A FURTHER GENERALIZATION OF THE CATALAN NUMBERS AND ITS
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ABSTRACT. In the paper, motivated by the generating function of the Catalan numbers in
combinatorial number theory and with the aid of Cauchy’s integral formula in complex anal-
ysis, the authors generalize the Catalan numbers and its generating function, establish an
explicit formula and an integral representation for the generalization of the Catalan numbers
and corresponding generating function, and derive several integral formulas and combinatorial
identities.
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1. BACKGROUNDS AND MOTIVATIONS
This paper is a continuation of the articles [19] 4T].
The Catalan numbers
1 2 4"r 1/2
<n)_ (n+1/2) (1.1)

n+1\n VaT(n+2)

form a sequence of integers (see [10, 111 [55]), can be interpreted combinatorially (see [0 16} 52]),
date back to the year 1730 (see [I7, [I8], 23]), and can be generated (see [26], [52] (56]) by

Cpa™ 1.2
g \/1 — iz Z v (12)
where

() = / Fletdl, R(z) > 0
0
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or

zeC\{0,-1,-2,...}

is the classical Euler gamma functlon (see [I, Chapter 6], [27, Chapter 5], [57, Chapter 3],
and [35]).

The Catalan numbers C,, have been combinatorially generalized as the Fuss numbers (see [8]
and [16, pp. 377-378]), the Fuss—Catalan numbers (see [3, 5, [7, [54] and [16, Exercise A14, p. 108)),
and others (see [2, [13| [I5] and [I6] pp. 375-376]).

Motivated by the second expression in , several mathematicians analytically generalized
the Catalan numbers C,,, the Fuss numbers, and the Fuss—Catalan numbers and investigated
plenty of their properties in the papers [22 25| 291 30] BT, 32, 33| B4, 36l 37, [38, [39] 40 [42] [45]
[46, [47, [48], [49] [50L 5T, B3 BI] and closely related references.

Motivated by the generating function G(z) in , several mathematicians generalized the
Catalan numbers C,, to C,(a,b) in [19, [41] by considering the generating function

Gap(z) = Hm Zc (a,b)x (1.3)

for real numbers a > 0 and b > 0. It is clear that Cn(%, 1) = Cy. The main results in [19, 41]
are as follows.

(1) The Catalan—Qi numbers of the second kind Cy(a,b) for n >0, a > 0, and b > 0 can be
explicitly computed by

2n— —1 K[2(n — k) — 1)1

where (—1)!! = 1.
(2) The principal branch of the generating function Gg4(z) for @ > 0 and b > 0 can be
represented by

Gap(2) = (1.5)

—dt, e C\ [b,00).
a—|—\/b—z / a2+tb—|—t— : \ b, 20)
Consequently, the Catalan—Qi numbers of the second kind C,(a,b) for a > 0 and b > 0
can be represented by
L[> Vi 1
Cn(a,b) = — - ————dt, > 0. 1.6
@h=2) @iy " (16)

In this paper, motivated by the generating functions in (1.2) and (1.3)), we consider the
functional sequence €, (a, b; p) which is defined by

Gapp(T) = Z Cola,b;p)z (1.7)

a—i—

fora>0,b>0,and 0 < p < 1. It is clear that
Ga,b;1/2($) = Ga,b($>7 G1/2,1/4($) = G(), G1/2,1/4;1/2($) =G(v),

1 11 111
Q:n(a’b’ 2) _CN(G'7b)7 Cn<274) - Cna €n<27472) - Cm

but one can neither express G, p.p(2) in terms of G, () or G(z) nor express €, (a, b; p) in terms
of Cp(a,b) or C,. In this paper, we will establish an explicit formula for €, (a,b;p), present
integral representations for G p,p(z) and €,(a,b;p), and derive several integral formulas and
combinatorial identities.
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2. AN EXPLICIT FORMULA FOR €, (a, b; p)

In this section, we establish an explicit formula for €, (a,b;p), from which we can derive the

explicit formula (L.4)).

Theorem 2.1. Leta >0, b >0, and 0 < p < 1 be real numbers. Then the functional sequence
¢, (a,b;p) for n >0 can be explicitly computed by

1 1 -
€, (a,b;p) = ot bp (bn73| Z 1+a/bl’ )k Z ( ) .

