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1 | INTRODUCTION

In this paper we study the existence of nontrivial solutions of the following fractional p-laplacian involving combined critical
non-linearities
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u=v=0, x €RN\Q,

WheresE(O,l)isﬁxed,N>sp,1<p<oo,0</l,,ul,,uz<oo,1<q<p:’;,1<d <p,n,v>lsuchthatn+v=p:,

where p’ = %’ is the fractional critical Sobolev exponent and (—A); is the fractional p-Laplacian operator which, up to

normalization factors, may be defined along u € C(‘)"’(RN ) as

e =2 1 UG — P2 ux) — u(y)
(a0 =2jim [ =0y

RN\ B, (x)

for x € RY, where B,(x) := {y € RY : |x — y| < €}. As for some recent results on the fractional p-Laplacian, we refer to for

example2 and the references therein.
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In the last years, the fractional and nonlocal problems have been investigated by many researchers, for example, 210789,

also!MHU2I3 for fractional p-Laplacian case, #15HUOUSIOR0EY for the existence of solutions to fractional Laplacian system. Gia-
comoni and Mishra'# by using the idea of Nehari manifold technique and a compactness result based on the classical idea of
the Brezis-Lieb lemma show the existence and multiplicity of positive solutions of the following fractional Kirchhoff system

M ( Jo =L uldx ) (=8)u = AFOlalu+ 2 ful?lol7u, x€Q,

I+o

M ( Jo L0 0ldx) (=80 = ug(olol2u+ 22 [ul? ol 20, x € Q, @
u=v=0, x € RN\ Q

where A,y >0,1<g<2and 9,6 >2withd +¢ = 2;‘, M(t) = a+ bt with a, b > 0 and f, g are sign-changing continuous
functions. He et al.™~> considered the problem , where M, f, g = 1. They proved the multiplicity of solutions using the idea of
a Nehari manifold and harmonic extension for suitable choice of A, 4 > 0. Also, Chen and Deng inl® obtained the multiplicity
of solutions to problem (2)) with the fractional p-Laplacian operator (—A);, withl <g<pandp<d+o <p;= nf—’;s. Ini?,
Guo et al. studied the following problem:

(=A)u — Aju = pylul*>2u+ %Iul'q‘zwl"u, x €Q,
(=A)v = Ay = py |05 2u + %Iul‘(”lvl"‘zv, x € Q, 3)

u=v=0, x€RV\Q

where A, A5, 4, 4p, ¥ > 0. Using variational methods and critical point theory, the authors proved the existence of the ground
state solution to system (3). We also mention81°2% in which the author dealt with the existence, multiplicity and concentration
of positive solutions for fractional systems in the whole of R™ with subcritical and critical nonlinearities.
Notice that as s — 17, problem (—A);u = f(x,u) in Q reduces to the following problems
—Au=f(x,u) in Q, %)

where Q C R¥ is a smooth domain. Recently, Kang? studied the following quasilinear system
2 _ oy g2 o Loy -
A= i =l ol ul e+ S0 0), inQ,
2 Py _ .
8,0 = 2 = (a4 (o) ol 20 + L0l o). in 2 ©)
u=v=0 on 09,

where Q C R" is an open bounded domain with smooth boundary such that, p* = NN—_’; is the critical Sobolev exponent, Q; , Q;
are partial derivatives of the homogeneous C!-function Q(s, t):
o(s,t) =a;|s|” + a2p|s|p_2st + a3p|t|p_zst +a,lt)?, (s,1) € R2, p>2.

He obtained positive minimizers of the related best Sobolev constants and the existence of positive solutions of the system. By
the use of variational methods and asymptotic properties of solutions at the singular point are established by the Moser iteration
method, the author in? studied the existence of positive solutions to with p = 2.

