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1 | INTRODUCTION

1.1 | General background

Recently, the complex networks had been widely considered which could be applied in diverse disciplines such as
molecular biologyY, ecology, neuroscience?* 4506 and sociology™ etc.. Network dynamic
behavior research is a hot field of complex network research. Each node in a complex network has its own dynamic
behavior, if each node in the network represents a dynamic system and there is a connection between nodes, it means

, nonlinear dynamics, physics

that the dynamic system described by two nodes has mutual coupling effect, and such a network is called a dynamic
network. Network structure has an important influence on network dynamic behavior, at present, the most studied
network structures include ER random network model, NW small world network model and scale-free network model.

The node oscillator used in this paper is Kuramoto model. In the model, each oscillator represents a phase oscillator
making sinusoidal motion, there is a weak coupling between the oscillators, and the phase of each oscillator is affected
by the phase of adjacent oscillators. The Kuramoto model® was first proposed by Yoshiki Kuramoto in 1975. Since its
introduction in 1975, the Kuramoto model has imposed itself as a standard mathematical model to describe the large
variety of synchronization phenomena encountered in natural and human-made systems. For the discrete Kuramoto
model, many scholars have studied the synchronization of its, but there is little research on the asymptotic behavior
of the discrete Kuramoto model. Discrete behavior can be seen almost everywhere in real life, and the research on
discrete model has more important practical significance. Therefore, it is a challenge to study the asymptotic behavior
of the discrete Kuramoto model in the discrete case under several different network structures.

1.2 | The discrete Kuremoto model with external drive

In this part, we introduce the discrete Kuremoto model with external drive in this paper.
Let G, = (V(G,), E(G,)) be an undirected graph on n nodes, V(G,) = [n] and |E(G,)| = O(|V(G,)|?) stand for
the sets of nodes and edges of G,, respectively, where | - | denotes the cardinality of a set.
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The discrete Kuramoto model with external drive on G, is given by the following equations:

d 1 . .
—Upi(t) =w+ — Z Qnij SIN(Upj — Uni) + hsin(un;),

dt
" j)EBG) (1)
uni(0) = g(z;),1 € [n],
where u,,; is the phase of ith oscillator, w, (t) = (un1 (£) ,Un2 (), - Uy (t)) is a step function on I. Here and below,

I denotes [0, 1], w is the intrinsic frequency, n is the number of oscillators, a,;; stands for the n x n adjacency matrix
of the graph G,,. If G,, is a weighted graphs,

e — TWnij, (Z,j)EE(Gn),
" 0, otherwise.

On the contrary,

L (i,7) € E(Gy),
Anij =
! 0, otherwise,

hsin(uy;) are external driving function, h is the strength of the external force driving h sin(uy;), h > 0, ¢ is a bounded
measurable function on I. The sum on the right-hand side of models the nonlinear diffusion across edges of G,,.

1.3 | The continuum limit of the discrete Kuromoto model

We are interested in the dynamical behavior of the discrete Kuramoto model oscillators with a large of oscillators. In
order to study the solution of the discrete Kuramoto model as n — oo, we will use its continuous limit.

Let W € W, a class of symmetric measurable functions, W represents the continuous counterparts of the adjacency
matrix an;; of graphs {G,} in the large n limit (cf.?). This function is called graph. After interpreting the right-hand
side of as a Riemann sum and sending n — oo, the continuum limit of the discrete Kuromoto model is given by
the following equations:

%u (x,t) =w+ / W (x,y)sin (u (y,t) — u (z,t)) dy + hsin (u (z,1)),
1 (2)
u(z,0)=g(x),zel,

where u (z,t) describes the evolution of the continuum of oscillators distributed over I, g € L (I), g(x) is a step
function. Throughout this paper, we use bold font to denote vector-valued functions, for example, u (t) = u (-, t) €
L (I).

1.4 | Motivations and problems

The expression of the classical Kuramoto model proposed by Yoshiki Kuramoto in 1975 is shown below
N
. K
0: :wi'i‘NZSiD(ej _Hi)yi: 1a 7N7
i=1

0; (0) = by,

where 6; = 6, (t) € R is the phase of the ith oscillator, w; is the natural frequency of oscillator i, K stands for
coupling strength, N is the number of oscillators. Because the Kuramoto model can properly analyze the behavior of
oscillators in complex systems, and at the same time it is convenient for researchers to carry out numerical calculation
and theoretical analysis, the Kuramoto model is widely used by researchers.

In 1985, Ermentrout first proposed the Kuramoto model with random frequencies that had a continuous limit as
the oscillator went to infinity!". In these literature*}2 the authors pointed out that the continuous limit is a very
useful tool for analyzing non-locally coupled dynamical systems.

In recent years, with the rise of complex network research, the Kuramoto model has been studied on complex
networks. It has been found that the network topology results have a significant impact on the dynamic behavior of
the Kuramoto model, see™314, Medvedev derived the continuum limit in the form of the nonlinear heat equation and
rigorous justified that the solutions of the initial value problems for the nonlinear heat equation on discrete domains
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converge to the solution of the IVP for its continuum limit on deterministic and W-random graphs respectively. In-2,
the author showed that the model has a family of ¢-twisted state solutions when the number of oscillators in the
network goes to infinity the Kuramoto model on SW graphs. In*®, Medvedev showed that the solution of the IVP of
the continuous model is the limit of solutions of the IVPs for the discrete Kuramoto model on sparse random graphs.

Based on the above research background, we find that the research on the asymptotic behavior of the generalized
Kuramoto model on the complex networks is very rare. Considering that the real system in reality contains some
other influencing factors, in order to be closer to reality, we will consider the Kuramoto model with external drive
and study the asymptotic behavior of the discrete Kuramoto model with external drive on deterministic graphs,
W-random graphs and SW graphs.

1.5 | Organization of paper

The organization of the paper is as follows. In the next section, we introduce some mathematical concepts, some
important theorems and conclusions involved in this paper. In Section 3, we study the asymptotic behavior of the
discrete Kuramoto model on deterministic graphs. The deterministic graphs are divided into two classes of convergent
graph sequences: simple graphs and weighted graphs. We prove the solutions of the initial value problems for the
discrete Kuramoto model converge to the solution of the IVP for its continuum limit on simple graphs and weighted
graphs respectively. For sequences of simple graphs converging to {0,1}-valued graphs, we find the rate of convergence
depends on the regularity of the boundary of support of the graph limits. In Section 4, we study the asymptotic
behavior of the discrete Kuramoto model on W-random graphs by random sequences. We prove convergence of
solutions of the discrete Kuramoto model on W-random graphs by random sequences and find the rate of convergence
depends on the the Central Limit Theorem (CLT) and holds for all graphs W. In Section 5, we study the asymptotic
behavior of the discrete Kuramoto model on SW graphs. We prove prove convergence of solutions of the discrete
Kuramoto model on SW graphs and find the rate of convergence depends on the the Central Limit Theorem (CLT)
and the auxiliary IVPs. In Section 6, we conclude with brief discussion.

