MULTI-DIMENSIONAL BESICOVITCH ALMOST PERIODIC
TYPE FUNCTIONS AND APPLICATIONS

M. KOSTIC

ABSTRACT. In this paper, we analyze multi-dimensional Besicovitch almost
periodic type functions. We clarify the main structural properties for the
introduced classes of Besicovitch almost periodic type functions, explore the
notion of Besicovitch-Doss almost periodicity in the multi-dimensional setting,
and provide some applications of our results to the abstract Volterra integro-
differential equations and the partial differential equations.

1. INTRODUCTION AND PRELIMINARIES

As is well known, the notion of almost periodicity was introduced by the Danish
mathematician H. Bohr around 1924-1926 and later generalized by many other
authors (see the research monographs [8], [20], [30], [33], [40], [41], [50], [55] and [61]
for further information concerning almost periodic functions and their applications).
Suppose that (X, |- ||) is a complex Banach space and F : R" — X is a continuous
function (n € N). Then it is said that the function F'(-) is almost periodic if and
only if for each € > 0 there exists [ > 0 such that for each tg € R™ there exists
T € B(tg,l) = {t e R : [t — to| <[} with

|F(t+7) = F(t)|| <e, teR™

here, | - — - | denotes the Euclidean distance in R™ and 7 is usually called an e-
almost period of F(-). Any trigonometric polynomial in R” is almost periodic, and
we know that a continuous function F'(-) is almost periodic if and only if there
exists a sequence of trigonometric polynomials in R™ which converges uniformly to
If the function F' : R™ — X is locally p-integrable, where 1 < p < oo, then we say
that F(-) is Stepanov-p-almost periodic if and only if for every e > 0 there exists
[ > 0 such that for each tg € R™ there exists 7 € B(tg,!) NR™ with

[F(t+7+u) = Flt+u)|,0qmx) <6 tER™

Further on, we say that a locally p-integrable function F : R™ — X is:

(i) equi-Weyl-p-almost periodic if and only if, for every € > 0, there exist two
finite real numbers [ > 0 and L > 0 such that for each t, € R™ there exists
T € B(to, L) NR™ with

sup l7%HF(T +-) =
teRn

F(')HLP(tH[o,un:X) <€
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(ii) Weyl-p-almost periodic if and only if, for every € > 0, there exists a finite
real number L > 0 such that for each tg € R™ there exists 7 € B(tg, L)NR"
with

limsup sup |1~ 7 |F(r+-)—
l—s+00 teR™

F(')HLP(tJrl[O,l]":X) <€

It is well known that any Bohr almost periodic function is Stepanov-p-almost
periodic, as well as that any Stepanov-p-almost periodic function is equi-Weyl-p-
almost periodic. The most general class is the class of Weyl-p-almost periodic
functions which contains all others. Furthermore, we know that any equi-Weyl-
p-almost periodic function is Besicovitch-p-almost periodic, and that there exists
a Weyl-p-almost periodic function f : R — R which is not Besicovitch-p-almost
periodic ([41]).

The notion of Besicovitch-p-almost periodicity for a function F' : R® — X can
be introduced in many equivalent ways; traditionally, if F € L} (R™: X), then we
first define

1 1/p
|F|| pp := lim sup 7/ [[F(s)||P ds .
t—s+00 (2t)n [—t,t]n

It can be simply proved that || - ||sm» is a seminorm on the space MP(R™ : X)
consisting of those L] (R™ : X)-functions F(-) for which ||F||sp» < oo. Denote
K,(R": X):={f e MP(R": X); |[F||mr = 0} and

M,R": X) = MP(R": X)/K,(R" : X).

The seminorm || - ||spe on MP(R™ : X) induces the norm || - [|[p» on MP(R™ : X)
under which MP(R™ : X) is complete; hence, (MP(R™ : X),|| - ||a») is a Banach
space. It is said that a function F € L} (R™ : X) is Besicovitch-p-almost periodic
if and only if there exists a sequence of trigonometric polynomials (almost periodic
functions, equivalently) converging to F(-) in (MP(R™ : X),|| - ||s»). The vector
space consisting of all Besicovitch-p-almost periodic functions is denoted by B? (R™ :
X). Clearly, BP(R™ : X) is a closed subspace of MP(R™ : X) and therefore a Banach
space itself. Concerning the Banach space MP(R"™ : X), we would like to recall that
this space is not separable for any finite exponent p > 1; see, e.g., [58, Theorem 18]
which concerns the one-dimensional case.

For further information about Besicovitch almost periodic functions, Besicovitch
almost automorphic functions and their applications, we refer the reader to [1, 2,
4,5,6,7,9, 11, 12], [13, 14, 15, 16, 29, 31, 32, 35], [36, 49, 51, 53, 54, 56, 57, 58, 60]
and references cited therein; we would like to specially emphasize here the impor-
tant research monograph [55] by A. A. Pankov. The spatially Besicovitch almost
periodic solutions for certain classes of nonlinear second-order elliptic equations,
single higher-order hyperbolic equations and nonlinear Schrédinger equations have
been investigated in the fifth chapter of this monograph. For the basic source of
information about homogenization in algebras with mean value and generalized
Besicovitch spaces (the work of J. L. Woukeng and his coauthors), we refer the
reader to [41, Part II, Chapter 9, pp. 619-621].

On the other hand, in [17], A. Chédvez et al. have analyzed various classes of
almost periodic type functions of the form F : A x X — Y, where (Y, - ||y) is
a complex Banach space and ) # A C R™. This research has been continued in
[18] and [28], where we have analyzed the Stepanov classes and the Weyl classes of
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multi-dimensional almost periodic functions F': A x X — Y. Here it worth noticing
that the concept Besicovitch-p-almost periodicity has not been well explored for
the functions of the form F : A — X, where ) # A C R™ and A # R" (some
particular results in the one-dimensional setting are given in the monograph [40],
with A = [0, 00)). This fact has strongly influenced us to write this paper, in which
we continue the research studies [17, 18, 28, 39, 46] by investigating the multi-
dimensional Besicovitch almost periodic type functions F' : A x X — Y, where
(Y, || - lly) is a complex Banach space and ) # A C R™. It is worth noting that
this is probably the first research article which examines the existence and unique-
ness of Besicovitch-p-almost periodic solutions for certain classes of PDEs on some
proper subdomains of R™; even the most simplest examples of quasi-linear partial
differential equations of first order considered here vividly exhibit the necessity of
further analyses of Besicovitch-p-almost periodic functions which are not defined
on the whole Euclidean space R™.

The organization and main ideas of this paper can be briefly described as follows.
In Subsection 1.1, we recall the basic definitions and results from the theory of
Lebesgue spaces with variable exponents LP(*). The main aim of Section 2 is
to introduce and analyze various classes of multi-dimensional Besicovitch almost
periodic type functions. We start this section by introducing the class e— (B, ¢, F)—
BPO)(A x X :Y), where A is a general non-empty subset of R*, p € P(A), ¢ :
[0,00) — [0,00) is Lebesgue measurable and F : (0,00) — (0, 00); see Definition
2.1, which is crucial for our further work. The class PAP, ,(A, B,F, ¢) of weighted
ergodic components, introduced recently in [41, Definition 6.4.13], makes a proper
subclass of the class e— (B, ¢, F)—BP() (Ax X : V) since its definition is obtained by
plugging the trivial sequence (P = 0) of trigonometric polynomials in Definition 2.1
(we omit the term “B” from the notation for the functions of the form F : A — Y).
Before proceeding any further, we would like to note that there is a large class
of PDEs of first order (second order) whose solutions are not Besicovitch almost
periodic in R™ and which belong to the class PAP, ,(A, B, F, ¢), where () # A C R™.
For instance, we have the following:

Example 1.1. (i) Let a and ¢ be two non-zero real numbers; then the classical
C*-solution of the equation au, +cu = 0 is given by u(z,y) = g(y)e™(¢/*)*,
(x,y) € R%. Keeping in mind the notion introduced after Definition 2.3, it
can be simply shown that any non-trivial solution of this equation cannot
be Besicovitch almost periodic in R? as well as that the solution always
belongs to the class PAP)1([0,00) x R,F,z) provided that the function
g(+) is Besicovitch bounded and lim;—, ;o F(t) = 0 (see also Example 2.2
and Example 2.6 below).

(ii) The solutions of second-order PDEs on rectangular domains, obtained by
the well known method of separation of variables, can belong to the space
PAP, ,(A,B,F,¢). Consider, for the illustration purposes, the heat equa-
tion ug(z,t) = Uze(x,t) on the domain A = [0, 27] x [0, 00), equipped with
the initial conditions u(x,0) = f(z) € L*[0,27] and u(0,t) = u(2m,t) = 0.
A unique solution of this problem is given by

u(z,t) = Zbk sin(kx/Q)e_%t, (x,t) € A,
k=1
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where f(x) =", bisin(kx/2), x € [0,27]. Since there exists a finite real
constant M > 0 such that |by| < M for all k£ € N, a simple computation
shows that u(z,t) € PAPy 1(A,t=¢, z) for any real number ¢ > 0.

We provide some structural characterizations of class e — (B, ¢, F) — BP()(A x X :
Y) in Proposition 2.4 and Theorem 2.5 and Proposition 2.7 (a special attention is
paid to the case in which ¢(x) = z® for some « > 0). A composition principle for
multi-dimensional Besicovitch almost periodic functions is clarified in Theorem 2.10.
In Subsection 2.1, we investigate the notion of multi-dimensional Besicovitch nor-
mality. The class of Besicovitch—(R, B, ¢, F) — B?(")-normal functions is introduced
in Definition 2.11 and characterized after that in Proposition 2.12, Proposition 2.13
and Proposition 2.14.

In Section 3, we consider the multi-dimensional analogues of the important re-
search results established by R. Doss in [24]-[25]. We pay special attention to the
analysis of conditions (A), (A)s, and (AS); see Theorem 3.1, Proposition 3.3 and
Proposition 3.5 for some results obtained in this direction. Subsection 3.1 is fo-
cused on the analysis of condition (B); the main results obtained in this part are
Proposition 3.6 and Proposition 3.7. We feel it is our duty to emphasize that the
above-mentioned results of R. Doss are primarily intended for the analysis of one-
dimensional Besicovitch almost periodic type functions as well as that we have faced
ourselves with many serious problems concerning the multi-dimensional extensions
of these results.

Some applications to the abstract Volterra integro-differential equations are fur-
nished in Section 4; it is worth noting that we establish here some new results about
the convolution invariance of Besicovitch-p-almost periodicity under the actions of
infinite convolution products, and a new result concerning the usually considered
convolution invariance of Besicovitch-p-almost periodicity. We provide some new
applications in the one-dimensional setting, a new application in the analysis of the
existence and uniqueness of Besicovitch-p-almost periodic solutions of the abstract
semilinear fractional Cauchy inclusions and the abstract nonautonomous differential
equations of first order, some new applications to the inhomogeneous heat equa-
tion in R™ and evolution systems generated by the bounded perturbations of the
Dirichlet Laplacian.

The final section of paper is reserved for conclusions and final comments about
the considered notion. We explain here that the notion of Besicovitch-(p, ¢)-almost
periodicity, where ¢ € C\ {0}, cannot be so simply introduced and analyzed. Con-
cerning some open problems proposed, we would like to notice that we introduce the
notion of admissibility with respect to the class Cy of Besicovitch almost periodic
type functions in Definition 2.16, and propose after that an open problem con-
cerning the extensions of Besicovitch almost periodic type functions to the whole
FEuclidean space R™; a similar question has recently been posed for the class of
(equi-)Weyl almost periodic type functions in [41]. In addition to the above, we
provide numerous illustrative examples and remarks about the multi-dimensional
Besicovitch almost periodic type functions under our consideration.

We use the standard notation throughout the paper. We assume that (X, || - ||),
(Y,]| - ly) and (Z,] - ||z) are complex Banach spaces, n € N, ) # A CR", Bis a
non-empty collection of non-empty subsets of X, and R is a non-empty collection
of sequences in R™. We assume that for each x € X there exists B € B such that
x € B; (e, €9, ...,e,) denotes the standard basis of R”. By L(X,Y") we denote the
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Banach algebra of all bounded linear operators from X into YV; L(X, X) = L(X).
If A: D(A) C X — X is a closed linear operator, then its range will be denoted
by R(A); I stands for the identity operator on Y. Set N,, := {1,...,n} and A,, :=
{(t,t,...,t) € R" : t € R}. By Cp(R™ : X) we denote the Banach space of all
bounded continuous functions F : R” — X equipped with the sup-norm. By a
convex polyhedral in R, we mean any set A of the form

A:{a1v1+~~~+anvn:aiZOforalliGNn},

where (v1,vo, ..., v,) is a basis of R™.
For the sequel, we need the following result which can be deduced in almost the
same way as in the proof of [24, Proposition 2]:

Lemma 1.2. Suppose that the function F : R™ — X is Bohr almost periodic. If
for every a1 # 0, ...,a, # 0 we have (a = (a1, ...,a,)):

k—

ZF(t+ (k—1)a) =0,

7=0

li 1

uniformly in t € R™, then F = 0.

