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Abstract :

This is a mathematical article that deals with the domain of complex numbers in order to present

new results by using a complex function and studying its fixed points.

The aim of this work is to propose new mathematical statements of complex numbers as a probable
criterion that can be linked to Landau-Siegel Zeros. Hence, this is a good article to be read by
specialists of Calculus and Analysis and even by the beginners of mathematics who want to

improve their skills in the field of complex numbers.

Keywords : complex analysis; fixed-point; implication and negation; Landau-Siegel Zero; Riemann's Zeta

function; Riemann's Hypothesis.

Introduction:

After my thesis of mathematical physics that refuses the classical use of discrete mathematics in
Newtonian Mechanics [1], I chose to focus on subjects of pure mathematics and especially calculus
and analysis [2,3] or the number theory [4,5] by writing my personal articles that respect all the

rules of classical mathematics. The purpose of this work is to study two cases of fixed points of a

complex function by using a complex number S that respects that S :%+ ib where b is a strictly

positive real number. The choice of the number S in its form as an example in this proof is because

we are trying to make the example of this article more useful and more attractive since the zeros of

Riemann Hypothesis are supposed to have the same form whichis S :%+ ib . We wish that this

article proposes new useful mathematical statements about complex numbers and gives a probable

criterion that may help to identify or deny the possible Landau-Siegel Zeros [6].

These are the considerations and notations of this article:

Let S be a complex number that respects that S= %+ ib where b is a strictly positive real number.
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We can also write S as S:l+i%:l+i tan 6) where b= tan (6) 2% . (D)
2 2 2 2
i0
In this case, we should only consider that %>O and 0<0<Z andwehave S=—% — 2)
2 2cos(0)
We have also: E):arctan(%) zg—arctan (%) (3)
2 £
and  cos(6)=cos(arctan (g ))=— 4)
e +4
. . 2 2
and sin(6)=sin(arctan(g))=— 5)
e +4
. 2¢
consequently: sin(6)xcos(0)=—— (6)
e +4
Let's consider also a function f of complex numbers z defined from € in C as:
ZS+1
= 7
flz)=2 o)
We will use the complex logarithm In(z) point by point during all this proof.
1. The considered complex function and its fixed-point:
We have: f(z):zc»zS:S@ZCOS(G)ZZZCOS(B) (8)
eiﬁ
And we have: z°=Se e ™= )
2cos(0)
i0 i0
Consequently: In(S)=In(z")eIn( 7505(0] )= 2205(6) xIn(z) (10)
i0
Hence: In(z)= 2cos(0)x(In(e ig In(2cos(0))) (1)
e
In(z) - i
Consequently: T:(cos(e)—l sin(0))xcos(0)X(In(e"”)—In(2cos(0))) (12)

Hence: #z(cos(B)Z—iW)X(i6—ln(cos(6))—ln(2)) (13)



We considered that In(e'’)=i0+ix2kn=i0 with k=0 (14)
because we have one unique complex number In(z) for each e" and for each cos(0) with

0<6<Z |
2

And thus: #d—cos(G)ZX(ln(cos(G))Hn(2))+—6X513(26)) +

N sin(2 6)><1n(cos(8))+ sin(2 6)><ln(2))

i(6x cos(0)’ 5 5

(15)

And by using the formulas of the introduction, we get:

In(z) ¢ € 2
5 —(82+4><(1n(\/82+4)+ln(2))+arctan(§

2
i(arctan(%)x8—+ 2¢

)X

XIn & ¢ X1n(2 16
+4 2 +4 ( e?+4" e'+4 ( )> (16)

Consequently:

In(z) —¢? ln(82+4)

(In(g)— 2¢

2
e +4

+

T g +ln(2))+arctan(%)><

2
i(arctan(%)x £ 4+ & x(2In(e)—In(e"+4))+ 228

X1In(2 17
e+4 e +4 e+4 2) (a7)

2. First investigation: if z is a real positive number:

The number z can't be equal to zero because zero is not a solution to the equation:  z°=S .

ln(z)+i&) i6

+i2km sx(
Since we have: > =gSxl+izkr_, S =—f% _ Vkez (18)
2cos(0)

Then we have k numbers that respect z°=S and these numbers are (In(z)+i 2 l;n ) (19)

We can notice that In(z) is the only real number among these k numbers when z is a real number and
this corresponds to k=0. Hence when z is a real number, we have only one unique real number In(z)

for each 6 with 0<6<%

If z is a real strictly positive number then 3 (

Hence we have: sXarctan(%):—2ln(e)+ln(82+4)—21n(2) (20)



