Theoretical study of the FrLi molecule: Potential energy curves, Spectroscopic constants, Dipole moment, Radiative lifetime and Spectrum absorption
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Abstract
The FrLi molecule has not yet been well reported. In this paper, potential energy curves, as well as relevant permanent and transition dipole moments, for X1Σ+-101Σ+, 13Σ+-103Σ+, 11,3Π - 61,3Π and 11,3∆-21,3∆ of FrLi are obtained using a standard quantum chemistry approach based on pseudopotential for Fr+ and Li+ cores, Gaussian basis sets, effective core polarization potentials and full configuration interaction calculations. We present extensive predictions for the electronic structure of FrLi for which numerical data have been listed in a data base available as supplementary data. Based on the Effective Hamiltonian Theory and an effective metric, a diabatisation procedure was used to produce the quasi-diabatic potential energy. We have determined the adiabatic and quasi-diabatic potential energy curves. Spectroscopic constants (Re, De, Te, ωe, ωeχe and Be) are also determined. In addition, we have localized and analyzed numerous avoided crossings between electronic states of 1,3Σ+, 1,3Π and 1,3Δ symmetries. For the FrLi molecule, these avoided crossings can be explained by the ionic interaction between Fr+ and Li-, and Fr- and Li+. The permanent dipole moment of FrLi has revealed both ionic characters relating to electron transfer and yielding Fr+Li- and Fr-Li+ arrangements. These transition dipole moments is used to evaluate the radiative lifetimes of the vibrational levels trapped in the two excited states. In addition to the bound–bound contribution, the bound-free term calculated using two different methods the Franck–Condon (FC) approximation, the sum role approximation and added to the total radiative lifetime. On the other hand we have presented the absorption spectrum.
Introduction
Due to the development of cold and ultra-cold atomic trapping techniques, a special care has been recently given to experimental and theoretical investigation of homonuclear and heteronuclear alkali molecular systems [1,2]. Such important theoretical and experimental effort has been motivated by the numerous potential applications [3] such as the manipulation as well as the controlling of ultracold chemical reactions [4-7], ultracold molecular collision dynamics [8-12], quantum computing [13-15] and experimental preparation of few-body quantum effects [16] (such as Efimov states). In these studies, the aim was preparing molecules in definite quantum states with respect to the center of mass, electronic, rotational and vibrational motions [17]. In fact, the long-range dipole-dipole interaction introduces new important physical phenomena [18]. Due to the evolution of the laser cooling and optical trapping technique, an accurate knowledge of the spectroscopic properties of the alkali dimers is obligatory required. 

The optical spectrum of the heaviest alkali element francium (Z = 87) had remained unknown until 1978, when the D2 resonance line was studied for the first time by Liberman et a1 [19]. Ever since, the laser spectroscopy techniques revealed useful to measure the energies of the lowest levels (7p2P1/2, 3/2 and 8p2P1/2, 3/2) of the np series [e.g., 20, 21]. During the same period, Arnold et al [22] studied an extension to low-lying states of francium (10s, 11s, 8d, 9d); these four levels were investigated at CERN with the on-line mass separator ISOLDE using step wise laser excitation in collinear geometry where the aim was the first observation and measurement of hyperfine structures in 2S and 2D states. 

After few years, Dzuba et al [23] calculated energy levels, E1 transition amplitudes and the parity-nonconserving (PNC) E1 amplitude of the transition 7s-8s in francium. Their method takes into account the core-polarization effect and the second-order correlations. Also, the three dominating sequences of higher-order correlation diagrams were taken into account: screening of the electron-electron interaction, particle-hole interaction and the iterations of the self-energy operator. The parity-nonconserving (PNC) electric dipole (E1) transition amplitudes between s-d electron states of Cs, Fr, Ba+ and Ra+ were calculated (energies, E1 transition amplitudes and lifetimes) by the same group of Dzuba et al [24] based on an ab initio mixed-states and sum-over-states. 
Additionally, Msezane et al [25] predicted the dramatic resonances in low-energy electron elastic total cross-sections for Rb, Cs and Fr atoms, in their calculation used the recent Regge-pole methodology with a Thomas–Fermi potential incorporating the vital core-polarization interaction.

To our knowledge, the only work corresponding to mixed species involving francium and rubidium or cesium was performed by Lim et al [26]. They determined the spectroscopic properties for the neutral and positively charged alkali dimers from K2 to Fr2. In their calculation, they used various approaches based on a relativistic coupled-cluster method or functional density theory. Moreover, the van der Waals coefficients for the heteronuclear alkali-metal dimers of Li, Na, K, Rb, Cs and Fr were computed by Derevianko et al [27] using relativistic ab initio methods augmented by high-precision experimental data.