Although it could be of some importance, we will not discuss here the question
whether the statement of Lemma 1.2 can be extended to the almost automorphic
functions (the uniformly recurrent functions).

We also need the following notion. Suppose that § # A’ C R?, § # A C R,
F:Ax X —Y is a continuous function and A + A’ C A. Then we say that F(-;-)
is Bohr (B, A’)-almost periodic (Bohr B-almost periodic, if A’ = A) if and only if
for every € > 0 and B € B there exists [ > 0 such that for each to € A’ there exists
T € B(tg,l) N A’ with

|F(t+ 752) — F(t; <e teA zeB.

)y

Furthermore, we say that the function F(-;-) is (B, A’)-uniformly recurrent (B-
uniformly recurrent, if A’ = A) if and only if, for every B € B, there exists a
sequence (7,) in A’ such that limy_, 4o |7%| = +00 and

lim  sup ||F(t+m;a) — F(t;), =0.

k—+o00 te\ zeB HY

If we consider the functions of the form F' : A — Y, then we omit the term “B”
from the notation.

For further information concerning multi-dimensional almost periodic type func-
tions, multi-dimensional almost automorphic type functions and their applications,
we refer the reader to our newly published research monograph [41]. We have been
forced to quote this monograph multiple times henceforth since some recent re-
sults of ours concerning multi-dimensional almost periodic type functions and their
generalizations are still not accepted or published in the final form.

1.1. Lebesgue spaces with variable exponents LP(*), Let (§ # Q C R” be a
nonempty Lebesgue measurable subset and let M(Q : X) denote the collection of
all measurable functions f : Q — X; M(Q) := M(Q : R). Further on, by P(Q) we
denote the vector space of all Lebesgue measurable functions p : Q — [1, o0]. For
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any p € P(Q) and f € M(Q: X), we set
@t >0, 1<p(z)< oo,

and

o1) = [ oo (7@ d
We define the Lebesgue space L”(””)(Q : X)) with variable exponent by
p(x) . — . R T —
2P@(Q: X) - {f € M(Q: X): lim p(Af) 0}.

It is well known that

LP@(Q: X) = {f € M(Q: X): there exists A > 0 such that p(\f) < oo};

see, e.g., [21, p. 73]. For every u € LP®)(Q : X), we introduce the Luxemburg
norm of u(-) by

el 1= Nl ooy = inf{A > 0 plu/3) <1}

Equipped with this norm, LP®)(Q : X) becomes a Banach space (see e.g. [21,
Theorem 3.2.7] for the scalar-valued case), coinciding with the usual Lebesgue space
LP(Q : X) in the case that p(z) = p > 1 is a constant function. Further on, for any
p € M(Q), we define
p~ :=essinfeqp(z) and pt = esssup,cop(7).

Set

Di(Q):={peM(Q):1<p <p(z)<p" <ooforae zec}.
If p € D4(9), then we know

LP@(Q: X) = {f € M(Q: X); for all A > 0 we have p(Af) < oo}.
We will use the following lemma (cf. [21] for the scalar-valued case):

Lemma 1.3. (i) (The Holder inequality) Let p, q, r € P() such that

1 1 1
= + x € .

q(z)  plx)  r(x)
Then, for every u € LP@)(Q: X) and v € L"®)(Q), we have uwv € LI@)(Q
X) and

[wollg(y < 2llullp@) 10llr)-
(ii) Let Q be of a finite Lebesgue’s measure and let p, q € P(Q) such ¢ < p a.e.
on Q. Then LP®)(Q : X) is continuously embedded in LI®)(Q : X), and
the constant of embedding is less than or equal to 2(1 + m(Q)).
(iii) Let f € LP@(Q: X), g€ M(Q: X) and 0 < ||g|| < ||f|| a-e. on Q. Then
g€ LP)(Q: X) and ||gllpe) < 11 llpe)-
For further information concerning the Lebesgue spaces with variable exponents

LP(®) | we refer the reader to the monograph [21] by L. Diening et al., and the list
of references quoted therein.
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2. MULTI-DIMENSIONAL BESICOVITCH ALMOST PERIODIC TYPE FUNCTIONS

Suppose that A is a general non-empty subset of R™ as well as that p € P(A),
the function ¢ : [0,00) — [0,00) is Lebesgue measurable and F : (0,00) — (0, c0).
Set

A" ={reR": 7+ A CA}.
Unless stated otherwise, we assume henceforth that () # Q C R™ is a compact set
with positive Lebesgue measure, as well as that A +[Q C A for all [ > 0, and
h#£AN CA” ie, A+ A CA. In this section, we investigate the multi-dimensional
Besicovitch almost periodic type functions, paying a special attention to the class
e — (B,¢,F) — BPO)(A x X : Y) and the class of Besicovitch—(R, B, ¢, F) — BP()-
normal functions.

Recall, a trigonometric polynomial P : A x X — Y is any linear combination
of functions like (t;z) — e!¥¢(x), where ¢ : X — Y is a continuous function;
a continuous function F' : A x X — Y is said to be strongly B-almost periodic if
and only if for every B € B we can find a sequence (PP(-;-))ren of trigonometric
polynomials which converges to F(;-), uniformly on A x B. We omit the term “B”
from the notation if X = {0}.

We are ready to introduce the following notion:

Definition 2.1. Suppose that F: AxX — Y, ¢ :[0,00) = [0,00) and F : (0, 00) —
(0,00). Then we say that the function F(-;-) belongs to the class e — (B, ¢,F) —
BPO)(A x X :Y) if and only if for each set B € B there exists a sequence (Py(+;-)
of trigonometric polynomials such that

(2.1) . lim lim 81010p F(t) 22}; [¢(||F(t; x) — P (t; x)Hy)}

—+o00 t—+ Ll’(t>(At)

If ¢(z) = z, then we omit the term “¢” from the notation; if X = {0}, then we
omit the term “B” from the notation.

Immediately from definition, it follows that, for every F' € e — (B, F) — BPC) (A x
X :Y)and A € R, we have ¢! F € e—(B,F) - B?)(Ax X : Y). The Weyl class
e—B—-WE(A XX :Y), introduced in [41, Definition 6.3.18] with p(-) = p € [1, 00)
and F(t) = t~™/P, makes a subclass of the class e — (B,F) — BP)(A x X : Y),
provided some reasonable choices of compact set €2; for example, we have that
e—B-WhAxX :Y) Ce— (BF)—BOAx X :Y)if Q=101", and
A =[0,00)" or A =R"™

Moreover, we have the following:

(i) Equipped with the usual operations, the set e — (B,$,F) — BP()(A x X :
Y') forms a vector space provided that the function ¢(-) is monotonically
increasing and there exists a finite real constant ¢ > 0 such that ¢(x +1y) <
clp(z) + ¢(y)] for all z, y > 0.

(ii) For every 7 € A", 29 € X and F € e — (B,F) — BP)(A x X : Y), we have
F(-A47;-+m0) € e—(Byy, F) = BPO(Ax X : Y) with B, = {—z0+B: B¢
B}, provided that p(-) = p € [1,00) and there exist two finite real constants
¢ >0 and ¢, > 0 such that F(¢) < ¢, F(¢t + |7]), t > ¢t,.

(iii) Suppose that the function ¢(-) is monotonically increasing, continuous at
the point zero, there exists a finite real constant ¢ > 0 such that ¢(z+y) <
clp(z) + ¢(y)] for all z, y > 0, and the mapping t — F(¢)[1]1oc)(a,), t >0
is bounded at plus infinity. Then F € e — (B, ¢,F) — BPO)(Ax X :Y) if and
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only if for each set B € B there exists a sequence (F(+;-)) of strongly B-
almost periodic functions such that (2.1) holds with the polynomial Py(-;-)
replaced therein with the function Fj(+;-).
(iv) Let the assumptions of (iii) hold and let there exist a function ¢ : [0, 00) —
[0, 00) such that ¢(xy) < p(z)¢p(y) for all z, y > 0. Suppose that h: Y — Z
is a Lipschitz continuous function and F € e — (¢, F) — BP()(A : Y). Using
[41, Proposition 6.1.11] and the fact that any uniformly continuous Bohr
almost periodic function F' : A — Y, where A is a convex polyhedral in R”, is
strongly almost periodic, we can prove that ho F € e— (¢, F)—BPO(A : Z).
Concerning the notion introduced in Definition 2.1, it is clear that the use of
constant coefficients p(-) = p € [1,00) is unquestionably the best. On the other
hand, in the introductory part of [41], we have emphasized that, from the theoretical
point of view, the use of constant coefficients is not adequately enough because
many structural results from the theory of generalized almost periodic functions
can be further extended using some results from the theory of Lebesgue spaces
with variable exponents LP(*). Further on, it is clear that Definition 2.1 covers some
cases that can be freely called patological; for example, case in which p ¢ Dy (A)
can be considered:

Example 2.2. Suppose that A = [0,00), and F : A — R is given by F(t) := 1, if
there exists j € N\ {1} such that t € [j2 — 1,5%], and F(t) := 0, otherwise. Let
p(z) =1+ 22, ¢(z) = x and

lim sup F(¢) -inf{)\ >0: Z A 2R 2 < 1} =0.

t——+oo
2<5<VE

Then a simple computation with the Luxemburg norm shows that (2.1) is satisfied
with the trivial sequence (P, = 0) of trigonometric polynomials, so that F €
PAP, (A, F,¢) Ce—(¢,F) — BPO(A: C).

Let p be a binary relation on Y. For the sequel, we need the following notion:

Definition 2.3. (see [46, Definition 1])

(i) Suppose that the function F' : A x X — Y satisfies that ¢(||F(-;2)|y) €
LPO)(Ay) for all t > 0 and = € X. Then we say that the function F(-;-) is
Besicovitch-(p, ¢, F, B)-bounded if and only if, for every B € B, there exists
a finite real number Mp > 0 such that

liril:gopF(t) sup [¢(HF( ,w)lly)}m_)(m) < M.

(ii) Suppose that the function F' : A x X — Y satisfies that ¢(||F(- + 7;x) —
Yoxlly) € LPO(Ay) for all t >0,z € X, 7€ A" and y.., € p(F(:;2)).

(a) We say that the function F' : AxX — Y is Besicovitch-(p, ¢, F, B, A’, p)-
continuous if and only if, for every B € B as well as for every t > 0,
x € B and - € A4, we have the existence of an element y.., € p(F(+;z))

such that
M lgigop F(t) sup [¢(IIF(- +72) - y';ac||Y):| LRy 0

(b) We say that the function F(-;-) is Doss-(p, ¢, F, B, A, p)-almost peri-
odic if and only if, for every B € BB and € > 0, there exists [ > 0 such
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that for each tg € A’ there exists a point 7 € B(tg,l) N A’ such that,
for every t > 0, z € B and - € Ay, we have the existence of an element
Y.w € p(F(+;2)) such that

limsup F(%) su [ F(-+712)—y.s } < €.

imsup () sup [0 (- + 7i2) = yaly)]

(c) We say that the function F'(+;-) is Doss-(p, ¢, F, B, A’, p)-uniformly re-
current if and only if, for every B € B, there exists a sequence (73,) € A’
such that, for every t > 0, x € B and - € A;, we have the existence of
an element y.., € p(F(-;x)) such that

lim limsup F(¢) sup [¢(||F( + TRy ) — yTHY)]

k=400 t—+40c0 z€EB

As before, we omit the term “B” if X = {0}, the term “A’”” if A’ = A, and the
term “p” if p = 1. The usual notion of Besicovitch-p-almost periodicity (Doss-p-
almost periodicity) for the function F': A — Y, where 1 < p < +00, is obtained by
plugging ¢(x) = z and F(t) =t /7 (¢(2) = o, F(t) =t /P and A = A, p =1).
Further on, we say that a function F' : A — Y is Besicovitch almost periodic
(Doss almost periodic) if and only if F(-) is Besicovitch-1-almost periodic (Doss-1-
almost periodic). Let us recall that, in the usual setting, a Doss almost periodic
function f : R — C is not generally Besicovitch almost periodic; for example, A.
N. Dabboucy and H. W. Davies have constructed an example of such a function
which has the mean value equal to zero (cf. [19, pp. 352-354] for more details).