And thus, our equation (17) becomes:

lnz(z): s;-fil X(ln(s)—@ +ln(2))+arctan(%)x 822:'4
Hence:
In(z)  —¢? In(e*+4) 2 2¢
> T X(In(e) ————+In(2))+(=2In(e)+In (¢°+4)—21In(2))x T
Consequently:
1“2<Z): e (ex(in ()= 2LE*4) L )+ L x(1n(e)=1n EF 4y 1n (2))

2
Andthus: M2 = s (er s in(e)- ) 0 o))
2 e +4 2

2
We conclude finally that: ¥=— ln(g)+w—ln (2)

2
Which is equivalent to: ln(z):1n(84+24 )
€
2 2
Also, we have: In(z)=1In(& +24)<:>z:€ +24@z:l+_2
4¢ 4¢ 4 ¢

We proved also that: sXarctan(%)=—2ln(s)+ln(82+4)—21n(2)

2

- +
This means that: ex0=In(< 24)
4¢
1 1
And thus: em}:—+—2
4 ¢
> 20 arctan(2b)
We conclude that: ~ z=e =@ (¥l —pun(6) —p b
1 1 2
We can also remark that we have: egxez—+—2 e——Lt =4
4 & xe -1
2
This means that: £ ; =4
%Xarctan(g) 3
(exe )—1
. arctan(x) .
And we know that the maximum of A is 1.

X
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31
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(34)



Hence %X arctan(%) <1 (35)

£ xarctan (2)

And thus: e’ <e (36)
Finally, we conclude that we should have ¢ 2% (37)
which is equivalent to: tan(0)<2e (38)
otherwise we will have a contradiction in the equation e’ =4 (39)

%Xarctan(%)

(exe ) -1

because 4 can't be equal to any negative value.

3. Second investigation: if z is a strictly negative real number:

SxIn(z) SxIn(z)+i2kmn SX(IH(Z)H%) eie
Since we have: e —e =e = VkeZ (40)
2cos(0)

Then we have k numbers that respect z°=S and these numbers are (In(z)+i 2k ) (41)

If z is a strictly negative number then In(z) is a complex number .

And wehave 3k'€Z with In(z)=In(—z)+in+i2k'm . (42)

Sx(In (2)+i2K%)  Sx(In(—z)+in+i2k n+i2KT)

Hence, we have z°=e S =e s (43)
And thus, we should have: e”* ™" =1 | (44)
We conclude that: Jk''€eZ and TJk'''eZ with k'nS+kn=k'''m (45)

Since b is a strictly positive number, then we should have obviously:
k'nS=k'n (%Hb):o Hence, we should have: k'=0.

Finally, we conclude that we should investigate about the unique complex number In(z) that

corresponds to each 8 with 0<8<% and that respects: In(z)=In(—z)+im . (46)

~

In this case, we use 3 (

)= (47)



and we get:

2\, ¢ £ 2 2¢ n
tan (& )X + x(21 —In(e"+4))+——XIn(2)==

2\, & _m__ e 2 2¢
Hence: tan (= )X = X(21 —1 +4))— XIn|(2
arctan ()% £ — =2 - £ x(2In(¢) - In(¢"+4)) - xIn(2)

2
Consequently: arctan (%)X i1
q y (8) 21 2 ed 242

And thus: arctan(%)x 228 =2 2 X(21n(e)—1n(e’+4))———xIn(2)

e+4 (e°+4)

> ———XlIn

e +4 e +4 e'+4

2
We conclude that: X 2¢ % 2 (48 )

482 2¢ 7T 82+4 e 27
=(—06Xx ++ )X ——e+=—=+—=
S2+4) ( g+4 ) 2 TR TE

which is equivalent to: In(

82 0 EX 21
—=e "'Xe’Xe"
e +4

Consequently, we get:

4¢’ 2
Hence: ————=——-=¢+4

—e0
e "xe? xe

4
o En 27
e "Xe?Xes

And thus:  4=¢"X( —1)

Hence, in order to avoid the contradiction, we should have: >1

N5
«|'§

e '%e? xe®

Ly £arctan ( %)

2e? ) 2e?
And this is equivalent to: (ﬂ )2n>1©( G
2

elxe® elxe®

)2

>1

£ xarctan (%)

And we proved that: e? <e
: . - 5. 2 2
And thus, in order to avoid the contradiction, we should have: e * Xe® <(2e)