Recently,  Aymar et al [28] calculated the electronic properties of Fr2, FrRb and FrCs and their cations, including potential curves, permanent and transition dipole moments for the ground state. The aim of their work was to predict the rates for the photoassociation and the formation of cold molecules. Their first theoretical study of Fr2, FrRb and FrCs molecules based on pseudopotential with averaged relativistic effects and CI calculation. They used for Rb, Cs and Fr atoms two dipole polarizabilities and cut-off radii noted A and B. 

Previous works have been interested in studying the homonuclear and the heteronuclear alkali dimers using an ab initio approach based on non-empirical pseudopotential parameterized l-dependent polarization potentials and full configuration interaction calculations. The present work succeeds our previous studies on many ionic and neutral diatomic systems, such as LiH [e.g. 29], LiH+, LiNa+, LiK+, NaK+, KRb+, Li2+, CsLi+, CsNa+ [e.g. 30-33], MgLi+ [34], BeK+ [35], NaLi [36-38], CsLi [39-41], CsNa [41-42], LiRb [43-45], LiX (X=Na, K, Rb, Cs and Fr) [46,47], FrNa [48], FrRb [47,49] and FrCs [50] molecules. They identified the potential energy curves of a large number of states and their spectroscopic constants. They also determined the permanent and transition dipole moments and the radiative lifetimes of vibrational levels of the excited states 2 and 3 1Σ+. 

In this vein, this study in meant to represent the necessary initial step towards to investigation of the possibility of creating a cold FrLi molecule. This paper is organized as follow. In section 2, we briefly present the computational method. In section 3, which is devoted to present our results: we present the adiabatic and quasi-diabatic potential energies curves and their spectroscopic constants for the 1-101+, 1-103+, 1-71,3 and 1-31,3 electronic states. Also, the permanent and transition dipole moments, the radiative lifetime and spectrum absorption were calculated with three methods. In section 4, we summarize our conclusion.
II. Methods of calculation
II.1. Structural study

The Li atom was treated through one electron non-empirical pseudopotential proposed by Barthelat and Durand [51]. For the Fr atom, ionic core was described by a semi- local l-dependent pseudopotential (PP) [52-53] used in Aymar et al [28]. For the interaction between the polarizable Li+ and Fr+ cores with the valence electrons, a core polarization potential VCPP was used according to the operatorial formulation of Müller et al[54]. 
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where 
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is a core-electron vector and
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According to the formulation of Foucrault et al [55], the cut-off function 
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 was taken to be a function of l in order to differently consider the interaction of valence electrons of different spatial symmetry with core electrons. This function had a physical meaning of excluding the valence electrons from the core region for calculating the electric field. In Müller et al [54] formalism, the cut-off function was unique for a given atom, generally adjusted to reproduce the atomic energy levels for the lowest states of each symmetry. 
Furthermore, the self consistent field calculation (SCF) was followed by a full valence configuration interaction (CI) calculation using the CIPCI algorithm of the Laboratory of Quantum Chemistry and Physics of Toulouse. 
As in our previous works [43, 47, 49, 50], we used the same basis sets of gaussian-type orbitals (GTO’s) for Li and Fr. The core dipole polarizability of Li is 
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= 0.1915 a03 and of Fr is 
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=19.19 a03 [26]. 
In table 1, theoretical dissociation energies for the Fr (7s, 7p, 6d, 8s, 8p, 7d, 9s and 9p) and Li(2s, 2p and 3s) and the corresponding energy differences ∆E were presented. These values were compared with the available experimental data [22, 56, 57]. The difference with the experimental did not exceed 87.57 cm-1, which is found in Fr (8p)+ Li (2s) dissociation limit. To conclude, a good agreement was observed between our theoretical dissociation energies and the experimental ones. 
II.2. Estimation of the Radiative lifetime 
The method of calculation of radiative lifetimes was based on the golden rule approximation. For a given vibrational level of an excited electronic state, two possible transitions would take place: bound–bound and bound–free transitions. The radiative lifetime of a vibrational level v’ corresponding to only bound–bound transitions was given by:
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where Avv’ is the Einstein A coefficient linking, for example, the 21Σ+ and X 1Σ+ levels if we are concerned with the 21Σ+ radiative transitions. Since all the necessary Einstein A coefficients were calculated, their summation according to the equation (1) gave the radiative lifetimes.
The missing contribution in the radiative lifetimes of the bound–free transitions [58-59] is more significant for the higher vibrational levels, close to the dissociation limit of the excited electronic state. It corresponds to the contribution of the bound–free transition missed in equation (1). It is related to the transition between the vibrational level v’, which belongs to the excited electronic state, to the continuum of the ground state or in general the lower state. 
This missed term was given by the following equation:
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where all quantities are expressed in atomic unit and Eas indicates the asymptotic energy of the lower electronic state. The closure relation of an electronic state composed by vibrational levels and the continuum was given by


