HYPONORMALITY ON AN ANNULUS WITH A WEIGHT

HOUCINE SADRAOUI AND BORHEN HALOUANI

ABSTRACT. In this work we consider the hyponormality of Toeplitz operators
on the Bergman space of the annulus with a logarithmic weight. We give
necessary conditions when the symbol is of the form ) 4+ ¢ where ) and ¢ are
analytic on the annulus {z € C,1/2 < |z] < 1} .

1. INTRODUCTION

A bounded operator S on a Hibert space is hyponormal if §*S — SS5*is posi-
tive. Hyponormality of Toeplitz operators on the Hardy space was considered by
C.C.Cowen(][2, 3]). The first work on hyponormality on the Bergman space can be
found in [6]. An improvement of the necessary condition therein, using function
theory, is due to P.Ahern and Z.Cuckovic[1]. A recent improvement of the necessary
condition in a special case uses matrix theory and is due to Z.Cuckovic R.Curto
and [4]. Sufficient conditions for hyponormality when the analytic part of the sym-
bol is a monomial are given in[7] and have not been improved. All other results
on hyponormality on the Bergman space deal mostly with the case of very specific
symbols and use matrix computations. Some of these results can be found in [8]. In
this work we consider hyponormality of Toeplitz operators on the Bergman space
of an annulus with a logarithmic weight with fairly general harmonic symbols. We
begin with definitions and notations. Set A;,, = {v € C,1/2 < |[v| < 1}. The space
L} is the space of measurable functions f on Aj /5 such that fA1/2 |f|2dw(v) < oo

where dw(v) = mﬂ log r|drdf. The subspace of L? consisting of analytic
functions is denoted by A2. If f is analytic on A; /2 we have
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The space A2 has the following orthonormal basis:

V3—2m22"(n+1)
U 9

{en,n2O}U{e_l}U{e_n,nZ2}2{\/22n+2_1_(2n+2)1n2 n >0}
U{\/ —2In2 1} {\/ —2In2 n—1 n> 2},

2v/2In2 v 2 V22 I(n —1)In2 — 2202 f 1o’
For h bounded measurable on A/, we define the Toeplitz operator By by Bp(f) =
Q(hf) where @Q is the orthogonal projection of L} onto A2. We also define Hankel
operators by Hy(f) = (I — Q)(hf). In this work the Toeplitz operators considered
have a symbol of the form 9 + ¢, where 1) and ¢ are bounded analytic on A; /2. We
give necessary conditions for the hyponormality of these operators. We start with
some basic properties of these operators. These properties are easy to prove and
the proof is omitted.

2. GENERAL PROPERTIES OF TOEPLITZ AND HANKEL OPERATORS

Lemma 2.1. Let ¢ and ¢ be bounded measurable on Ay ;5. The following holds:
(i) Byt = By + Bgy.
(ii) By, = By.
(11i) ByBg = Byy if and only if ¢ is analytic or v is conjugate analytic.
(iv) BBy — ByB;, = HiHE if ¥ is analytic.

As in the case of the Bergman space of the unit disk[6], the following proposition
gives equivalent forms of hyponormality.

Proposition 2.2. For 1 and o bounded analytic on Ay /5 the following statements
are equivalent
(a) By, v, s hyponormal.
(b) Bwaz - B¢2Bi < BEB% - Bwle
(c) H- Hy < H* Hw—1
(d) H¢2 =THy, where T is bounded of norm less than 1.

Computations involving the projection are given in the next lemma.

Lemma 2.3. The orthogonal projection of L} onto A2 satisfies the following prop-
erties:

—\ _ 22m*+2_1_(2m+42)In2 2207 =) (1 _p41)2 —n
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(n—m—1)2 1
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3. THE RESULTS

We will make use of the following computation.