2 | PRELIMINARIES

In this section, we introduce some mathematical concepts, some important theorems and conclusions involved in this
paper.

Definition 2.1. Let u,;(t) be the solutions of the IVP (), u(x,t) be the solution of the IVP (2)). If
Uni(t) = u(z,t), as n — +o0,

uniformly for ¢ € [0,T], T > 0. u(z,t) is called the asymptotic solution.

2.1 | Graph limits

In this paper, the limit theory of graphs is used to provide strict mathematical proof for the continuous limit of the
discrete Kuramoto model. So next we review several notions and results concerning the theory of graph limits that
we will need in the remainder paper, we mainly follow -218,

Let G, = (V(G,),E(Gy)), n € N be a sequence of dense graphs, that is, |F(G,)| = O (|V(Gn)|2) The
convergence of the graph sequence {G,} is defined according to the homomorphism densities

hom (F, Gy,)
t(F,Gp) = VG (3)

where, F' = (V(F),E (F)) is a simple graph (without loops and multiple edges is called simple) and hom(F, G,,)
denotes the number of homomorphisms (i.e., adjacency preserving maps V (F) — V (G,,)). In other words, is the
probability that a random map h: V (F') — V (G,,) to be a homomorphism.

Definition 2.2. The sequence of graphs {G,} is called convergent, if ¢ (F, G},) has a limit for every simple graph F'.
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The fact proved that convergent graph sequences have a limit object, which can be expressed as measurable
functions W : I? — I. Such functions are called graphs. The set of all graphs is denoted by Wj.

Theorem 2.3. Let W € W), for every simple graph F, there is a sequence of graphs G, satisfying
t(F,Gy) — t(F,W) = I Wiz da
v (LI)EE(F)

The cut-norm is the key to describe the metric properties of graphs. For any graph W € W

W[, = sup / W (2,y) dedy
5,T7€[0,1] J

is called the cut-norm of W. We define the cut-distance between two graphs W and U by
01 (U, W) = inf U —w?|

1°

where W (z,y) = W (¢ (z), ¢ (y)) and all invertible maps ¢: [0, 1] — [0, 1], such that ¢ and its inverse are measurable-
preserving. The infinum on the whole ¢ is used to keep the cut-distance between graphs unchanging in regard to
isomorphisms of the graph, at the same time, some other transformations that do not change the asymptotic nature
of the graph sequences. A sequence of graphs {G,,} is convergent if and only if it is Cauchy in the §; distance.

2.2 | Knowledge and conclusions about random variables

Let X1, Xo,---X,, - be a set of independent random variables, E (X) is the expectation of X, Var[X] is the
variance of X.

Definition 2.4. (Convergence in distribution®?) A sequence Xi, Xs, -+ X,,,--- of real-valued random variables is
said to converge in distribution, or converge weakly, or converge in law to a random variable X if

nhﬁn;o F, (z)=F (z),

for every number x € R at which F' is continuous. Here F,, and F are the cumulative distribution functions of
random variables X,, and X respectively. Convergence in distribution may be denoted as X,, = X or X,,—¢X. If X
is standard normal we can write X,,—4N (0, 1).

Definition 2.5. (Convergence in probability??) A sequence {X,} of random variables convergence in probability
towards the random variable X if for all € > 0

lim P (| X, —X|>¢)=0.

n—oo
Convergence in probability is denoted as X,—pX. If random elements {X,,} on a separable metric space (5, d),
convergence in probability is defined similarly by

Ve >0, P(d(Xn, X)>¢) — 0.

Theorem 2.6. (Lyapunov Central Limit Theorem™) Suppose {X1, X,---} is a sequence of independent random
n

variables, each with finite expected value u; and variance o7. Define S2 = > o2. If for some § > 0, Lapunov’s
i=1
condition N
: 1 246

1 E [X- — } -

Ji, gz 2B (1Y -l =0,
Xi—u;

Sn

is satisfied, then a sum of converges in distribution to a standard normal random variable, as n — co:

1 n
5 D (X —wi) =N (0, 1),
moi=1

In practice it is usually easiest to check Lyapunov’s condition for § = 1.
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2.3 | The well-posedness of the IVP

To facilitate the study the relation between solutions of the discrete Kuramoto model and its continuous limit, we
need to show the well-posedness of the IVP for .

Theorem 2.7. Assume that W € L> (I?) and g € L> (I). For any T > 0, then there has a unique solution of the
IVP for (2) u € C! (R; L™ (I)) satisfies the initial condition u(0) = g ().

Proof. The contraction mapping principle (see®?) is used to prove Theorem We notice that the IVP for can
be rewritten as the following integral equation:

u= Ku, (4)
where
[Ku](z,t) =g+ / /W (z,y)sin (u(y,s) —u(z,s))dy + hsin (u(x,s)) | ds.
0 \I
Denote 1
TaemwEn ©)

Let My be a metric subspace of C (0, 7; L> (I)) formed by the functions u. Then is the fixed point equation for
the mapping K : My, — M,.
For any u,v € My, we have
|[Ku— Kv|y, = max ||[Ku— KV~
te(0,7]

t

/ ( / W (2 y)|sin(u(y, ) — u(z, s)) — sin(u(y, s) — v(z, s))|dy
0 I

< max
te[0,7]

+ hlu(z, s) — v(x, s)|dy> ds

Lo (1)
t

/ </ W (z, y)||uly, s) —u(z,s) —v(y,s) + vz, s)|dy

< max
te[0,7]

+hlu(z,s) — v(z, 3)dy> ds

Lo (D)

<r s 4| [1W G luts. ) = otwlar|
I

Lo (1)
+||h|u(x, t) — v(x, t)]
Lo (I)

" H [ 1w @ lutet) - vz lay
I

Leo(I) }

=7 max H/ |W<w,y>||u<y,t>—’U<y’“'dyH
]

Lo (I)
(W g gy + ) (t) — v(t)HMD}

=r mase (W o a(8) = v(0) 1o

W g g2y + 1)) = V(D] e 1}
=W g2y + )7 e (t) = ¥(0) 1o
Thus, using , we have )
[Ka— KVHMg < §||U- - VHMg'
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From the Banach contraction mapping principle, it is straightforward to show that the IVP for has a unique
solution @ € M, C C'(0,7;L*° (I)). With T (7) as the initial condition, the local solution is generalized to [0, 27], and

by repeating this argument to [0, 7] for any T > 0, we can prove the existence and uniqueness of the solution of the
IVP for . O

3 | ASYMPTOTIC BEHAVIOR OF THE DISCRETE KURAMOTO MODEL ON
DETERMINISTIC GRAPHS
3.1 | Simple graphs
Definition 3.1. G, = (V (G,,), E (G,)) is called a simple graph with V (G,,) = [n] and
E(Gn) = {(9) € 0]+ (s x Lj) N W+ 20}
Assume that W: I? — {0, 1} is a symmetric measurable function. We define the support of W as
W ={(z,y) € I*: W (z,y) # 0} ,

and its boundary is given by OW ™. Fix n € N, divide I into n subintervals

1 1 2 -1
Inl = |:07) 7In2 = |:,) P aInn = |:n 71) ’ (6)
n n n n

For convenience, can be rewritten as

%u(w,t) zw—i—/W(z,y)sin(u(y,t)—u(x,t))dy+hsin(u(a:,t)),
T

u(z,0)=g(x),z el
On {G,}, the corresponding discrete Kuramoto model of (7)) is shown below:
d 1
ﬁum-(t) =w+ n Z Sin(un; — Uns) + hsin(up,), .
§:(6.0) €B(G) (8)
uni(0) = g(2:), 1 € [n].

