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Abstract

Cylindrical lamps are usually equipped in the tubular UV reactor to offer UV

radiation. This paper describes the axisymmetric characteristics of UV radiation

from the cylindrical UV lamp. Axisymmetric lamp emission models are developed

in a two-dimensional axisymmetric space for the line source, the superficial source

and the volumetric source. The present axisymmetric lamp emission models are

easy to understand and of simple mathematical expressions. The experimental data

in literature is used to validate the present axisymmetric lamp emission models.

Good agreements have been obtained between the experimental data and the com-

putations. A comparison show that the present models obtain the identical results

as previous models.
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Highlights:

1. Axisymmetric characteristics of radiation from the cylindrical UV lamp is pre-

sented.

2. Axisymmetric lamp emission models are developed.

3. The present models obtain the same result as the previous models.
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1 INTRODUCTION

UV reactors have been widely used in disinfection and photocatalysis. In disinfection,

UV light destroys the DNA of microorganisms. In photocatalysis, the electron-hole pair

is excited on the surface of photocatalyst under the illumination of UV light and involved

in the oxidation of organic pollutants. In short, UV light plays an important role in UV

reactors. UV light is usually generated by UV lamps installed either outside the reactor

or inside the reactor. Thus, correct simulation of lamp emission is a must to obtain the

radiation intensity inside the reactor.

The simplest lamp emission model views the lamp as some discrete points emitting

photons along the axis of lamp.1,2 The accuracy may depend on the number of discrete

point sources. In order to avoid choosing the number of discrete point sources, line source

models were developed. Depending on the manner of photon emission, line source models

are categorized into line source spherical emission model (LSSE) and line source diffuse

emission model (LSDE). The photons are assumed to be emitted in a spherical manner

in the LSSE3,4 and in a diffuse manner in the LSDE,3 respectively. In nature, line

source emission models are the variant of point source model with infinite points. Line

source emission models have gained popularity because of their simple mathematical

expressions,5–9 however, which may bring about error when the reactor dimension is not

large with respect to the UV lamp.10

Many efforts have been made to improve the accuracy of line source emission models

by viewing the lamp as a superficial source or a volumetric source. For the superficial

source model, the lamp is modelled as a cylindrical surface, from which photons are

emitted into the space in a spherical manner or in a diffuse manner. A spherical emis-

sion leads to an extensive source spherical emission (ESSE) model11 whereas a diffuse

emission leads to an extensive source diffuse emission (ESDE) model.12 Different math-

ematical expressions of ESSE and ESDE were also presented in literature, namely SSSE

and SSDE model.13–15 For the volumetric source model, the lamp is modeled as a cylin-

der and the emitters distributes uniformly inside the cylinder. By fixing the coordinate

origin at the observed point, extense volumetric source emission models (EVSE) were

developed.16–21 The EVSE has been proved to precisely simulate the radiation field.22–24

However, the EVSE was thought to have the highest complexity.25 By fixing the coor-
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dinate origin at the lamp, a volume source emission (VSE) model was developed.14,15,26

The above-mentioned lamp emission models have been validated and widely used

in the simulation of radiation intensity in UV reactors.6,27–33 A common feature of the

above-mentioned models is that they only considered the energy emitted from the UV

lamp onto a single observed point. To the best of authors’ knowledge, the relation

of energies received by different points has never been studied. In the present study,

the axisymmetric lamp emission models are developed. Good agreements are obtained

between the present axisymmetric lamp emission models and the experimental data as

well as the previous lamp emission models.

2 Model development

2.1 Axisymmetry of lamp emission

In the derivation of previous lamp emission models, there existed three kinds of assump-

tions on the lamp geometry, the radiation emission and the reactor: (1) The lamp was

a cylinder. The lamp can be simplified as a line, a cylindrical surface or a perfect cylin-

der, respectively; (2) The emitters were distributed within the source and each emitter

had the same radiation characteristics; (3) The reactor was cylindrical and filled with

a transparent fluid. No absorption, scattering and reflection in the reactor was con-

sidered. Based on these assumptions, the above-mentioned lamp emission models were

developed.

