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Abstract

In this article, we studied certain coefficient bounds and bounds on the third Hankel determinant for the family of starlike and

convex functions of reciprocal order in the open unit disk D = {z € C: |z| < 1}.

Introduction and Preliminaries

Let H denote the family of analytic functions in the open unit disk D = {z € C: |z| < 1}, and A denote the
class of functions f € H, such that

f(z2)=z4 a2 +azz®+..., zeD.

(1)

We denote by S, the functions f in A that are univalent in D.

A function f € A is called starlike, if f is univalent in D and f(D) is a starlike domain with respect to the
origin. Analytically, f € S is called starlike, if and only if R{zf'(2)/f(2)} > 0, z € D. A function f € S is
called convex, if and only if zf'(z) € S*. The class of starlike functions and the class of convex functions
are denoted respectively by &* and K.

Let S, and K., denotes the class of functions f € A, which are stalike of reciprocal order and convex
of reciprocal order, respectively. Analytically, f € S is called starlike of reciprocal order, if and only if
R{f(2)/zf'(2)} > 0, z € D. A function f € S is called convex of reciprocal order, if and only if zf'(z) € S.,
and analytically this is represented by R{f'(z)/(zf'(z))’'} > 0. Various authors have studied the classes S,
and K, and given some remarkable results (see e.g. (M. Arif et al., 2014; 2013; 2008; 2011)).

For f € A of the form (1), ®,(f) := az — Aa3 is the classical Fekete-Szegé functional. A classical problem
settled by Fekete and Szegd (1933) is to find for each A € [0,1] the maximum value of |®(f)| over the
function f € S, and they proved that

max |25 (f)] = {



142 exp{-2)/(1 - A}, Aeo,1),
1 A= 1.

The problem of calculating the maximum of |®(f)| for various subfamilies of A, as well as A being an
arbitrary real or complex number, was considered by many authors (see e.g. (1992; 2011; 1969; 1987; 1993)).

The Hankel determinant of Taylor coefficients for functions f € A of the form (1), is denoted by H, . (f),
and is defined by

Hyn(f) = |
29 Ap+1 Anp+qg—1
an+l an+2 e an+q
7
Antq—1 Qniq " An42(g—1)

(2)

where a1 = 1; n,q € N={1,2,...}. Several researchers including Noonan and Thomas (1976), Pommerenke
(1966), Hayman (1968), Ehrenborg (2000), Noor (1992) and many more have studied the Hankel determinant
and have given some remarkable results, which are useful, for example, in showing that a function of bounded
characteristic in .

For f € A of the form (1), Ha1(f) := ®1(f) = a3z — a} is the Fekete-Szegé functional. Furthermore, the
upper bound of the second Hankel determinant Hs o(f) for various subclasses of A has been studied by many
authors (see e.g. (2012; 2013; 2006; Article 281, 2013)). The third Hankel determinant Hj1(f) is defined
by

Hs 1 (f) =]

ay az asg
as az ag |= ag(agay — a%) — aq(ay — asaz) + as(az — a3).
as a4 G5

(3)

Recently, the author has studied the bounds on |Hj1(f)| for certain classes of analytic functions (see (2015;
2016)). In the current article, the upper bound of the initial coefficients and the bounds on |Hs 1(f)] is being
studied for the functions belongs to the classes S, and K, as stated above. In our study we shall need the
class P of Carathéodory functions (1983), as defined below.

Let P denotes, the class of analytic functions in I with R(p(z)) > 0 of the form

p(z)=1+ciz+e2>+..., z€D.

(4)



It is well known (1983) that for the function p € P is of the form (4), |c,| < 2, for all n > 1. This inequality
is sharp and the equality holds for the function ¢(z) = (1 + 2)/(1 — 2).

The power series (4) converges in D to a function in P, if and only if the Toeplitz determinants

Tn(p) = |
m
1+4+¢€,2
pE) =) ppy— m>1
v=1 v
2 Cc1 Co Cn
Cc_1 2 C1 Cn—1
C_o c_q 2 Cn—2 neN
C_n Contl C—n42 2

and c_,, = G,, are all nonnegative. The only exception is when p(z) has the form

where p, >0, |e,| =1, and ex Z ¢ if k #1; k, 1 =1,2,--- ,m; we have then T,(p) >0 for n <m —1 and
T,.(p) =0 for n > m. This necessary and sufficient condition is due to Carathéodory and Toeplitz and can
be found in (1958). In particular, for n = 2, we have

Ta(p) = |
2 C1 C2
G 2 o =8+2R{cie} —2/ca|® — 4]cr]? > 0,
Cy C¢1 2

which is equivalent to

2co = 3+ x(4 —cF)

()

for some x with |z| < 1. Similarly, if

C1 2 C1 C2
s ¢1 2 ¢’
c3 C ¢1 2



then T3(p) > 0 is equivalent to

|(4es — deres + c‘;’)(4 — c%) + ¢1(2¢o — c%)2| <2(4- c?)2 —2|(2¢o — c%)\Q.
(6)

Solving (6) with the help of (5), we get

deg =3+ 2c12(4 — ¢2) —c12®(4 — ) +2(4 — &) (1 — |2z,
(7)

for some x and z with |z|] <1 and |z| < 1. Furthermore, the following well-known results are being useful
to obtain our main results.
Lemma 1. (1969) If p € P, then for any complex number v,

lca — vei| < 2 maz{l,|2v — 1|},

and equality holds for the functions given by

1422 1+2
d = .
and ¢(z) = 7—

Lemma 2. (1969) Let the function p given by (4) is in the class P. Then for all n and s (1 <s<n), we
have e, — cscn—s| < 2.

Lemma 3. (1958) (See also (1982)) If p € P, then the following expressions are all bounded by 2, and are
all sharp:

L. ‘C% - 62|a

2. ‘03 —2c1c3 + C3|7

3. |ci + 2c1c3 + €3 — 3¢t — a4,

4. |c§ 4+ 3ei1c3 + 3c3ez — Aciea — 2¢1¢q — 2c003 + 5

5. [c8 +6c3c3 + 4c3cs + 2c1c5 + 2cacy + €3 — 3 — Betea — 3ciey — beyeacs — cgl.

The following inequalities can also be obtained in the proof of a result in (1982)
a. |2¢2 — o <6
b. | —6¢} + Terea — 2c3] < 24
c. |24¢tf — 46cica + 22¢ic3 + Tcd — 6ey| < 120
d. |- 1200? + 96¢4c1 4 50cacs3 + 3260?02 — 2020?03 — 1270103 — 24¢5| < 720.



Lemma 4. (2015) Let p € P. Then for all n,m € N,

lcnem — Cmanl <{

2, p e [0,1],
22u— 1|, elsewhere.

If 0 < p < 1, then the inequality is sharp for the function p(z) = (1 + ™) /(1 — 2™*™). In other cases,
the inequality is sharp for the function p(z) = (1+ z)/(1 — z).

H;1(f) for the function belongs to the class S,

The following is our first result in this section.
Theorem 0.1. Let the function [ given by (1) is in the class S.. Then we have |a,| <n, n =2, 3, 4. This
result is sharp and equality is attained for the function ei(z) = 2(1+ z)~2.

Proof. Let us consider f € S,. Then by the definition, we have

(1)

where p € P is of the form (4). Substituting the series expansion of f(z), f/'(z) and p(z) in (1), and equating
the coefficients, we get

ap = (cn—1 4 2azcp—2 + 3azcp_3 + - -+ (n — 1)ap_1c1),

1—n

which in particular gives us

1
—ag| = 1 |3cf —x(4fc%)|

6t + (4 — ) {Barw + c1a® — 2(1 — [x]?)2}] .

1
—ay| = 5 |f



1 )
as = —c1, az = = (262 — ¢3), ag = 6(70162 —2c3 — 6¢3),

5
and

1
a5 = ﬂ(Qélci1 —46c2ca + 20c1c3 + 9c3 — 6cy).