L=

where the notation

n—1
B oy _Jal@=1)-(a=n+1), n>1
<a>n—k1;[0(a k) = {1’ n=0

for a € C is called the falling factorial.
Proof. In [0 p. 139, Theorem CJ], noted Faa di Bruno’s formula is described by

a” = _

ol oh(@) = ;Of““)(h(r)) Bu i (W (), 1" (@), ..., h" D (), (22)
where f o h denotes the composite of the n-time differentiable functions f and h, and the Bell
polynomials of the second kind By, x(x1, T2, ..., Zn_k+1) for n > k > 0 are defined (see [0} p. 134,
Theorem A]) by

| n—k+1 l;
n! i
Buk(z1,22,. .., Tp_pq1) = Z W H <z') )

1<i<n—k+1 i=1
£;€{0}UN

i iti=n

Zn k+1 ‘—k

Let h = hy(z) = (b— x)p for 0 < p < 1. Then ¥ (z) = (=1)%(p)(b — 2)P~* for k > 0 and,
in light of the formula ) with f(z) = —

atx’
n T k
k=0
= - — k—' / 1 n— 1)
_kZ:O( l)k[a+hp(:r)]’f+1 Bk (hy (@), hyy(2),.. by~ ()
= Y —1)k k! — _ )Pt _ P2
1) [a+(bf:z:)P]’“+1B”’k( (P11 (b —2)P%, (p)a(b — )",
k=0
(D) T ) kg (b — )P RED)
— - _1\k k| _1\n _ kp—n
D e CD = 2T B s (D) P2 phnin)
k=0
— - _1\k k! _1\n _xkp n k k
_k:O( Ve ooappr V0 z:o () n

()" & (b—a)r & k
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(-1 & 1 ~ k
7 b(a + b7 kZ:O (1 + a/bP)F 2 (1) (4) vt

£=0

as x — 0, where we used the formula
B,k (aBz1, a0, ..., * e, i) = "B B k(@1 22, ., Tnoki1) (2.3)
in [6, p. 135] and the formula

k

DS () »

£=0

Bn,k(<a>1’ <O‘>2’ EER) < >n k+1

in [43, Theorem 2.1] and [44] Section 1.3] for o, 8 € C.
The equation (1.7)) means that

. d"Gapp(x)
| . _ a,bo;p
n!&, (a,b;p) = al:urb —

Consequently, we obtain the explicit formula

. 1. d"Gapyp(2) _ (=" - 1 . ok
@n(a,b,P) n! ili% dxm - n!b™(a + bP) ’;) 1+ a/bp)k; ;( 1) ¢ <Pf>n.

The proof of Theorem 2.1 is complete. O

Remark 2.1. When taking p = % in (2.1]), we derive

o) -t g S (),

Further employing the identity
k
(RN /EN\ k2 —k) 1! Pn—k—1
L Gy (29

in [43, Theorem 3.2] and [44] Section 1.5], which can be derived from comparing (2.4)) for o = 1
with the identity

By (=11, 111,31, . [2(n — k) — 1]1) = [2(n — k) — 1]! (2;(; K ;)1>

in [47, Theorem 1.2] and [44] Section 1.5] or with the identity

(2, (2, (3, ) - om0 -m(y) (5, 5) e

in [43, p. 169] and [44] Section 1.5, we recover (|1.4) straightforwardly.

3. AN INTEGRAL REPRESENTATION OF THE GENERATING FUNCTION Ga,b;p(z)

In this section, we establish an integral representation for the principal branch of the complex
generating function G 4.,(2) by virtue of Cauchy’s integral formula in complex analysis.

Theorem 3.1. Leta >0, b >0, and 0 < p < 1 be real numbers. Then the principal branch of
the complex function
1

Gapp(z) = et (b2

z € C\ [b,00)
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can be represented by

sin(pm) [* P 1
b(2) = , - om). (3.1
Gabn(?) T / a? + 2a cos(pm)tP + t2P b+t — zdt arg(z - b) € (0,2m) (3-1)

Proof. In complex analysis, on the cut plane C\ (—oo, 0], the logarithmic function In z = In |z| +
iarg z, where i = /—1 is the imaginary unit, and the principal value arg z of the argument of z
satisfies |argz| < .