An important feature that was not paid attention previously is the axisymmetry of a

cylindrical lamp in geometry, as shown in Figure 1. It has been widely assumed that the

emitters inside the lamp are uniform and homogeneous.16–21 Thus, the lamp emission

must be axisymmetric also. The circle in Figure 1 is perpendicular to the axis of UV

lamp and its center is at the axis of UV lamp. Thus, for any points located at this circle

such as A and B, the fluence rate received on the points must be the same. When the

lamp is simplified as a line, a cylindrical surface or a prefect cylinder, this axisymmetry

always exists, which can be used to simplify lamp emission models.

Consider a control volume in the cylindrical coordinate encompassed by surfaces S1,

S2 and S3, as shown in Figure 2. The z axis is the symmetric axis of UV lamp. r0 is the

radius of lamp. The surface S1 is a piece of sphere with the point O (r = 0, z = h) as its
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center and occupies from ϕ = 0 to ϕ = π. Surfaces S2 and S3 are two azimuthal planes

in the cylindrical coordinate. The control volume (θ ∼ θ + dθ, h − 1
2dh ∼ h + 1

2dh, 0 ∼

r0) represents the true UV lamp element at z = h. For the line source model and

the superficial source model, the lamp emission element is modelled as a line element

(h− 1
2dh ∼ h+ 1

2dh, r = 0) and a surface element (θ ∼ θ+dθ, h− 1
2dh ∼ h+ 1

2dh, r = r0),

respectively. Following the energy conservation law, we have

KL

2π
dθdh = E1,L +E2 + E3 (1)

for the line source, or

KAr0dθdh = E1,A +E2 + E3 (2)

for the superficial source, or

KV dθdh

∫ r0

0
RdR = E1,V +E2 + E3 (3)

for the volumetric source. KL, KA and KV are the energy emitted per unit length of

lamp, per unit surface area of lamp and per unit volume of lamp, respectively. The

left-hand side of Eqs. (1)-(3) represents the total energy emitted from the emitter inside

the control volume in Figure 2. The terms of right-hand side of Eqs. (1)-(3) are the

energy passing surfaces S1, S2 and S3, respectively. The axisymmetry of the emission

from the cylindrical lamp must yield

E2 = E3 = 0 (4)

Thus, we can obtain

KL

2π
dθdh = E1,L (5)

for the line source, or

KAr0dθdh = E1,A (6)

for the superficial source, or

KV dθdh

∫ r0

0
RdR = E1,V (7)
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for the volumetric source.

Eqs. (5)-(7) describes the energy incident onto the surface S1 for different assump-

tions of lamp, which will be used to derive the fluence rate in the reactor.

2.2 Axisymmetric lamp emission models

Line source emission

The area of surface S1 can be calculated as

dA = 2
[
r2 + (z − h)2

]
dθ (8)

In case of the spherical emission, the fluence rate at the point P on the surface S1

due to the emission of line element (h− 1
2dh ∼ h+ 1

2dh, r = 0) can be evaluated by

dG (~r) =
E1,L

dA
(9)

where G is the fluence rate at the point P (W m−2. By using Eq. (5), we can obtain

dG (~r) =
KLdh

4π
[
r2 + (z − h)2

] (10)

The integration to Eq. (10) along the lamp yields2,4,5

G (~r) =

∫ L

−L

KLrdh

4π
[
r2 + (z − h)2

]
=
KL

4πr

[
arctan

(
z + L

r

)
− arctan

(
z − L
r

)] (11)

In case of the diffuse emission, the fluence rate at the point P emitted from the line

element (h− 1
2dh ∼ h+ 1

2dh, r = 0) can be evaluated by

dG (~r) =
KLrdh

π2
[
r2 + (z − h)2

]1.5 (12)

Numerical integration to Eq. (12) was performed to obtain the fluence rate.4,15 As

a matter of fact, the integration to Eq. (12) along the lamp can yield an analytical
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expression as follows

G (~r) =

∫ L

−L

KLrdh

π2
[
r2 + (z − h)2

]1.5
=
KL

π2r

 z + L√
r2 + (z + L)2

− z − L√
r2 + (z − L)2

 (13)

Eqs. (11) and (13) are identical to the LSSE and LSDE in literature. Note that there

doesn’t exist the azimuthal coordinate, meaning an axisymmetric feature.