[image: image17.wmf]1

0

=

+

ò

å

¥

=

dE

E

E

E

E

nv

v

E

as

c

c

c

c

                                  




  (3) 
The projection of a vibrational level 
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 trapped in the higher electronic state gave
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  (4) 
Using the Franck–Condon (FC) approximation [58-59] the bound–free contribution was given by
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where 
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 was the energy difference between the vibrational level v’ and the energy of the asymptotic limit of the lower electronic state to which the continuum belonged. All the quantities of equation (5) were expressed in atomic units to give an Einstein coefficient Av’ in s−1. The quantity μ(Rv’+) corresponded to the transition dipole moment at the right external turning point of the vibrational level v’.
The Approximate Sum Rule Method was used to calculate the radiative lifetimes and electronic polarizability components for diatomic vibronic states [41, 60, 61]. Added to the reproduction of the dependences of molecular properties on vibrational number comparably to the experimental ones, this approximation provides with a high accuracy and efficiency for non-diagonal systems, particularly for those with significant continuum contributions. 
The radiative lifetime using the approximate sum rule is given by the equation:
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 is the wave function of the vibrational level belonging to the A1+ excited electronic state. D(R) is the transition dipole moment between the ground X1+ and first excited states A1+. ∆U(R) is the energy difference between the ground X1+ state and first excited states A1+.
III. Results and discussion
III. 1. Adiabatic potential energy and spectroscopic constants
Energies of the X1+ state with the three Gaussian bases (CRENBL ECP78, ECP78MDF and optimized basis) calculated by MOLPRO program and the CIPCI algorithm are presented in Figure 1.1. A slight difference in distance values is due to the change of the used method of calculation. Since the study of the FrLi molecule is a first notice, this comparative approach between the two programs is meant to show the agreement of our results with those of the last program, MOLPRO [62]. 
The accurate potential energy curves (PECs) for the ground state and low-lying excited states of FrLi are obtainable in Figure 1.2, which shows that the electronic states 1-21+ are found with a unique well depth located at 3.57 and 4.37 Å respectively. Similarly to the LiH [29], LiNa [36], LiRb [43], LiCs [39] systems, the imprint of a state behaving as (-1/R) can be clearly seen in Figure 1.2.
There are two ionic characters in the higher excited states of 1+ symmetry. The first corresponds to the ionic Fr-Li+ structure, which is formed between the 3-61+ electronic state, while the second composed between the five electronic states 6-101+ corresponds to the Fr+Li- structure. 
In Figure 2, we notice that the 43Σ+ electronic state thermodynamically unstable dissociated into Fr(6d) + Li(2s) has a particular shape. It presents a first minimum located at 4.29 Å and a second minimum located at 7.21 Å. Also, a high potential barrier of 1536 cm-1 located at 4.81 Å is noticed, which is due to the interaction with the upper excited state. In addition, a very interesting behavior is observed in the adiabatic potential energy curves for the highly Rydberg excited electronic states. It corresponds to the spectacular undulations including multiple barriers and potential wells. We note that the 5-101+, 43+, 73+, 93+ and 43 electronic states present a specific form and exhibit double and triple potential wells. These undulations are closely correlated with the oscillations of atomic radial density in the Rydberg states. Moreover, we observe that the higher potential energy curves present many avoided crossings at short and large values of internuclear distance between many excited states of 1,3+ and 1,3 symmetries. Their existence can be explained by the interaction between electronic states and to the process of charge transfer between the two ionic systems Fr+Li- and Fr-Li+. The internuclear distances Rc, avoided crossing positions between the electronic states, are given in table 2. 
The spectroscopic constants Re, De, Te, ωe, ωexe and Be are extracted for all studied states from their numerical potential energy curves data. These spectroscopic constants for the ground and the low-lying states are collected in tables 3 and 4. 
On the other hand, we used the MRCI method with the large all-electron basis sets Aug-cc-pwCV5z for Li and Ecp78MDF (noted A) and CRENBL (noted B) for Fr [63]. Indeed, we obtained dense PECs for the ground state X1Σ+ with Multireference configuration interaction (MRCI) method with two larges basis sets (noted A and B in table 3). All these calculations are performed using the MOLPRO program [62]. To evaluate the quality of our calculated PECs, especially for the X1Σ+ state, the spectroscopic constants with three different basis sets were extracted and compared with the two different programs, as no experimental and theoretical data are available for the FrLi molecule. 
This good agreement is confirmed by the excellent accord between our well depth as well as the equilibrium distance with the large all-electron basis sets noted A and B. For the ground state, a well depth of 5,552, 5,742 and 5,730 cm-1 located at 3.57 Å, 3.85 Å and 3.83Å respectively were found using our optimal basis with the CIPCI algorithm and the two basis sets A and B with the MOLPRO program. It is worth noting that the influence of the large all-electron basis for the Fr core is clearly larger than in the well depth, while the equilibrium distances are very close, regardless the used method. Tables 3 and 4 are devoted only to our spectroscopic constants for the higher excited states of 1,3+, 1,3 and 1,3 symmetries obtained using our optimal basis. In the literature, ab initio as well as experimental data for the higher excited states of 1,3+ , 1,3 and 1,3 symmetries were not reported. We remark that several excited states exhibit double potential wells as in the case of the 5-81+ electronic states. The double or triple well depths are due to the avoided crossing between many electronic states. Their existence generated large non adiabatic coupling and led to an undulating behavior of the higher excited states at large internuclear distances. The first hump is also found for the 43+ state with barrier energy of 1,536 cm-1 located at 4.81 Å.
III. 2. Diabatic potential energy