Bounds for |az| is obvious as |c;| < 2. Bounds for |as| and |a4] can be directly obtained from results
mentioned in @ and b of Lemma 3. Furthermore, by using (5) and (7) in (??), for some z and z such that
|z] <1 and |z| < 1, we obtain

and

To show the sharpness, by setting ¢; = 2 and x = 1 in (5) and (7), we obtain ¢y = ¢3 = 2. Using these values
in the above relations, we find that the result is sharp and the extremal function would be e;(z) = z(1+42) 2.
This completes the proof of the theorem.

O
Theorem 0.2. Let the function f given by (1) is in the class S.. Then we have |as| < 39/7.

Proof. If f € S., then by using the value of a5 from (?7), we obtain

—as| = g5 [27ct + (4 — }){—46c}z — 23c}a? + 28¢1 (1 — |2[*)z + 3627} — 24(cy — c1c3)] .

—ag| < g [27¢" 4+ (4 — A){46¢% 1 + 23¢* 1% + 28¢(1 — p) + 36p2} + 48] := D(c, p).

OD 5= @ A ATl

max e, Dle, ) = D(e, 1) = g5(=Te* +40¢% + 32).



1
las| = 21 24c¢t — 463y + 14cic3 + 9c3 — 6(cq — cies)|

By using (5) and (7), for some = and z such that |z| <1 and |z| < 1, we get

If p(z) € P, then p(e’®z) € P. We can always select a real o in p(e’®z) so that c,e®™ > 0. Hence we may
suppose that ¢, > 0 (n € N). Furthermore, the power series (4) converges in D to a function in P, if and
only if the Toeplitz determinants T;,(p) and c¢_,, = €,, are all nonnegative, i.e. ¢1 isreal, ¢; > 0 and |¢;| < 2.
Therefore, letting ¢; = ¢, we may assume without restriction that ¢ € [0, 2]. Hence, applying the triangle
inequality with p = |z|, and applying Lemma 2, we obtain

Now we need to maximize D(c, u) on the region Q = {(c, ) : 0 < ¢ <2and 0 < g < 1}. For this, first we
estimate

For 0 < p < 1, and for fixed ¢ with 0 < ¢ < 2, we observe that %—i) > 0. Therefore, D(c, 1) becomes an
increasing function of y, and hence it cannot have a maximum value at any point in the interior of the closed
region Q. Moreover, for a fixed ¢ € [0, 2], we have

Therefore, by the second derivative test we can see that D(c, 1) has maximum value at ¢, where ¢ = 20/7.

oD

Oc=4[54c34+23cpu(4—c?) (2+p) —c(46c2 pu+23c2 2 +3612)+14(1—p2) (4—3c?)].

Furthermore, if we look for the critical points on the boundary of €2, we estimate

Now we look for the critical point of D(c, ) which must satisfy %—’Z = 0 and %—? = 0, and one can check

easily that the points (¢, ) satisfying such conditions are not interior point of . So the maximum cannot
attain in the interior of 2. Now to see on the boundary, taking the boundary line L1 = {(2, ) : 0 < p < 1},
we have D(2, ) = 5 which is a constant. Along Ly = {(0,x) : 0 < u < 1}, we have D(0,u) = (1 + 3u?)/2,
which gives the critical point (0,0). Along L3 = {(c,1) : 0 < ¢ < 2}, we have D(c, 1) = (—=7c¢*+40c*+32)/16,
which gives the critical points (0,1) and (1/20/7,1). Along Ls = {(c,0) : 0 < ¢ < 2}, we have D(c,0) =
(27¢* — 28¢% + 112¢ + 48) /96, which gives no critical points in Q. Observe that

D(0,0) < D(0,1) < D(2,u) < D(~1/20/7,1).

Hence
rnéxxD(c, wu) = D(~1/20/7,1) = 39/7.

This completes the proof.