Fora>0and 0 <p <1, let

1
Fa;p(z) = a + exp [pln(_z)] ’

By virtue of Cauchy’s integral formula in complex analysis, for any fixed point zg = xg + iyy €

C\ [0, 00), we have
1 Faip(§)
F. = — Pl e
710(20) i /E(T’R) € — 2 3

where L(r, R) is a positively oriented contour in C\ [0, 00), as showed in Figure [I} such that

z€C\[0,00), argze€ (0,2m).

Y

FIGURE 1. The positively oriented contour £(r, R) in C\ [0, c0)

(1) 0 <7 <20 < R; '
(2) L(r, R) consists of the half circle z = re® for § € [5,27];
(3) L(r, R) consists of the line segments z = x+ir for « € (0, R(r)], where R(r) = VR? — r?;



6 W.-H. LI, F. QI, O. KOUBA, AND I. KADDOURA

(4) L(r, R) consists of the circular arc z = Re® for

0 € | arctan - 27 — arctan LA arcsin r 21 — arcsin 2.
R(r)’ R(r) - R’ R)’

(5) the line segments z = x +4r for « € (0, R(r)] cut the circle |z| = R at the points R(r)Lir
and R(r) = Rasr — 0t.

The integral on the circular arc z = Re? with positive orientation of the contour L(r, R)
equals

1 27 —arcsin(r/R) Riew 1
2 ; ——df
2mi arcsin(r/R) Rei? — 20 a+ exp[p1n<_RezH)]
1 27 —arcsin(r/R) Reif 1

= — : ——df
2m arcsin(r/R) Ret — zo a+ RP eXp[ip arg(_ReM”

which tends to 0 uniformly with respect to 8 as R — oo, where we used the limits

Rei@ ei@
lim ——— = lim

: L
R—oo Re? — 29 Rooo e — 29/R

and

lim ’Rp exp[iparg(—Rew)H = lim RP = 0.
R—o0

R—o00

The integral on the half circle z = re* for § € [%, 37"] with positive orientation of the contour
curve L(r, R) is

1 (™2 et 1
20 J3r 2 7€ — 20 @ + exp[pIn(—rei?)]
1[5/ et 1

o xs2 1€ — 2z a+rPexpliparg(—re'’)]

13 e 1
T on /7r/2 e — zo/r a + rP explip arg(—ret?)) a0
which tends to 0 uniformly with respect to 6 as 7 — 0T, where we used the limits
i0 ‘
Tlir(r)l+ P =0 and rllrgler explip arg(—re’e)” = Tlir(r)l+ r? =0.

On the half line z = z + ir for x € (0, R(r)] and r > 0, direct computation gives

1
F. r) = -
(@ +ir) a + explpln(—x — r4)]
1
a+ exp(plnva? +r? + iplarctan(r/z) — 7))

1
a + xP cos(pr) — ixP sin(pm)’

a + P cos(pr) + iaP sin(pn)
[a + 2P cos(pm)]? + [zP sin(pm)]?
_a+ xP cos(pm) + iz sin(pm)
a2+ 2axP cos(pr) + a2

r— 0t
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Since e = €% and Inz = In z, it follows that
1 1 1
Fop(2) = —————= = — = —
a+explpln(—z)] a+exp[pln(—z)] a+exp[pln(—2)]
1 1
= — = = F . > .
a+explpln(=2)] a+exp[pln(—2)] an(?)
Accordingly, the integral on the line segments z = = £ ir for > 0 with positive orientation of
the contour L(r, R) is equal to

R(r) . 0 o
1[/ Fa;p(erlr)der/ Fap(z ZT)d:C
0

2m T+ ir — 2 R(r) T — 1 — 20

1 (B0 (@ —ir — 29) Fup(x 4+ ir) — (x +ir — 20) Fayp(a — ir)

- d
27 Jo (x +ir — zp)(x — ir — zp) .
_ 1 i) (@ — 20)[Fayp (@ + ir) — Fayp(x —ir)] — ir[Fap(@ + ir) 4+ Foyp(x — ir)] da
-2 (x+ir — z)(z —ir — 2p)
1 R (2 — 20) [Fapp(z +ir) — F(z +1ir)] — ir[Fop(z +ir) + F(z +ir)] e
- 2mi (z+ir — 2z9)(z —ir — 29)
1 R (3 — 20) [Fayp(z 4+ ir) — Fapp(z +ir) | — ir[Fapp(2 + ir) + Fopp(z + ir) | e
~2mi (z+ir — zp)(xz —ir — 2p)
_ L [P (@ = 20)RiS (B (@ 4 ir))] = ir2R(Fap(a +ir))]
- 2mi (x+ir — 2z9)(x —ir — 20)
1~ 9 b
i ! 3 2’ sin(pr) dz, r—0", R— oo
27t Jo  x — zp a® + 2aaP cos(pw) + x2P
1 /OO 1 aP sin(prr)
1o x—200a?+ 2axPcos(pm) + P
Consequently, it follows that
1 1 /°° 1 aP sin(pm) (3.2)
a+explpln(—z0)] 7Jy =— z9a®+ 2axP cos(pr) + x2P '