In order to study the relationship between the solutions of discrete models (8) and the solution of the IVP for
continuous models . In this subsection, we assign g(x;) the average value of g(x) on I;:

g(z;) = n/g(m)dw. (9)
Ini
And we define a step-function u,, such that

Up (X, 1) = Upi(t), © € Ly,

Suppose that w,(x,t) satisfies the following system of differential equations:

Hrln (z,t) =w+ / W, (,y) sin (up (y,t) — up (2,1)) dy + hsin (u, (z,1)),
1
Un (37,0) =9gn (Z‘) )
where
gn (@) =g (2;) if x € Iy;,1 € [n],

and Wn(z,y) is the step function such that for (z,y) € In; x Ij, (i,7) € [n)?,

W ( ) 1, (Inz X InJ) n W+ 7é @,
n T, =
Y 0, otherwise.



LIAN, GE and XING | 7

Theorem 3.2. Let u and u, stand for the solutions of IVP @ and respectively. Use 2b = dimpdW* (cf.?Y) to
represent the upper box-counting dimension of W™ and assume that b € [0.5,1). For any € > 0 and all sufficiently
large n, then we have the following relation:

o —unllcgo 7,21y < Cin~ (17072, (11)

where constant C; is independent of n.

Proof. Denote &, (z,t) = uy (z,t) — u(z,t). By subtracting (7) from (10)), we have

% = / Wiz, y) sin(un (y, t) — un (2, t))dy + hsin(u, (z,t))
T

= [ Wi g)sinfuty. )  ule. 0)dy ~ hsinfu(a 1)
- / W () lsin(un (5, £) — wn (2, 2)) — sin(uly, £) — ulz, £))]dy (12)

4 / (Wn(a:,y) - W(a:,y)) sin(u(y, t) — u(z,t))dy

+ hlsin(un(z,t)) — sin(u(z,t))].
Next, we multiply &,(z,t) on both sides of and integrate over I to obtain

1[0 ,

I
_ / Wi (2, ) [0t (31, ) — 10 (2, 2)) — sin(u(y, £) — u(, £))]én (. t)dady
12

) (13)
+ / (W, ) — W) sin(u(y, £) — u(z, )6 (. t)drdy

12

—|—/h[sin(un(x,t)) —sin(u(x, t))]&n (x, t)dx.

I

For the first term on the right-hand side of , we use HWH Le(r2) = 1, the triangle inequality, the Cauchy-Schwarz
inequality and continuity of sin(-) to obtain

| / W () {5in(tn (3, £) — (2 ) — sin(uu(y, 1) — (. 1) Y iz, £)ddly|
12
< [ 1€nta:8) = €l )60 (o )l dady
12
= [ a1 (2. 1) = (6o, 0) P dody
I2
S‘/ ‘gn(yat)fn(xat)‘ + |€n($,t)‘2dl‘dy (14)
I2
<( [ et )P leato0Pdsl? + [ len(o 0 ds
I I I
:/‘g(,t)|2dm+/|§(,t)|2d$
I I

) / €()2d = 2(( / €0, )2dz) 12 = 2 a2y
I I
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Using the Cauchy-Schwarz inequality and the bound on sin(:), |sin(-)] < 1, we estimate the second term on the
right-hand side of .

’/ ( Wz, y>> sin(u(y, t) — U(x,t))sn(x,t)dxdy‘

< esssup  [sin(u(y,t) —u(z,t))| x /(Wn(x,y) - W(x,y))fn(a:,t)dxdy’
(@.9,1)€1?X[0,T] A (15)

<| [ e - Wi asan] " < | / (€an0) s

12
<[IW = WallLz(z)l1all L2 (r)-
Using continuity of sin(-), we estimate the third term on the right-hand side of

‘/h[sin(un(x,t)) —sin(u(x, t))]&n (x, t)dx
T

1
2

<t [ o) = o O o) (16)
T
| [lenta P de| = Bl
T
Using 7 and , from we have
d
£||§n||%2( <4l|&allFo ) + 20W = Wall 22 lénll L2y + Pliénll72 ) (17)
=4+ W) l&allFzcr + 2W = Wall 22 énll 2r)-
For notational simplicity, let € > 0 be arbitrary but fixed, denote
¢e (8) = \/Iealiary +e,
can be rewritten as
d .
-0 A+ RS0 +2W = Wl L2120 (8). (18)
Because ¢.(t) > 0 on [0, 7], from (I8), we obtain
d (4 + h)
Lo (1) < HW tel0,T].
Zoo0 < g )+ s € 0.7
By Gronwall’s inequality, we have
W — Wall 22 h
s 0.(0) < (6:(0) + P20 Y exp((2 + 5T (19)
te[0,T] 2+ 5 2
Due to & > 0 is arbitrary, from , we have
||W*Wn||L2 I2 h
SUP [€a (@)l L2(r) < (|g — 8ullre(n + 7 ( )> exp{(2+ )T} (20)
tefo,T 2+ 3 2

It remains to estimate HW — Wn|| r2(r2)- We need to the following definitions: the set of discrete cells I,; x I,,; which
covers the boundary of the support of W

J(0) = { (i) € [l + (i x Lny) NOW™* # 0} and C (n) = |J ()]
According to one of a few isovalent definitions of the upper box-counting dimension of a subset of R", we have

2h = dlm 3W+ = lim M
B 5%0 —log6

b



LIAN, GE and XING | 9

where N5 (OW™) is the number of cells of a (§ x §)-mesh that intersect OW T (see?l). Hence, for any e > 0 and all
sufficiently large n, we obtain
C (n) < n2t+e),

Because W and W, coincide on all cells I,,; X I,,; for which (i,7) ¢ J (n), for any ¢ > 0 and all sufficiently large n,
we have

~ ~ 2 _ _ o
|W — Wn||2L2(12) = / (W —W,) dady < C(n)n~2 < n=20=b=9), (21)
12
Finally, we use the relation @ to obtain
lg — gnllZzr) =0(n™"). (22)