Now we will state and prove the following result:

PO (A)

Proposition 2.4. Suppose that B consists of bounded subsets of X, F : Ax X —Y
and, for every fixed element x € X, the function F(-;x) is Lebesque measurable.

(i) Suppose that the function ¢(-) is monotonically increasing. If there exists
a finite real constant ty > 0 such that F(t) < [H1||Lp(.)(At)]’1, t > tg, then
any function F € e — (B, $,F) — BPO)(A x X : Y) is Besicovitch-(p, ¢, F, B)-
bounded.

(ii) Suppose that ¢(-) is monotonically increasing and continuous at the point
t=0. Let p(-) = p € [1,0), and let there exist finite real constants ¢ > 0
and tog > 0 such that, for every t > to, we have F(t + 1) > cF(t) and
F(t) < [m(Ay)]"/P). Then any function F € e — (B,¢,F) — BP(Ax X :Y)
is Besicovitch-(p, ¢, F, B, A’,T)-continuous for any set A’ C A”.

(iii) Suppose that p(-) = p € [1,00), ¢(-) has the same properties as in (ii), as
well as that for every real number a > 0 there exist finite real constants
co > 0 and t, > 0 such that, for every t > to, we have F(t + a) > ¢, F(t)
and F(t) < [m(Ay)]"/P). Let F € e — (B, ¢, F) — BP(A x X : Y). Then the
following holds:

(a) The function F(-;-) is Doss-(p, ¢, F, B, A,I)-almost periodic, provided
that A+ A C A and, for every points (t1,....,tn) € A and (11,...,7n) €
A, the points (t1,t2 + Toy .oy tn + Tn)y (E1,82,t3 + T3y st =+ Tn)yeens
(t1,t2, ooy tn—1,tn + ™), also belong to A.

(b) The function F(-;-) is Doss-(p, ¢, F, B, ANA,,I)-almost periodic, pro-
vided that AN A, # 0, A+ (ANA,) C A and that, for every points
(t1, ...y tn) € A and (7,...,7) € AN A, the points (t1,ta+ T, ...ty +7T),
(t1,ta,t3+ Ty ey b+ 7))y ooy (F1, 82, ooy tn1, tn+7), also belong to ANA,,.
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Proof. In order to prove (i), fix a set B € B. Then B is bounded and we have the
existence of a trigonometric polynomial Py(+;+) such that

sup [6(IF (1) v

< sup[6(|F(+2) = Puls)ly)|

Lr()(Ay)

+igg[¢(llpk(';$)||lf)]

Lp(-)(At)

< (¢/2F (1)) + sup [ (I PeC50)l)]

Lp(-)(At)

LrCO)(Ay)

Let Py(;z) = Zé:o e!Av) ey () for some integer I € N, points Aq, ..., \; from R™
and continuous functions ¢ (), ..., ¢;(+) from X into Y. Then we have the existence
of a finite real constant cg > 0 such that (see also Lemma 1.3(ii)):

Pr(+
:gg[¢(|| k(’x)HY)]L””(At :1611];[ ( Y>‘|LP(-)(At)

< supl (ZH@ HY)] < [d’(CB)Lp(_)(A : < ¢(cp)FO)~', t>to.
LPO) (Ay) ¢

The proof of (ii) is quite similar and follows from the decomposition:

l

>

7=0

sup [6(IF (- +7:2) = F(3) )]

z€EB LPC)(Ay)

+ sup [9(| Pe- + 750) = Pul52) )|
reB

+sup [0(1P(52) — F:2)1)]

LP(')(At)

LrO) (Ay)

let us only note that we need the continuity of ¢(-) at the point ¢ = 0 because, in the
final steps of computation, we get a term of form ¢(cp Zé‘:o le?5m) —1]), which
tends to zero as 7 — 0 + . The proof of part (a) in (iii) follows from a relatively
simple argumentation involving the decomposition used for proving (ii), the given
assumptions and the fact that the trigonometric polynomial Pj(-;-) is Bohr B-
almost periodic due to [41, Proposition 6.1.25(iv)]; the proof of part (b) in (iii)
is quite similar because the prescribed assumptions imply that the trigonometric
polynomial Py(-;-) is Bohr (B,A N A,)-almost periodic due to [41, Proposition
6.1.25(v)] (cf. also [41, Definition 6.1.9, Definition 6.1.14] for the notion). O

Suppose that B consists of bounded subsets of X, A is unbounded, F, G € ¢ —
(B, ¢, F)—BPO)(Ax X :Y), for every fixed element z € X, the function ¢(-) is mono-
tonically increasing, ¢(z +y) < ¢(x) + ¢(y) for all z, y > 0, limsup,_, , ., F(t) =0,
and there exists a finite real constant to > 0 such that F(t) < [[|1]|pec)a,)] 7"
t > to. Due to Proposition 2.4(i), we have that the function F(-;-) is Besicovitch-
(p, »,F,B)-bounded. Let a set B € B be fixed. Then

dp(F,G) :=limsup F(¢) sup[ (HF(,JU) - G('W)Hy)}m(,)(m)

t—4oc0 zEB
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defines a pseudometric on the set e — (B, ¢, F) — BP()(A x X : Y). Using the idea
from the original proof of J. Marcinkiewicz [53], we can prove the following theorem
(see also [50, pp. 249-252]):

Theorem 2.5. Let the requirements stated in the previous paragraph hold. Then,
for every set B € B, the pseudometric space (e — (B,$,F) — BPO(A x X : Y),dp)
is complete.

The classes with ¢(z) = 2%, @ > 0. Without any doubt, the most important case
in Definition 2.1 and Definition 2.3 is that one in which we have ¢(z) = «® for some
real number « > 0. If so, then all requirements necessary for applying Proposition
2.4 and the statements stated preceding it hold. The assumptions of Theorem 2.5
hold in case a € (0, 1], when we can provide some proper generalizations of the usual
notion of Besicovitch- P-almost periodicity. For example, if 1 < P < 4+00, 1 <p <
+00, ap € (0,1) and the function F' : R — Y is Besicovitch-P-almost periodic,
then the Holder inequality implies that, for every trigonometric polynomial P(-),
we have:

t 1/p ¢ a/P
(5 [0 -rolza) < (5 [0 -rofa) . o

so that F € e — (z*,t~(1/P)) — BP(R : Y)). The converse statement does not hold in
general, as the following illustrative example shows:

Example 2.6. (cf. also Example 2.8 below) Let ¢ > 1/2 and o € (0,1/2). Define
the function F : R — R by F(t) := m¢ if t € [m?,m?++/|m|) for some m € Z, and
F(t) := 0, otherwise. Then it can be simply shown that the function F(-) is not
Besicovitch bounded and therefore not Besicovitch almost periodic. On the other
hand, we have F' € PAP, ,(R,t71,2%) Ce— (z°,t71) — BL(R: C).

Let the numbers o > 0 and 8 > 0 be arbitrary. Using the functions ¢(z) = 2*/P
and F(t) = t=8/? in our approach, we can consider the generalized Besicovitch class
Ba g(R : YY) consisting of those Lebesgue measurable functions F' : R — Y such
that, for every € > 0, there exist a trigonometric polynomial P(-) and a real number
to > 0 such that

t
/ |F(s) = P(s)||5 ds < et?, t > to;
—t

a multi-dimensional generalization can be introduced analogously. Fairly complete
analysis of the generalized Besicovitch class By g(R : Y') and its multi-dimensional
analogues is without scope of this paper (let us only observe here that the space
W, considered by M. A. Picardello [58] in the usual one-dimensional setting with
0 < a <1, is nothing else but the space By (R : C)).

We will provide the main details of the proof of the following proposition for the
sake of completeness:

Proposition 2.7. Suppose that p, q, r € [1,00), 1/r = 1/p+1/q, F1(t) =t /P,
Fo(t) = t77/49, F(t) = t=/", ¢(x) = x® for some real number a > 0, and any set
B of collection B is bounded in X. If F} € e — (B,¢,F1) — BP(A x X : C) and
Fyece— (B,¢,Fo) — BI(A x X :Y), then the function F: A x X — Y, given by
F(t;z) := Fi(t;z) Fa(t;x), t € A, o € X, belongs to the class e — (B, ¢, F) — B"(A x
X:Y).
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Proof. Let € > 0 and B € B be given. Then there exist a finite real number ¢ty >
0, a scalar-valued trigonometric polynomial P (-;-) and a Y-valued trigonometric
polynomial P5(+;-) such that, for every « € B, we have

(2.2) [¢(HF1(~;$) - P1(~;x)HY)Lp(At) <et"? 1>t
and
(2.3) [qﬁ(HFQ(,x) - PQ(.;x)HY)]Lq(A,,) < et t>t.

Clearly, P;(-;-)P2(+;-) is a Y-valued trigonometric polynomial. Applying Propo-
sition 2.4(i), we get that the function Pj(-;-) is Besicovitch-(p, ¢, F1, B)-bounded
and the function Fy(+;-) is Besicovitch-(gq, ¢, Fa, B)-bounded. Keeping in mind that
1/r =1/p+1/q, the final conclusion simply follows using this fact, (2.2)-(2.3), the
existence of a finite real number ¢, > 0 such that

S(IIF (52 Falis ) = Pu )P ) )

<ca

¢<}F1(’;$) - Pl(';f)’) ¢(||F2(7x)||y)

+ ¢(|P1('§ T/)D : ¢(HF2(‘§I) - P2(‘§I)Hy)] ,
and the Holder inequality. O

We continue by providing the following illustrative application of Proposition
2.7:

Example 2.8. Suppose that 1 < py,....,pn,p < +ooand 1/p=1/p1 +1/p2+ ...+
1/pn. Define the function F; : R — R by F}(t) := m'/?Pi if t € [m?,m? + \/|m]) for
some m € Z, and Fj(t) := 0, otherwise (1 < j < n). Then we know that the function
F}(-) is Besicovitch-p;-almost periodic but not Besicovitch-g-almost periodic if ¢ >
pj; see [7, p. 42] and [3, Example 6.24]. Define F(t) := Fi(t1) - Fa(t2) - ... - Fp(tn),
t € R™. Applying Proposition 2.7 and a simple argumentation, it follows that the
function F(+) is Besicovitch-p-almost periodic but not Besicovitch-g-almost periodic

if g > p.

Sometimes we need the value of coefficient p = +o0o in Proposition 2.7 and
sometimes the usual choice F(t) = t~"/? is wrong if the region A is bounded in
direction of some real axes:

Example 2.9. Suppose that 1 < p < +00, the function f : [0, 27] — R is absolutely
continuous and the function g : [0,00) — Y is Besicovitch-p-almost periodic. Since
the Fourier series of function f(-) converges uniformly to this function, arguing as in
the proof of Proposition 2.7 we may conclude that the function F(x,y) := f(z)g(y),
(z,y) € A =[0,27] x [0,00) — Y belongs to the class e — (z,t71/?) — BP(A: Y).

Further on, the composition principles for one-dimensional Besicovitch-p-almost
periodic functions have been analyzed for the first time by M. Ayachi and J. Blot
in [5, Lemma 4.1]. In the following theorem, we consider the Besicovitch-p-almost
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periodicity of the multi-dimensional Nemytskii operator W : R® x X — Z, given
by

(2.4) W(t;z) := G(t; F(t;2)), teR" xzeX,
where F: R" x X - Y and G : R" x Y — Z. We follow the ideas from [5] in (i):
Theorem 2.10. Suppose that 1 < p, ¢ < 400, a > 0, p = ag, F(t) = t~/7,

#(z) = 2¢ for some real number ( >0, F € e — (B,¢,F) — BP(R" x X : Y), and B
is the collection consisting of all bounded subsets of X.

(i) Suppose that G : R™ x Y — Z is Bohr B-almost periodic and there exists a
finite real constant a > 0 such that

(2.5) HG(t;y) —Gty)| <ally- v, teR" y, Y €Y.
Then the function W (-;-), given by (2.4), belongs to the class e—(B, ¢, t~™/7)—
BIR™ x X : 7).
(ii) Define

B = { | Ft;B); B GB}.
teRrn

Bye— (B,¢,t7"/%) — Bl (R" x Y : Z) we denote the class of all func-
tions G1(-;-) such that for each set B’ = Uyern F(t; B) € B’ there exists
a sequence of Bohr B-almost periodic functions (G¥(-;-)) such that (2.5)
holds with the function G(-;-) replaced therein by the function G%(-;-) for
all k € N, the equation (2.1) holds with the function F(-;-) replaced therein
by the function G(-;-), the polynomial Py(-;-) replaced therein by the func-
tion G¥(-;-), the set B replaced therein with the set B', and the exponent
p(+) replaced therein by the constant exponent q. If G € e — (B, ¢, t~™/1) —
Bl (R" XY : Z), then W € e — (B,$,t™"/7) — BI(R" x X : Z).

Proof. Let € > 0 and B € B be given. Then there exist a trigonometric polynomial
P(-;-) and a finite real number g > 0 such that

sup/ ’|F(t;m)—P(t;x)H§,pdt <et", t>to.
weB J[—t4n

We will first prove (i). Since we have assumed that (2.5) holds and B is the collection
consisting of all bounded subsets of X, the argumentation contained in the proof of
[41, Theorem 6.1.47, Corollary 6.1.48] shows that the function Wy : R" x X — Z,
given by Wi(t;z) := G(t; P(t;x)), t € R, x € X, is Bohr B-almost periodic.
Then the final conclusion simply follows by observing that p = aq, using the next
estimate which holds for any ¢ > 0 and x € B; see (2.5):

[ W - w)y < o |
(=t [

|F(t;2) — P(t;2)|| dt.
—t,t]"

In order to prove (ii), it suffices to apply (i) and use the decomposition
o([| Gt F(t:2) = Gults P(t:2))] )

<2

¢(|}G(t;F(t;x)) - Gk(t;F(t;w))Hz) + ¢(|\Gk(t;F(t;w)) — G (t; P(t;w))Hz)],
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where G}, (-; -) properly approximates G(-;-) in the space e— (B, ¢, t~"/9) — BI(R" x
Y 2). 0

2.1. Multi-dimensional Besicovitch normal type functions. The notion of a
Besicovitch p-normal function f : R — C was introduced by R. Doss in [23] and later
reconsidered by the same author in [25]; cf. also [41, Subsection 8.3.2, Definition
8.3.18], where we have recently analyzed the concept Weyl p-almost automorphy (of
type 2) without limit functions. In this subsection, we will consider the following
notion:

Definition 2.11. Suppose that R is any collection of sequences in A", F : Ax X —
Y, ¢ :[0,00) = [0,00) and F : (0, 00) — (0, 00). Then we say that the function F(-;-)
is Besicovitch— (R, B, ¢, F) — BP()-normal if and only if for every set B € B and for
every sequence (by)ren in R there exists a subsequence (by, )men of (bg)gen such

that, for every € > 0, there exists an integer mg € N such that, for every integers
m, m’ > mg, we have

lim sup F(¢) sup
t—+o0 zeB

qb(HF(t—i—bkm;x) —F(t—i—bkm,;x)Hy)] <e.
Lp(6) (Ay)

The usual notion of Besicovitch-p-normality for the function F': A — Y, where
1 < p < 400, is obtained by plugging ¢(z) = 2 and F(t) = t~"/?, with R being the
collection of all sequences in A”.

In the sequel, we will occasionally use the following conditions:

(I) ¢(-) is monotonically increasing, continuous at the point ¢ = 0, and p(-) =
p € [1,00).

(IT) There exists ¢ € (0, 1] such that ¢(z +y) < c[p(z) + ¢(y)] for all z, y > 0,
and there exists a function ¢ : [0, 00) — [0, 00) such that ¢(zy) < ¢(z)p(y)
for all z, y > 0 and D := sup,,,cny[me(1/m)] < +oo.

(ITT) limsup,_, , o [F(t)m(A¢)'/P] < +o0o and, for every real number a > 0, we
have limsup,_, | [F(¢)/F(t +a)] < 1.
It is clear that (II) holds provided that ¢(z) = x® for some real number o > 1
as well as that (IT) does not hold if ¢(z) = z* for some real number « € (0,1).
Repeating verbatim the argumentation contained in the proof of [41, Theorem
6.3.19], where we have analyzed the concept Weyl (R, B, p)-normality, the following
result can be deduced without any substantial difficulties:

Proposition 2.12. Suppose that F: AxX =Y, F ce—(B,$,F)—BPO)(Ax X :
Y), and conditions (I)-(IT) hold. Then F(-;-) is Besicovitch—(R, B, ¢, F) — BP()-
normal.

Even in the usual one-dimensional framework, we know that the converse state-
ment of Proposition 2.12 is not true in general (see, e.g., [3]) as well as that the
usual Besicovitch-p-normality does not imply Besicovitch-p-continuity (see, e.g.,
[25]). Further on, let ¥k € Nand F; : A x X = Y; (1 <4 <k). Then we define the
function (Fy,..., Fg) : Ax X = Y7 x ... x Yy by

(Fl, ...,Fk)(t;z) = (Fl(t;:r), ...,Fk(t;x)), teA reX.
The following result is trivial and its proof is therefore omitted:

Proposition 2.13. Suppose that k € N, ) # A C R"™, and we have that, for any
sequence which belongs to R, any its subsequence also belongs to R. If the function
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Fy(-;+) is Besicovitch—(R, B, ¢, F) — BP")-normal for 1 < i < k, then the function
(Fi, ..., Fy)(+-) is also Besicovitch—(R, B, ¢, F) — BP()-normal.

The interested reader may try to formulate certain conditions ensuring that the
limit function of a sequence of uniformly convergent Besicovitch—(R, B, ¢, F)—BP()-
normal functions (the functions belonging to the class e—(B, ¢, F)—BP()(Ax X : Y))
is also Besicovitch—(R, B, ¢, F) — B?()-normal (belongs to the class e — (B, ¢,F) —
BPO)(A x X :Y)); see [41] for many results of this type.

Several structural properties of functions belonging to the class e — (B, ¢,F) —
BPO)(Ax X :Y) can be simply reformulated for the class of Besicovitch—(R, B, ¢, F)—
BP()_normal functions. For example, we have the following analogue of Proposition
2.7:

Proposition 2.14. Suppose that p, q, v € [1,00), 1/r = 1/p+1/q, F1(t) =t~ "/?,
Fo(t) = t=7/9,F(t) = t=™/", ¢(x) = x for some real number o > 0 and, for any se-
quence which belongs to R, any its subsequence also belongs to R. If the function F} :
A x X — C is Besicovitch—(R, B, ¢, F1) — BP-normal and Besicovitch-(p, ¢,F1, B)-
bounded as well as the function Fy : A x X — Y is Besicovitch—(R, B, ¢, Fo) — B2-
normal and Besicovitch-(q, ¢, Fa, B)-bounded, then the function F : A x X — Y,
given by F(t;x) := F1(t;2)Fa(t;2), t € A, x € X, is Besicovitch—(R, B, ¢,F1)—B"-
normal.

Proof. Let a set B € B and a sequence (by)ren in R be given. Keeping in mind the
proof of Proposition 2.7 and our assumption that for any sequence which belongs
to R any its subsequence also belongs to R, it suffices to show that there exist two
sufficiently large real numbers ¢y > 0 and M > 0 such that

(2.6) sup [¢(\F1(- + by 1:)|)] < MR, >t
z€B,keN Lr(Ay)
and
(2.7) sup [¢(\|F2(- + bk;x)ny)} < Mt ¢ >t
z€B,keN La(Ay)

Since the function F; : A x X — C is Besicovitch-(p, ¢, F1, B)-bounded, it can be
simply proved that

su Fi(-+ bz ] th"/p7 t > 1.
xeg[¢(| Wrbeol)] ’

Moreover, we have the existence of a finite real number ¢y > 0 and an integer ky € N
such that, for every integers k, k' > kg, we have

sup [ (|Fi(- + biz) = Fi(-+bgia)|)| < M >,
z€B Lr(A¢)

Further on, there exists a finite real constant ¢, > 0 such that, for every integers
k, k' > ko, we have:

(@17 (- + bis2)]) = S (IFa (- + by o))

Lr(Ay)

< o [d)(’\Fl( +bg;x)| — |Fi(-+ bkl;x)|’>:|Lp(At)

< ca [q/)(]Fl(- Y bya) — Fi(-+ bk,;x)D]Lp(A < caMt"P, t>ty, x € B.
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This simply implies (2.6) because
sup [#(IFi (- + biia)) |
reB

LP(A)
< sup [¢(|F1(- +bk0;x)|)} + e MEYP, t>ty, k> k.
z€B Lr(A¢)
The estimate (2.7) can be proved analogously, finishing the proof. O

Concerning the asumptions on Besicovitch boundedness used in the formulation
of Proposition 2.14, we would like to recall that A. Haraux and P. Souplet have
proved (see [34, Theorem 1.1]) that the function f: R — R, given by

— 1 t
- in2

(2.8) (1) = 2;1 —sin?()dt, teR,

is uniformly continuous, uniformly recurrent (the sequence (o, = 287)ren) can be
chosen in definition of uniform recurrence) and Besicovitch unbounded; see [41] for
the notion. Let R denote the collection consisting of the seqeunce (ay)ren and all
its subsequences. Then the function f(-) is Besicovitch— (R, z,t~!/P) — BP-normal
but not Besicovitch-(p, z, t'/?)-bounded for any finite exponent p > 1. Furthermore,
we have the following:

Example 2.15. Suppose that p € [1,00), 0 € (0,1), F(z) := |2|7, z € R, and
a>1—(1-0)p > 0. Then we know that the function F(-) is not Besicovitch-p-
bounded and that, for every ¢t € R and w € R, we have:

!

(2.9) lim z—“/ o+t +w]” = |o+17] dz =0
l—+o0 1

see [41, Theorem 8.3.8] and its proof. Let R denote the collection of all sequences

in R and let F(t) = t~%/P. Then the limit equality (2.9) simply implies that the

function F(+) is Besicovitch—(R, «, F) — BP-normal. Hence, the usual Besicovitch-p-

normality of a function F(-) does not imply its Besicovitch-p-boundedness as well.

Now we would like to recall that any Doss-p-almost periodic function F : [0, 00) —

Y, where p € [1,00), can be extended to a Doss-p-almost periodic function F' :
R — Y defined by F(t) := 0, t < 0 (cf. [46] for the notion used in this para-
graph). A similar type of extension can be achieved in a much more general
situation; for example, we know that, under certain reasonable conditions, any
Doss-(p, ¢, F, B, A’ p)-almost periodic function F' : A x X — Y can be extended
to a Doss-(p, ¢, F, B, A, p1)-almost periodic function F : R" x X — Y, defined by
F(t):=0,t ¢ A, F(t) :== F(t), t € A, with p; := pU{(0,0)} (the corresponding
analysis from [46] contains small typographical errors that will be corrected in our
forthcoming monograph [42]).

We would like to emphasize that a similar analysis cannot be carried out for
Besicovitch almost periodic type functions. We close this section by introducing
the following notion and raising the following issue:

Definition 2.16. Let ) # A C R™, and let Cy = ¢ — (B,¢,F) — BP()(A : Y) or
Ca be the class consisting of all Besicovitch—(R, B, ¢, F) — BP()_normal functions.
Then we say that the set A is admissible with respect to the class Cy if and only
if for any complex Banach space Y and for any function F' : A — Y there exists a
function F' € Cgn such that F(t) = F(t) for all t € A.



MULTI-DIMENSIONAL BESICOVITCH.... 17

Problem. It is still not known whether the set [0, 00) C R is admissible with respect
to the class of Besicovitch-p-almost periodic functions, i.e., whether a Besicovitch-p-
almost periodic function f : [0,00) — Y can be extended to a Besicovitch-p-almost
periodic function f : R — Y defined on the whole real line (1 <p<o0). We would
like to ask here a more general question: Is it true that a convex polyhedral A in
R™ is admissible with respect to the class of multi-dimensional Besicovitch-p-almost
periodic functions (Besicovitch-p-normal functions)?

3. BESICOVITCH-DO0OSS ALMOST PERIODICITY

In this section, we discuss and reexamine several structural results established
by R. Doss in [24]-[25]. We work in the multi-dimensional setting here, considering
especially the following conditions:

(A) For every B € B and a € A", there exists a function ng) PAX X —
Y such that Fg)(-;x) is a-periodic for every fixed element z € B, i.e.,
Fit+aiz) = FP(t;2) forall t € A, z € B, |[F (t:2)]y € LPO(A,)

fOI‘ au t > 07 X € B, and
)] +
Y ZP(':)(/\ )

(A)so For every B € Band a € A”, there exists a function Féa) :Ax X — Y such

(3.1)

k—1

1

. ST F(t+ jasz) — Fy (t;2)
§=0

lim limsup F(¢) sup l(b(

k=400 t—4oc0 z€B

that F](;)(g x) is a-periodic for every fixed element x € B, HFI(;)('; 2|y €
L>(R™) for all z € B, and (3.1) holds.