for zp € C\ [0, 00) and arg zp € (0,27). Due to the point 2o in (3.2)) being arbitrary, the integral
formula (3.2]) can be rewritten as
1 i <1 tP
Fap(z) = _ sinlpm) / dt, (3.3)
’ a+ exp [pln(—2z)] T o t— za?+ 2acos(pm)tr + t2r

where z € C )\ [0,00) and arg z € (0, 2).

Fora>0,b>0,0 <p < 1,andarg(z—b) € (0,2n), it is easy to see that G p;p(2) = Fo;p(2—D).
Therefore, from (3.3)), it follows that

sin(pm) / o 1 P
Goab: = de
op(2) 7 Jo b+t—za?+ 2acos(pm)tP + t2p
The integral representation (3.1) is thus proved. The proof of Theorem is complete. O

Remark 3.1. When taking z = x € (—o00, b), the integral representation (3.1]) becomes
1 __sin(pm) / ° P 1
0

a+(b—z)P 7w a? + 2acos(pm)tP +t?2P b+t — x

dt. (3.4)

When taking £ — b, the integral in (3.4) converges. Consequently, the integral representa-
tion (3.4]) is valid on (—o0, b].
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Remark 3.2. Taking p = % in the integral representation (3.1)) recovers the integral representa-

tion (|1.5)).

Remark 3.3. When taking p = % and p = § respectively, the integral representation (3.1)) becomes

L A G
a+Vb—z 2 )y a2+a¥t+/2b+t—z

dt

and
I W/ S T
a+vVb—z 2m Jo a?+V2aVt+Vib+t—2z

for arg(z — b) € (0, 2m) respectively.

4. AN INTEGRAL REPRESENTATION FOR &, (a, b;p)

From the integral representation (3.1)) or (3.4), we can derive an integral representation for
the functional sequence €, (a, b;p) as follows.

Theorem 4.1. Leta >0, b >0, and 0 < p < 1 be real numbers. Then the functional sequence
¢.(a,b;p) for n >0 can be represented by

sin(pm) [ tP 1
(a, b;p) T /0 a? + 2a cos(pm)tP + t2p (b + t)n 1 (4.1)

Proof. Differentiating n > 0 times with respect to z on both sides of (3.1) and taking the limit
z — 0 yield

: oo y4 n
Hm Gy ()] = SBPT) / ! d <1)dt
z—0 0

T 20 a2 + 2a cos(pm)t? + 122 dzn \ b+t — z
S oo P !
_ sin prr) / i t lim n! gt
T o @2+ 2acos(pm)tP + 2P 20 (b+t — z)7t!
~ n!sin(pm) /°° tP 1 d
N 71' o a%+ 2acos(pm)tP 4+ 2P (b+t)nt1

As a result, by virtue of , we have

1 d"Gepp(x)  sin(pm) /OO P 1
0

T _ dt.
alabip) = oy g == m a? + 2a cos(pm)tr + 12 (b+ )"+

The integral representation (4.1) is thus proved. The proof of Theorem is complete. (I

Remark 4.1. If taking p = % in (4.1)), one can recover (|1.6) immediately.

Remark 4.2. When taking p = % and p = i respectively, the integral representation (4.1]) becomes

1 NI Jt 1
Colab;= ) = — S Tdt
3 2r Jo a2+ aVt + V2 0+
and
1 2 [ y 1
Q:n (avb; ) = \[ \/E 1dt
4 2 Jo @+ V2aVt + Vit (b1

respectively.
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5. TWO INTEGRAL FORMULAS

Combining the explicit formula (2.1]) in Theorem with the integral representation (4.1)) in
Theorem and combining (1.4) with (1.6]), we can conclude two integral formulas.