Now let's check if this inequality is possible:

. 2 2 — + 4
We can notice that: &% +2% 4= gn—8e+dn
2 ¢ 2¢

and that the discriminant of the quadratic equation &’m—8e+4m is negative,

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)



2
en—8e+4m

Hence —————— >0 (62)
2¢
. em, 2T
And thus: 7+ T> (63)
£ 271
Consequently: e? Xe* >e* (64)
£ 21
And we should have: e? Xe* <4¢’ (65)
However e'>4e” (66)
£ 271
so we conclude that we can never have e ? Xe® <(2e)’ (67)
and this leads to the contradiction because we conclude that: ezx(%— 1) can'tbe
-0 2 <
e Xe’Xe*®

equal to 4.
And thus we have always:

arctan(%)x 282 +—5—X(21n(e)—In(e’+4))+ 228 XIn(2)2% (68)

e +4 & +4 e’ +4 2
Finally we conclude that if z<0 then we have always z°#S .
4. First conclusion:
We could prove that we have the following implications:
Firstof all: z°=S and z€R and S:%Hbﬁ z>0 (69)
1 ) 20 arctan(2b)

Andalso: z°=S and z€R and S=§+ib$ 7= 0= gl —pun(0) —p b (70)
And we have also: z°=S and z€R and S:%+ib:b<e (71)

Since the function f admits a fixed-point z=r and since we proved that z can only be strictly positive

when z is a real number, we have also:

i
f(Z):z@Szzsﬁlﬂ'b:rsﬁlﬂ'b:r2><r'b (72)
2 2



1 1

N [=

And we have: r’xr®=r?xe™""=r?x(cos(bxIn(r))+isin(bxIn(r))) (73)

Hence, we have: vrxcos(bxIn (r))Z% (74)

And we have: rxsin(bXIn(r))=b (75)

And thus, we have: r :% +b’ (76)
arctan(25b)

This means that: e ° = %+b2 (77)

And thus, the strictly positive real number b can only be the solution of the equation:

arctan(2b)

1
b b= 7
e 4 (78)

Analytically from the curve of the equation, we have: b~=*1,449 (79)

But since we considered that the real number b is strictly positive, then we have :

arctan(2b)

z2°=S and z€R and 5=%+ib:b~1,449 and z=e " ~2,323 (80)

5. Third investigation: if z=¢™ with B a real numberand Vk'€Z B#k'n

The statement V k'€eZ B#k'm meansthat zgR . (81)
We have z=e'"=3keZ with In(z)=ix(B+2kxn) with z°=S . (82)
2 2
We proved that: Inz)_ —t X(ln(s)—M+ln(2))+arctan(%)>< 228 +
2 e +4 e +4
i(arctan(%)x e, ¢ X(21n(e)—In(e’+4))+ 2¢ X1In(2)) (83)
e+4 e'+4 e'+4

We know that if z=e'® then the real part of In(z) is null.

2 In(e’+4) 2 2¢
H t: € (1 ———+In(2))=arctan( & ) X 84
ence we get:  —"— (In(e) 5 n(2))=arctan(%) <y (84)
€ ln(s2+4) 2
Consequently: > % (In(e)———=—=+In(2))=arctan (%) (85)



We can use this result in the imaginary part and we get:

X1n(2))

. 2 g2 € 2 2¢
= tan (g )X +——X(2In(e)—In(e"+4))+
i(arctan(%) R (2In(e)—1In(e+4)) oy

€ _1H(82+4)
2 2 e +4 e'+4

Consequently:

In(z)

2 2
e+4 e+4

lnz(z):i(2ln (€)—In(&"+4)+21n(2))x Szi4 X(“%Z)

In(z)
2

We conclude that: =i£x(2In(e)—In(e’+4)+21In(2))

N

which means that: =i &xIn(

ln(z) s
2

Also, we proved that: %X (In (s)—T)+ln (2))=arctan (%):6

4¢° _
e’+4

Hence: £xIn(

And thus: lnéz):i 0

We conclude that: z=e"*"

2 2 ¢
And from: £ xIn( 4218 )=6 we conclude that: e*’=( ‘218
e+4 e +4
2 e’ ,  Ox4
We know that:  cos(6)"=— Hence we have: 4Xcos(0)'=e *

e +4

s
€

0
We remark that: 0<6<%=>1<e48<e2

2

olq

Consequently we have: 1<4Xcos(0)’<e

+In(2))x e, ¢ X(2In(e)—In(e*+4))+ 2¢

:i(%x(2ln(s)—ln(52+4)+2ln(2))>< e, ¢ X(2In(e)—In(e’+4)+21n(2)))

(86)

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)



And since: 0<6<% then we have: Cos(6)2>%:>cos(6)>% (100)

We conclude that: 8<% and since the function tangent is a monotonic increasing function in

_ tan(0) tan(%) V3

0<0<Z | thenweget: b < = (101)
2 2 2 2
e’t
We have also: cos(0)’< 2 and this case should be also studied since we can have:
2% In(2

e4 <122Z<In(4)eb< “I([ ) (102)

. In(2
with: J'(IZ >~»O,2206 (103)

in this case, since: O<6<% , we have: 0>arccos (%) (104)
ot
an(6) tan (arccos ( 5 ))
Hence, we have: b= 5 > 5 (105)
2%
241 _eT
And thus, we have: b>————F—— (106)
eE
bXxXx 2aXb
This means that we have: b><ze >\/1— 2 (107)
bZX eZ><b></r eZﬂXb
Which means that: 1 + 1 >1 (108)
2XbXx
And this is equivalent to: X (b*+1)>1 (109)
2X XX

X(x*+1) isa

And since for any strictly positive real number x we have the function g(x)= 2

monotonic increasing function then we can deduce analytically from the curve of the function g
that: b>0,214 . (110)



6. Second conclusion:
We know that: z&IR causesthat Vk'eZ B#k'm .

We conclude that we could prove the following implications:

If we have:
IBeR with z=e® and Vk'€Z B#k'n and S=%+ib and 2°=S

Then we have: IkeZ with B=20+2kmx

Which is equivalent to: Fk€Z with B=2arctan(2b)+2km

V3

And we have also: 0,214< b<7

Since the function f admits a fixed-point z=e'® , we have also:

iB
flz)=z @S:zS©%+ib:eSXiB®%+ib=eBb><e 2

iB
And we have: e ®xe? :e_BbX(COS<§)+i sin(g))

Hence, we have: e X Cos(g)zé
-Bb, . (B
And we have: e X sm(i):b
And thus, we have: e_ZBb:%+b2
-m(%w?)

Consequently, we have: B=—-—0

—ln(%+ b’)
This means that: Jk€Z with 2arctan(2b)+2km= —p

And thus, the strictly positive real number b can only be the solution of the equation:

1, .2
In(=+b")
. arctan(2b) 4
dkeZ with T + ibn =—k

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)



Since we considered that the real number b is strictly positive, then this equation has analytically

from the curve of the equation one solution for each integer k with —k<0=k>0  (124)

V3

But since we proved that 0,214< b<7 , then we notice analytically from the curve of the

equation that this equation has only one solution with:

“n(L4p?)

Y 12
55 1,277 (125)

k=0 and b~0,371 consequently: B=
Finally, we conclude that if we have:
3IBeR with z=e® and Vk'eZ B#k'm and S=%+ib and 2°=S (126

Then we have: b~0,371 and B~1,277 (127)

7. Summary and final conclusion:

We considered in this work a complex number S that respects that S :%+ ib where b is a strictly

positive real number. Also, we considered a function f of complex numbers z defined from C in

S+1
C as: f(z)= 5 We studied in this article in two cases the fixed points of this function

which are the solution of the equation z°=S :

- The first case is when z is a real number and we demonstrated that the unique fixed point of the
arctan (2b)
function f in this case is with: b~1,449 and z=e ° =~2,323.

- The second case is when z is a complex number respecting:
ABER with z=e'® and Vk'€éZ B+#k'n

And we demonstrated that the unique fixed point of the function f in this case is with:

—ln(%+b2)
b~0,371 and BZTN 1,277

. . ixX1,277
Hence, let’s accept in this case that: z~e'™"



S+1

And thus, we conclude that the complex function f(z)= z has indeed two special different

fixed points depending on the nature of the complex inputs when S :%+ ib . However, in order to

definitely know all the fixed points of this function when S= %+ ib , we should study another

case which needs a future longer proof. It is the case of:

JIBeR with z=xXxe® and Vk'€eZ B#k'n
where x is a real number with x#0 and x#1 .

Finally, I hope that this work can be useful in the study of the characteristics of the special complex

numbers which have the form S= %+ ib since this would be useful for the study of the case of

Landau-Siegel Zeros and Riemann Hypothesis.
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