Kang and Yu“# studied the following system of elliptic equations

2*_
—Au— 4,0 = v (v |ul? + v, 09 ul92u,  in RV,

12 )
0] Bl g2 N (6)
—Av = L) 5 = lul + vylol9) e o], in RY,
u,v € D2(RN),
where D'2(R") is the completion of C°(RN) with respect to [lull := (/g |Vu|2dx)%, 2 = %, ViV, > 0,1 < g <2°

and A,(x), A,(x) € C(RY). By using analytic techniques and variational arguments, the authors established the existence of
minimizers to Rayleigh quotients and ground state solutions to systems ().
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The paper is organized into three sections. In Section 2, we recall some basic definitions of fractional Sobolev space and we
give some useful auxiliary lemmas. Also, we state the main results of this paper and we give the proof of main results in this
Section.

2 | PRELIMINARY LEMMAS

Let0 < s < 1 < p < oo be real numbers. The fractional Sobolev space W?(R") is defined by

WSP(RN)_ ue LP(RN) Sp . // |u(X)—M(Y)|pd dy< o

|X — |N+ps
Set Q = R?N \ O, where @ = (RN \ Q) x (RN \ Q). We denote the set W*?(Q) by

_ p
WPQ) =qu: RN - R : ulg € LP(Q), 1) =4 gy < oo
|x — y|N+es

where u|, represents the restriction to Q of function u(x). Also, we denote by W;f’p (€2) the following linear subspace of W 5?(2)
W' (Q ={geW?Q): g=0ae.inR¥\Q}.

The linear space W **(Q) is endowed with the norm

JuGx) = ul)I?
lell e <= Ml oy + / [ dxay

Also, we know that W;*(Q), endowed with the norm

- p
Nully, = / lu) = ul” dxdy| forallv € W,"(Q), 7

|x — y[N*Ps

is a uniformly convex Banach space and a reflexive Banach space (see, Remark 2.1 and Lemma 2.4 0f*°),

The embeddings WY P(Q) < L'(Q, W) is continuous for r € [1, p}] and compactly for r € [1, p}); see 21l for details.

Now, we define the space W = W*(€) x W’ () with the norm
I, )II” = ||u||p + ||U||p

For any € > 0 and U € D*?(R"), we know that
1 X
U, = _U<|g_|> ®

E P

is a solution to
-A)U = S, U in RV,

where D*P(R™) is the fractional Beppo-Levi space, that is the completion of cr (R™) with respect to (15,
Moreover, as showed in®, U € L*(RN) [ C*RY) is a positive, radially symmetric, decreasing function, and there exist
constants ¢;, ¢, > 0 and § > 1 such that forall r > 1,

U@
<UM < -2 aa YOO 1 ©)
= ; =3 ;P U =2
r - r -
If & = O(N, s, p) is the above constant, then for €, § > 0, as in¥, set
U.(%)

"es T U(8) - U(05)°
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and define u, 5(r) = G ;(U,(r)), where
U.(r)

G, 5(U(r) := / (@ ()7 dt,
0

and
0, if0<t<U./(65),
D, 5(t) = ym” (t — U.(05)), if U.(08) <t < U.(5),
t+ U m 1), ift>U,(6).

Also, we can define the best fractional Sobolev constant:

llull}
Sui=,, it + > 0. (10)
ueWw > (Q)\ {0} u(x)|Px F
0 (./Q x|« dx) “
So, .S, is attained by a family of functions U, that is
P — p
(UL, = SNUN, - (11)

Forany 9,6 > 1 and 9 + ¢ = p}, by the Young inequality, the following best constant are well defined:
lully, + o1,

S(a,9,0) := inf
,0)EW\{(0,0)} (

. (12)

lul®1ol” g3\ %
—QY—ax
/;2 x|«

P P
lally, + lolly,

S(a, 4, 4y, 4y, 9,0) 1= (13)

%{}f 0,0 12 '
« 2
(OSWALO.0] ( w |u|q+uz|u|q>7+/uu|“|v|”dx) "
Q [x]®
In this paper, we choose the positive constat Eo such that Q C B EO(O)’ where BEO(O) ={xeRV : |x| < EO}. By Holder and
(10), for all u € X;, we obtain

Pp—4 *

q L AN
|Ll| < ( / |x|—ﬂ> g ( |u| ﬁ)pﬂ
|x|? |x|?