Theorem 5.1. Let a > 0 and b > 0 be real numbers and let n > 0 be integers. If 0 < p < 1,
then

° tP 1
dt
/0 a? + 2a cos(pm)tP 4+ 2P (b + t)n+!

_ 7T (—1)" & k
~ (a+bP)sin(pr) nlb” 1—|—a/bP )k zz: ( ) (5.1)

k=0

In particular, if p = %, then

Tt 1 2 — k — 1\ K[2(n — k) — 1)1
0 a+t(b+t)”+1dt (2n ”bn+1/2z< 2n — k )> : (5.2)

(14 v/ap) ™!

Alternative proof of the integral formula (5.1)) for a,b >0 and 0 < p < 1. The formula of Faa di
Bruno and Schlémilch [I4] p. 33] states that

4"(feg) _ Zn:(f(k) o 9) Yo i(g) (5.3)

dxn
k=1

where the operator Y, , has the explicit form

Y, k(9) ;Zk: () I (gh) ™ (5.4)

An inductive proof for this formula can also be found in [24].
Consider the case g(z) = 2P with 0 < p < 1. According to (5.4)), we have

Yo ( = Z ( ) (k—f)p(xpé)(”)
_ % ;(_Dk—z (]Z) 25=0P (), apn
=S () oo

£=0

When setting f(z) = H%’ according to (5.3)), we have

c%l" (1 Jrlxp) - ; (1(4:2:)IZI+1 xk;_" i(_l)k_e (Z) (pl)n

£=0

n

- x"1+17 kz:(l f’xp)k“ zk:(_l)l (?) (PO)n.

£=0

Let 0 < p <1 and A > 0. Consider the meromorphic function
1
(1 —Xe=#)(1 +er?)’

F(z)=
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Consider also the positively oriented rectangle R = ABCD with vertices A(—R—mi), B(R—mi),
C(R 4+ mi), and D(—R + mi) for R > |In )|, as indicated in Figure In the interior of the

FI1GURE 2. The positively oriented rectangle R = ABC'D

region enclosed by the rectangle R, the function F has a unique pole p = In A of the residue

Res(F,p) = ﬁ Therefore, by Cauchy’s residue theorem in complex analysis, it follows that
273,
F(z)dz = . 5.6
RO (5.6

On the other hand, from

/%F(z)dz

i | F(R+ it)dt’ <

—T

(1= e B)(erlk —1)

and
T 0
F(z)dz| = |i F(— it)dt| <
[ roae| = [ prs i < i
we derive
lim F(z)dz = lim F(z)dz =0.
R—oo JBE R—oo Jpa
Further, we have
R R
[ F(z)dz+ | F(z)dz= / F(zx —mi)dx — / F(z + mi)dx
AB CD —R —R

e - dz
_rl+ e~ % \ 14 epr—ipm 1 4+ epa+ipm

R 1 eP q
_ 90
esin(pr) /_R 1+ Xe=* 1+ 2cos(pm)ep® + e2p® *

Consequently, letting R tend to oo in (5.6) and rearranging lead to

T

/ ° 1 eP® d w 1

T = .
oo L+ Xe™® 1+ 2cos(pr)ePt + e2p® sin(pm) 1+ AP
The change of variables e* =t yields

/°° (24 dt 7 1
o L+2cos(pm)tP +t2Pt+ X sin(pm) 1+ AP’
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Taking the nth derivative with respect to A arrives at

/°° P S e A
o 1+2cos(pm)tP + 127 (t + A\t sin(pr) n! dAP \1+ AP )’
Combining this with (5.5)) reveals

n k+1 k

o0 tp i o (=" AP ,(k
/0 1+ 2cos(pm)t? + 127 (t + A\)"+1  sin(pm) nlAnte ;(1 + )\P> ZZ( 2 <£> (P)n-

=0

Now the change of variables t = a~'/Pu with a > 0 yields

o0 uP altm/Pdy
/0 a? + 2a cos(pm)uP 4+ u?P (u + al/P)nHl

- Slnzrpn) 75;\1); kzn:<1 i”)\p) Z(l)e@) (Pl)n-

Finally, applying this to A\ = a~/?b for b > 0 results in

° uP du (-1 &
/0 a? + 2a cos(pm)uP 4+ u?? (u +b)"+1  sin(pr) n!bn ; a+ bp k+1 Z ( ) "

or, equivalently,

/Oo u? du
o a?+2acos(pm)uP 4+ u?P (u+ b)ntl

B 77 (-1 & 1 u k
~ (a+bP)sin(pr) nlbn kZ:l (14 a/br)* Z(_l)é (E) (wf)