Lemma 3.1. Let ¢ = Zd == be bounded and analytic on Ay;5. Fork and 1> 1

we have
(BypBy — ByByl(ex), er) =
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We also have <B¢Bw(ek), el> =

3 —2In2)d,,dn 2" (k +1)2'(1 + 1) (Q(7=0"), Q(&vY))
Z VR T - (2k+2)In2)22+2 —1— 20+ 2)In2]

n>1

i dn+l_kdn\/[22k+2 —1— (2k +2)In2][22+2 — 1 — (21 + 2) In 22" D (n 4 1 4 1)?
2k (k + 1)2L(1 + 1)[2200+D+2 — 1 — (2(n + 1) + 2) In 2] '

n>1

The result follows. O
Put pu,x = (ByBy — By By(ex), er). We have with obvious notations

Hitp,l = Z dntpdn R pi + dip1di4151p + Z Argpdn T p,i-

1<n<l n>1+2

If H? denotes the Hardy space, denote by T, the Toeplitz operator on H 2 with
symbol x. If we denote the matrix of Ty in the usual basis of H? by (x;;), it is
known that x;i+p = Xjj+p fOr any nonnegative integers ¢, j, and p. Denote by

P(w) = 3 dpo™ and assume ¢ € H2 ie Y. n2|d,|? < co.

n>1 n>1

Lemma 3.2. Assume that ' € H2. Then we have llim Plsps = Xs.stp where
—00

(Ars)rs is the matriz of the operator T‘J,‘Q.

Proof. A tedious but elementary calculation leads to:

lim I?R,, ,; = n(n +p).

l—o0
Set hi(n) = lzx{oy___yl}(n)dnerann’p’l and let € be the counting measure.
llim hi(n) =n(n + p)dntpds
— 00

and

/hl( )dE Z l2 n+pd Rnpl

1<n<lI
It is not difficult to see that for [ large

|120n+pcan,p>l| < 2n(n + p)|dn+pdn| < (n+ p)2|dn+p‘2 + n2|dn|2'
Since zzsjz'/ € H? it follows by the dominated convergence theorem that

lim Pdpypdn R pi = Y 01+ p)dpypdy.

=00
1<n<l n>1

Also we can readily see that for [ large
Pdiip1dit1Sipl < ClL+p+ 1) dispia]* + (4 1)% i |?]

for some constant C, so
Y
lim dl+p+1dl+1sl,p =0.
l—o00

Finally we have

1
P eipenTnptl < n(n+ p)ldnlldnsp| < 5 (02|dnl* + (0 + p)*|dnip]*)
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for [ large and n > 1 4 2. It follows from the dominated convergence theorem that

oo

lim ?dyipdn T py = 0.
l—o0
n>0+2

We obtain that

lim lZMHp,l = Z n(n + p)dnipdn = As s4p-
l—o0 et

We deduce one of our main results
Theorem 3.3. Let ) =3 dn2 and ¢ =Y t, = be bounded and analytic on Ay
1 1

and assume that ' € H?. If B, 5 is hyponormal then ¢ € H? and [v'| > |¢| a.e
on the unit circle.

PTOOf. Denote by (\Ili,j) the matrix of (BEB,/} - BwBE) — (BgB(z, — B¢B$), by (Mi,j)
the matrix. of B;By — By By and (6;,;) the matrix of ByBy — By, Bg. Hyponormality
of Bw+$ gives 0;; < p;;. We deduce that

Z ?|dn|* R0 + P|dis1|*Sio + Z Pldn*Tho1 >

1<n<l n>1+2
&)
2 2 2 2 2 2
Z l |tn‘ Rn,O,l"'l |tl+1‘ Sl,O"’ Z l |tn| Tn,O,l-
1<n<l n>1+2
We have
. 2 2 . 2 2
lim 1%|dj1q] Sio=0= lim ! [ti+1] Sio-
l—o0 l—o0

Using the fact that 3 I?|d;|?> < oo and the dominated convergence theorem we see
I>1
that

o0
lim § 1?|d,|*Tp.00 = 0.
l— 00

n>1+2

o0
Also since Y |t,]? < oo, by the dominated convergence theorem we get
1

o0
lim Z P|tn*Ty 00 = 0.
l—o00

n>1+2

Writing Y 12[t,|2Sn.0. as an integral with respect to the counting measure, and

1<n<l
using Fatou’s lemma in the last inequality we get:

> nPlda? =) 0t

1<n 1<n
Thus ¢7' € H?. From the previous lemma 3.2 we obtain that

2
lim %(014p1 = Otip1) = As stp-
=00
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We recognize (Assyp) as the matrix of the operator T\5)2— 132+ Hyponormality

and a property of Toeplitz forms [5] lead to |¢'| > |¢/| a.e on the unit circle. This
is equivalent to [¢)'| > |¢’| a.e on the unit circle. O

The following computation is needed.