(AS) For every B € B and a = (a1, a2, ...,a,) € A” such that aje; € A” for all
j € Ny, there exists a function FJ(;) : A x X — Y such that Fgl)(-;x) is
(a;)jen,-periodic for every fixed element z € B, i.e., Fl(ga)(t + ajej;x) =
Fi(t;z) forall t € A, 2 € B, j € Ny, ||[F%(t;2)]y € LP®(A) for all
t >0,z € B, and (3.1) holds.

It is clear that (AS) implies (A) as well as that both conditions are equivalent in
the one-dimensional setting; it is also clear that (A)s implies (A). Further on, for
every Lebesgue measurable set £ C R™ and for every Lebesgue measurable function
F:R" — C, we set

1 — 1
v(E) := limsup 7/ Xe(t) dt and ME[F] := limsup —/ F(t)xr(t) dt.
ttoo 77 Jig1<e ttoo P Jigi<s
If
1

t——+oo /P [t]<t

F(t)xp(t)dt

exists in C, then we denote this quantity by MF[F].

Suppose now that the function F(® : R® — C is (a1, ag, ..., ap )-periodic. Then
we can find a sequence of infinitely differentiable functions (¢k)ken with compact
support in S = [0, |a1]] X ... x [0, ]a,|] such that @), — F(®) as k — 400, in LP(S).
After that, we extend ¢ () to an (a1, ag, ..., a, )-periodic function @y (-) defined on
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the whole space R™ in the usual way. Then it is very simple to prove that

(3.2) lim limsup tf("/p)HF(a)

k—+00 t—+too

= @ill oy | =0

cf. also [24, p. 483, 1. 7-1. 9]. Keeping this observation in mind, the following
result can be deduced, in a plus-minus technical way, following the argumentation
contained in the proofs of [24, Proposition 1, Proposition 3, Corollary, Lemma 2]
(cf. also Lemma 1.2, which is needed for the proof of (ii)):

Theorem 3.1. (i) Suppose that p € [1,00), ¢ € (1,00], 1/p+ 1/q = 1, the
function F : A — Y satisfies that |F()|ly € LP(A¢) for all t > 0, as
well as that |F(-+7) — F()|ly € LP(A¢) for allt > 0 and 7 € A”. Sup-
pose, further, that the function F(-) is Besicovitch-(p, x,F1)-bounded and
Besicovitch-(p, x,F1, A")-continuous as well as that condition (IIT) holds,
and the set A" N Q™ is dense in A”. If the function G : A — C satisfies that
G(-) € Li(Ay) for allt > 0, and G(+) is Besicovitch-(q, x, Fa)-bounded, then
for each sequence (L, )men there exists a subsequence (Ty,)men 0f (Lm)men
such that the function

H(r):= ml—i>r£oo F(T)F2(Tn) A G(s)F(s+T1)ds, 1€

is well-defined and bounded. Furthermore, if the function F(-) is Doss-
(p,x,F1,N')-almost periodic (Doss-(p,x,F1, N')-uniformly recurrent) and
AN + A" C A then the function H(-) is Bohr A'-almost periodic (A'-
uniformly recurrent).

(ii) Suppose that p € [1,00), ¢ € (1,00], 1/p+ 1/q = 1, the assumptions in
(i) hold for the function F : R" — C, with A = A’ = A" = R, F1(t) =
Fo(t) =t~ (/P) t € R™, and F(-) is Doss-(p,x,t~""/P))-almost periodic. If
condition (A)s or (AS) holds with X = {0}, ¢(z) = x and p(-) = p, then,
for every real number ¢ > 0, there exists a finite real number § > 0 such
that, for every Lebesgue measurable set E C R™, the assumption v(E) < 6
. —E
implies M [|F|}] < e.

(iii) Let the assumptions of (ii) hold, and let for each N > 0 the function
Fy : R™ = C be defined by Fn(t) := F(t), if |F(t)] < N, and Fy(t) :=
Ne@e(F®) if |[F(t)| > N. Then limy 40 M [F — Fy] = 0.

(iv) Suppose that the assumptions in (i) hold for the function F : R™ — C, with
p=1, A=A =A'"=R" Fi(t) =Fa(t) =t~", t € R, and F(-) is Doss-
(1, z,t7™)-almost periodic. If condition (A)s or (AS) holds with X = {0},
#(x) = = and p(-) = 1, then for each a € R™ we have that M®"[F] exists
in C and M®"[F] = MR [F(®)].

Before proceeding further, let us note that it is not clear how we can extend the
statement (ii) to the vector-valued functions. It is also worth noting that a serious
difficulty in our analysis of the multi-dimensional case presents the fact that it is not
clear whether we can further generalize the above-mentioned statement by using
condition (A) in place of (A)s or (AS). Concerning conditions (A), (A)s, (AS)
and the equation (3.2), we would like to present the following example:
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Example 3.2. (i) (see also [41, Example 7.2.2]) Suppose that Fy : {(z,y) €

(3.3)

R?2:0 < x+y <2} — [0,00) be any continuous function such that the
following conditions hold:
(a) Fo(z,y) = Fo(x + 1,y + 1) for every (z,y) € R? such that z +y = 0;
(b) Let P, = ApBrCrDy be the rectangle in R? with vertices A, =
(4k — (2/3),(2/3) — 4k), By, = (4k — (1/3),(1/3) — 4k), Ci, = (4k +
(2/3),(4/3) — 4k) and Dy, = (4k + (1/3),(5/3) — 4k), for each integer
k € Z. We have Fy(z,y) > 2!*l for all integers k € Z and (z,y) € Py.
We extend the function Fy(+;-) to a continuous (1, 1)-periodic function F :
R? — [0, 00) in the obvious way. Then the function F'(-, ) is not Besicovitch
almost periodic since it is not Besicovitch bounded; this follows from the
following simple estimates:

4k

2 16kvV2 , 40
/ F(z,y)dxdy > 16kz £25 > M(TMH _ 1)7
Agivs =0 3 3

Furthermore, there do not exist a finite real constant M > 0 and an essen-
tially bounded function G : R? — C such that

kEeN.

limsuplt_Q/ |F(t) — G(t)|dt| < M;
ltl<t

t——+oo

cf. also (3.2).

Set P(x,y) = eilV2e+yl 4 eil2z+y] o y € R, a; := 7(2++2), ag :=
2m(1—+/2) and a := (a1, az). Then there is no continuous (a;);en,-periodic
function F(*1:92)(z,y) such that (3.1) holds with ¢(x) = xz, p(-) = 1 and
F(t) =t~ 2 (X = {0}). In actual fact, we have v/2a; +as = 2, 2a1+az = 27
and the validity of (3.1) would imply

lim sup t72/
t—=+00 |(z,y)|<t

To see that (3.3) cannot be true, it suffices to observe that there exists a real
number € = min(x,y)e[o,a]]x[(]’_aﬂ |ez[\/§x+y] + ei[21+y] — F(al;az)(x, y)| >0
such that

/(Iﬁy) €[0,¢]?

eilV22tyl | oil2ety] _ plaraz) (z, y)’ dx dy] =0.

2

Lar] [Jaa]]

VB g el o) (o) dedy >

HTF:AxX—>Y,G:Ax X —Y and B € B, then we set

¢7F — 1h . _ .
MG (F,G) = liilfgop F(t) itelg {qﬁ(HF(t,x) G(t; m)Hy)] Loy

Then the quantity M%F(F, G) always exists in [0,400]. The subsequent result
states that, under certain reasonable assumptions on the functions ¢(-) and F(-),
any function F € e — (B, ¢,F) — BPO) (A x X :Y) satisfies condition (A):

Proposition 3.3. Suppose that F: AxX =Y, F € e—(B,¢,F)—BP)(AxX :Y),
(D-(II1) and the following conditions hold:

(V)

IfBeB,ac N, and (F : A x X — Y)ren is any sequence of functions
which satisfies that Fi(t+a;2) = Fi(t;2), t € A, x € B and for each ¢ > 0
there exists ko € N such that M%’F(Fk, Fy) < € for all integers k, k' > ko,
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then there exists a function F': Ax X — 'Y such that F(t+a;z) = F(t;z),
te A,z € B andlimg_, M%’F(Fk, F) =0 (here we assume that for each
element v € X the functions Fy(-;z) and F(-;x) are Lebesgue measurable
(keN)).

(V) The collection B consists of bounded subsets of X .

Then the function F(-;-) satisfies condition (A).

Proof. We will slightly modify the original argumentation of R. Doss (see [24, pp.
477-478]). First of all, we will prove that condition (A) holds for any trigonometric
polynomial P(:;x) = Y%, M )¢ (x), € X. Let B € B and a € A” be given;
then t 4+ ja € A for all j € N. DeﬁneP( (;x) = ZeLe e(x), € X,
where L, denotes the set of all integers [ € [0,m] such that e iAa) = 1. Clearly,

the function Pé )(-, x) is a-periodic for every fixed element 2 € B. Then a simple
computation shows that

k—1
F(t) sup [d)( Z ZP(t +ja;x) — Péa)(t; x) )]
eeB =0 v/ loray
=F(t) su i{h,ag)
omp(ig g el )

J=01¢L, v/ lrray)

1 ez(x\;,ak) -1

_ - i(Ast)
F(t)iggl(b(‘ v Z eV al(x) , t>0.

I¢Lq Y/ JLP(As)

Using the facts that the function ¢(-) is monotonically increasing and the collection
B consists of bounded subsets of X, the above computation yields the existence of
a finite real constant cg > 0 such that

Y>] LP(®) (Ay)

F(t) sup
zEB
< ¢(;) [FHym(A)77], >0,
Then the required conclusion follows from the continuity of function ¢(-) at zero
and the assumption limsup,_, , . [F(£)m(A;)Y/P] < 4o00. Before proceeding to the
general case, let us note that our assumptions on the function ¢(-), the assumption
that, for every real number a > 0, we have limsup,_,, [F(t)/F(t+a)] <1, and a
relatively simple argumentation shows that:

(a) Define

Z (t + ja; x) Péa)(t;x)
=0

MG (F,G) = Timsup F(t) sup [6([| (6 + a;2) = G(t + a;2)]), )|

t—+00 z€EB LP(Ay)

Then we have

MEGE(F,G) < MG (F,G).

(b) M%F(dF dG) < p(d )M%F(F, G) for all real numbers d > 0.
(c) MGF(F,G) < MG" (F, H) + M%F(H,G)).
(d) MY (F+G,H+W) < M% F(F H) + M%F (G, W)].
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Suppose now that there exists a sequence (Pg(-;-) of trigonometric polynomials

such that (2.1) holds, i.e., limg_ 400 M%’F(F, P;) = 0. Let € > 0 be fixed. Using
(a) and (d), we get:

MEF (F(~; V4 F(4a;)+ .+ F(+(m—1)a;) Pi(;-) + Pe(-+a;) + ... + Pe(- + (m — 1)a; -))
B )

m m
(3.4)
< (et o+ ™ N e(/m)MYT(F, P) < me(1/m)MET (F, P,) < DMYT(F, Py), k, m€N.
On the other hand, using (c) we get the existence of an integer ko(€) = ko such
that:

MG (Py, Pi) < 2ce,  k, k' > ko.
Keeping in mind (3.4) and this estimate, we get
(3.5)

m—1 m—1
1
M%F< § Pk + ja; - E E Pk/ + ja;- ) < 2cDe, k, 4 > ko, m € N.
7=0 j=0

If k, k' > ko, then we find the functions P,g:% and P(fl’)B from condition (A);
then we can use (c) and (3.5) to get the existence of a finite real constant d >
0 such that M%’F(PIE?J)B,P,E?,)B) < de for all integers k, k' > ko. Let F](Ba) be
any function such that Fgl)(t +a;x) = F](Ba)(t;x) for allt € A, z € B and
limy 400 M%F(P,gf%,F](;)) = 0; see (iv). Then the final conclusion follows using
(3.4) and condition (A) for Pg(-;-). O

Remark 3.4. In connection with condition (IV), we would like to note that the
argumentation contained on [24, p. 478; 1. 3-1. 6] is a bit incorrect because the
completeness of LP-spaces has been mistakenly used. It is also far from being
immediately clear why the function f(*)(z) appearing here must be of period a.