Q

By, (0)
R, Py=a
b W
< (N [ r#51dr) 7 (5,7 ul
0
4q
< - q
< Do(Sp) 7 [lully, (14)
7 NoyR)™ =
2r 2 (N P
wherea)N=—andD0:=< g ) .
NT(3) N-p

To obtain our results we need the following facts. Here, we recall a recent result on the extremal functions of S, 30
For 0 < a < sp < N, there exists a minimizer for S, ; see?” Theorem 1.1 for more details. Now, by similar method as in"!,
we fix a radially symmetric decreasing minimizer U, = U,(r) for S, multiplying U, by a positive constant if necessary, we
assume that
py—1

AN, = lﬁ‘cla in RV, (15)

Lemma 1. (%) There exist constants ¢;, ¢, > 0 and x > 1 such that for all » > 1,

9 <y r) < 2 and Ya (k) <L (16)
r%_ * _r%’ u,(ry — 2
If k is the above constant, then for § > € > 0, we set
U (9)

Mes =0, (6) - U, (x5)’
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and
0, if0<r<U,(x6),
s =Am! (1 ~ U, [(k6),  if U, (k6) <1< U, (),
L+ U, (O)m! = 1), ift>U, (),
and define u, . 5(r) = G, 5(U, .(r)), where
Upe(r)

G, 5U,.(r) := / (g;ﬁ(t))ﬁdt.
0

Also, u, 5 satisfies

» Uu,.(r), ifr<o, 17
u r)= ’
e 0, if r > k6.

To obtain our results we need the following lemmas.

Lemma 2. (See”!32) There exists C > 0 such that for any 0 < 2e < § < k1§, the following estimates hold:

|ua,5,6(x) - ua,e,ﬁ(y)lp Z,:Z ~ (& %
/ FEEIETEE +C(3)7 (18)
u a 5 M - € N-a
x2S —c(g)"“ . (19)
N

Lemma 3. (See”? Lemma 2.3) Forany 1 < d < P, there exists a constant 5[1 = aq(N ,p,s) > 0 such that

5d£N_ i if ¢ > &=Pe-D
ae s | o N2 e o i) 20)

|x|ﬂ - a® £l - N-sp ’

C E(N YP)(_—‘) ifd < (N-B)(p—1)

N-sp

For any 8,6 > 1 withd + 0 = pz, we define
1+¢?
g(e) = S 20, @1
(g + pHp60) @ + Ag%) 7
8(Gmin) 1= ming(g) > 0, (22)
¢>0
where ¢,;, > 0 is a minimal point of g(¢) and so a root of the equation
(11 + 16D T g7 = ety + Agerret - Al 2o 150, 23)
Pq Pq

Now, we state the main results of this paper.

Theorem 1. Let1 < g < pfor N > sp. Assume that s € (0, 1), 1<q<p,N>sp,0<A ,ul,y2<oo n,v>landn+v=p:.

Then, for all 6 > 0 there exists €5 > 0 and A, > 0 such that for all € € (0, 5) and 0 < 7+~ v < A, problem (1)) has at least
one positive solution in W.

The proofs of Theorem [1]is obtained by applying variational arguments inspired by2232423,

Theorem 2. Suppose N > sp, s € (0,1) and 0 < A < o0, then:
(1) S(a’ A’ Ml ) l’l2, 799 O-) = g(gmin)Sa;
(i) S(a, A, 4y, 4y, 9, o) has the minimizers (U, (x), ¢,i,U,(x)), Ve > 0, where U, (x) are defined as in .
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Proof. We know thatlim__,. g(¢) = Lg, lim__,, , g(5) = Lg So min,,, g(#) must be achieved at finite ¢ ;, > 0. Furthermore,