2.3 Superficial source emission

When the UV lamp is modelled as a superficial source, all radiation is emitted from a

cylindrical surface, i.e., the outside surface of UV lamp. Since the surface element(θ ∼

θ+ dθ, h− 1
2dh ∼ h+ 1

2dh, r = r0) can be viewed as a differential plane, only the region

of ϕ ∈ (α ∼ π − α) on the surface S1 can receive the radiation, where the angle α can

be calculated from

cosα =

[
r2 + (z − h)2 − r20

]0.5
[
r2 + (z − h)2

]0.5 (14)

The effective area on the surface S1 that can receive the radiation is

dAeff = 2 cosα
[
r2 + (z − h)2

]
dθ (15)

Assuming that the energy emitted from the surface element distributes uniformly on the

effective area of the surface S1, the fluence rate at the point P due to the emission of

the surface element can be evaluated by

dG (~r) =
E1,A

dAeff
(16)

By using Eq. (6), we can obtain

dG (~r) =
KAr0dh

2
[
r2 + (z − h)2

]0.5 [
r2 + (z − h)2 − r20

]0.5 (17)
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The integration to Eq. (17) along the lamp yields

G (~r) =

∫ L

−L

KAr0dh

2
[
r2 + (z − h)2

]0.5 [
r2 + (z − h)2 − r20

]0.5 (18)

Herein, Eq. (18) is the axisymmetric superficial source emission model, namely A-SSE

model. Compared with previous superficial model, the present model doesn’t require

the integration with respect to azimuthal coordinate.

2.4 Volumetric source emission

Volumetric source models simulate the lamp as a cylinder and the emitters distribute

uniformly inside the cylinder. In the control volume shown in Figure 2, (θ ∼ θ +

dθ, h − 1
2dh ∼ h + 1

2dh, 0 ∼ r0) is the actual volumetric source, which can be viewed

as an assembly of superficial sources (θ ∼ θ + dθ, h − 1
2dh ∼ h + 1

2dh, r = R ∈ (0 ∼

r0)). Following Eq. (17) , the fluence rate at the point P due to the emission of

(θ ∼ θ + dθ, h− 1
2dh ∼ h+ 1

2dh, r = R) can be written as

dG (~r) =
KVRdθdhdR

2dθ
[
r2 + (z − h)2

]0.5 [
r2 + (z − h)2 −R2

]0.5 (19)

or

dG (~r) =
KVRdhdR

2
[
r2 + (z − h)2

]0.5 [
r2 + (z − h)2 −R2

]0.5 (20)

The integration to Eq. (20 along the lamp yields

G (~r) =

∫ L

−L

∫ r0

0

KVRdhdR

2
[
r2 + (z − h)2

]0.5 [
r2 + (z − h)2 −R2

]0.5
= KV L−

KV

2

∫ L

−L

[
1− r20

r2 + (z − h)2

]0.5
dh

(21)

Herein, Eq. (21 is the axisymmetric volumetric source emission model, namely A-VSE

model. Compared with previous volumetric models, only teh integration with respect

to one coordinate is required in the present model.
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3 RESULTS AND DISCUSSION

3.1 Validation with the experimental data

Three experiments are used to validate the present model. Jacob and Dranoff 1 measured

the radiation profiles for different media in an annular reactor. The diameter of UV lamp

is 0.63 inch. The effective lamp length is 4 inch. The experimental data were presented

using a relative fluence rate. Rahn et al. 34 conducted the measurement of fluence rate

distribution in UV reactors. The length of lamp is 150 mm. The diameter of lamp is

10 mm. The output power of lamp was estimated to be 3.84 W. Li et al. 35 measured

fluence rate in UV reactors using a micro fluorescent silica detector. The length of UV

lamp is 297 mm. The diameter of UV lamp is 16 mm. The output power is estimated

as 4.48 W. The latter two experiments gave the experimental data of fluence rate.

Figure 3 shows the relative fluence rates computed from A-SSE and A-VSE models.

The experimental data are found to be slightly greater than the computed values, which

was also proven for the LSSE model by Jacob and Dranoff 1 and for the LSDE model

and the EVSE model by Irazoqui et al. 16. In general, good agreements between the

present models and the experimental data are obtained.