Combing , and 7 we obtain . O

3.2 | Weighted graphs

In this section, we study the Kuramoto model on convergent sequences of weighted graphs.
Assume that W: I? — [~1,1] is a symmetric measurable function. Let P, = {I,,;,i € [n]} (see (6) and

Xn—{172’..."}.
nn n

Let’s start with the description of the weighted graph sequences generated by a given graph on W that we will be
used in this subsection.
Define W /P, is the complete graph on n nodes

W /P, =([n],[n] x [n], Wy),
such that each edge of W /P, is supplied with the weight

(W")ij =n? / W (x,y) dxdy.
I;x1;
In the rest of this subsection, we prove convergence of the discrete Kuramoto model on W /P, to the continuum
Kuramoto model on the graph on W (cf. . In addition, we prove that the above problems correspond to the
discretizations of using Galerkin method.
First of all, let
H,, = span{¢1,d2, , ¢n},

be a finite-dimensional subspace of L? (I), here ¢,,=x,, is the characteristic function of I,; = [(i — 1)n™!,in™1).
Next, We construct the Galerkin approximate of the solution for as shown below:

Up (z,t) = Z Unk (t) k (z) € Hp,. (23)
k=1

We replace u(z,t) in @ with and project the resultant equation on H, to obtain the following IVP for the
unknown coefficients uny, (t) , & € [n] on W/P,:

d L= iy ,
2 Uni t)=w+ - Jz::l (Wn)” sin (tnj (t) — Una (t)) + hsin (un;) (24)
Uni (0) = gni,t € [n].
We notice that the Galerkin equation can be rewritten as the following integral equation:
0 . .
Gyt (@8) = [ W )50 (un (508) = o (2,0)) dy + hsin (e (2.) )
25
1

Un (2,0) = g, (2) 2 €1,
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where W,, and g,, are the step functions
W (z,y) = (Wn)”
In (T) = gni forx € I,;.
Theorem 3.3.  Let u and u,, be the solutions of (7)) and respectively. Assume W € L (I?) and g € L™ (I).
Then we have the following relation:

for (x,y) € Ini X I,;.

la = unllco,722(ry) = 0, as n — +o0. (26)
Proof.  Denote &, (x,t) = u, (z,t) — u (z,t). By subtracting from , we have

88% = / Wiz, y)sin (up, (y,t) — un(x,t))dy + hsin(u,(z, t))
1

- /W(a:, y) sin(u(y,t) — u(x,t))dy — hsin(u(z,t))
T

= / W (2, y) [sin(un (y, t) — u (2, 1)) = sin(u(y,t) — u(x, 1))]dy (27)
I
b [ (W) = Wee) ) sin(uton ) = ute. )y
+ ill[sin(un(a:, t)) — sin(u(z, t))].

Next, we multiply &,(z,t) on both sides of and integrate over I

% / %gn(m)zdx

I
— [ Wae ) lsinCun (1) = (1)) = sin(u(y. ) - ula. )

I>2< &n (2, t)dady (28)

+/ <Wn(x,y) — W(x,y)) sin(u(y, t) — u(z,t))&n (z, t)dzdy
J

+ / Blsin(un (2, ) — sin(u(z, )] (2, t)da.
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Using ||W{| e (r2) = 1, the triangle inequality, the Cauchy-Schwarz inequality and continuity of sin(-), we estimate
the first term on the right-hand side of ,

‘ /Wn(m,y)[sin(un(y,t) — up(z,t)) — sin(u(y, t) — u(z,t))] x &(z, t)dedy
T
< [ Vi (0:0) = o)l O+, 0] ) oy
12
S/ [(un(y,t) — uly, b)) + (un(z,t) — u(z,t))] & (2, t)|dxdy
IZ
S/ ‘(gn(y’ t) - gn(x7t))§n(wv t)|d(£dy
I2
(29)

- / 60 (y, 6w (2, 1) — [Enr, ) drdy
12

< / 60 (y, Dn (2, 1)] + 6 (o D) 2ddy
72

g[ / sn<y,t>|2dy] : [ / |en<x,t>2dx] L [ lente
I I I

= [1ecora+ [lecopa
I I

1
2

— / €C, 1) = 2[( / €0, 1)dn) 2 = 2)énlZr.
I I

Using the Cauchy-Schwarz inequality and the bound on sin(-), |sin(-)] < 1, we estimate the second term on the
right-hand side of ,

\ [ 0¥ate0) = W) sntuty. )~ ute t>>sn<x,t>dxdy]
12

< esssup |[sin(u(y,t) —u(z,t))] %
(z,y,t)€I?x[0,T]

I[ (Walos) = W) (o)t "

] (e ] [ s

12
<[W = WallLz(2) 1€l 22 (22)-
Using continuity of sin(-), we estimate the third term on the right-hand side of
/h[sin(un(x,t)) — sin(u(x, t))]&n (x, t)dx

I

<h

/[un(x,t) —u(x, t)]& (x, t)d

h\/ (60, 1))
I

=h|lnallZ2(1)-
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Combining , and , we obtain

d
Zlenlzzcy <AllallZzc + 20W = Wallzzee) l€allz o + hligalza o

(32)
=4+ W) |éallZ2r) + 20W = WallL2 (2 [nll L2 1) -
For the sake of national simplicity, we set
2
¢ (1) = \/léallz2(r) t &
where ¢ > 0 is arbitrary but fixed.
By , we have
d
%fbg(t)? <A+ h)de(t)? +2IW — Wl L2 (12) 9= (1) (33)
Because ¢.(t) is positive [0, 7], from ([33), we obtain
d 4+h
Doty < M o (t) 4 W — Wl t € 0.7].
We now use Gronwall’s inequality to have
||W*Wn”L2(12) h
sup ¢e(t) < | ¢<(0) + T exp{(2+ )T} (34)
t€[0,T 2+ 5 2
Due to € > 0 is arbitrary, from , we get
Col[W = Wall 122 h
sup ||§n(t)HL2(I) < <|g - gnHL2(1) + A ( )> exp{(2+ =)T'}. (35)
t€[0,T 2+ 5 2
Note that
W, - W and g, — ¢, as n — oo,
almost everywhere on I? and I respectively. Hence, by the dominated convergence theorem, we have
[W = Wall2(r2) = 0 as n — oo.
The statement of the theorem follows from (35). The proof is completed. O

4 | ASYMPTOTIC BEHAVIOR OF THE DISCRETE KURAMOTO MODEL ON W-RANDOM
GRAPHS BY RANDOM SEQUENCES

Definition 4.1. (W —random graph) Denote X = (z1,22,23...) and X,, = (21, 22,...,%,), where x;,i € N are
independent identically distributed (IID) random variables(RVs). RV x; has uniform on I = [0, 1] distribution, that
is £L(x1) = U (I). Let W € W} be a class of symmetric functions on I? with values in I. Define G,, = ([n]), E (G,))
such that for each (i,j) € [n]”

W(xiaxj)a Z#]v

0, otherwise,

P{(i,j) € E(Gn)} = {

where P {-} stands for the probability of an event. Graph G,, is called a W—random graph generated by the random
sequence X,, and denoted by G,, = G (X,,, W).