Showing a great efﬁciency, the diabatisation method has been previously presented in details [64-67]. It may be considered as among the most effectives for molecular ab initio calculations [68]. A brief outline of the method based on variational Effective Hamiltonian Theory [69] and an effective metric [67] may be given. The aim is the estimation of the nonadiabatic coupling between the considered adiabatic states and to cancel it by an appropriate unitary transformation. This unitary transformation matrix, U, will provide us with the quasi-diabatic energies and wave functions. The quasi-diabatic wave functions are therefore written as a linear combination of the adiabatic ones. This non adiabatic coupling estimation is related to an overlap matrix between the R-dependent adiabatic multiconﬁgurational states and the reference states corresponding to a ﬁxed large distance states. The quasi-diabatic states result from the symmetrical orthonormalization of the projection of the model space wave functions (references) onto the selected adiabatic wave functions (target space). Due to the relation of two sets are related to different interatomic distances, the overlap matrix involved in the projection is obviously an overlap matrix over nonorthogonal functions. Based on the Effective Hamiltonian Theory, the diabatisation method used references states, usually taken at inﬁnite distance corresponding to the dissociation limit. The quasi-diabatic potential energy curves related to the 1,3(+ symmetry in the adiabatic representation were determined. In this section, only the quasi-diabatic potential energy curves related to the 1(+ adiabatic representation is studied. Figures 5 and 6 present the quasi-diabatic potential energy curves related to the 1-10 1, 3(+ adiabatic electronic states and named D1-10, respectively. As it is shown in Figure.5, the ionic quasi-diabatic curve noted D1, dissociating into Fr+Li-, nicely behaved as 1/R at intermediate and large internuclear distances. In addition, the same quasi-diabatic state D1 crosses the quasi-diabatic curves D2-10 was observed. The avoided crossing between the 1(+ electronic states previously discussed in the adiabatic representation were transformed here in the quasi-diabatic one into real crossings. 
III. 3. Permanent and transition dipole moments
The R-variation of the permanent and transition dipole moments for the large and dense grid of internuclear distances were computed. As it is well recognized, the electronic properties are necessary for obtaining ultracold dipolar heteronuclear alkali molecules. Additionally, their dipole moment can be considered as a sensitive test for the accuracy of the calculated electronic wave functions and energies. For this aim, the permanent dipole moments for all the electronic states of 1,3+, 1,3 and 1,3 symmetries for the FrLi molecule are calculated. To understand the ionic behavior of the excited electronic states, the permanent dipole moments for the 1+ and 3+symmetries are presented in Figures 7 and 8. Figure 7 shows the permanent dipole moments of the 1-41Σ+ (a) and 5-101Σ+ (b) electronic states. Therefore, the PDMs of the higher excited states present many abrupt changes corresponding to the avoided crossings between neighboring electronic states. The positions of these abrupt changes observed between permanent dipole moments are correlated to the avoided crossings between potential energy curves, which are both manifestations of abrupt changes of the character of the electronic wave functions. Many abrupt changes can be related to the charge transfer process between the two ionic systems Fr+Li- and Fr-Li+. 
In order to better understand this phenomenon, the PECs, PDMs and TDMS in the region of avoided crossings of two chosen successive states are presented in the same figure. For instance, Figure 1.3 presents the permanent and transition dipole moments for the 31+ and 41Σ+ states. Also, the TDMs present a maximum in the avoided crossings position and the PDMs of the state 31+ present the maximum at the region of this position just after the dipole moment of the state 41Σ+ takes over and PDMs of the state 31+ tends to zero.
Moreover, we comment that the dipole moment of these states, one after other, acts as a –R function and afterward drops to zero at particular distances corresponding to the avoided crossings between the two neighbor electronic states. If these curves are combined, they produce piecewise the whole –R function due to the ionic character of these states. 
The permanent dipole moment curves for the 1-10 3Σ+ states are plotted in Figure 8. The PDMs for all states are not negligible and they become more signiﬁcant for the higher excited states. The PDMs for all states are close zero at large nuclear separation distance R, which implies that the dissociation limits of the molecule are neutral Fr+Li atoms.
 We also calculated the transition dipole moment between the neighbor electronic states of the 1Σ+ symmetry, and the results are displayed in Fig. 12. The TDM between the ground state X1Σ+ and 21Σ+ state, dissociating respectively into Fr(7s)+Li(2s) and Fr(7p)+Li(2s), is very large. It present a maximum of -4.629 a.u. located at 9.43 a.u. So it is expected that around this distance there is an important overlap between the corresponding molecular orbitals (wave functions). At large distance, the X1Σ+-21Σ+ transition becomes a constant equal to        -3.526 a.u. equivalent exactly to the atomic transition dipole moment between Fr(7s) and Fr(7p)+Li(2s). In addition, we observe that all the other transitions present many peaks located at particular distances very close to the avoided crossings.
IV. Radiative lifetime and absorption spectrum
Table 5 presents the bound–bound and bound–free contributions to the total radiative lifetimes of all vibrational levels trapped in the emission associated 21Σ+ (X1Σ+. The bound–free term was determined using the Franck– Condon (FC) approximation, the sum rule approach and by the exact calculation. It may be noted that the bound-free contribution is almost zero for all vibrational levels below υ = 3, as the bound–bound contribution is important. For the higher levels, the bound-free contribution becomes increasingly important as the bound-bound contribution. It is worth noting that the total radiative lifetimes using the three approaches (Exact, Sum-Rule and FC). However, values of the Sum-Rule method are closer to the exact ones. To name but a few, for the energy level v =24, the radiative lifetimes calculated by the Sum Rule approach (25.5384 ns) is closer to the calculated by the Exact method (25.7133 ns), while the value calculated by the FC approach (25.9066 ns) remains divergent.
The photon corresponding to a transition between a lower energy level belonging to the fundamental electronic state and a higher energy level belonging to an excited electronic state was absorbed by the molecule. Once it is excited, the molecule becomes ionized under the effect of UV photon absorption. A theoretical study of absorption spectrum was carried out to complete of the excited electronic state involved in the observed transition.  