Figure 4 displays the comparison of the present model and the experiment. Both

the A-SSE model and the A-VSE coincide with each other. A relative error of model

values within 20-25% of the experimental data was thought to be acceptable.34 However,

the computed fluence rate for the output power given by Rahn et al. 34, 3.84 W, is

25% greater than the experimental data for a small radial distance. This error can be

ascribed to the overestimated output power. Rahn et al. 34 assumed that the irradiance

was uniform on a sphere with a radius of 1 m around the lamp centroid. The irradiance

was measured at a distance of 1 m from the lamp along the axis perpendicular to the

center of the lamp. Then the output power was estimated by multiplying this value

with the area of sphere. However, it was reported that the irradiance had a cosine-like

feature.30 The irradiance measured by Rahn et al. 34 is the largest among all irradiance

values. Thus, the estimated output power may be greater than the actual value. It was

proved that the output power may be overestimated around 20%.36 Thus, the output

power is modified as 3.07 W. As shown in Figure 4, the profile with the modified power

is close to the experimental data with a maximum error 25% at the first point.
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Figure 5 shows the distribution of fluence rate along the radial distance. The present

model overestimated the fluence rate compared with the experimental data. Model over-

estimation was also observed and ascribed to the cylindrical shape of micro fluorescent

silica detector.33 By introducing the angular response correction, Ahmed et al. 33 ob-

tained the computational result in accordance with the experimental data. However,

the estimation of output power of Li et al. 35 is the same as that of Rahn et al. 34. That

is, the output power may be overestimated. A modified output power is 3.6 W. As

shown in Figure 5, the modified profile is in good agreement with the experimental

data. Li et al. 35 measured the fluence rate along the reactor height at four radius po-

sitions. With the modified output power, the fluence rate along the reactor height is

calculated using the present models. As shown in Figure 6, Good agreements between

the present models and the experimental data are obtained. The maximum error is 13%

observed, however, which doesn’t exceed the range recommended by Rahn et al. 34.

3.2 Comparison with other models

When UV lamps are viewed as a superficial source or a volumetric source, the present A-

SSE and A-VSE models are different from previous models in mathematical expression.

Herein the same configuration as [1] [1] will be used to compare the present models and

the SSSE model and the VSE model.

Figure 7 shows fluence rate profiles computed using the A-SSE model and the SSSE

model at two radial positions and two heights, respectively. The height z = 0 cm and

z = 5 cm mean the center of lamp and the end of lamp, respectively. The maximum

fluence rate at z = 0 cm is greater than that at z = 5 cm. However, both profiles decay

fast along the radial direction, as shown in Figure 7a. The profile of r = 0.8 cm, close

to the surface of the lamp, concentrates between z = −5 cm and z = 5 cm. With the

increase of radius, fluence rate becomes flat along the height. In each figure, the profiles

computed from two models coincide with each other at the same position. That is, both

the present A-SSE model and the SSSE model obtain the nearly identical computational

result.

Figures 8 shows fluence rate profiles using the present A-VSE model and the VSE

model at two radial positions and two heights, respectively. The same tendency as

Figure 7 can be observed in Figure 8. However, the maximum values computed by the
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volumetric model are less than those computed by the superficial model because the

emitter source in the superficial model is more close to the observed point than the

volumetric source model. On the other hand, when the radial coordinate is relatively

big, both the superficial source model and the volumetric source model obtain the nearly

identical result, such as profiles for r = 5 cm shown in Figure 7b and Figure 8b.

4 Conclusions

The present paper describes the axis-symmetry of lamp emission in annular reactors.

Axisymmetric lamp emission models are derived for superficial and volumetric sources,

which has a simple mathematical expression.

The present axisymmetric lamp emission models are validated against the experiment

on fluence rate in literature. Good agreements have been obtained between the present

model and the experimental data on relative fluence rate in an annular reactor.

The present axisymmetric lamp emission models are also validated for fluence rate

measured using spherical detector and cylindrical detector. Both experiments have been

reproduced by using a corrected lamp output power.

A compression between the present axisymmetric lamp emission models and SSSE

and VSE models are conducted. All models have obtained nearly identical results.
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5 Figure Captions

Figure 1 Schematic of axisymmetry for a cylindrical lamp

Figure 2 Schematic of control volume in a cylindrical coordinate

Figure 3 Fluence rate profiles at the mid-depth of the reactor and z = −2 inch

Figure 4 Fluence rate along radial direction

Figure 5 Fluence rate along radial direction at lamp center

Figure 6 Fluence rate along axial direction at four radial positions

Figure 7 Fluence rate profiles computed using the A-SSE model and the SSSE model.

(a) at two heights (b) at two radial positions.

Figure 8 Fluence rate profiles computed using the A-VSE model and the VSE model.

(a) at two heights (b) at two radial positions.
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