain energy is equal to
the rate of creation of strain energy of the crack area [39]. The released strain energy is defined as being the
released energy during the propagation of the semi-infinite crack at presence of a neighboring dislocation
[40]. Based on the energy state of atoms before and after cracking, Griffith has shown that failure is an
consuming phenomenon of energy [11]. Using mathematical approaches, Rice [7] used a scalar quantity
called J-integral which predicts that the rate of energy release increases proportionally with the propagation
of the semi-infinite crack at presence of the disturbance zone. Consequently, the J-integral can be used to
determine the rate of energy release related to the translational deformation of the damage zone at crack
tip [41]. This energy is applied to materials with brittle behavior and it is considered to be an essential
parameter of failure [6]. In linear elasticity, the strain energy is given by the following formula according to
constraints and strains of material [42]:

W = 1
2 (σ11ε11 + σ22ε22 + 2σ12ε12)(13)

In a brittle material, the external loads produce very high constraints but the strains are very small, that is
to say ;ε11 w ε12 w ε22 w ε w 0. For this reason, the strain energy (Equation (13)) can be written in the
following form:

W = ε
2 (σ11 + σ22 + 2σ12)(14)

5
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Based on the plane constraints, one can determine the strain energy generated by the interaction between
the semi-infinite crack and the neighboring microcrack. The substitution of Equations (10) to (12) into
Equation (14), brings us the energy of deformation under the following expression:

W = 2.µbε
π(1+k)ρ [cos (α+ θ) + sin (θ) sin (α− 2θ)](15)

III.2.1 Orientation of the micro-crack around the semi-infinite crack

The orientation of the microcrack around itself and around semi-infinite crack, gives the strain energy in
each point of the material. By fixing the orientation of microcrack around itself and varying the orientation
angle of microcrack around the semi-infinite crack, the following figures (figure 4(a,b) to 8(a,b)) present the
strain energy values found around the semi-infinite crack.

6
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a) b)

Fig.4 Strain energy values around the semi-infinite crack (case of micro-crack is parallel to the semi-infinite
crack); a) = 0, b) = π
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a) b)
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Fig. 5 Strain energy values around the semi-infinite crack (case of micro-crack is perpendicular to the
semi-infinite crack) ; a) =π/2, b) = 3π/2
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a) b)

Fig.6 Strain energy values around the semi-infinite crack; a) =π/3, b) = -π/3
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Fig.7 Strain energy values around the semi-infinite crack; a) =π/4, b) = -π/4
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a) b)

Fig.8 Strain energy values around the semi-infinite crack; a) =π/6, b) = -π/6

by fixing the angle of orientation of the micro-crack around herself, the Figures 9 to 12 show the variation
of strain energy according to the angle of orientation of micro-crack around the semi-infinite crack.
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Fig. 9 Strain energy vs. orientation angle of the micro-crack around the semi-infinite crack ; case of micro-
crack is parallel to the semi-infinite crack
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Fig. 10 Strain energy variation as function of the orientation angle of the micro-crack around the semi-infinite
crack ; in case of micro-crack is perpendicular to the semi-infinite crack
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Fig. 11 Strain energy variation as function of the orientation angle of the micro-crack around the semi-infinite
crack ; in case of micro-crack is inclined by π/4 compared to semi-infinite crack.
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Fig. 12 Strain energy vs. orientation angle of the micro-crack around the semi-infinite crack ; case of
micro-crack is inclined by π/6 compared to semi-infinite crack.

III.2.2 Orientation of micro-crack around itself

The orientation of microcrack around itself generates constraints, displacements, strain energy and conse-
quently influence on the propagation of the crack [3]. In this case, one maintains the orientation angle of
microcrack around semi-infinite crack and varies the orientation of this microcrack around itself, the Fig-
ures13 to16 show the variation of the strain energy as a function of the orientation angle of the microcrack
around itself.
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Fig. 13 Strain energy vs. orientation angle of the micro-crack around itself

; case of micro-crack is parallel and perpendicular compared tox-x axis.
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Fig. 14 Strain energy vs. orientation angle of the micro-crack around itself
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; case of micro-crack is inclined by π/3 compared to x-x axis.
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Fig. 15 Strain energy vs. orientation angle of the micro-crack around itself

; case of micro-crack is inclined by π/4 compared to x-x axis.
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Fig. 16 Strain energy vs. orientation angle of the micro-crack around itself

; in case of micro-crack is inclined by π/6 compared to x-x axis.

Results and discussions

In this research, the results of strain energy found during the positioning of micro-crack with respect to
the semi-infinite crack, limit areas of amplification, reduction and sometimes arrest of the propagation of
semi-infinite crack.

• According to Figures 4 (a, b) - 8 (a, b), whatever the positioning of micro-crack compared to the
semi-infinite crack (∀α ε [0 , 2π] and ∀θ ε [0 , 2π]), the values of strain energy are symmetrical with
respect to the point of semi - infinite crack.

• From Figure 4 (a, b), in case of the micro-crack is parallel with respect to the semi-infinite crack ( =
0 et = π), the strain energy is zero if this micro-crack is located on the axis y-y ( = 90° and = 270°),
and reaches the maximum value when this micro-crack is located in axis x-x ( = 0° et = 180°).

• On other, the Figure 5 (a, b) represents a micro-crack perpendicular to the semi-infinite crack ( = π/2
et = 3π/2). The strain energy is zero if the micro-crack is located on the x-x axis and reaches the
maximum value when this micro-crack is located on the y-yaxis.

• Figures 9-12 represent variation of the strain energy and consequently the amplification or reduction
of the propagation of semi-infinite crack according to the orientation of micro-crack around itself and
around semi-infinite crack. The Table 1 summarizes the areas of amplification, reduction and also
arrest of propagation of the semi-infinite crack.

Table 1 area of amplification, reduction and arrest of the propagation of the semi-infinite crack

Figures ( °) α (rad) Effect α (rad) Effect

Figure 9 [0 – 45] 0 Amplified π Reduce
[45- 90] Reduce Amplified
[90 – 135] Amplified Reduce
[135 -225] Reduce Amplified
[225-270] Amplified Reduce
[270-315] Reduce Amplified
[315-360] Amplified Reduce

Figure 10 [0 - 11] π/2 Arrest 3π/2 Arrest
[11 - 166] Reduce Amplified
[166 - 192] Arrest Arrest
[192 - 349] Amplified Reduce
[349 –360] Arrest Arrest

Figure 11 [0 – 34] π/4 Amplified 5π/4 Reduce
[534 –215] Reduce Amplified
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Figures ( °) α (rad) Effect α (rad) Effect

[215 –360] Amplified Reduce
[0 – 149] 3π/4 Reduce 7π/4 Amplified
[149- 327] Amplified Reduce
[327 –360] Reduce Amplified

Figure 12 [0 - 37] π/6 Amplified 7π/6 Reduce
[37- 215] Reduce Amplified
[215 –360] Amplified Reduce
[0 – 29] π/3 Amplified 4π/3 Reduce
[29 – 212] Reduce Amplified
[212 –360] Amplified Reduce
[0- 150] 2π/3 Reduce 5π/3 Amplified
[150- 329] Amplified Reduce
[329 –360] Reduce Amplified
[0- 143] 5π/6 Reduce 11π/6 Amplified
[143- 324] Amplified Reduce
[324 –360] Reduce Amplified

By maintaining the positioning of micro-crack with respect to semi-infinite crack and varying the orientation
of this micro-crack around itself, Figures 13-16 represents the effect of the micro-crack on the strain energy
and the propagation of semi-infinite crack. Table 2, groups the zones of amplification and reduction of
semi-infinite crack