Remark. For f € S, of the form (1), Arif et al. (M. Arif et al., 2014) obtained that

2 Tp(3k-1
laz] <2 and |an|§n_1H<k_1> (n=3,4,5,---).

Here we observe that, our result obtained in Theorem 0.1 and Theorem 0.2 provides the improvement in the
upper bound of the initial coefficients a,, n = 3,4, 5.



Theorem 0.3. Let the function [ given by (1) is in the class Si. Then we have

las —a3| <1, |agaz —a4| <2 and |agas —a3| < 1.

3)

These inequalities in (3) are sharp and the extremal function is e1(z) = 2(1 + 2) 2.

—ag —a3| =|=2|, l|acas — a4 = 1 |-2cico + 3]

21 _ 1 2 2
—agay — az| = 55 |740102 + 8cic3 — 6c5 .

Proof. If f € S., then the values of as, ag and a4 are given in (??). Using these values, we obtain
and

Clearly, it follows that |ag — a3| = |ca/2| < 1.

—aga3 — a4\ < % |20102 — C3| < % [2 |2 22— 1‘] =2.

Now, by using Lemma 4, we obtain

Furthermore, by using (5) and (7), for some a and z such that |z| <1 and |z]| < 1, we get

1
—agay — a3| < e [(4—=cA){8c+ (* —8c+12)u* + 2c2u} + 3¢t == Fi(c, p).
1
asay — a3 = — |(4 - [-2c3x — 4ctx? — 32%(4 — ) 4+ 8c1 (1 — |z*)2] — 3cil| .

48



As |e1] < 2, letting ¢; = ¢, we may assume without restriction that ¢ € [0,2]. Thus, applying the triangle
inequality with p = |z|, we obtain

Next, by differentiating F3 with respect to p, we observe that, F3 is an increasing function of g on [0, 1].
Thus it attains the maximum value at p = 1. Again F3(c,1) =1, is a constant. Hence

mngg(c, ) = Fs(e,1) = 1.

To get the sharpness, by setting ¢; = 2 and 2 = 1 in (5) and (7), we obtain ¢z = ¢3 = 2. Using these values,
we get the results in (1) are sharp and the extremal function would be e;(z) = z(1 + 2)~2. This completes
the proof of the theorem.

O
Theorem 0.4. Let the function [ given by (1) is in the class S.. Then we have

116
|H3,1(f)‘ < 7

*H‘g’l(f)‘ S \a3\|a2a4 — a§| + |a4||a2a3 — a4| + |a5||a3 — a§| S 3+ 8+ % - #’

Proof. Using the bounds obtained above in Theorem 0.1-Theorem 0.3 and applying the triangle inequality,
we estimate

and this completes the proof.

H;1(f) for the function belongs to the class K,
Theorem 0.5. Let the function [ given by (1) is in the class K. Then we have |a,| <1, n =2, 3, 4.

Proof. Let f € K., then by the hypothesis it is clear that f(z) € K. if and only if zf'(z) € S.. Thus
replacing a,, by na, in (?7?), we obtain

1 1 1
a2d: —501, as = 6(20% —¢3), ag = ﬂ(7clcg —2c3 — 6¢3),
an

1 4 2 2
as = 50(2401 —46¢7ca 4 20c1c3 + 9¢5 — 6c4).



(1)

Bounds for |ag| is obvious as |¢;| < 2. Bounds for |as| and |a4| can be directly obtained from results
mentioned in a and b of Lemma 3. This completes the proof of the theorem.

O
Theorem 0.6. Let the function [ given by (1) is in the class K«. Then we have |as| < 39/35.

Proof. Let f € K., then using a5 from (1), we can write

—as| = 155 |27ct + (4 — ) {—46cix — 23ca? + 28c1 (1 — |z]?)z + 3632} — 24(cs — crc3)] -

—as| < 55 [27c* + (4 — ) {46c2p + 23c2p® + 28¢(1 — p?) + 364} + 48] = Z(c, p).

07z

On=1k5[(4—c2){23c2(1+p)+4p(9-7¢)}]>0 for (0<pu<1).