£=0

The required proof is complete. O

Remark 5.1. By analytic continuation, we claim that the integral formula ([5.1)) is valid for
a€{ze€C:|arg(z)| < (1—p)r}
and b € C\ (—o0,0]. For example, if 0 < p < %, b=1, and a = i, then

e uP du oo (g 1 u efk
/0 —1+ 2icos(pm)uP + u2P (u+ 1)"*t1  sin(pm) n! I;) (14 4)k+1 ;( b <£><p£>"

which is equivalent to

/°° uP[u® — 1 — 2i cos(pm)uP) du
o 14+2cos(2pm)u?p + u*? (u—+ 1) t!
n M 67i7r(k+1)/4 k

T -1 k
s (n!) > G Z(_I)KQ)@@”'
k=0

sin(pm)

Further comparing imaginary parts of this equality gives

/OO u?? du
o 14+ 2cos(2pm)u?P 4+ u? (u+ 1)n+!

n . k
_ m(k +1)/4)
~ i e X R Y v () v

k=0 =0
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On the other hand, setting @ = b = 1 and replacing p by 2p in (5.1)) result in

*° u?P du T (1) &
= 2 .
/0 1+ 2cos(2pm)uP + u?P (u+ 1)"*+1  sin(2pr) n! Z 2’C+1 Z ( ) Pl

Accordingly, for 0 < p < %, we obtain

e e R

k=0 £=0

Since both sides of this equality are polynomials in the variable p, we acquire

=

n

> 5

k
k=0 Z:O

for all z € C.

Remark 5.2. From the proof of Theorem we conclude that

d"Gapp(x)  (=1)" . (b—x)kP k
dxb" (b — gc)" Z [a T (b— z)p]FHT Z (€> (Pl)n-

Combining this with the integral representation (3.1]) in Theorem derives the integral formula

e tP 1
dt
/0 a? + 2a cos(pm)tP + 2P (b4t — x)n+t!

n

_ ™ (1" -
a4+ (b— x)P]sin(pr) nl(b — z)" Z [l—l—a/ — )P kz < ) n-

£=0

This is essentially same as the integral formula (5.1)).
Remark 5.3. Letting a = 0 and computing integrals in and ([5.2)) leads to

~1 1 I(1—p)(n+p) a
- dt = Yo
/0 tr (b+t)ntl nlpntp b sin(pm) n'b” Z Z

=0¢=0

and

> 1 Val(n+3) on—k—1
[ st = S <2n>"bn+l/22’“ m=r-m ("5 ")

As a result, we obtain two interesting formulas

n k
T N J(k
singpm) Y > > (1 <€)<p€>n (5.7)

F1-=pIln+p) =

and
I‘(n + ) = Z El2(n — k) — 1)1 (?(;f;;) (5.8)

forO0<p<1landn>0.
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By the recurrent relation I'(z + 1) = 2I'(z) and the reflection relation I'(z)['(1 — z) = ErTer)
for z # 0,%1,... (see |27, Chapter 5]), we can rewrite the identity (5.7) as
n k k
W= 0 Y1) 0
k=0 £=0
. n n k
— 0 00,3 ()
£=0 k=t (59)
. [ (k41 k
= 71 n —
o3[ 1h) - (1)
n
n n+1
= (D), (€+ 1)
£=0
for 0 < p <1 and n > 0, where the notation
n—1
ala+1)--(a+n—-1), n>1
(a)7z:H(a+k):{1 _
o , n=20

for a € C is called the rising factorial, the Pochhammer symbol, or shifted factorial. Because all
sides in (5.9) are polynomials in p for 0 < p < 1, all equalities in (5.9)) must be valid for all p € C
and n > 0. Thus, we obtain the identity

_ . fn+1
(2)n = (—1)" ;;(_1) (H 1) (€2)n, z€C.
By the recurrent relation I'(z + 1) = zI'(z) and the formula I'(3) = /7 (see [27, Chapter 5]),
we can rewrite the identity (5.8]) as

- on—k—1
(2n-1)n_kz_ok![2(n—k)—1}!!< 2n— k) ) n>0.