In this work, the absorption spectrum between the ground state in their first vibrational level (v = 0) towards all the vibrational levels (vn) of excited electronic states 21Σ+ and 31Σ+ was determined. In Fig.15, we plotted the absorption spectrum of the X1Σ+ state in their first vibrational level (v = 0) to all the vibrational levels of the excited state 21Σ+. From the 104 vn levels that may theoretically exist, only 79 bands were identified by absorption. In fact, the intense line is important to v = 11 corresponds that the dipole moment is very important to the region [3.571, 5.603] Å. Similarly, in Fig.16, the absorption spectrum between the X1Σ+ state in their first vibrational level (v = 0) to all the vibrational levels of the excited state 31Σ+ were plotted. It may be noted that the distribution of histograms into two maximum intervals separated by a minimum intensity: (1) At the first interval lying between 17170.8499 and  18184.0299 cm, values of intensity reach a first maximum 9.01500802E-07 au. (2) A minimum intensity of 6.20411649E-09 au is recorded at the energy 18184.0299 cm. (3) At the second interval lying between 18279.8923 and 20326.7826 cm, values of intensity reach a second higher maximum 3.44802827E-06 au. The absorption spectra represented by the transition intensity corresponding to the integral of the square of dipolar moment 
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IV. Conclusion
In this study, we have performed an accurate investigation for several electronic states of the FrLi molecule dissociating into Fr (7s, 7p, 6d, 8s, 8p, 7d, 9s and 9p) and Li (2s, 2p and 3s). We have used a standard quantum chemistry approach based on pseudopoentials, Gaussian basis sets, effective core polarization potentials, and full configuration interaction calculations. The potential energy curves and their spectroscopic constants for the ground and many excited electronic states of 1,3+, 1,3 and 1,3 symmetries have been computed for a large and dense grid of internuclear distances. Higher excited states have shown undulations related to avoided crossings or undulating orbitals of the atomic Rydberg states. They have led to multiple potential barriers and wells in the potential energy curves. Our equilibrium distance as well the well depth for the ground X1+ state are very close with the parameters are determined using the MOLPRO programs. 
For a better understanding of the ionic character of the electronic states of the FrLi molecule, we have performed calculations of the permanent and transition dipole moments. As it is expected the permanent dipole moments have shown the presence of the ionic state corresponding to the Fr+Li- structure, which are an almost linear feature function of R, especially for the higher excited states and at intermediate and large distances. Moreover, the abrupt changes in the permanent dipole moments are localized at particular distances corresponding to the avoided crossings between the neighbor electronic states. We calculated the radiative contributions to the lifetimes of all vibrational levels trapped in the emission associated 21Σ+ (X1Σ+ and 31Σ+ (X1Σ+. The method of calculation of radiative lifetimes is based on the golden rule approximation. Both bound–bound and bound–free contributions have been determined using the Franck–Condon approximation and exact numerical calculation. On the other hand, we have presented the spectrum absorption of the ground state in their first vibrational level (v = 0) towards all the vibrational levels (vn) of the excited electronic states 21Σ+ and 31Σ+. For our best knowledge, the accurate data produced in this work can be constituted an important support for both theoretical and experimental further use.
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Figure captions
Figure 1.1: Adiabatic potential energy curves for the ground state (X 1+) of the FrLi molecule.
Figure 1.2: Adiabatic potential energy curves for the 10 lowest 1+ electronic states of the FrLi molecule.
Figure 1.3: Potential energy and permanent dipole moments of the 31+ and 41+ electronic states of the FrLi molecule.
Figure 2: Adiabatic potential energy curves for the 10 lowest 3+ electronic states of the FrLi molecule.
Figure 3: Adiabatic potential energy curves for the 12 lowest 1 (solid line) and 3 (dashed line) of the FrLi molecule.
Figure 4: Adiabatic potential energy curves for the 4 lowest 1 (solid line) and 3 (dashed line) of the FrLi molecule.
Figure 5: Quasi-Diabatic potential energy curves the 10 lowest 1+ electronic states of the FrLi molecule.
Figure 6: Quasi-Diabatic potential energy curves the 10 lowest 3+ electronic states of the FrLi molecule.
Figure 7: Permanent dipole moments of the 1-41Σ+ (a) and 5-101Σ+ (b) electronic states of the FrLi molecule.
Figure 8: Permanent dipole moments of the 1-43Σ+ (a) and 5-103Σ+ (b) electronic states of the FrLi molecule.
Figure 9: Permanent dipole moments of the 11 -61 electronic states of the FrLi molecule.
Figure 10: Permanent dipole moments of the 13 -63 electronic states of the FrLi molecule.
Figure 11: Permanent dipole moments for the 4 lowest 1 (solid line) and 3 (dashed line) of the FrLi molecule.
Figure 12: Transition dipole moments between neighbor electronic states of 1+ symmetry.
Figure 13: Transition dipole moments between neighbor electronic states of 3+ symmetry.
Figure 14: Transition dipole moments between different symmetry of 11 -> 1+.
Figure 15: The absorption spectrum of the X 1+ state of vibrational level (v = 0) towards all the vibrational levels (vn) of excited electronic state 21Σ+ and 31Σ+
Figure 16: The absorption spectrum of the X 1+ state of vibrational level (v = 0) towards all the vibrational levels (vn) of excited electronic state 3+
Table 1: The dissociation energies (in cm-1): comparison between our results and the corresponding experimental values [22, 57]
	Molecular state
	Dissociation limit
	E (a.u)  
	E (cm-1) 
	Experimental (cm-1)
	Eexp
(cm-1)