Table 2 Amplification and reduction zones of propagation of semi-infinite crack according to the orientation
of micro-crack around itself

Figures α ( °) (rad) Effect (rad) Effect

Figure 13 0- 90 0 Amplified π Reduce
90- 270 Reduce Amplified
270 – 360 Amplified Reduce
0- 180 π/2 Amplified 3π/2 Reduce
180- 360 Reduce Amplified

Figure 14 0- 166 π/3 Reduce 4π/3 Amplified
166- 349 Amplified Reduce
349 – 360 Reduce Amplified
0- 11 2π/3 Amplified 5π/3 Reduce
11- 192 Reduce Amplified
192 – 360 Amplified Reduce

Figure 15 0- 180 π/4 and 5π/4 Reduce 3π/4 and 7π/4 Amplified
180- 360 Amplified Reduce

Figure 16 0-60 π/6 Reduce 7π/6 Amplified
60- 240 Amplified Reduce
240-360 Reduce Amplified
0-122 5π/6 Reduce 11π/6 Amplified
122-300 Amplified Reduce
300-360 Reduce Amplified

According to Table 1, the presence of microcrack in vicinity of the semi-infinite crack, can amplify, reduce and
also arrest the propagation of semi-infinite crack. whatever the positioning of microcrack with respect to the
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semi-infinite crack (∀α ε [0 , 2π] and ∀θ ε [0 , 2π]), the tables 3-4 summarize the amplification, reduction
zones and arresting the propagation of the semi-infinite crack.

Table 3 Amplification and reduction zones of the propagation of semi-infinite crack.

In case ; α ε[0, π/2[∪ ]π/2, π]∪[π, 3π/2[∪]3π/2, 2π] and∀θ ε [0 , 2π]

α (rad) ( °) Effect

[0, π/2[ 0 – 30 Amplified
45- 90 Reduce
315 – 360 Amplified

]π/2, π] 0- 45 Reduce
150- 215 Amplified
330– 360 Reduce

[π, 3π/2[ 0- 30 Reduce
45- 90 Amplified
315– 360 Reduce

]3π/2, 2π] 0- 45 Amplified
150- 215 Reduce
330– 360 Amplified

Table 4 Amplification, reduction and arrest zones of the propagation of semi-infinite crack.

In case of ; α = π/2, α =3π/2 and∀θ ε [0 , 2π]

( °) Efect Efect

α = π/2 α = 3π/2
[0 - 11] Arrest Arrest
[11 - 166] Reduce Amplified
[166 - 192] Arrest Arrest
[192 - 349] Amplified Reduce
[349 – 360] Arrest Arrest

Conclusion

In this research work, the main objective is to determine the effect of micro-crack on the semi-infinite
crack by determining the strain energy and limiting the zones of amplification, reduction and sometimes
arrest of propagation of semi-infinite crack. According to the Figures 4-16, whatever the positioning of the
micro-crack compared to semi-infinite crack, the strain energy values are symmetrical with respect to the
semi-infinite crack tip. The results of strain energy summarized in Tables 1- 4, show that the zones of
amplification, reduction and arrest of propagation of semi-infinite crack are symmetrical compared to the
point of semi-infinite crack tip. By varying the orientation angles ( and α), the Table 3 summarizes all zones
of amplification and reduction and presents a symmetry in the effect on the propagation of semi-infinite
crack (α [0 , π/2] symmetrical withα [π , 3π/2] andα ]π/2, π] σψμμετριςαλ ωιτη α ]3π/2, 2π]). Αςςορδινγ
το Ταβλε 4, τηε πρεσενςε οφ μιςρο-ςραςκ ιν α περπενδιςυλαρ ποσιτιον το τηε σεμι-ινφινιτε ςραςκ (τηατ ις το

σαψ · α = π/2 and α = 3π/2), can also arrest the propagation of crack in the zones ; θ [0 , 11] , [166° - 192°]
and [349° – 360°].
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