For convenience, (2 can be rewritten as

%u(w,t) zw—i—/W(x,y)sin(u(y,t)—u(m,t))dy+hsin(u(x,t)),
T

u(z,0)=g(x),z el
On {G,}, the corresponding discrete Kuramoto model of is shown below:
d 1
ﬁum(t) =w+ — Z Sin(un; — Un;) + hsin(un,),
" . )ERG) (37)
uni(0) = g(@i),i € [n].
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Define the projection of the solution for u(zx,t) onto X,, by

Px, u(x,t) = (u(zy,t),u(x,t), -, u(xn,t)).

Both u,, (t) and Px, u(x,t) are defined on the discrete set X,,. For such functions, we will use the weighted Euclidean

inner product
n
1
v = — E U;V;
n n 4 )

where u = (uy,ug, - u,)?, v = (v1,v9, - -v,)T, and the correspondlng norm ||ully,, = /(u, u),. We are going to use
|| - ll2,n to figure out the relationship between the solutions of (I)) and (2) in this and the next sectlon

Theorem 4.2. Let T > 0 and assume that the solution of the IVP for u(x, t) satisfies the following inequality
2
min / /W(x,y) sin (u(y, t) — u(z,y))’dy — /W(x, y) sin(u(y,t) — u(x,t))dy dx > C, (38)

te[0,T]
I

for some constant C7 > 0. Then the solutions of the IVPs for the discrete and continuum models and have
the following relation
lim P {né sup [|un (t) — Px, u(@,t)|l,,, < c} =

n—00 t€[0,T

for some constant C > 0.

Because u € C(0,T; L% (1)), [[W|[p0(s2) = 1 and continuity of sin(-), the use of min in can be proved. To
prove the theorem 4.2, we need to apply the Lyapunov Central Limit Theorem (cf.*”). The following lemma will be
useful.

Lemma 4.3. Let f € L* (I?). Define RVs {q;}, (i,7) € N, such that £ (s; |X) = Bin (W (z;,2;)), here L (-)
denotes the probability distribution of a RV, Bin (W (x;, x;)) is the binomial distribution with parameter W (z;, ;).
In particular,

P(g; =11X)=W (2;5,2;),P(q; =0]|X) =1—-W (2;,;).

Denote o ,
nijzgijf(l'i71'j),(l,])€N 5
1 — n
i = ij - /f(lfi,y) W (zi,y) dy, and S,, = szn
Jj=1 I i=1
We assume )
Uzz/f(xay)QW(xydxdy / /fxy (z,y)dy | dz > 0.
12
Then

S, — o2

n=1/2,/55% + O ()

where — 4 stands for convergence in distribution, and A (0, 1) is the standard normal distribution.

—a N (0,1),

Proof.  {n;;} are IID RVs, and
() = E (s i) = [ £ (@i,) W (ai,0) d

I
Thus,
w =En; = EE(ny;|a:) = / / F ()W (2, y)dady.
I I
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((mi
ZEE((WZ = 2miju(xs) + u(:)?) ;)
(0 = 203 B |2:) + Bmiglas)) )
:E[E(T}?J'xl) - 2E(nw|xz) (nij|xi) + E(nij‘xi)ﬁ
=EE(n};|2:) — BE(nij|2:)?]
/f 2,y)* W (2, y)dzdy — /(/f(x,y)W(%y)dy) do = o”.
T T

n
Let yni = /nzni. Then we will apply the Lyapunov CLT to Y y2,. So let’s do the next calculation,
i=1

i =B Y (5~ ulon)) O el )

:fLEE<Zk (g — () (o, — u(m)ﬂxi) + im( > (n - U<fci>>2'$i>
- <jh<n 1<j<n

Because when j # k, n;; — u (z;) and n;; — u (x;) are independent of each other, and E ((n;; — u (2;))| ;) = 0.
Once again, we calculate

Bt =B Y (o) (e~ e )

1<j1,52,93,.Ja<n

=B 3 ) )l ) + (3 s el

6n(n —1 _
— (ng )0'4+O(7’L 1)

<60t +0(n71).

ByS, = EE ST O u ) Gy — ) oy

1<j1,72,98:J4,J5,d6 <n

- <g) <;1> %E 1<J‘<Z:k<l<nIE (g = ulz:) |xi)2 E(nir — u(xi) |9Cz‘)2
x E(ng — u(x;) |$Z)2) +0(n7h)

~90n(n—1)(n—2)

= g

<900°+0 (n_l) )

o®+0 (nil)

For n € N, let
Cns = yr?“ — Ey?n = 1 y’r2m o NAS [TL] :
nVar(y2,) nzy/50*+0(n-1)

n
Thus, (i, i € [n] are IID RVs. Further, E¢,; =0,V (Z Cm‘) =1

i=1

Now let’s verify the Lyapunov conditions,

Z E (yp; + 3yn;0” + 3yn,0" +0°)
E nl —
Z i n? (504 4 O (n=1))

:O(n%)—>0asn—>+oo.

Thus by the CLT, we come to the conclusion that

n n
> (Wi — %) n-! > Yni —
= = = —aN (0,1) as n — +oo.

Vn(Bot+0 (1) nz\bot+0 (1))
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that is,
S, —o?

nz /56 +0(n 1)
This completes the proof. O

—a N (0,1).

In order to prove the Theorem [£:2] we need to extend Lemma [£.3]

Corollary 4.4. Suppose that f in Lemma also depends on ¢ € [0,T], and f € C (0, T;L> (1?)), £(t) = f(-,1).
All variables defined in terms of f in Lemma, are related to t. In addition, preserve the notation of the Lemma

we assume that
min_o? (t) > Cy > 0.

t€[0,T]
Then for every ¢ € [0,T], we have the following relation:
Sy (t) — o (t)
n= /50t () + O (n=1)

Proof. Because f € C (0,T;L> (1?)) and

—a N (0,1) as n — +o0.