By the way, we can rearrange [12, Theorem 2.1] as

(O G ) = G LS V| -
@D~ 22— 1) & m-2k-1\ k ) "7

6. AN ELEMENTARY COMPUTATION OF THE INTEGRAL IN (5.2))
In this section, we will compute the integral in (5.2)) elementarily.

Lemma 6.1. For real numbers a,b with a # b and any positive integer n, we have

1 1 1

(a+z)(b+a)  (b—a)(at+az) 2 (b—a)"=t1(b+a)f

{=1

n

(6.1)

Proof. The equality (6.1) can be proved straightforwardly by induction on n. However, we will
demonstrate an alternative proof as follow.
The right hand side of the equality (6.1) can be restructured and computed as

b—a_i b—a\’ _ 1 b—a b—-a 1 b—a\"
atx =\b+u (b—a)tl etz atux b+ x
1

s (i7e) )

1
(b—aytl
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B 1
(a+z)(b+x)"
The proof of Lemma [6.1]is complete. (]

Lemma 6.2. For real number b > 0 and integer £ > 1, we have

* Wt T (20— 3)
/0 (b+t)£+1dt:bf*1/2 @on (6.2)

For a,b >0, we have

/ooo\/i(a—lytblﬂ>dt”(*/’;\/5)~ (6.3)

Proof. 1t is straightforward that

o t 1 i t 1 i
/ \[é pdt = -3 1/ Vi At = 2/ \/ae pdu
_ 1 (3, 1y _ 1 TR
2T\ 2T 2 el2 T(E+1)
1 PR3 —3)-35T(5) _ 7w (2¢-3)!
b2 0 Coptyz (200

where B(z,w) denotes the classical beta function

tz_l

1 e}
B _ z—1 1— w—1 :/
(2,w) /0 R
for R(z) > 0 and R(w) > 0 and satisfies

B(z,w) =

See [T, p. 258, 6.2.1 and 6.2.2].
When a,b > 0 and a # b, the first proof of the formula (6.3) is straightforward as follows:

0 1 1 00 1 1
7 = Nat=2[ s -~ )a
/0 ‘/(a+t b+t) /0 ° (a+52 b—|—$2> §

82

=20~ “)/0 ar Db+

~ { [Vaarctan = — Vb arctan \;E] &

:2(b_a)/0 ds a—b

Va arctan == — /b arctan = |*7°°
=2(b—a) va vb
a—b
s=0
= 71'(\/5 - \/E)

When a,b > 0 and a # b, we can alternatively prove the formula (6.3]) as follows:
o 1 1 e b a
\/i(—)dtz/ [ — }dt
/0 at+t b+t o LO+tVE (a+t)Vi

t=00
t t
= 2v/b arctan f — 2v/a arctan \/>
bl,_o a

— n(V5 - Va).

t=o00

t=0
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The proof of Lemma is complete. O

Theorem 6.1. If n >0 is an integer and a > 0, b > 0, and a # b are real umbers, then

o0 \/i 1 B (2[ 3)”
A e s e W“/BZ(l‘) (%)] .

where (=3)!! = —1 and (-1 =01l = 1.
First proof of Theorem[6.1 From Lemma [6.1} it follows that

1 ! 11 7”§ 1
(@t O+ G-ay T \att btt) & (b—a)n—f+2(b+t)é'

Further integrating on both sides with respect to ¢ and applying the formulas (6.2)) and (6.3 . in

Lemma [6.2] arrive at
<Vt 1 - 1 o0 1 1
0 a+t(b+t)"+1dt_(bfa)"+1/0 ﬂ(wt‘bﬂ)dt
=2

(Vo —va) L TV
b ST ), G
(Vb —Va) & 1 T (20— 3)!
( Z(b*a)
(Vb
(

™

B S
0 (b—a)»—+2(b+ )¢
(=1
b— )+l n—CH1 =172 (20)11

(=1

s

Va) ™Wh a\‘ (2 - 3)!
R ;(“z)) e

(20 — 3)!
g [T (-5) ma]

The proof of Theorem is complete. O

Second proof of Theorem[6.1l The formula (6.3) can be rewritten as

[ amim ()

Differentiating n times with respect to b on both sides of the above equality and making use of
Leibnitz’s rule for differentiation yield

| =l (72) - (725

> (2) a0 ()