	1,3∑+
	Fr(7s)+Li(2s)
	-0.347811
	0.0
	0.0
	0

	1,3∑+, 1,3∏
	Fr(7p)+Li(2s)
	-0.28693
	13361.85
	13361.85
	0

	1,3∑+ , 1,3∏
	Fr(7s)+Li(2p)
	-0.279897
	14905.42
	14903.88
	1.54

	1,3∑+, 1,3∏,1,3∆
	Fr(6d)+Li(2s)
	-0.273188
	16377.88
	16377.82
	0.06

	1,3∑+
	Fr(8s)+Li(2s)
	-0.258107
	19687.78
	19732.33
	44.55

	1,3∑+, 1,3∏
	Fr(8p)+Li(2s)
	-0.241190
	23400.64
	23488.21
	87.57

	1,3∑+ , 1,3∏ ,1,3∆
	Fr(7d)+Li(2s)
	-0.236390
	24454.12
	24318.22
	130

	1,3∑+  
	Fr(9s)+Li(2s)
	-0.230773
	25686.91
	25671.11
	15.8

	1,3∑+ 
	Fr(7s)+Li(3s)
	-0.223825
	27211.82
	27206.12
	5.7

	1,3∑+ , 1,3∏
	Fr(9p)+Li(2s)
	-0.223746
	27229.16
	27275.69
	46.53


Table 2: Avoided crossing positions (in a.u.) between the electronic states of FrLi molecule.
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Table 3: Spectroscopic parameters of FrLi for the X1Σ+ state and excited singlet electronic states (All values are in cm-1 except Re in Å)
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Table 4: Spectroscopic parameters of FrLi for the excited triplet electronic states (All values are in cm-1 except Re in Å)
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Table 5: Radiative lifetimes associated with the emission 21Σ+--> X1Σ+
	v
	Energy 

(a.u.)
	Bound-free

(x 10-6 S)
	Bound- free (FC)

(x 10-6 S)
	Bound-free

(x 10-6 S)
	Total (FC) (ns)
	Approximate sum

method (ns)
	Total exact (ns)

	0
	-0.372862
	43.4686
	0
	0
	23.0051
	23.0115
	23.0051

	1
	-0.372369
	43.0033
	0
	0
	23.254
	23.2617
	23.254

	2
	-0.371879
	42.5822
	0
	0
	23.484
	23.4926
	23.484

	3
	-0.371392
	42.2016
	0
	0
	23.6958
	23.7053
	23.6958

	4
	-0.370907
	41.8576
	2E-6
	3E-6
	23.8905
	23.9008
	23.8905

	5
	-0.370426
	41.5457
	1.7E-5
	2.2E-5
	24.0699
	24.0807
	24.0699

	6
	-0.369947
	41.2675
	0.00316
	0.00416
	24.234
	24.2465
	24.2346

	7
	-0.369467
	41.1282
	0.07032
	0.09449
	24.3559
	24.3997
	24.3702

	8
	-0.368984
	41.8169
	0.57932
	0.7933
	24.2497
	24.5415
	24.3762

	9
	-0.368500
	44.225
	2.0158
	2.80983
	23.6915
	24.6733
	24.1457

	10
	-0.368017
	44.9717
	2.54852
	3.61575
	23.572
	24.7963
	24.1803

	11
	-0.367538
	40.9145
	0.42956
	0.6195
	24.7005
	24.9113
	24.817

	12
	-0.367065
	41.0023
	0.52359
	0.78833
	24.7044
	25.0191
	24.867

	13
	-0.366601
	40.9914
	0.62498
	0.9563
	24.773
	25.1204
	24.9781

	14
	-0.366149
	40.1314
	0.23944
	0.37157
	25.0677
	25.2161
	25.151

	15
	-0.365712
	40.4803
	0.51637
	0.81178
	25.0225
	25.3067
	25.2089

	16
	-0.365712
	39.9496
	0.28321
	0.47251
	25.2102
	25.3924
	25.3311

	17
	-0.365300
	39.7387
	0.2471
	0.41667
	25.3218
	25.4739
	25.431

	18
	-0.364911
	40.0654
	0.48482
	0.82659
	25.2649
	25.5514
	25.485

	19
	-0.364527
	39.0616
	0.0108
	0.01862
	25.6077
	25.6244
	25.6128

	20
	-0.364128
	39.882
	0.51755
	0.90248
	25.4036
	25.6936
	25.6545

	21
	-0.363714
	39.111
	0.14811
	0.26123
	25.6655
	25.7521
	25.7402

	22
	-0.363292
	38.9043
	0.06995
	0.12473
	25.7504
	25.7807
	25.7867

	23
	-0.362869
	39.243
	0.23599
	0.42462
	25.6364
	25.8027
	25.761

	24
	-0.362445
	38.2899
	0.31035
	0.60054
	25.9066
	25.5384
	25.7133

	25
	-0.362022
	37.1263
	1.38942
	2.71554
	25.9634
	25.3289
	25.0992

	26
	-0.361601
	36.8229
	1.86006
	3.64902
	25.8512
	24.4706
	24.7085

	27
	-0.361182
	34.1012
	4.36471
	8.68212
	25.997
	23.1934
	23.3736

	28
	-0.360766
	31.2253
	7.22674
	14.46985
	26.0064
	22.4522
	21.8842

	29
	-0.360766
	30.7174
	7.54723
	16.44948
	26.1338
	20.9164
	21.2013

	30
	-0.360353
	29.1129
	9.2796
	20.35965
	26.0467
	20.4787
	20.2132

	31
	-0.359943
	29.1129
	9.2796
	20.35965
	26.0467
	20.1886
	20.2132

	32
	-0.359537
	28.5848
	9.80009
	21.73581
	26.0519
	19.8616
	19.8726

	33
	-0.359134
	28.5179
	10.20569
	22.7275
	25.8241
	19.1263
	19.5139

	34
	-0.358736
	28.2401
	10.85786
	24.30301
	25.5768
	18.0845
	19.032

	35
	-0.358342
	26.6192
	12.66046
	28.55072
	25.4585
	17.6918
	18.1258

	36
	-0.357953
	25.2751
	13.04407
	32.22003
	26.0966
	17.3800
	17.3928

	37
	-0.357569
	25.3168
	13.29432
	33.10338
	25.8993
	17.0554
	17.1174

	38
	-0.357190
	24.9589
	14.10494
	35.32755
	25.5991
	16.1090
	16.5875

	39
	-0.357190
	24.7186
	14.75008
	37.10235
	25.3366
	15.6689
	16.1757

	40
	-0.356816
	23.2175
	16.432
	41.57073
	25.221
	15.4001
	15.4349

	41
	-0.356448
	23.0215
	16.90889
	43.02568
	25.0436
	14.8990
	15.1407

	42
	-0.356085
	22.4811
	18.02773
	46.07278
	24.686
	14.4232
	14.5871

	43
	-0.355729