2

’ 75)2//1‘(:&1/,16)2 (z,y) dzdy — / /f (x,y, ) W (z,y)dy | dz,
I I

2
0<Cr <o (t) < 2flleompoo (12 -
We show that t-dependent moments of 42, (t) are bounded uniformly in ¢ € [0, 7]. Therefore, according to the proof
process of the Lemma the corollary can be proved to be true for every ¢ € [0,T]. O

we have

Now we are able to prove the Theorem [£.2] of this section.
Proof of Theorem 4.2. Denote &,; (t) = u (z;,t) — un; (), € [n] and let

n (t) = (gnl (t) »€n2 (t) y 0 Enn (t)) :

At x = x;, we have

d
&fm( =2ni(t Z Sij[sin(u(z;, t) — u(w;, t)) — sin(un;(t) — uni(t))] (39)
+ h[sln(u(a:i, t)) — sin(un;i(t))],
where
an /W ffwy)Sln( (yv ) xza y_fz%j Sln ‘Tja ) u(xiat))7
and ;; are defined in the Lemma [4.3}
Next, we multiply fm on both sides of and sum over ¢ to obtain
B dt||£n( )Hg,n = (2n(t);&n())n + — Z sin(u(zi, 1)) — sin(uni(t))]éns
st (40)
+ 3 L3 G inlulas ) — e, ) — sinuing(6) — )] o
1,j=1
where Zn = (ana Zn2, """ 7Znn)-

We use the Cauchy-Schwarz inequality to estimate the first term on the right-hand side of as follows:

1 2 2
(20, &n)pl < Hzn||2,n||§n 5 (”Zn”z,n + an”z,n) . (41)
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By using |¢;;| < 1, the Cauchy-Schwarz inequality, the triangle inequality and the bound on sin(-), |sin(-)] < 1, we
estimate the second term on the right-hand side of (40) as follows:

L D i lsin a5, ) — (1, 6) = s g (1) = i (1))

<D ) — ) g 8) 4 s ()] 1)

<2||&n (t )Ilz,n-
We use the Cauchy-Schwarz inequality and continuity of sin(-) to estimate the third term on the right-hand side of

as follows:

n

h h
- Z [sin (u (24, ) — sinup; (¢)]&ni| < Z [u (24, 1) — Uni ()| |§ni] = o Z il = R H§n||§n (43)

=1 =1

Combining , and , we obtain

d
—N€ll3,. < (5 +2R) [I€]13., + ll2nll3.,, -
dt

We now use Gronwall’s inequality to obtain

2
sup ||zn (£)1l5,,

2 t€[0,7]
sup ||§7LH2 n S

e exp{(5+2n)TY}.
s Nl T {+20)T)

To estimate the bound sup ||&, (¢ )||§ > We need to estimate the bound sup ||z, (t)||§ - Let
t€[0,T) ’ t€[0,T7] ’

f(z,y,t) =sin (u(y,t) —u(x,1)).
We use u € C(0,T; L (I)) and the triangle inequality to have the following relation:

f reo(r2yy < max esssup |u(y,t) —u(z,t)] < 2|u 700 (V)
[ ||0(0,T,L (I2)) tG[OT](zy)Elz‘ (y,t) (z,1)] | HC(O,T,L (1)

This implies that
2 A
C1 < o® (1) < 4ullg o poo(ry) = Co-
By using Corollary [£.4] we have ,
n |z ()3, —o* ()

nz /50" (t) + O (n-1)
Pﬂnun mn— 2(1)] >1)

—>d/\/(0,1).

As n — 0o, we have

L —&@w> nd
%1\/5 01 /5oi(t)+O0(n 1)
<p< 0 mn—#@> n} ) o
= \|n7 6ot (t)+ 0 (n 1) 5C3 + 0 (n1)
o wnnmfﬁw REEA N
T \n?T BT+ 0| G '
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Convergence in is uniform for ¢ € [0, T]. Thus, ||z, (¢) H;n tends to zero in probability uniformly in ¢. As n — oo,

P (llzn (05, > (Ca+1)n7") <P (

uniformly for ¢ € [0,T]. For arbitrary € > 0, some N € N, we have

nllzn (B3, —0* (B)] > 1) >0,

P ( sup |z (8)]3,, > cgn—1> <e.

te[0,T)

where C3 := C3 4+ 1. This completes the proof.

5 | ASYMPTOTIC BEHAVIOR OF THE DISCRETE KURAMOTO MODEL ON
SMALL-WORLD GRAPHS

In this section, we consider the Kuramoto model on SW graphs. Because complex systems in real life are not regular
and symmetry, neither the regular network nor the random network mentioned above can be used to simulate the
complex systems in the real world. In 1998, SW graphs proposed by Watts and Strogatz, interpolate between graphs
with regular local connections and completely random graphs, they exhibit the combination of properties that are
characteristic to both regular and random graphs, it is used to abstract and describe various complex networks in
real life. such as social networks, etc.

Definition 5.1.  (SW graph) Let

and
L, d(z,y) <,

W(x,y) =

(@y) { 0, otherwise,

where d (x,y) = min {|z — y|,1 — | — y|}, and parameter r € (0,1) is fixed. Next, define
Wy (,y) = (L =p) W (z,y) +p (1 = W (z,y)),p € [0,0.5].

With the above definitions, G, , = G (W), X,,) is called a SW graph.

Replacing W by W, in yields the continuum Kuramoto model on SW graphs as follows:

%u (x,t) =w+ / W, (z,y)sin (u (y,t) —u (z,t)) dy + hsin (u (x,1)),
1 (45)

u(z,0)=g(x),z el
A discrete counterpart of on Gy, , is given by
d 1
—Up; (t) =w+ — Z Sin (Unj — Uni) + hsin (upi(t)),
(1,)€E (G p) (46)

Uun; (0) = g (z:),i € [n].
We define a step-function u,, : I x R — R as follows

Up (2,8) = up; (), € [(z — 1)n_1,in_1] , 1€ [n], teR,
where wy, (t) = (un1 (), tn2 (t) -+ - Uny () is the solution of the IVP (46).

Theorem 5.2.  Let W, € W, is almost everywhere continuous on /2, and g € L> (I). Assume that the solution
of the IVP u (z,t) satisfies the following inequality

i s (0 0.8) = (0,0) W, (29) (L= W 2,9)) dady >0, )
12

for some T' > 0. Then as n — oo we have

lun —ulle 2 ()= PO (48)
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The convergence in is in probability.

Because u € C (R, L*> (I)) and W, is bounded, the integral in [46| denotes a continuous function of ¢. Hence, the
use min in [47] can be proved. In order to prove Theorem [5.2] we need to borrow some of auxiliary results below. The
first result is similar to Lemma [4.3] of the previous section.

Lemma 5.3. Let {W,;;} be a real array and {f,:;} be a bounded real array, these two arrays are denoted for
n € N and i,j € [n]. Suppose {&nij}, n € N, (i,j) € [n]? is independent binomial RVs £(,;) = Bin(W,;) with
parameter 0 < W,,;; < 1. Denote

7lzfm] m] nzj) ZE[ 7120_7”’7

lim 1nf0 >0, Mnij = &nijfnij,(6,7) € [”fa

n— oo
n

1
Zni = E Z (nnz] fnz] nz] Z Znit

j=1
Then
S, — 0,2

— —aN(0,1) as n — +oc.
n= /bop,t +0(n=1)

Proof.  According to the definition of the independent RVs {n,i;}, n € N, (i,j) € [n]?, we have
ko _ k
Ennij = frijWnis, k€ N.

Hence, for y,; = v/nzn;, © € [n], we have

Eyni =E (Vnzn:) =E (\/ﬁ %Z (Mnij — fnijWnij)>
=1

:%E (Z (nmj fmg nij ) = % ZE(nmj — fnijWnij)

j=1

fz nnz] f'm] nzg \FZ fnzj nij .fnzg nzg) 0.