If the assumptions (I)-(III) hold, then we have the validity of statements (a)-
(d) given in the proof of the afore-mentioned proposition. Keeping in mind this
observation, we can repeat verbatim the argumentation contained in the proof of
[24, Lemma 1] to deduce the following:

Proposition 3.5. Suppose that the function F : A x X =Y satisfies that
S(|IF (5 2)|ly) € LPO(Ay) for all t > 0 and 2 € X. If the assumptions (I)-(IIT)
hold and the function F(-;-) satisfies condition (A), then F(-;-) is Besicovitch-
(p, ¢, F, B)-bounded.

In particular, Proposition 3.5 implies that a uniformly recurrent function f : R —
R need not satisfy condition (A); see (2.8) with ¢(z) =2, p=1and F(t) =¢t~1.

In the multi-dimensional setting, it seems very plausible that a trigonometric
polynomial P(-) does not satisfy condition (AS) in general (see Example 3.2(ii)), so
that we can freely say that the results established in [24] are primarily intended for
the analysis of Besicovitch almost periodic functions of one real variable. We want
also to emphasize here that the proof of [24, Proposition 4] contains a small gap
since the author has not proved that, for any function f : R — C of class (D) and for
any real number A € R, the function e f(-) is Doss almost periodic, i.e., satisfies
condition [24, 2., p. 477] with p = 1 (this seems to be true, but not specifically
proved in the paper). Finally, we would like to mention that it is very likely that
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the statements of [24, Proposition 4-Proposition 6] admit extensions to the multi-
dimensional setting; hence, it seems very reasonable that a Doss-p-almost periodic
function F' : R™ — C which is Besicovitch-p-continuous and satisfies condition (AS)
is Besicovitch-p-almost periodic (1 < p < 400). This is a very unsatisfactory result
in the multi-dimensional setting and we will skip all details with regards to this
question here.

3.1. On Condition (B). In this subsection, we will consider the following condi-
tion:

(B) Let @ =10,1]",1Q2 C Aand A+IQ C Aforalll > 0. If Fy : (0,00) — (0, c0),
F:(0,00) — (0,00) and p € P(A), then condition (B) means that, for every

A € R, we have:
[/3;+IQ /m

Let us note that, in the original analysis of R. Doss [25], we have p(-) =1, F1(I) =
1/l, F(t) = 1/t, A = R and X = {0}. The situation in which the equation (3.6)
holds for all values of A € R™\ {\} but not for the exactly one value A = Ag € R"
is possible; for example, in the one-dimensional setting, we know that the function
F:R — C, given by F(t) := et ¢ > 0 and F(t) := —e~ 0! t < 0, satisfies
(3.6) for all values A € R\ {Ao} but not for Ay ([25]).

Concerning condition (B), we will first clarify the following result for the multi-
variate trigonometric polynomials:

(3.6) lim Fy (1) limsup F(¢) sup e F(t;2) dt =0.

=400 t—+o0 x€B

Lr(¥) (Ay:Y)

Proposition 3.6. Suppose that Q = [0,1]", A = R" and lim;_, . o [I""*F1(1)] = 0.
If the collection B consists solely of bounded subsets of X and conditions (I)-(III)
hold, then condition (B) holds for any trigonometric polynomial P(-;").

Proof. Let P(t;z) = 31 €'t e (z) for some continuous functions c,(-). It suf-

fices to show that
[/yHQ / Q

Let ks denote the number of all non-zero components of vector A; = (A, ..., A\?).
If k, = n, then the term e+t ¢ (z) is meaningless after the integration over the
cubes y + I€) and [€). Because of that, we may assume without loss of generality
that ks <n—1forall s € {0,1,...,m} as well as that A = 0 for all s € {0,1,...,m}
and j € {1,...,k}, where k < n — 1. Therefore, we need to prove that

[ ]

m n
sy k1 n
X Z Z ets t’“+1+"‘+’\st“]cs(m) dty dty ... dt,
s=0 j=k+1

P(t;x) dt =0.

LP(AsY)

lim Fy(l)limsupF(¢) sup
l=+o0 t—-+00 z€B

lim Fy(I)limsup F(¢) sup
l—+o0 t—~+oo xEB

Lr(AsY)
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i.e., that

lim Fy(1)I* limsup F(t) sup
l—+oco t—+o0 zEB

[ L]

m n
iy k1 n
XE E eils t"+1+"'+)‘st”]cs(x)dtk+1dt;Hg...dtn
5=0 j=k+1

=0.

Lr(AY)

It is clear that we have the existence of a finite real constant ¢ > 0 such that, for
every y € Ay and [ > 0, we have:

m n
H/ _/ ] > T et AN () ity dbyn . dEy,
y+i0 Jio

s=0 j=k+1

<ec
Y

Since limy_, oo [I""'F1(1)] = 0 and limsup,_, , . F(t)[m(A;)]/? < 400, this simply
completes the proof. O

In the continuation of subsection, we will first consider the one-dimensional set-
ting, show that the necessity in [25, Theorem 1] can be extended to the vector-
valued Besicovitch-p-almost periodic functions, where 1 < p < oo, and emphasize
some difficulties in proving the sufficiency in this theorem in the case that p > 1 (in
the existing literature, we have found many open problems regarding Besicovitch-
p-almost periodic functions with the exponent p > 1). Keeping in mind the proof
of the above-mentioned theorem, which works in the vector-valued case, as well as
the statements of Proposition 2.4(ii) and Proposition 2.12, it suffices to show that
condition (B) holds for Besicovitch-p-almost periodic functions F' : R — Y, with
1 <p<oo, \=0,F(l) =1/l and Fy(t) = 1/t'/P. Further on, keeping in mind
Proposition 3.7 below and its proof (condition (3.7) holds on account of the Holder
inequality), it suffices to show that there exists a finite real constant ¢ > 0 such
that, for every real number € € (0,1), there exists a real number {y > 0 such that
the assumptions [ > Iy and M®¥(F, P) < € imply the existence of a sufficiently
large number ¢; > 0 such that, for every ¢ > t;, we have

: y+l p 1/p
17~ /p) (/t [/ HF(S) — P(S)HY ds] dy) < ce.

Let € > 0 be given, let [p = 1 and [ > 1. We will show that we can take ¢ = 5 in
the above requirement. First of all, we have the existence of a finite real number
to > 0 such that

t
F(s) — P(s)||¥ ds < etP, t>to.
Y
—t

Then there exists a sufficiently large number ¢} > 0 such that

1 1 o+t v ’ v 1
) /(t H)/ |F(s) = P(s)y ds| dy|] <e t>th.
—(to )
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There exists a great similarity in the analysis of estimates for the intervals [—¢, —(to+
1)] and [to 4 I,t] and, because of that, we will only prove that there exists a suffi-
ciently large number tz2 > tg such that

t Y+l p 1/]7
[t~ @/p) </ V |F(s) = P(s)| ds] dy) <2, t>th
to+l1 Yy

This follows from the next computation (at the fourth line, we can use the inequality
appearing on 1. 12, p. 134 of [25], which is a consequence of a simple computation
with double integrals):

¢ Y+l P 1/p
7 (/P (/ V |7 (s) — P(s)| ds} dy>
to+1 Yy
: ) g+l 1/pyp 1/p
<74~ (/p) / % / HF(S) - P(S)HI; ds dy
to+l Y

. vt 1/p
— 1~ (/p)y—(1/p) / / | F(s) — P(s)”f, dsdy
tot+l Jy

t+1 p
< ~(W/p)=(/p) (l/ |1F(s) — P(s)|)% ds>
—t

<et= P2t 4 0)]VP < 26, t>187.

If p > 1, then it is very difficult to show that the validity of condition (B) with
Fi(l) = 17" and F(t) = t—(/?) for a Besicovitch-p-continuous function F : R — Y
implies the validity of condition (A) for F(-), even in the scalar-valued case. In
actual fact, it is very simple to prove that (B) implies the validity of equation
obtained by replacing the term |-| in the equation [25, (4)] with the term |- |P. But,
if we replace the term (we will consider the scalar-valued case, only)

c n—1 n—1
c_l/ ln‘lzf(t—kx—i—kc)—n_lzf(x—i—kc) K, (t)dt
0 k=0 k=0
in the equation [25, (*), p. 136] with the term
c n—1 n—1 p
0_1/ [n_lzf(t—&—m—i—kc)—n_IZf(x—i—kc) K,,(t)dt| ,
0 k=0 k=0

which can be majorized by

c p c r/q
< / dt ( / K2 (1) dt)
0 0

with the help of the Holder inequality, then it is impossible to control the term
(Jy K&,(t)dt)P/? as m — +oo. This can be done only in the case that p = 1
because the Fejér kernels

K (t) = m™tsin?(mrt/c)/sin(nt/c), t€R (m €N)

n—1 n—1
n~t Zf(t—l—x +ke) —nt Zf(x—i— kc)
k=0 k=0

are uniformly integrable in a neighborhood of zero with respect to m € N but not
uniformly ¢-integrable in a neighborhood of zero with respect to m € N, if ¢ > 1.
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Concerning the multi-dimensional setting, we will prove the following result:

Proposition 3.7. Let Q =[0,1]", A = R" or A = [0,00)", lim;_, 1 [[""'F1(1)] =
0, and let
(3.7 lim Fy(I sup/ HF (t;z) — P(t; x)H dt=0, BebkB.

=+ zEB Y

If there exists a finite real constant ¢ > 0 such that, for every real number ¢ € (0,1)
and for every set B € B, there exists a real number lg > 0 such that the assumptions
Il >1y and M“,;’F(F, P) < € imply the existence of a sufficiently large number t; > 0
such that, for every t > t;, we have

< ce,

/ (F(t; x) — P(t; x)) dt
y+Q LP(Ay:Y)

the collection B consists solely of bounded subsets of X and conditions (I)-(III) hold,
then condition (B) holds for any function F € e — (B,F) — BP(A x X :Y).

(3.8) Fu(DF(?) sup

Proof. Let € > 0 and B € B be given; we will consider the value A = 0 in (B),
only. It is clear that there exist a trigonometric polynomial P(-;-) and a finite real
number ¢y > 0 such that, for every real number t > ¢y, we have

F(t) 21611];|’F(t;x) — P(t;x)

[ L]
TG

||LP(A,5:Y) <€

Then we have (I > 0):

F1 (1) limsup F(¢) sup (t; ) dt

t—+o00 zEB

Lr(AyY)

< Fy(1) limsup F(¢) sup
t—+o0 r€B

Pt ;x)) dt

Lr(A:Y)
+ F1(I) limsup F(¢) sup / P(t;x)dt
t— 400 z€B y+IQ Q2 Lr(AsY)
< F1(1) limsup F(¢) sup / (F(t; x) — P(t; x)) dt
t— 400 zeB||Jy+iQ Lr(As:Y)

+ F1(1) limsup F(¢) sup

/lQ (F(t;x) — P(t;m)) dt

t— 400 z€EB LP(At:Y)
+ F1 (1) limsup F(¢) sup / / P(t;x)dt
t—+oo z€B y+IQ Q LP(AeY)

The third term in the last estimate can be majorized as in Proposition 3.6. For the
second term, we can use the assumptions (3.7) and limsup,_, , o F(t)[m(A:)]Y/P <
+00. For the first term, we can use our assumption (3.8). O

It is not difficult to prove that, for every locally integrable function F : [0, 00)™ —
Y, ¢t >0 and ty € (0,t), we have the estimate

L] Eelvasas [ ) i
Qo Jy+1Q +0)Q
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where Qg := tQ\ [0, tp]". Using the Holder inequality and repeating verbatim the
argumentation given in the one-dimensional setting, we can prove that the require-
ments of Proposition 3.7 hold with Fy (1) =1~" and F(t) = t~("/?).

Finally, it seems reasonable to ask whether the validity of condition (B) with
p(-) = 1 implies, along with the corresponding Besicovitch continuity assumption,
the validity of condition (A) in the multi-dimensional setting. We will not consider
this question here as well as certain possibilities to extend the results established
by A. S. Kovanko [47]-[48] to the multi-dimensional setting.

4. APPLICATIONS TO THE ABSTRACT VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS

In this section, we will provide several applications of our results to the various
classes of abstract Volterra integro-differential equations and the partial differential
equations.