U
direct calculation shows that there exists a positive constant C such that
. . 1
0< C < glgn) = Min g(6) < mind —, —
¢

From the fact that g’(g,,;,,) = 0 we deduce that ¢, is a root of (23).
To continue,, by the same as that in 2l T et {w,} C D*P(RN)isa minimizing sequence for S,. Let e;, e; > 0 be chosen later.
Setu, = e w, and v, = e,w, in ([3)), so one can get

ep +ep llw, ||p

> S(a, /1, Mls #25 199 O-)' (24)

£ Ju0, ()1
((,u,e +,u2e2) +/1e19 ") “ (/g Ix|® e dx)/

el +éf
2 <e—2> = e . (25)

€

Note that

2
*
o«

Py
<(,ule‘1’ +pped) s + Aefe;)p

Choose e; and e, in lb such that Z—Z = ¢,,i,- Passing to the limit as n — oo one has
1

8(Cmin)Sy 2 S(@, 4, iy, pp, 9, 0). (26)
On the other hand, Let {(u,, v,)} be a minimizing sequence of S(«a, 4, y;, 45, 9, o) and define s, = -, then we get
p P p P
llu,lly, + 1o,lly, (1 + sp)llu, lly,

Gt F sl NE (a4 sh e 4 as7) R i
(/g 2 a'x> Hy T HaSy S Q7 |y

; > 8(s,)S,
2 &(Cmin)Sa-
Now, as n — oo one can get
S(a, 4, pys . 9,0) 2 8(Gin) S, (27
Hence (25)) and imply that
S(a, A, pys o, 9,0) = 8(Enin) S (28)

(i) In view of (I3), and (28)) we have the desired conclusion.

The corresponding energy functional of problem (1)) is defined by

_ 1 p_ 1 ul? Lol
Do) = Sl ol - / (s i)

1 /(mlul"+ﬂzlv|")7dx+/1/ ul’lol”
L R
Q

= —||(u oll” - —L W, 0) = FK(M’ v),

a

for each (u, v) € W. It is easy to check that J € C'(W,R).

Now, we recall that a sequence {(u,, v,)} is a Palais-Smale sequence at the level ¢ ((PS), sequence in short) for the functional
J if J(u,,v,) - ¢ and J'(u,,v,) — 0. If any (PS), sequence {(u,,v,)} has a convergent subsequence, we say that J satisfies
the (PS), condition.

n’ }'I n’ n

Lemma 4. Suppose that {(u,,v,)} C W is a (PS).-sequence of J, ,. Then {(u,,v,)} is bounded in W.
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Proof. By contradiction assume that ||(x,,v,)|| — +oo. Set (%,,7,) = (H(u"—y)”, ”(u”—u)”> Since ||(@,,7,)|| = 1, then
n>=n dx n>=n

(u,,0,) = (&, 0) in W, and this implies that %, — & and 7, — ¥ strongly in L4(Q, W) for any d € [l,p;) and 4, — w and

U, > Dae.in Q, so
L”,V(ﬁn, En) = L”,V(ﬁ, D)+ o,(1). 29)

Since {(u,,v,)} is a (PS),-sequence of J, , and ||(u,, v,)|| — 400, we deduce that

1, ~ ~ 1 e~
NG DI = . o) *K(@,.T,)

a

1 _ ~ o~
—5||<un,vn)||q °L, (@, 7,) = 0,(1), (30)
and
~ o~ *—2 ~ o~
@, THI” = I, 0I5 K (@, T,)

—N@w,, o)L, (@,, T,) = 0,(1). 31

From @29)-(31), 1 < g < p and ||(«,,v,)|l; = 400 one has

- p(pi —q) -
”(un’ Un)”p =—_—— ”(un’ Un)”q_2L?1 v(un’ Un) + On(l) - Os (32)
q(p; —2) ’

as n — oo, which contradicts ||(@,, U,)|| = 1. Therefore, {(u,, v,)} is bounded in W.

Lemma 5. J, , satisfies the (P.S), condition with ¢ satisfying

ps—a N
————(S(a, A, iy, pp, 9,06)) .
p(N —a) 1 H2
Proof. Let {(u,,v,)} € W be a (PS),-sequence for J, , with ¢ < c,. It follows from LemmaE|that {(u,,v,)} is bounded in

W, and then (u,,, v,) = (u, v) up to a subsequence, (u, v) is a critical point of Jn,v. Furthermore, we may assume

O<c<e, =

—u, v, — v, weaklyin I/I/()‘"p(RN),

—u, v, = v, weaklyin LP%(Q, li?f}),
—~ v, weaklyin L4(Q, ﬁ%ﬁ”’ Vi<d<p,
u,—u, v,—>0v, aeonQ,

So, one can get J, ;;,v(”’ v) = 0 and by the proof of Lemma ,

L, (u,v,)— L, (uv), as n— co. (33)
Letu, = u, —u, 0, = v, — v. Then by the Brézis-Lieb lemma-%, we obtain
@, 0N = 1@y, 0117 = i, 017, as n — oo, (34
K@, v,) - K(u,,v,)— Ku,v), as n— oo. 35)
Since J,, ,(u,, v,) = ¢ +o(1), J] (u,,v,) = o(1) and —, we can deduce that
Gy B = =K@, B,) = € = 4y, 0.0) + o(D). (36)

a

and
@, v)II” = K(u,, 0,) = o(D).
Hence, we may assume that
G, II” = 1, K(@,.5,) = L. 37)

If I = 0, the proof is completed. Suppose that / > 0, then from definition of S(a, 4, y;, 4,9, ) and @, we obtain



N. Nyamoradi ET AL

S(aa Av ”l’”Zv 797 O-)lZ

S(a, A, 1y, 4y, 9,0) lim
n—o0o |x|‘1

I\

o = 1P = NP
Tim (17,115, + 117,17, )

lim [|(u,, v)II” =1,
h—o0

I\

N-a
which implies that | > (S(a, A, py, py, 9, 6)) .
In additional, from (36) and (37), we get

ps — ps —
— I+ J, (w02 P2 (S(a Ay s 6, 6))‘”‘
p(N ~ ) p(N ~a) b
which contradicts ¢ <- ”S 2 (S(a Aty Uy, 9, a)) s
Lemma 6. Under the assumption of Theorem [I| we have
ps —

a New
supJ, (tu, s, 7C . U <c,=——(S(a, A, 4y, 4o, 9, 6)) .
ng n,v( a,e,6 gmm a,e,é) * p(N _ (1)( ( His Ho ))

Proof. Consider the functions

G(T) = Jq,v(Tua,g,ﬁ’ T(gminua,e,é))
7? 74
S ;(1 + gr’;lin)”ua,gﬁ”[;yo - ?Ln,v(fua,gﬁ» T(Gminua,g,é))
P Pa. a,e,0 |p
<(#1 + Ingmm) + j'gmm /
g Q
g (1) = —(1 + G e 5113,

ae&lp

o o
—p—*(wl T gt )T+ AT, /
a
Q

Then by definition of S(a, A, u;, u,, 9, ), we obtain that

Py—p

a +g"l Moty 51,
Supgl(»r) < (l_i> min
>0

2
sl ) 7
(/41 +M2€mm) + gmm> Jo —e—d )

N-a
sp—a

— aeé”p sp
< pS [0
—_ p(N—a) mm |uu£5|a )%
IXI"
< £
6

ps—« so-a
S C
~ p(N —a) & (Cmin) + ( >
—a N—sp
ps—a ~ e\
< S, Ay iy, o, 9, +C (—)
p(N ) (a, 4, pys 1y 5)) 5

where the following facts has been used:

p P, — Spa
sup<’_A_f‘B>= ps—a < :‘) . A,B>0.
0 \ P p; PN —a) \ g2

Since

P
G(T) = Jn’v(’fuaﬁ!&, T(Gminuayg,é)) S ;”(ua!g’ﬁa gminua,gﬁ)”g fOr all T Z 0 and /17 M]a /'t2 > 09

% — 9=
/(H1|”n|q+ﬂz|vn|q)" +/1|u,,|‘9lvn|"dx

TS

(38)

(39)
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this implies that there exists 7, € (0, 1) satisfying

sup G(7) < c,. 40)

0<7<7,

Using the definitions of J, ,(u, v) and (U, 5, Sminta,e5)- and by (39), we have

1
Sup G(r) = 5up (§)(7) = L, (Pl Gl
- p‘; _ N— N-sp
< P (S hunto) 48 (5)
_p(N—a)< (@, A, py, pp, 9, 0) 5
sl
—— (n+vel, / r£|ﬁ X @D
Q
HIf1<d< %, then by one gets
|ua c §|d ~ (N—spd
|’ l’ﬂ dx > C, e #rD (42)
X
N-— sp (N—sp)d . .
and since —=* > D)’ , then in view of and li we get
sup G(7) < c,.
>0
(i) 1f 20D < g < p, by , we have
/ aes N [ G it > P,
X249~ Nesp g e
|x|? Coe" 7 TNnel, ifd = SRR,

By straightforward calculation, it holds —@ +N-f< # < %. Hence and imply that

sup G(7) < c,.

>0
Therefore, we have the desired conclusion.
In order to prove the main result, we will use the following lemma.

Lemma 7. (Mountain-Pass lemma, see">) Let X be a real Banach space and J € C'(X, R). Suppose that
1) J(0) =
(i1) There are constants p, f > 0O such that J(u) > g for allu € X, with ||u|| , = p.
(iii) There is an e € X such that limsup,_, ., J(te) < 0.

Take t, > 0 such that [|tye||y > p and J(¢ye) < 0. Set

={r € C([0,1], X) : y(0) = 0,7(1) = 1ye},
= inf > p.
¢ ;gr srél[g,);] T 25
Then there exists a Palais-Smale sequence at level ¢ for J.

Now, we complete the proof of Theorem T}
Proof of Theorem ] In view of (T4), we get

lul ol
L V(u,v):/(n— v— | dx
" J Ix[? x|

< Dy (1 +75) 7 ol “3)
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Also, by (I0), we have

a

94 q Pq 9 c
K(u,v) =/("1'”' ool dxH/ I"' 'IZ' dx
X
Q Q

| x| |

i Lo Jul”: Jol?:
¢ max § p#' +pu, |x|“dx+ |x|“dx

Q Q

u|Pa v|Pa
+l<l' lul™ dx+£ ol dx)
pyJ x|* pyJ  Ix|
Q Q

lﬁ max {u? + } + A] (S 7 1w, )] (44)

IA
]

IA

Let
roi= ol

) 1= lr" -1 l27a max {/41T + ;427} + /1] (Sa)_frl’ﬁ
p

i

1 _4 r _r_ ,,d
Y0) = DS (177 4 v ) Tl ol

In view of {@3) and (44)), one can get

£y

W 0) > F(r) = Y(r),

Note that p < p?, it is easy to see that there exists ¢ > 0 such that £(r) achieves its maximum at ¢ and f(c) > 0. Hence, there
P P
exists Ay > 0, such that for 0 < nr4 + v < Agand A, yy, p, > 0,

J,,w,0) > f(0) = Y(6) > 0= J, ,(0,0). (45)

lw.v)ll=c

Set ¢ :=inf,cr max,gg 4y J,, (¥(1), where
I':={y € C([0, 1], W) | (0) = (0,0), J, ,(y(1)) <O, [ly(D]| > o} .

If ¢ < c,, so from Lemma |5, (PS), condition holds, and the conclusion follows by Lemma [/| If ¢ = c,, then by Lemma
@, