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Abstract. In this paper, we use Schauder and Banach fixed point theorem
to study the existence, uniqueness and stability of periodic solutions of a class
of iterative differential equation

oz (t) + B’ (8) + va(t) = A (D) z(t) + Ao (D) z(x(t)) + - - - + A (B2 (E) + F(2).
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1 Introduction

Delay differential equation of the form

2(t) = f(t,z(t = 7(1)))

has been discussed in [1] and [5]. In particularly, the delay function 7(¢) depends
not only on unknown function, but also state, 7(¢,z(t)) have been studied in many
literatures in the last few years([6, 7], [13, 14]). In [2], Cooke pointed out that
it is highly desirable to establish the existence and stability properties of periodic
solutions for equations of the form

2'(t) + ax(t — h(t,z(t))) = F(t),
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in which the lag h(t,z(t)) implicitly involves z(t). Eder [3] considered the iterative
functional differential equation

2'(t) = 2P(t)

and obtains that every solution either vanishes identically or is strictly monotonic.
Feckan [4] studied the equation

2'(t) = f(2" (1))

by obtaining an existence theorem for solutions satisfying z(0) = 0. In [8], Si and
Cheng considered the analytic solutions of the form

Z'(t) = z(at + bx(t)).

Further discussion is made in [9]-[11] for existence of analytic solutions of several
iterative functional differential equations with state or state derivative dependent.
In 2006, Liu and Li [6] considered the analytic solutions of the form

az”(t) + B2’ (t) + ya(t) = z(at + bx(t)) + h(?),

in a neighborhood of the origin. Recently, Si and Wang [12] studied the smooth
solutions of

() = M)z (t) + Ma(O)z(z(t) + - + ()2 (@) + f(2). (1.1)
Moreover, Zhao and Liu [16] considered the periodic solutions of (1.1).
In this note, we will study the existence of periodic solutions of
ax (t) + B’ (t) + vz (t) = M) (t) + Mo(D)a(z(t)) + - - + M) 2" (@) + f(1). (1.2)

For convenience, we will make use C'(R,R) to denote the set of all real valued con-
tinuous functions map R into R.

For T > 0, define
Pr={x € C(R,R): x(t+T) = x(t), Vt € R}.
Then Pr is a Banach space with the norm

e = mase o(8)] = max a(0)]

For P > 0, L > 0, define the sets
Pr(P,L) = {x € Pr: |zl < P, |x(ta) — x(t1)| < Llta — t1], Vi1,t2 € R},

which is a closed convex and bounded subset of Pr, and we wish to find T-periodic
functions = € Pr(P, L) satisfies (1.2).



2 Periodic solutions of (1.2)

In this section, the existence of periodic solutions of equation (1.2) will be proved.
Let us state the Schauder fixed point theorem, which will be used to prove our main
theorem.

Theorem 2.1 (Schauder) Let Q2 be a closed convex nonempty subset of a Banach
space (B, ||-]]). Suppose that A maps  into Q and is compact and continuous. Then
there exists z € Q) with z = Az.

Throughout this paper, we assume that all functions are continuous with respect
to their arguments and following condition holds.

(H) \i € Pr(Pi, L;),i=1,2,...,n, and f € Pr(Py, L¢) are given.

We begin with the following lemma.

Lemma 2.1 ([15]) It holds
Pr(P,L) = {z € Pr: |z < P,|a(t) — x(t)| < Llt2 — ta], ¥t1,t2 € [0,7]}. (2.1)

Lemma 2.2 For any p,v € Pp(P, L),

n—1
" =M <3 Lllp—v], n=1,2,.... (2.2)
=0
Proof.  The result follows from the definition of P (P, L). O

Now we rewrite (1.2) as a fixed point equation.

Lemma 2.3 Suppose a, 3,7 # 0, then x € Pr is a solution of equation (1.2) if and
only if

z(t) = ;E(Oﬁﬁl)E(aa@) /tHT /ourT (Q’I(S) + f(s))e%(s_“)e%(“_t)dsdu (2.3)

1 1
E(a,p) = E, E(a, By) = e%Ti—l (2.4)
and
() = E?:l)\i(t)x[i] (1), (2.5)

2_ _ 2_ _ 2_ 2_
B, = VB \//324“,52 _ By Bi-doy \/52407 or B = PV \/524%’52 _ Bty Bioday \/@‘m and we see
B+ B2 =, 5152 = a.



Proof. By direct calculation, we can see that (2.3) is a T-periodic solution of
(1.2).

Suppose z(t) is a T-periodic solution of (1.2), then it is easy to find Eq (1.2) can
be written in the form of

" Bry 61 / Bry 52 / Bry g Bry 1 n [7] By
t)e« —zx(t)e= —x(t)ee —z(t)eo" = — (X \(¢t t t))e=
e+ Dot Parnet 1 Lot = L(mawetn) + f0)e
or
(' (0)e=1) + @(xa)e%t)’ - l(zﬂ_lAi(t)x[ﬂ () + (1))e ", (2.6)
a a\ T
Integrating (2.6) from ¢ to ¢ + T and using the fact z(t + 1) = z(t) obtain
B1
By 1 t+T : ea (571
't —t:—/ S A(s)z!? s,
dO+Zel =3 ) (P + £) g ds
Therefore,
B1 B2
1 rt+T putT ) 6E(s—u) eE(u_t)
— A (1]
=g [ [ (S + 1) S dsdu
This completes the proof. O

Now we will need to construct a mapping that satisfy the hypotheses of Theo-
rem 2.1. To this aim, consider the map A : Pp(P, L) — Pr defined as follows:

(Az)(t) = ;E(O&ﬁl)E(O‘a B2) /tHT /UUJFT (fbx(s) + f(s))e%(s_“)Jr%(“_t)dsdu, (2.7)

where E(a, £1), E(a, 52) and ®,(t) are defined as in Lemma 2.3.

Lemma 2.4 Suppose (H) holds and o, B, # 0, then operator A is continuous and
compact on Pr(P, L).

Proof. Take ¢,1 € Pr(P,L),t € R, then by (2.2),

|(Ap)(t) = (Ap)(?)]
1

T putT B (s—u)+ B2 (u—t)
< B BB B [ [T 1) — @yl O E s
=SS Pe |, 2
M i=1j=0



thus A is continuous.

Now we will show that A is a compact map. It is easy to see that Pr(P, L) is a
uniformly bounded and equicontinuous on R, then using Arzela-Ascoli theorem we
know Pr(P, L) is a compact set. Since A is continuous, it maps compact sets into
compact sets, therefore A is compact. This completes the proof. O

Theorem 2.2 Suppose (H) holds and «, B,y # 0. Furthermore, the following in-
equalities hold

< (vl - ZP (2.9)

Ieal 1 Ieal
| E(c; Ba)] P;PJFPf)' (1+|E(a’52)‘ el )<\51\L

then Eq. (1.2) has a periodic solution in Pr(P,L).

Proof.  For any ¢ € Pr(P,L). By (2.9), we have

|(A<P)()|
~ | B(a )| (o, By)]

IN

/ / s)+ f(s )) (=) + 2= gy

o]
PZP + Py)

1
< P

Without loss of generality, assume ¢, ty € [0,7], we obtain

to+T U+T
/ / )+ f(s )) (=) 2 (ut2) gy
to
t1+T 1
/ + fls))e"
to+T u+T 1
/ ’ / (s))e%(s’“ Fudsdu
to
to4T . .
/ ’ / (@) + f(s))e' I Fudsdu
to u
t+T  putT 1 5
/ 1 / (@, (s) + f(s))e® 70 Eudsdu
t1 u

‘ =)

(s=w)+ 3 (w=t) g iy

‘ 2152 *B*Qtl

Ba
—E24




8| (P, P+ Pr) 1ol

= Bl B ol B, 20
e tltiJ;T /u+T (@@(S)+f<s>)e%(s_u)+%udsdu
e Rl /t / + f(s))e e Eu sy
< B B TE Pf)ﬂ WQT“? o e e
L R
= ||%|| (P|ZE( 7PJ;|Pf)eB (1+M+ o TT t2 — ], (2.11)

By (2.11) and (2.10), we have

\<A¢><t2> — (Ap)(t)|

to+T u+T

< ol A, ) / / ) F(s)) e FOTI ) sy

ti+T 1 2

/ / (S))e%(s_“)+%(“_t1)dsdu

t1

B2 1 1 |B2]

< B P P+ P Ii 1+ ——-—+ el 1|ty — ¢
< L|t2—t1|

Therefore (Ap)(t) € Pr(P,L). So by Lemma 2.4, we see that all the conditions
of Schauder’s theorem are satisfied on Pr(P, L). Thus there exists a fixed point z in
Pr(P, L) such that x = Az, from Lemma 2.3, z is a T-periodic solution of equation
(1.2). This completes the proof. O

Remark 2.1 If o =0, Eq. (1.2) change to

B! (t) +yz(t) = M)z (t) + M)z (z(t)) + - + ()2 (1) + f(2), (2.12)

and we have the following results which similarly as [16].

Proposition 2.1 Suppose 5 # 0, \(t) # v and A\, € Pr, then x € Pr is a solution
of (2.12) if and only if

=3[ () + F@)G(B A (213)



where

6% [ (r=2i(s))ds

G(B,v,\1) = , 2.14
(/8 7 1) 6% fOT('Y—)\l(S))dS B 1 ( )
and
W, (1) = S ()l (1), (2.15)
The proof as Lemma 2.2 in [16], here we omit it.
Remark 2.2 It is easy to see there exists constants m and M such that
m S G(Ba’Ya )‘1) S Ma
LFO—POT JEOHPOT SFOTPDT
heremzm, :Wf0r6>03ndmzm, =
OV 0. Furth
o, or # < 0. Furthermore, we see
IG(3, 7, M)l < T(B. 7, A)er T = 37, (2.16)
here F(ﬁa Y5 )‘1) = max { ‘e%(w—}’l)T_ll’ |e%(v+}’1)T_1| }
Consider the map B : Pr(P, L) — Pr defined as follows:
1 4T
(Br)(r) = 5 [ (Wal) + () G(B,7, M), (2.17)

where G(8,7, A1) and ¥, are defined as in Proposition 2.1.

Proposition 2.2 Suppose (H) holds and B # 0,A(t) # =, then operator B is
continuous and compact on Pr(P, L).
The proof as Lemma 2.4, here we omit it.

In the following theorem, we obtain the similarly result as in [16], but the con-

dition A;(t) < 7 changes to Ai(t) # v in this paper.

Theorem 2.3 Suppose (H) holds and 5 # 0, A\1(t) # ~y. Furthermore, the following
inequalities hold

MT(PY. P+ Py) < |6IP, 218

1=2



M(PY P+ Pye %(Iv\+P1>(2+ i +P)) < |BIL,
=2

(2.19)

then Eq. (2.12) has a periodic solution in Pr(P,L).

The proof as Theorem 2.2, here we omit it.

3 Uniqueness and stability
In this section, uniqueness and stability of (1.2) and (2.12) will be proved.

Theorem 3.1 In addition to the assumption of Theorem 2.2, suppose that

n 1—1

> D IF <l (3.1)

i=1j=0

then (1.2) has a unique solution in Pr(P, L).

Proof.  'We know from the proof of Theorem 2.2 that A : Pr(P, L) — Pr(P, L),
Moreover, by (2.8), we get

n 1—1

’|A90—A¢H< ZZUPH@ Ul w9 € Pr(P, L),

11]0

n

(3.1) means ; _o L7 P; < 1, so the fixed point must be unique by the Banach
fixed point tLeor O

Theorem 3.2 The unique solution obtained in Theorem 3.1 depends continuously
on the given functions X\;(t) and f(t) fori=1,2,...,n

Proof. Let functions \;(t), f(t) and p(t), f(t) in Pp(P;, L;) and Pp(Py, L) be giv-
en. Then we consider the corresponding operators A, A defined by (2.7). Assuming
corresponding conditions (2.9), (2.10) and (3.1), there are two unique corresponding
functions z(t) and Z(t) in Pr(P, L) such that



Then we have

n 1—1

~ 1 . _ _ ~
[ = 2| < [[Ar — AZ|| + [|[A7 — Az < m > 2 DBl — 2| + || A% — Azl,

which implies

|7|

— 7 <

||Ag?— AZ|.