1. In this part, we will first prove a new result about the invariance of Besicovitch-
p-almost periodicity under the actions of infinite convolution product

t
(4.1) t— F(t) = / R(t—s)f(s)ds, teR;

we will only note here, without going into full details, that this result can be
formulated in the multi-dimensional setting as well ([41]). We assume that the
operator family (R(t))¢>o C L(X,Y) satisfies that there exist finite real constants
M >0, 8 €(0,1] and v > 1 such that

th—1

(4.2) RO L x.v) < M

t>0,
and f(-) is Besicovitch-p-almost periodic.

The following result is closely connected with the statements of [40, Theorem
2.11.4, Theorem 2.13.10, Theorem 2.13.12]:

Proposition 4.1. Suppose that the operator family (R(t))i>0 C L(X,Y) satisfies
(4.2), as well as that a > 0, a > 0, 1 < p < 400, ap > 1, ap > 1, ap(f —
/(ap—1) > =1ifap > 1, and f =1 if ap = 1. If the function f : R — X is
Stepanov-(ap)-bounded, i.e.,

t+1 op
[Flge = sup [ ] s < o

and f € e—(x®,t~*)—BP(R : X), then the function F(-), given by (4.1), is bounded,
continuous and belongs to the class e — (x*,t~*) — BP(R:Y).

Proof. Arguing as in the proof of [40, Proposition 2.6.11], we may conclude that
the function F'(-) is well-defined, bounded and continuous. Let (Py) be a sequence
of trigonometric polynomials such that

1
4.3 lim 1
(4.3) koo o poe 260

/_tHf(s) - Pk(s)Hap ds = 0.
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Applying again [40, Proposition 2.6.11], we get that the function ¢t — Fy(t) =
fioo R(t — s)Pi(s)ds, t € R is almost periodic and we only need to prove that

(41 i s s [P~ )| ds <o

In the remainder of the proof, we will consider case ap > 1 since the consideration
is quite similar if ap = 1. Let ¢ € (1/(ap),(1/(ap)) + v — B). Then it is clear
that the function s ~ |[s|*~1(1 + [s])$/(1 + |s|?), s € R belongs to the space
Lep/(ep=1)((—00,0)); further on, arguing as in the proof of [40, Theorem 2.11.4],
we have that the function s — (1 + |s|)7¢||Px(s + 2) — f(s + 2)||, s € R belongs to
the space L*?((—00,0)) for all ¥ € N and z € R. The estimate (4.4) follows from
the next computation (M; > 0 and ¢ > 0 are finite real constants):

s [IFG) s as

= 2t1ap /tt /OOC IR(=2)|l - || Pu(s + 2) = f(s + 2)|| d= apds
fiit/owﬁfxwu+Mﬂmwm-M+%W”¢
= tal’/ / 1+| @+ [z[*%)P S| Pils +2) = f(s +2)||*" dzds
=w//1WSWWa FO dsa

* 2t“P/ / 1+ \z—s\ai HPk H dsdz

SW/Hk |WW[wHﬁ%%

o | S0

t“p/ / 1+\Z 1+ |z — s|*C)p SN Pu(z) = f)|™ ds d=
+oo ds
ap
< e - relrae [T
M ap e ds
rim [ - sol e [ o

cMqt 1 ap
e /_m T Tojapcy 1P ) = &)™ dz

involving the Holder inequality, the Fubini theorem and an elementary change of
variables in the double integral; here we use (4.3) and the fact that

—3t
. 1 ap
[ ) SO =




28 M. KOSTIC

In the following result, the inhomogeneity f(-) is not necessarily Stepanov-(ap)-
bounded:

Proposition 4.2. Suppose that the operator family (R(t))i>0 € L(X,Y) satisfies
(4.2), as well as thata >0, > 0,1 <p<+4oo,ap>1,ap>1, ap(f—1)/(ap —
)>—-1ifap>1, and 8 =1 if ap = 1. If the function f : R — X belongs to the
class e—(x®,t~*)—BP(R : X) and there ezists a finite real constant M > 0 such that
IF@O)| < M(1+[t))°, t € R for some real constant b € [0,7 — f3), then the function
F(-), given by (4.1), is continuous, belongs to the class e — (x*,t~*) — BP(R:Y),
and there exists a finite real constant M' > 0 such that |F(t)|y < M'(1+ [t])?,
teR.

Proof. The proof is very similar to the proof of Proposition 4.1 and we will only
outline the main details. Since b € [0,y — ), it can be simply shown that the
function F'(-) is well-defined, measurable as well as that there exists a finite real
constant M’ > 0 such that ||F(¢)||y < M'(1+ [t|)®, t € R. In order to prove the
continuity of function F'(-) at the fixed point ¢ € R, we take first any integer k € N
such that

+oo B—1 1 b
(4.5) / G L) < :
A T+ IV (1 + [{7)3

where a real number € > 0 is given in advance and the real constant M > 0 has the
same value as in (4.2). Since ||R(-)||r(x,y) € LoP/(@P=D[0,k] and || f| € LyP[0, k],

we can apply the Holder inequality in order to see that the function Fi(-) :=
fok R(s)f(- —s)ds, - € R is continuous. Take any § € (0,1) such that
k €
/ R(s)[f(t—s)— f(t'—s)] ds <3 for |t—1t'|<é.
0

(4.6) ‘
Y

A very simple argumentation involving (4.5) shows that

+oo
| RO =1 =) as| <ef2

Y

which along with (4.6) completes the proof of continuity of function F'(-) at the point
t. The belonging of function F(-) to the class e — (z®,t~1/?) — BP(R : Y) can be
proved as above, by taking any real number ¢ € ((1/(ap))+0b, (1/(ap))+v—08). O

Remark 4.3. Suppose that there exist finite real constants M > 0, ¢ > 0 and
B € (0,1] such that

| R(t < Me P71 t>0.

)HL(Xy)

This estimate appears in the analysis of (degenerate) semigroups of operators sat-
isfying condition [40, (P)] and, in particular, in the analysis of semigroups of op-
erators generated by almost sectorial operators. In this case, we do not need the
assumption o < v — .

It is clear that Proposition 4.1 and Proposition 4.2 can be applied to a large class
of the abstract (degenerate) Volterra integro-differential equations without initial
conditions. For example, we can apply this result in the analysis of the existence
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and uniqueness of Besicovitch-p-almost periodic type solutions of the initial value
problems with constant coefficients

D} jult @) =37, <k aof@(t,x) + f(t,z), t ER, z € R"

in the space LP(R"), where vy € (0,1), D , u(t) denotes the Weyl-Liouville fractional
derivative of order v, 1 < p < oo and some extra assumptions are satisfied. We
can also consider the existence and uniqueness of Besicovitch-p-almost periodic
type solutions of the fractional Poisson heat equation in LP(R™), and a class of the
abstract fractional differential equations with the higher-order elliptic operators in
the Holder spaces ([40]).

2. In this part, we analyze the abstract nonautonomous differential equations of
first order. First of all, we will remind the readers of some basic definitions from the
theory of evolution equations, hyperbolic evolution systems and Green’s functions
(see [52] and the references cited in [40, Section 2.14]).

Definition 4.4. A family {U(t,s) : t > s, t, s € R} of bounded linear operators
on X is said to be an evolution system if and only if the following holds:
(i) U(s,s)=1,U(t,s) =U(t,r)U(r,s) fort >r >sand t, r, s € R,
(i) {(r,8) € R?:7 > s} > (t,5) = U(t,s)x is continuous for any fixed element
zc X.

Here, I denotes the identity operator on X. We assume that the family A(:)
satisfies conditions [40, (H1)-(H2)]; then there exists an evolution system {U (¢, s) :
t > s, t, s € R} generated by the family A(¢). If T'(-,-) denotes the associated
Green'’s function, then we know that there exists a finite real constant M > 0 such
that

(4.7) IT(t, s)|| < Me=“I=sl ¢ seR.
The function

—+oo
(4.8) u(t) ::/ T(t5)f(s)ds, teR

is said to be a unique mild solution of the abstract Cauchy problem
u'(t) = A(t)u(t) + f(t), teR.
The proof of subsequent theorem can be deduced using the argumentation em-
ployed in the proof of [40, Theorem 3.7.1], where we have assumed that p = 1, the
argumentation contained in the proof of Proposition 4.1, the estimate (4.7), and
the following facts:
(i) If P(-) is a trigonometric polynomial, then the functions
t— ffoo I'(t,s)P(s)ds,t € Rand t — ft+oo I'(t,s)P(s)ds, t € R are almost
periodic; see, e.g., the proof of [22, Theorem 2.3].
(i) We write [T°T(t,s)f(s)ds = [[F°T(t,s)f(s)ds + [*__T(t,s)f(s)ds, t €
R. The both addends can be considered similarly, while the second addend
is identically equal to ffoo T(t,t+s)f(t+s)ds, t €R.

Theorem 4.5. Suppose that a > 0, a > 0,1 < p < 400, ap > 1 and ap > 1.
If the function f : R — X is bounded and f € e — (x*,t7%) — BP(R : X), then
the function u(-), given by (4.8), is bounded, continuous and belongs to the class

e—(z%,t7%) — BP(R: X).
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3. The use of Theorem 2.10 is almost mandatory in the analysis of the existence
and uniqueness of Besicovitch almost periodic type solutions for some classes of the
abstract semilinear Cauchy problems. The first part of this result has a serious un-
pleasant drawback because we must impose that the function G : R XY — Z from
its formulation is Bohr B-almost periodic, which automatically leads to the exis-
tence and uniqueness of almost periodic solutions of the abstract semilinear Cauchy
problems under our consideration, in a certain sense. Here we will present the fol-
lowing illustrative application of Theorem 2.10(ii), with { = 1, and Proposition
4.1.

Suppose that the operator family (R(t));>0 € L(X) satisfies (4.2), as well as
that 1 < p, ¢ < 400, 1/p+1/¢g=1,9q(B—1) > -1ifp>1,and f=1ifp=1.
If (R(t))t>0 is a solution operator family which governs solutions of the abstract
fractional Cauchy inclusion Dy , u(t) € Au(t) + g(t), t € R, where v € (0,1), and a
closed multivalued linear operator A satisfies condition [40, (P)], then it is usually
said that a continuous function t — u(t), t € R is a mild solution of the abstract
semilinear fractional Cauchy inclusion

(SCP): Dj ,u(t) € Au(t) + G(t;u(t)), teR
if and only if

u(t):[ R(t— )G(s;uls))ds, teR.

Suppose that G € e — (B,z,t~"/?) — BS’I(R x X : X), where B denotes the
family of all bounded subsets of X. Suppose, further, that there exists a finite
real constant a > 0 such that (2.5) holds with o = 1, a [ [[R(s)||ds < 1, and
SUpseg zep ||G(t; )| < 400 for every bounded subset B of X. It can be simply
proved that the vector space C,(R : X)Ne — (z,t~/P) — BP(R : X) equipped with
the sup-norm is a Banach space. Applying Proposition 4.1(ii) and Theorem 2.10,
we get that the mapping ® : C,(R : X)Ne — (2,t7/?) — BP(R : X) — Cy(R :
X)Ne— (z,t=Y/?) — BP(R : X), given by (®u)(t) := fioo R(t — 5)G(s;u(s)) ds,
t € R, is a well-defined contraction; therefore, there exists a unique mild solu-
tion u(-) of the abstract semilinear inclusion (SCP) which belongs to the space
Cy(R: X)Ne— (x,t7'/?) — BP(R: X).

4. Our results about the invariance of Besicovitch-p-almost periodicity under
the actions of infinite convolution products can be also formulated for the usual
convolution
(1.9 froFa)= [ ho-piwdy R
provided that the function h € L'(R™) has a certain growth order. Before stating
a general result in this direction, we will first consider the inhomogeneous heat
equation in R™ whose solutions are governed by the action of Gaussian semigroup

(4.10) Fw (Gt)F)(z) = (4ms)*”/2/ e W EE —y)dy, >0, z € R

Without going into full details, we will only note that the formula (4.10) makes sense
even if the function F'(-) is polynomially bounded; our basic assumption will be that
there exist two finite real numbers b > 0 and ¢ > 0 such that |F(x)| < ¢(1 + |z])°,
x € R™ as well as that a > 0, « > 0,1 < p < 400, ap > 1, 1/(ap) + 1/¢q =
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1land F € e — (z*,t7%) — BP(R™ : C). Let us fix a real number ¢y in (4.10).
Then the mapping = — (G(to)F)(x), x € R™ is well-defined and has the same
growth as the inhomogeneity f(-). Now we will prove that belongs to the class
e— (x*,t7%) — BP(R" : C) as well. Let € > 0, let

_ ap
Cy = (47rt0) nm”e*l'lz/&“

La(Rr)
and let ¢y > 0 be such that

€0 - 2%cy, / el p/8to (1+y))"dy <e.
Rn

We know that there exist a trigonometric polynomial P(-) and a finite real number
t; > 0 such that

/ |F(z) — P(2)|"" dz < eot™, t>ti.
[_tvt]n

Furthermore, we know that the function z — (G(to)P)(z), + € R™ is Bohr almost
periodic (see [41, Subsection 6.1.7]) so that the final conclusion simply follows from
the next computation (see also the computation from the proof of Proposition 4.1):

1 a
W ), |(G(to) F) () — (G(to) P) ()| da
—t,t]m
(4.11) < ;‘i;/{ | / e_lylzap/&“‘F(x—y) — P(z—y)|" dydz
—t,t]™ n
= ;L‘;/ e"ylz"p/&o/ |F($—y) —P(m—y)’ap dz dy
R» [—t,n
< tca%/ e~ lvlap/8to / |F(z) - P(m)|ap dx dy
R [=t+lyl,t+lyl]"
< ;ip/ el er/Stogygor (19p 4 |y|P) dy, > t.