Then we will apply the Lyapunov CLT to Z y2,. So let’s do the next calculation,
i=1
2
E’y?u = E(n’z |: ( Znnz] fnz] nz]) :|

n 2
1
—E|= A W
|:n< 77'(7.1] nfnl]Wn’Lj> :|
Jj=1

Z (nnm fnz] nl])(nnik - fnsznzk)>

(1<j,k:<n

5 Oy = Jos Wi

1<j<n

=n"'E
=n"'E

+ 2”1E< Z (nnq fnzg nzg)(nnik - fnsznlk)>

1<j<k<n

:0—7211‘ + 27171 Z (7777,1] fn’L] nzy) (nnzk - fnikWnik)
1<j<k<n

—Yn
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and

0’,,2”» :n_lE( Z (77m] fnu nz_])Q)

1<j<n
:n71 Z (77"1] fm] m])
1<j<n
=11 S B (R — 20, i Waig + Faig?Wois®)
1<j<n
:n—l Z [E (773”) (nmjfnzj nlj)+E(fnzg nz]2)]
1<j<n
:n_l Z [E (’rl’?sz) (fn’bj nij )]
1<j<n
:’I’L—l Z (T]n” fnz] n;] )
1<j<n
:’I’L Z (fnz] nij fnz] nij )
1<5j<n
TN iy Wi (1= Wai).
1<j<n

Once again, we calculate

Eyfn :n_2E< Z (nnigl fm]l nz]1) (nni]4 fnz]4 m]4)>

1<j1,52,93,a<n

:677'72 Z (nnzj fTL’L] nz]) E(nnzk - fmkank -2 Z nnz] fnzg nz])
1<j<k<n 1<j<n
6n(n —1) _

<60l +0(n™1).

and
Eypni :n_3E( Z (Mnijs = Frigs Whigd)*+ (Mnigs — fnijs m]a))
1<j1,592,938,94,75,d6 <n
6.4, _ _
:( 2 )( 2 )Tl 2 Z (nnl] fnzg nzg) X E(nnzk - fnlkank)2E(nnzl - fnianil)2 + O(n 1
1<j<k<i<n
90 -1 -2
_ n(n 3)(” >U?”~ + O(n_l)
n
<9008, + O(n™1).
For n € N, let
y'r2n - Eyrzn' y?u — Oni’ .
Cni = S~ = 1 - , 1€ n].
nVar(ys;,) nzy/bo,;,+0(n"1)
Consider

Cnla CTLQ’ e aCnn-
Thus (,;,¢ € [n] are IID RVs. Further, E(,; =0,V (Z Cm‘) =1
i=1

Now let’s verify the Lyapunov conditions,

Z E (y8; + 3yl,0m? + 3y2,00:* + 00i®)
E n/L
Z |< | n? (50m4 +0(n™1))

:O( Tl)—)Oausn—>—i—oo.
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Thus by the CLT, we come to the conclusion that, as n — oo

'Zl (yfn - Uni2) n_l Zly72u - 0n2
= = —= —4N (0,1),
Vn (o, +0 (1) nT /5o, +0(n L) ©.1)
that is, )
S —
1 n_n —aN (O, 1) .
nz \/bo,* 4+ 0 (n71)

This completes the proof. O

In order to prove the Theorem [5.2] we need to extend Lemma [5.3]

Corollary 5.4. Suppose fp;; in Lemma depend on real parameter ¢ € [0,T] for some T and the functions
fnij (£), n € N, 4,5 € [n], are uniformly bounded for ¢ € [0,7]. We add t-dependence to all variables defined using
fnij (t), keeping the notation of Lemma and assume that

lim infop (¢) = lim infn™2 Y 25 (6) Waij (1= Wagg) > C1 >0, (49)
ij=1

for every ¢ € [0, 7).
Then for every t € [0, 7], we have the following relation:

Sy (t) — o’ (t)

n= /50,2 (t) + O (n—1)
The proof of Theorem [5.2] in addition to the CLT used above, we need to introduce an auxiliary IVP for the
Kuramoto model on a weighted graph G,, = H (W, X,,). The latter is a complete graph with the node set V' (G’n) = [n].

—aN (0,1) asn — oo.

Each edge of G, is supplied with the weight
Wnij =W (xniaxnj> ) (17]) € [n]2, i 7é .7
The IVP for the discrete Kuramoto model on the weighted graph Gn

%vm(t) =w+ % > Waiisin (ng () = vni (£) + hsin (vn(t))
J:(1.0)€E(G) (50)
0ni(0) = g (2i) ,i € [n]
Let vy, (t) = (vn1 (£) ;vn2 (), -+, Vpn (t)) be the solution of the IVP Define a function v, (x,t) on I x R
Uy (z,t) =0, (t), t€R, z€l,, i€]n]
Next, denote a step-function W,, on I2

Wn (‘Tay) = Wnija (Qf,y) S Ini X Inj7 Za] € [n}

Then by construction v, (z,t) satisfies the following IVP

TR (z,t) =w+ /Wn (x,y)sin (v, (y,t) — vy (2, 1)) dy + hsin (v, (2,1)),
7 (51)
Un (2,0) = g (zni), @ € L, 1 € [n].
Theorem |3.3| shows that for large n, v, (x,t) is approximately the solution of IVP Therefore, we have the lemma
shown below.

Lemma 5.5. Assume W € L (I?) is almost everywhere continuous on 2, and g € L* (I). Then for T > 0 is
arbitrary,
||ll — Vn||C(O,T;L2(I)) — 0asn — oo.

We need to use Lemma 5.5 to show the following result.
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Lemma 5.6. Assume W € W is continuous almost everywhere on I?, and g € L> (I). Let u (z,t) and v, (z,1)
be the solutions of the IVPs [45] and [51] respectively, and let

o (t) = /sin (u(y,t) —u (x,t)) Wy (z,y) (1 — W, (x,y)) dedy,

I2

o2 (t) = /sin (Un (y,t) — vp (2, t))QWn (z,y) (1 =W, (z,y)) dedy.
Then "

tSEé%] }O’Z (t) - 0'2 (t)’ < 02 [an - u||C(O,T;L2(I)) + HWn - Wp||L2(12):| )
€10,

for some Cy > 0. In particular, o2 — o2 uniformly in ¢ € [0, T].