Now, for ¢t € [0, 7], we note

s ~le B (s—u)+22 (u—
/ / ) — 1a(5)7 () ) & O R0 sy

t+T pu+T i 5
< PZH)‘i_NiH / / 6%(5_“)+%(“_t)dsdu’
i=1
|af P
< A A — il 3.2
S iz PR (32
t+T u+T - B B—u—
[ ) = F(spe e e dsau
o] 1 5
la] Fo7 3.3
1 1Bl BB Ao~ 3
From (3.2)-(3.3), we arrive at
|z — ||
] - -
- — ||Ax — Ax
= h-sLsanp |
Il 1B Bl E(e, B2)| -
laf |y =32 123_% LI P;
t+T
’/ / ,ul( )) [7,]( )) El(s— u)+ (u— t)dsdu
t+T u+T . 1 5
—i—‘/ / ))e%(s*“H%(“’t)dsduD
— P A= il + £ = FI).
g ]ng(EQ‘ I+ 1/ = 71l)
This completes the proof. O

Remark 3.1 For Eq. (2.12), we have the following results which similarly as [16].
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Theorem 3.3 Assume the conditions in Theorem 2.3 hold and

n i—1

TY Y LR <|pl. (3.4)

i=2 j=0

Then (2.12) has a unique periodic solution in Pr(P, L).

Theorem 3.4 The unique solution obtained in Theorem 3.3 depends continuously
on the given functions \;(t) and f(t), i =1,2,...,n.

4 Examples

Example 4.1 Let us show that the conditions in Theorem 2.2 do not self-contradict.
Consider the following equation:

() + 22/ () — 3a(t) = 1103 sin(t)z(t) + 1103 cos(t)z(z(t)) + 110 sin(t),  (4.1)

where o = 1,8 = 2,7 = =3, \((t) = 155 sin(t), Aa(t) = 155 cos(t), f(t) = 15 sin(¢).

2_ 4o _ /B2 _4a
B=EVEY 35 S EVITR P =PR= =Ly = 5, P =
1
Lf:ﬁ’
Bl ) = e = BB = e =~
a7 1 _e%T_1_667T—1’ a) 2_6%,1_,_1_1_6271.7
here T' = 2m. Take P =1, L = 3269, then
et <3_ 2 _(h—P-P)P
I=10=0 " 108 W T AR
and
B0, B2)|(P(Py + Py) + Pr)e @l T (14— o7
a, ele ——— t el
R (e, B)]
e 51, 1 5let 1
— R 71'2 T 27 — T 27
15000 Ct @ T Thpe@ Tt
< 9804.31
< 9807 = |B|L,

By Theorem 2.2, Eq. (4.1) has a 27-periodic solution z such that |z(¢)| < 1, and
|.T(t2) — x(t1)| S 3269|t2 - t1|, \V/tl,tQ € R.

10



Example 4.2 Let us show that the conditions in Theorem 3.1 do not self-contradict.
Consider the following equation:

() + 22/ (£) — 3a(t) = 1103 sin(t)z(t) + 133 cos(t)z(x(t)) + 130 sin(t),  (42)

where v = 1,8 = 2,7 = =3, A\ (t) = 55 sin(t), Ma(t) = 155 cos(t), f(t) = 155 sin(¢).

2_ 4o — 2 4o
61:ﬁ+7\/5247:3752:57\/5247:_17P1:P2:%,L1:L2:ﬁ,Pf:
1
Lf:r()(]’
1 1 1 e
E(O[,ﬂl): Q%T—l - et — 1’ E(a7ﬂ2): e’%T_l - 1—e2m’
here T' = 2n. Take P =1, L = 385, then
Pt <3_ 2 (4= P— PP
FT 100 =7 T aes T I
and
Bl B2\ (P(Py+ Po) + P BT (14— o)
a, el T Ay T e
2 ! ? ! |E(Cl{,52)|
e2m 3 ) 1 3edr 1
= - 7T2 . m - 2 o
o2 —1950° ( +627r—|—e ) 250(62”—1)( Tt
< 1153.45

< 1155 = AL,

By Theorem 2.2, Eq. (4.2) has a 2m-periodic solution z such that |z(¢)| < 1, and
|z(ta) — x(t1)| < 38b|ty — t1], Vti1,t2 € R. Furthermore, we see

P+ Py(1+L)=0.387 < 3 =],
then by Theorem 3.1, Eq. (4.2) has a unique 27-periodic solution.

We see that the solution of Example 4.2 satisfies the properties of a solution of
Example 4.1 and we do not know if a solution of Example 4.1 is different from the
one of Example 4.2. Thus, we discuss this in the next case.

Example 4.3 Consider

2"(t) + 22'(t) — 3x(t) = L sin(t)x(t) + L cos(t)x(x(t)) + dsin(t), (4.3)

100 10°
where 0 > 0 is a parameter. Noting a = 1,8 = 2,7 = =3, 5 = By By \/522_40‘7 —

3,02 = PPy ”’6;2_40” = —1 and A (t) = g4z sin(t), Aa(t) = 15 cos(t) as in Example 4.1.
Here f(t) = dsin(t), taking Pp = Ly =6, Py = P, = Ly = Ly = 155.