The estimate (4.11) is obtained by writing the term e~ 1¥I°/4t0 = e~ Iy/*/8toc—lul*/8to
and applying the Holder inequality after that. This can be also done in the general
case; arguing so, we can prove the following result:

Theorem 4.6. Suppose thatb> 0, « >0,a>0,1<p < +oo, ap>1, 1/(ap) +
1/g=1,f€e— (2%t %) —=BP(R":Y) and || f(z)|ly < c(1+|x|)°, z € R". If there
exist two functions hy : R™ — C and hy : R™ — C such that h = hiha, hy € LI(R™)
and |hy(:)|*[1 + |- []¢ € LP(R™) with ( = max(ba,a), then the function F(-), given
by (4.9), belongs to the class e — (x®,t~%) — BP(R™ : V') and has the same growth
order as f(-).

We can simply apply Theorem 2.10 and Theorem 4.6 in the analysis of the
existence and uniqueness of bounded Besicovitch-p-almost periodic solutions for a
class of the semilinear Hammerstein integral equations of convolution type on R™;
see [41, p. 362] for more details. It would be very tempting to incorporate Theorem
4.6 in the analysis of the existence and uniqueness of Besicovitch-p-almost periodic
solutions of the abstract ill-posed Cauchy problems whose solutions are governed
by integrated solution operator families or C-regularized solution operator families
(cf. [41, pp. 543-545] for more details).
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In the remaining applications, we will consider the usual case ¢(x) = = and the
class of Besicovitch-p-almost periodic functions.

5. Without going into full details, we would like to note that the argumentation
contained in our analysis of [41, Example 3, p. XXXV] enables one to consider
the existence and uniqueness of Besicovitch-p-almost periodic type solutions of the
wave equation in R? whose solutions are given by the famous d’Alembert formula.
For example, if the functions f(-) and g'(-) from this example are Besicovitch-p-
almost periodic in R, then the solution u(x,t) will be Besicovitch-p-almost periodic
in R2. A similar conclusion can be clarified for the solutions of the wave equation
given by the Kirchhoff (Poisson) formula; see [41] for more details.

6. In this issue, we continue our analysis of the evolution systems considered in
the final application of [41, Section 6.3, pp. 426-428]. Suppose that Y := L"(R"™)
for some r € [1,00) and A(t) := A+a(t)l, t > 0, where A is the Dirichlet Laplacian
on L"(R™), and a € L*([0,00)). Then the evolution system (U(t, s))i>s>0 C L(Y)
generated by the family (A(t)):>o exists; this evolution system is given by U (¢, t) :=
I for allt > 0, and

[U(t,s)F](u) := . K(t,s,u,v)F(v)dv, FeL'(R"), t>s>0,

where

|z -yl
4(t — s)

K(t,s,u,v) = (4n(t — s))fgef; o(7) 47 oxp (— ), t>s, u veR"™

We know that, for every 7 € R™, we have
K(t,s,u+7,v+71)=K(t,s,u,v), t>s>0, u veR"

as well as that, under certain assumptions, a unique mild solution of the abstract
Cauchy problem (0/0t)u(t,z) = A@t)u(t,z), t > 0; u(0,x2) = F(x) is given by
u(t,z) == [U(t,0)F](x), t > 0, € R™. Suppose now that F(-) € Y is Besicovitch-
p-almost periodic for some finite exponent p > 1. If € > 0 is given in advance, then
we can find a finite real number to > 0 and a trigonometric polynomial P(-) such
that

/ |F(u) — P(u)|"du < et", t>t.
[—t,t]"
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The function up(t,x) := [U(t,0)P](z), t > 0, z € R™ is well-defined, continuous
and satisfies that, if 7 € R™ is an e-almost period of P(-), then

lup(t,u+7) —up(t,u)| =

/ [K(t,0,u+7,v) — K(t,0,u,v)|P(v)dv

K(t,0,u+7,v+71)P(v+71)dv — K(t,0,u,v)P(v)dv
R™ Rn

K(t,0,u,v)[P(v+7)dv— P(v)]dv
R’I’L

Sct/ ef‘uzr‘ |P(v+71)— P(v)|dv

lu—v|? lv|?
§cte/ e~ & dv:cte/ e 4 dv, t>0, ueR"

hence, the function up(t,-) is almost periodic for every fixed real number ¢t > 0.
Writing

K(t,0,u,v)[F(v) = P(v)] dv = K(t,0,u,v—u)[F(v—u)— P(v—u)]dv,
Rn Rn
and the term e~ IVI*/4t ag e~ IVI*/8t . o=IVI*/8t iy the corresponding computation after
that, we may conclude as before that the function u(t,-) is Besicovitch-p-almost
periodic for every fixed real number ¢ > 0.

7. In this part, we will present certain applications of Proposition 2.7 in the
analysis of the existence and uniqueness of Besicovitch almost periodic solutions
for certain classes of PDEs; see, e.g., [59] and references cited therein. We will
revisit here the classical theories of quasi-linear partial differential equations of first
order and the linear partial differential equations of second order with constant
coefficients, considering solutions defined on certain proper subsets A of R™, where
n > 2.

7.1. It is well known that the general solution of equation u,; 4w, = u is given by
u(x,y) = g(y — 2)e®, (x,y) € R?, where g : R — R is a continuously differentiable
function. Suppose that A := (—o00,0] x R and the function g(-) is Besicovitch-g-
almost periodic for some finite exponent ¢ > 1. Then there exists a sequence (Py)
of trigonometric polynomials such that

k—+0co t—4o00

¢
lim limsuptflf | Pe(s) — g(s)|q ds = 0.
—t

Since Qx(z,y) := Py(z —y), (x,y) € R? is a sequence of trigonometric polynomials
of two variables, the above simply implies along with an elementary argumentation
that
t ot
lim limsupt*Q/ / ka(x,y) —g(x — y)fq dzdy = 0,

k—+00 t—+o00 —tJ—t
so that the function G(z,y) := g(z—v), (z,y) € R? is Besicovitch-g-almost periodic.
Since the function (z,y) — €%, (z,y) € A is Besicovitch-p-almost periodic for any
finite exponent p > 1, an application of Proposition 2.7 yields that the solution
u(z,y) is Besicovitch-r-almost periodic on A, for any exponent r € [1, q).
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7.2. Consider the linear partial differential equation of second order with con-
stant coefficients:

(4.12) Augy 4+ 2Bugy + Cuyy + 2Duy + 2Euy + Fu =0,

where A, B, C, D,E, F are real constants such that B > 0, C > 0, B> > AC,
E?>CF, B> > E* - CF, and

(BE —CD)? = (B* - AC) (E* - CF).

As proposed by J. D. Keckié¢ in [37] (see also [38]), the general solution u(z,y) of
the equation (4.12) is given by

where f : R — R and g : R — R are arbitrary two times continuously differ-
entiable functions. Suppose that A = R x [0,4+00) and the functions f(-) and
g(+) are Besicovitch-g-almost periodic for some finite exponent ¢ > 1. Arguing as
above, an application of Proposition 2.7 yields that the solution u(z,y) of (4.12) is
Besicovitch-r-almost periodic on A, for any exponent r € [1,q).

We close this section with the observation that it is not clear how one can prove
that the solutions considered above are Besicovitch-g-almost periodic.

5. CONCLUSIONS AND FINAL REMARKS

In this paper, we have considered various classes of multi-dimensional Besicovitch
almost periodic type functions. The main structural properties of multi-dimensional
Besicovitch almost periodic type functions are established. Many structural results
known in the one-dimensional setting are reconsidered and extended to the functions
of the form F': A x X — Y, where ® # A C R”, X and Y are complex Banach
spaces. We have also furnished many illustrative examples, useful remarks and
applications to the abstract Volterra integro-differential equations.

Concerning certain drawbacks of this work, we would like to note that we have
not considered here the differentiation and integration of multi-dimensional Besicov-
itch almost periodic type functions as well as the dual spaces of multi-dimensional
Besicovitch almost periodic type functions. Besides many other topics, in this paper
we have not reconsidered the notions of MP-almost periodicity and MP-regularity
in the multi-dimensional setting as well (see [3] and [7] for more details about the
subject). The class of metrical multi-dimensional Besicovitch almost periodic func-
tions will be considered somewhere else following the general approach obeyed in
[45].

The class of multi-dimensional p-almost periodic type functions, extending the
class of multi-dimensional c-almost periodic type functions when p = cI, have re-
cently been investigated by M. Feckan et al. [27]; see also [43]-[44]. The class of
Besicovitch-(p, ¢)-almost periodic functions, where 1 < p < oo and ¢ # 1, has not
been analyzed in the existing literature so far, even in the one-dimensional setting.
At the end of paper, we will briefly explain that the method proposed in the proof of
[39, Proposition 2.8], a fundamental result about c-almost periodic functions saying
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that any c-almost periodic function f : R — Y is almost periodic, cannot be essen-
tially employed in the analysis of corresponding classes of Besicovitch-(p, ¢)-almost
periodic type functions:

Example 5.1. Suppose that p > 1, ¢ € C\ {0}, m € N, ¢™ = 1, and the function
f : R — C is Besicovitch-(p, ¢)-almost periodic, i.e., for every € > 0 there exists a
satisfactorily uniform set A = {7; : i € Z} C R such that

¢ 1/p
(5.1) limsup<21t /t}f(5+7¢)cf(s)|pds> <€

t——+oo

and, for every [ > 0,
(5.2)

1 t
limsup| — lim su 1! /
tHJroop <2t / lkaﬂf 2k +1 Z
cf. [8] for the notion of a satlsfactorlly uniform set in R. Then the set mA is also
satisfactorily uniform and for each ¢ € Z we have:

/|fs+m7'1 | ds

+1

1/p
‘f(s—i—n)—cf ’ds} dx) < €

P

S/ (Zclj\f<s+(m—j>n>—cf<s+(m—j—1>n)!> ds
\ =

m=1 tt(m—j—1)7;
<enn > | [F(s 4 7) = el ()] ds
=0 —t+(m—j-1)7;

< 2mey, pe? (t+ |t +Ti| +.o.+t+(m— 1)Ti|)

2
< 2mey, pe? (mt + m?|7'1|) < Const. - 2te?, t > to(e, i),

for some finite real constants ¢, , > 0 and to(e, ) > 0. Therefore, (5.1) holds with
the number ¢ replaced by the number 1 therein, which can be simply transferred
to the multi-dimensional setting. But, it is not clear how we can deduce the cor-
responding conclusion for the equation (5.2); arguing as above, we can only prove
that there exists a finite real constant ¢, , > 0 such that:

/t llllcrgig) Gy Z _1/ f(s+1) | ds} dxr
"l 1 )P
< Cnl,p{/t [lllcfilif Z / f(s+1)—cf(s | ds] dz
t 1 T+ +1
—l—/_t limsupm'z l_l/

k—~4o00 T+T;
z+(m— 1)TL+l

t
—|—...+/ lim sup *1/ s+1)—cf(s)| ds ,
—t | k—+oo Qk +1 Z z+(m—1)7; ( ) ‘

which seems to be completely mapphcable for our purposes.

’f(s—&—n) —cf(s ‘pdsl
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To the best knowledge of the author, the class of Besicovitch-p-almost periodic
functions in R™ has not yet been considered in a Bohr like manner (n > 2). For
further information concerning Besicovitch almost periodic functions in R™ and
satisfactorily uniform sets in R™, we also refer the reader to the forthcoming research
monograph [42].
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