=0
=T —~ (0 /1\ a0 ()" (n=0!  Va(=1)"n!
LE—% <€) < 2 >€b (b—a)n—t+1 (b —a)ntt 1

B (=1)™n! (b—a)"' I~ /1N 19 0 (1) E(n —0)!
= T h—arn [ﬁ D)l Z<£><2>b e ]
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=0
(—1)"n! o(—1)f1/ 1 1 a\’
i () (o) (-3) ]
1 213 3 I a\’
-G f+ﬁz ’ (“b)]'
The integral formula is thus proved. (]

Remark 6.1. The formula (6.3 can also be rearranged as

/Oo Vi T
o (a+t)(b+1) Vva + b

Differentiating n times with respect to b on both sides of the above equality, utilizing Faa di
Bruno’s formula ([2.2), making use of the identity (2.3]), and employing the formula (2.6) reveal

[t Sl
lé;(\f +a b)/’(\/g)”,...,(\/g)"*/ﬂrl)
a=Vb Bk <b1/2—1<;>1,b1/2—2<;>2, . .,b1/2—(n—k+1)<;>nk+1>

~  (=DFR
N
=S (2, ()5,
=3 e ee - - (g) ()

k=0

which recovers the integral formula (5.2)), where a > 0 and b > 0.
Remark 6.2. For a > 0 and b > 0, combining (5.2)) and (6.4)) results in an identity

z":<2n—k:—1> k2(n — k) — 1)1 (2n)!! \erz( b) %%)'3')]

2(n —k (1+ /—a/b)kJrl - (1—a/b yntl
which can be further simplified as
" on —k— 1\ k![2(n — k) — 1]!! (2n)!! "L (20— 3)! ol
=— = .
;( 2(n — k) > (Lt a)F (1= 22yt “; eon () (6:5)
for x > 0 with (=3)!! = =1 and (—1)!! = 0!l = 1.
More extensively, the identity (6.5]) is valid for all z € C\ {—1,1}, because both sides of (6.5))
are analytic on the set C\ {—1,1}.

k=0

Remark 6.3. We note that all proofs in this section are elementary. In other words, Cauchy’s
integral formula in complex analysis is not employed in all proofs of Lemma[6.1] Lemmal6.2] and
Theorem [6.1]
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7. MORE REMARKS
Finally, we list more remarks on main results of this paper.

Remark 7.1. Let a > 0, b > 0, and 0 < p < 1. Then, motivated by (4.1]), one can consider the

function in(pm) , )
sin(pm) [ t
C(a,b;p;x) = dt
(a, b;p;2) ™ /0 a? + 2a cos(pm)tP + 2P (b + t)=+!

for x > 0. Can one compute this integral explicitly in terms of closed forms? For more details
on so-called closed forms, please refer to [4] and closely related references therein.

Remark 7.2. We do not find integral formulas (5.1)), (5.2), and (6.4]) in monographs and hand-
books [II, @], 27 58].

Remark 7.3. Integral representations of the Catalan numbers C,, for n > 0 have been reviewed
and surveyed in [36] Section 2]. The first integral representation

Co= o / 1o, (7.1)

was discovered in [28] and applied in [5I]. An alternative integral representation

1 [ Vit
C,=— ————dt 7.2

" 7r/0 (t 4 1/4)n+2 (7:2)
was derived in [46, Theorem 1.3]. The equivalence of integral representations (|7.1)) and (7.2)) was
proved in [32, Theorem 1.3]. The integral representation (7.2]) can be recovered from (4.1 by

setting a = %, b= i, and p = %

Remark 7.4. For a € R, we consider the sequence Zn, (@) generated by

[(1+T) Z Znp(a

n>k>0

See [6l p. 158]. When o = %, straightforward computation yields

[(1+T)1/2*1] lzk: k€(>1+TZ/2

Kl Kl
SR (Z ()
-l (06,5

which means that

1 (-1 & (kN /¢
Z - | = -1 - .
ok (2) k! SRAVIAY
£=0 n
On the other hand, it is listed in [6, p. 158] that
1 en=1D!/2n—k—-2 1
Zowl =) = (—1)nk 8 .
’“(2) (=1 (k—l)!( n—1 )22nk
Accordingly, we obtain the equality

S, = b ) ot

£=0
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which can be rearranged as ([2.5)). Consequently, we recover the identity (2.5]).

Remark 7.5. This paper is a revised version of the electronic preprint [20} 21].
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