Proof.  The proof is divided into three steps.
Step 1. We now use triangle inequality, continuity of sin(-) and the bound on sin(-), |sin(-)| < 1 to obtain that for
any t € [0,7],

‘ / sin (v (a1 £) — v, 1)) Sm(u@,t)u@,t))zdmy‘

< /[Sin(vn(y,t) — vp(x,t)) — sin(u(y, t) — u(z,t))] x[sin(vn(y,t) — va(x,t)) + sin(u(y, t) — u(z, t))]dzdy

72

<2 /[Sin(vn(y,t) —vp(a,t)) — sin(u(y, t) — u(a:,t))]dzdy'
<2’/ vn(y, ) (x,t) — u(y,t) +u(x7t)]dxdy‘
<2 / [0 (3:6) = u(y, D] + o (. 1) — u(a, 1) dady

§4||Vn —ull¢(o,7;22(1)) — 0, as n — oo.
Thus,

. 2

n (Y, 1) — vy (z,1)) dady| < C3,n €N,

e | [ sin (0 0.0) = o0 (0,1)dody)| < Cam (52)
12

for some C3 independent of n.

Step 2. Denote ¢ (x) = x (1 — z). For x,y € [0,1], |¢(z) — ¢ (v)| < |z — y|. Hence,
lq(x) —q(y)| < W) — Wl (53)
Step 3. Finally, we estimate |02 () — o (t)|. For any ¢ € [0,T], we have
‘ [ ntw.0) = a0 W )y [ s ) - u(x,w)?q(vvp(x,y))dxdy\
2 2

S‘/Sin (Vn(y,t) — vn(2, 1)) [g(Wa(z,y)) — q(Wp(x’y))]dwdy' (54)
12

| B0 000) = )7 = s ) = )] (W )y

We now use the Cauchy-Schwarz inequality, |¢ (W,)| < 1, |52 and [53| from [54] to obtain

sup |0y, (t) — o*(t)] < Col|[Wy = Wall2(r2) + 4l — ullcqo,r02 (1) (55)
e[0T
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As n — oo, W,, — W, at every point of continuity W,, that is almost continuous everywhere on I?. So we have the
following relationship by the the dominated convergence theorem,

IWp = Wall 22y — 0 as n — +o0. (56)
We combine with Lemma [5.5] to prove the Lemma O

Proof of Theorem 5.2. Denote ¢,; (t) = tn; (t) — vp; (t), @ € [n], and
Sn () = (Sn1 (8) ;2 (8) -+, snn (1)) -

By subtracting Equation ¢ in [50] from the corresponding equation in [46] we obtain

d 1 n n
agm - <Z Enij SIN(Upj — Ung) — Z Wiij sin(vy,; — vm)> + hlsin(un; ) — sin(vp; )]
=1 =1 (57)
1 . . . .
- Z Enij [SI0(Unj — Ups) — sin(vn; — Uns)] + 2ns + h[sin(uw,;) — sin(vn,)],
where z,,; = % 21 nij SIN(Vpj — Uni) — % z nij SIN(Upj — Vps).
We multiply n~'s,; on both sides of 7| and sum it over ¢ to obtain
5%”91”%,71 :ﬁ Z Enij [Sin(unj - unl) - Sin(vnj - Uni)]gni
nI=t . (58)
h . .
+ (20 Sn)n + ; [Sin(Uni) — Sin(vni)]Sni-

We use [£,,;5] < 1, the Cauchy-Schwarz inequality, continuity of sin(-) and the triangle inequality to estimate the first
term on the right-hand side of as follows:

1 « . ,
ﬁ Z gnij [Sln(unj - unz) - Sln(vnj - Uni)]gni
ij=1

1 n
=—3 > nisllun; — tni = vnj + vnillsnil
i,j=1

- (59)
:72 Z |£nzg”§ng §n2||§nz|
o
Z |§ng| + |§nz| |§nz|
,j=1
§2ll€n|\§,n-
We use the Cauchy-Schwarz inequality to estimate the second term on the right hand side of
1 2 2
(s )l < lznlyllnllz < 5 (2130 + llsnll3) (60)

where z, = (2n1, Zn2, " " * Znn)-

We use the Cauchy-Schwarz inequality and continuity of sin(:) to estimate the third term on the right-hand side
of as follows:

n

‘n Z [sin(wn;) — sin(vn;i)]sni

i—1
Combining (58), (59), and (61), we obtain

d 2 2 2
at Hgn”z,n < (5+2h) ||§n||2,n + ||Zn||2,n .

n
< me vnilonil = 2 32141 = Hloal3n (61)
i:l
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We use Gronwall’s inequality to yield

2
max |z,

2 t€[0,T] (62)
n <—————— 542h)T}.
e ffonle,n < =55y — e {6 +20) T}
Hence,
max ||z, om

max ||s, o1l exp{(b+h)T}. (63)

2,n <
t€(0,7] ’ (54 2h)
In order to estimate ||z, ,,, we use Corollary (5.4) with

fnij (t) = sin (vnj (t) — Uni (t)) and Wnij =W (IL‘ni, San) .
By Lemma and , we have

L2
t)>Cy >0
i 0, (t) =2 C1 >0, (64)
for sufficiently large n. In particular, holds. Hence, by Lemma (/5.6]), we obtain
2
t) < Cs, € N.
e o, (1) <Cs, n (65)

For arbitrary ¢t € [0,T], we use Corollary (5.4) to have

P (‘n 12 (O3, — 0 <t)\ = 1)

" [z (30| = o (1) nb
=P | |— ‘ >
n7 /50,4 (t) + 0 (n-1)| /50, (t) +0(n1) (66)
n| (03] - o2 () nh
<P — ’ > — 0,
nz /50,4 (t) + O (n-1) V5C2+0(n-1)
as n — oo.
Combining with , we have
P (llzn (O3, < (Cs + ) <P (|nllza ()3, 02 (8) > 1]) > 0asn - oc. (67)
Due to t € [0, 77 is arbitrary in (67), we have
~ -1
Jim P (tgf% 12n ()], < Cen™ ) =0. (68)

We combine with to find that ||, ||, ,, tends to 0 in probability.
With the definitions of ||s,|| and u, in hand, we have

[[un — uHC(O,T;L?(I)) S tg[l(‘f;] I<n (t)HQ,n +[[va = u||C(O,T;L2(I))'

The Lemma 5.2 combines with 7 we show that [|un — ul[c (g 7,727y tends to 0 in probability as n — oco.

6 | CONCLUSION

This paper improves on the previous ones and adds external drive of a certain strength to the Kuramoto model
oscillators. We study coupled Kuramoto model with external drive and show that the solutions of the IVPs for discrete
Kuramoto model converge to the solution of the IVP for its continuum limit on deterministic graphs, W-random
graphs and SW graphs respectively. Our results also reveal that properties of graphs affect the convergence rate of
discrete problem solutions and the accuracy of the continuous limit. For deterministic graphs, we show that the rate
of convergence depends on the regularity of the boundary of support of the graph limit. For random graphs, the rate
of convergence depends on the Central Limit Theorem and the regularity of the graph on W. However, studies on the
generalized Kuramoto model under different network structures are limited and the complexity of complex networks
makes the study of complex networks challenging, it is hoped that further studies can be carried out in the future.
For example: We can study asymptotic behavior of generalized Kuramoto model on scale-free networks.
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