1
las| = 120 24c} — 463y + 14cics + 9c3 — 6(cq — cres)|

By using the relations (5) and (7), for some z and z such that |z| <1 and |z| < 1, we estimate

As |e1] < 2, letting ¢; = ¢, we may assume without restriction that ¢ € [0,2]. Thus applying the triangle
inequality and Lemma 2 with u = |z|, we obtain

Differentiating Z(c, u) with respect to u, we get

Note that, Z is an increasing function of p on [0,1]. Thus it attains maximum value at ¢ = 1. Again,
Z(c, 1) = (—21c¢* +120c +96) /240, is an increasing function of ¢ on [0, 1/20/7]. Thus (1/20/7,1) is a critical
point of Z.

10



Again, if we look for the critical points on the boundary of €2, as we have done earlier, we get (0,0), (0,1)
and (2, 1), 0 < u <1 are the other critical points in €2, and for these points we have

Z(0,0) < Z(0,1) < Z(2, 1) < Z(1/20/7,1).

Hence
mng(c7 w) = Z(~1/20/7,1) = 39/35.

This completes the proof of the theorem.

Remark. For f € K, of the form (1), Arif et al. (M. Arif et al., 2014) obtained that

n—1

2 3k—1
<1 < = 4 LIRS .
laz] <1 and |an|_n(n71) || (k1> (n=3,4,5,--+)

k=2

Here we observe that, our result obtained in Theorem 0.5 and Theorem 0.6 provides the improvement in the
upper bound of the initial coefficients a,,, n = 3,4, 5.
Theorem 0.7. Let the function [ given by (1) is in the class K.. Then we have

1 4 1
las —a3| < =, |agaz — a4 < 3 and |agay — a3| < 3

w

(2)

The first inequality of (2) is sharp and equality is attended for the function e3(z) = z + £2°.

—ag — aj| = &5 | — 2c2|, |azas — as| = 37 |2¢} — Berea + 2c3)

—agly — a% = ﬁ |—5cf¢32 + 6cie3 + 26‘11 — 403 .

2max{1,(2(1/2) — 1|} = 3.

—ag—a§|:f—2|c%—202}:%|02—%C% S%

11



Proof. If f € K., then by using the values of ay, a3 and a4 which are given in (1), we obtain
and
By using Lemma 1 we obtain

Next by using Lemma 4, we obtain

5
5C1C2 —C3
2

asas — :i23—5 2 <i232
203 a4| 24’ cy c1Co + 2c3 = 9 |Cl| +

|

1
5 [2-8+2-22(5/2) —1]]

_4
-

IN

Now, by using the relations (5) and (7), we obtain

lagay — a3 (4= ){-3ciz — (4 = })22° + 6¢1(1 — |2|*)z — 3cja?}|.

!
T 288
(3)

As Je1| < 2, letting ¢; = ¢, we can assume without restriction that ¢ € [0,2]. Thus applying the triangle
inequality with u = |x|, we get

0G3

Op=gtg (4—c2){3c2+(8—6c+c2)2u}>0 for 0<pu<i.

maxoe,<1 Gale,r) = Ga(e, 1) = (8426 — 1) /72 = G ().

1
azay — a3 < 288 [(4 = ) {6c+3cPu+ (8 —6c+ c*)p*}] == Gs(c, p).

(4)

Furthermore, differentiating Gs(c, u) with respect to u, we get

Hence G3(c, p) is an increasing function of y on [0,1]. Thus, it attains maximum value at g = 1. Let

12



Again note that, G3(c) is an increasing function on [0, 1], so Gs3(c) attend maximum value at ¢ = 1. Hence
G3(c, ) have maximum value at the point (1,1), that is

mngg(c, w) =Gs(1,1) =1/8.

This completes the proof of the theorem.

O
—Hs1 ()] < Sio-
Theorem 0.8. Let the function [ given by (1) is in the class K. Then we have
—Hsz1(f)| < las||azas — a3| + |asllazas — as| + |as||as — a3| < § + 5 + 5 = 221,
Proof. Using Theorem 0.5-Theorem 0.7 and applying the triangle inequality, we obtain that
and this completes the proof.
O
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