Lemma 3.4. Let ¢y = Zdn be bounded and analytic on Ay5. For k and |
greater than or equal to 3 we have (ByBy, — By By(e—k),e—1) =

i": dmk 1dn, (k; — DI = 1)[22 R (n + k — 1) In2 — 22(n+k)=2 4 q]
= VR¥ Nk —1)In2—2%24 12211 - 1)In2 — 222 + 1](n + k — 1)?
ntk—I1>1

4 Z dpdpyi—p/[2261(k — 1)In2 — 2262 ¢ 1][22l—1(l —1)In2 — 220=2 4 1]22(*=K) ( — | 4 1)2

n>k (k 1)(1 —1)22=k)+2 — 1 — (2(n — k) +2) In2

1 dedii /22 Tk — 1)In2 — 2282 1 (2% 1(1 — 1)In2 — 220-2 4 1
2(In2)? (k—1)(1—1)

S Tt/ 2Tk — 1) In2 — 2262 4 1][220-1(] — 1)In2 — 2202 + 1)(k —n — 1)2

(k—1)(1 —1)22(k=)=1(k —n — 1)In2 — 22(k—n)=2 4 |

n<k—2

Proof. We have <BEB¢(e_k),e_l> -

i %dn(k )(l - 1) <,Un+k7 v7r}+l>
= V2P — 1) In2 — 222 + 1][22-1(1 — 1) In2 — 222 4 1]

i Ayt hoe ld (k (1 —1) (22 R =1 4k — 1) In2 — 22(n+R)=2 1 1)

S VRN —1)In2 =222 4 122 (1 - 1) In2 — 222 + 1] (n+ k — 1)?
n+kil>1

We also have <B¢B (e_k),e— 1>

* (3 = 21 2)dndm (k — 1)(1 — 1) (Q(& %), Q(L 1))

v vl

2 422 1(k —1)In2 — 222 1 ][22 1(] — 1) In2 — 220-2 + 1]

m,n>1

—k+1)2

B i A i—i\/[22571(k — 1) In2 — 22k=2 1 1][220-1(] — 1) In2 — 2212 4+ 1]22("=R)(p,

= (k—1)( —1)220=R+2 _1 - (2(n — k) + 2)In2

1 dp1di—1y/[221(k — 1) In2 — 22F-2 4+ 1][22-1(] — 1) In 2 — 2202 4 1]
2(In2)2 (k—1)(1—1)

B Z dndpi1—ky/ 22671k — 1) In2 — 22k—2 + 1]22-1(] — 1) In2 — 22-2 + 1](k — n — 1)?

n<k—2 (k—1)(1 —1)22=m)=1(k —n —1)In2 — 22(k-n)=2 4 ]
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As before we denote the matrix of BBy, — By By by (p;,5). Then p—y—p =

i dndnip(l =D +p =124 4 p 41— 1)In2 — 22n+pHD =2 4 1)
V22T = 1)In2 — 2212 4 1][220+0)—1(l + p— 1) In2 — 22092 1 1| (n+p+ [ — 1)2

n>1
N Adydpp /22711 — 1) In2 — 220-2 1 1][220+0)=1(] 4 p — 1) In2 — 220+P) =2 1 1]22(=D(n — [ 4 1)2
(I=1)(4+p—-1)(22n=0D+2 -1 —(2(n—1)+2)In2)

n>l

1 diqdpyp-1V/ 122711 — 1) In2 — 2202 + 1][220+2) LI 4+ p — 1) In2 — 220+P)~2 4 1]
- 2(In2)2 (-1 +p—1)
/2211 — 1) In2 — 222 1 122011+ p— 1) In2 — 220+ -2 1 1](1 — n — 1)2
-2 (I—D(+p—1)(220=m=1(] —p —1)In2 — 220-m)=2 1 1)

1<n<l-2

We can thus write without ambiguity

H—l—p,—1 = Z %dn+pUn,p,l + dlfldlflerVn,p,l + ZadnerWn}p,l

1<n<i—2 n>l

where for example Uy, ,; =

(I =1)(14+p—1)( 22001 £ p 41 —1)In2 — 22(HPHD=2 4 )
V2211 = 1) In2 — 2202 4 1)220+)~1(] + p — 1) In2 — 22402 4 1 (n + p+1 — 1)2
V2211 = 1)In2 — 220-2 4 1][220HP)-1(] 4 p — 1) In2 — 220+P) -2 £ 1](I — n — 1)?
(=11 +p—-1D[220=)-1(] —n—1)In2 — 22(-1)=2 4 1] '
Set 1a(v) = > 2"d,v™. Then obviously

n>1

Yh € H? & 2271222"|dn|2 < 0.
n>1
Denote the matrix of the Hardy space Toeplitz operator T}y, 2 by (&i5)-

Lemma 3.5. Assume Y. n?2?"|d,|?> < co. We have
n>1

lim 2p__py e .
e P—i—p,—1=Es+p,s

Proof. We proceed as in the proof Lemma 3.2. A computation shows that

i U1 = -+ 2

We can also show that for [ large
|l2@dn+pUn,l,p| < Cn(n +p)22n+p|dn||dn+p| <

C
5 (P2 dl* o+ (04 )2 ] d )

for some constant C. Expressing > ZQEdnerUM,J as an integral with re-
1<n<i—2

spect to the counting measure and applying the dominated convergence theorem

we obtain

lim z l2ﬁdn+pUn,p,l = z n(n +p)22”+padn+p.

l—o00
1<n<i-2 n>1
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We can show that llim 1?di—1dj4p—1Vnps = 0. Also using the dominated conver-
—00

gence theorem and the hypothesis " n222"|d,|? < oo, it is possible to show that
n>1

lim >lz Ao W p1 = 0.

Thus we deduce that llim lQ/L,l,p’,l =&sip,s- [l
—00
If p(v) = 3 dyp and ¢ = Y t, = and as before ¢(v) = > 2"d,v" and

n>1 n>1 n>1

pa(v) = > 2™, v", then || < |¥)] a.e on the circle is equivalent to |¢'| < || a.e
n>1

on {z,|z| = 1/2}. Using the previous lemma 3.5 and proceeding as in the proof of

Theorem 3.3, we deduce the following result.

Proposition 3.6. Let 1) = Zdnv% and ¢ = Ztnv% be bounded and analytic on

Aijp. If By, is hyponormal and if Y n222"|d | < oo then Y. n?22"|t,|? < oo
n>1 n>1

and |¢/] < || a.c on {z, || = 1/2}.

We consequently get the following theorem.

Theorem 3.7. Let ) = Zdn — and ¢ = Ztn w be bounded and analytic on Ay o

292 5
and assume ngln 22" d,|? < co. If B, is hyponormal then

3 0222t )% < oo and |¢'| < || a.e on {z,|z| = 1} U {z,|2| = 1/2}.
n>1

An application of the maximum modulus principle leads to:

Corollary 3.8. Let ¢ = > dp,= and ¢ = Y t,= be bounded and analytic and
1

1
univalent on an open set containing Ay /. If B3 is normal, then ¢ =ay) +b for
some constants a and b with |a] = 1.

Using similar techniques and notations we show the following lemma where we

o0
assume ¥ =y d,v" with ¢/ € H? and (X; j); ;>0 denotes the matrix of T}y
i

Lemma 3.9. Let ¢ = > d,v™ and assume ¢’ € H?. Then
1

lim Py i4p = Aijitp-
=00
We get the following theorems

Theorem 3.10. Let ¢ = Zd v and ¢ = Zt assume 1)’ € H?. If B

'U”

p+g 18
hyponormal then d)’ € H? and |¢' (e < | ( | a.e on the unit circle.
Theorem 3.11. Let ¢ = Xlzdnv” and ¢ = ;tnv% If B, .5 s hyponormal then
> n222t, 12 < oo and ¢ (3e7)| < ¢/ (3€")] a.e on {z,|z] = 1/2}.

n>1
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~ o0
If p(v) = > t"v™ we get the following corollary.
1

o0 o0
Corollary 3.12. Let ¢ =5 d,v" and ¢ = Ztnv% Assume both are analytic and
1 1

univalent on an open set containing Ay ;. If B,.3 s normal then ¢7 =ap+ b for
some constants a and b with |a| = 1.

(1]
2]
(3]
(4]

5

[6]
[7]

(8]
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