1 1 e

1
E — = E —= =
(Oéaﬂl) ﬁT_l e6ﬂ._1; (04752) e%T_l 1_62ﬂ.a

11



here T' = 2m. Next, we consider P(¢) and L(9) as variables to be defined by §. Then
(2.9), (2.10) and (3.1) have the forms

1499
§< —2p(s 4.4
ef™  P(6) 1
— 24 — 427 L 4.
627r_1(500 +9)( +oste ) < 3L(4), (4.5)
L ey <3 (4.6)
103 ' 103 ’ '
By (4.4) and (4.5), we have
500
P(§) > —— 4.
(9) 2 11997 (4.7)
and
der™ 500 1
L — (24 — 4+ €)= .856428315845. 4.
(5)>e27r—11499< + 5 te ) = & x 3377.856428315845 (4.8)
From (4.6), we get
L(0) < 2998. (4.9)
For (4.5), by (4.7) and (4.9), we have
500 5 o pg) < sop - SPHET D) (4.10)
1499 — e?m(etm 4 2e2™ + 1) ' '
and
1499 [ 8994(e>™ — 1)
0<46 = (0.010376817040576716. 4.11
== 1500 <62”(64’T T 267 + 1)) (4.11)

Thus, if we taking P(9) and L(J) satisfy (4.7) and (4.8), Theorem 2.2 is satisfied
and Eq. (4.3) has a 2m-periodic solution such that |z(t)| < P(9) and |z (ty) —z(t1)| <
L(0)|ta—t1|, Vt1,t2 € R. Furthermore, if we taking P(d) and L(0) satisfy (4.8)-(4.11),
by Theorem 2.3, we know the 2m-periodic solution of (4.3) is a unique one.

Remark 4.1 Obviously, in Example 4.1, P =1, L = 3269, = 1—10 satisfy (4.7) and
(4.8), so (4.1) has periodic solutions. In Example 4.2, P = 1, L = 385, = WIO
satisfies (4.8)-(4.11), then (4.2) has a unique periodic solution.

12



Example 4.4 Now, let us consider the first order differential equation

1 1
22'(t) — 3z(t) = 0 sin(t)x(t) + 0 cos(t)x(x(t)) + I sin(t), (4.12)
where 0 > 0is a parameter. As Example 4.3, f = = =3, \i(t) = gz sin(t), Ao (t) =
s cos(t), f(t) = dsin(t ) taking Py = Ly = 0, P1 =P, =1Ly = Ly = 5, and
T = 27. We see M = 9 , Then (2.18), (2. 19) and (3.4) have the forms
2m 1
—g5e—— (== P < 2P 4.1
(5 P(0) + ) < 2P(5) (@13
1 1 3001 3001
2 2L 4.14
e Toog” @) 02+ gaagm) < 2L(0). (4.14)
2m(1+ L(6)) ! <2 (4.15)
T — <2 :
1000
By (4.13) and (4.14) we have
o
P(6) =~ - (4.16)
eto00™ — 1 — 1000
and
P(8) + 10000 3001 . g0
L(6 i 2 05 417
0)> 2000(e 000" — 1)( 1000 (4.17)
Next, (4.15) shows us
1000
L(0) < — — 1. (4.18)
m
For (4.16), by (4.17) and (4.18), we have
5 2 x 10°(1000 — ) (eTom™ — 1
B < p() < 2Z2XACA0 =m0 = 1) 0005 (4.19)
eton™ — 1 — I (2000 + 30017 )e 1000 ™

and
299

2 % 105(1000 — ) (eTo00™ — 1)

0<4< = 55.18009.  (4.20)

T000" —1— T
€ 1- 1500

7(2000 + 30017 )eT000™ (m,“ + 1000)

Thus, if we taking P(J) and L(0) satisfy (4.16) and (4.17), Theorem 2.3 is

satisfied and Eq. (4.12) has a 27-periodic solution such that |z(t)] < P(J) and

|z(te) — x(t1)] < L(9)[ta — t1], Vt1,t2 € R. Furthermore, if we taking P(J) and L(J)

satisfy (4.16)-(4.20), by Theorem 3.3, we know the 27-periodic solution of (4.12) is
a unique one.
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