	22.146
	19.06943
	48.8818
	24.2628
	14.0052
	14.079

	44
	-0.355378
	22.2007
	19.59153
	50.43597
	23.9279
	13.7474
	13.7671

	45
	-0.355034
	22.0199
	18.59675
	52.41235
	24.6204
	13.0249
	13.435

	46
	-0.354697
	21.4674
	19.6183
	55.46726
	24.3394
	12.7210
	12.998

	47
	-0.354697
	20.7752
	20.92281
	59.35555
	23.982
	12.4671
	12.4796

	48
	-0.354366
	21.453
	21.04932
	59.98476
	23.5281
	12.1330
	12.2793

	49
	-0.354042
	21.0654
	22.34545
	63.83476
	23.0357
	11.6861
	11.7785

	50
	-0.353725
	21.6467
	22.70925
	64.95164
	22.5449
	11.4370
	11.5476

	51
	-0.353416
	22.0619
	23.12215
	66.33244
	22.1317
	11.0921
	11.3129

	52
	-0.353113
	22.1114
	23.79657
	68.55441
	21.7827
	10.6421
	11.0295

	53
	-0.352819
	21.657
	23.09735
	72.44118
	22.3442
	10.4542
	10.6272

	54
	-0.352819
	22.3406
	23.29836
	73.40632
	21.9111
	10.0750
	10.4442

	55
	-0.352532
	22.6995
	23.72896
	75.17297
	21.5385
	9.8562
	10.2174

	56
	-0.352252
	21.6748
	25.16226
	80.23067
	21.3506
	9.6562
	9.813

	57
	-0.351981
	21.2159
	25.77295
	82.74622
	21.2817
	9.4527
	9.6189

	58
	-0.351717
	21.2159
	25.77294
	82.74622
	21.2817
	9.0875
	9.6189

	59
	-0.351461
	19.7727
	27.2361
	87.96979
	21.2726
	8.9155
	9.2814

	60
	-0.351213
	19.0253
	28.12857
	91.44115
	21.2072
	8.5509
	9.0525

	61
	-0.351213
	18.572
	28.86783
	94.66239
	21.0793
	8.3469
	8.8312

	62
	-0.350974
	18.3581
	27.43148
	97.52544
	21.839
	8.1591
	8.6294

	63
	-0.350742
	17.3601
	28.7657
	103.10402
	21.6799
	7.9275
	8.3012

	64
	-0.350518
	17.477
	29.15732
	105.29371
	21.4435
	7.7523
	8.1453

	65
	-0.350302
	16.4991
	30.5605
	111.08455
	21.2496
	7.5637
	7.838

	66
	-0.350095
	16.1767
	31.3873
	114.76617
	21.0243
	7.3227
	7.6369

	67
	-0.349895
	15.8984
	32.16117
	118.36532
	20.8075
	7.1584
	7.448

	68
	-0.349705
	15.1649
	33.32128
	123.50651
	20.6244
	6.9423
	7.2113

	69
	-0.349705
	14.9886
	33.98304
	126.91079
	20.42
	6.7218
	7.0472

	70
	-0.349523
	14.6984
	34.76555
	131.04353
	20.2167
	6.5730
	6.8614

	71
	-0.349350
	14.1447
	33.75242
	136.43637
	20.8781
	6.3312
	6.6409

	72
	-0.349187
	14.3957
	34.13388
	139.35405
	20.606
	6.2002
	6.5041

	73
	-0.349032
	13.8089
	35.25956
	145.39379
	20.3797
	6.0266
	6.2813

	74
	-0.348888
	13.8947
	35.85043
	149.39444
	20.1025
	5.8764
	6.1241

	75
	-0.348753
	13.7957
	36.59939
	154.05721
	19.8432
	5.7445
	5.9576

	76
	-0.348629
	13.5543
	37.43965
	159.19964
	19.6102
	5.5708
	5.7886

	77
	-0.348514
	13.914
	37.76301
	162.42905
	19.351
	5.4090
	5.6708

	78
	-0.348410
	13.9511
	38.31661
	167.02353
	19.1323
	5.26400
	5.5256

	79
	-0.348410
	13.9511
	36.62949
	167.02353
	19.7704
	5.0901
	5.5256
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Figure 1.2
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Figure 1.3
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Figure 2
Figure 3
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Figure 4
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Figure 5
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Figure 6
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Figure 7
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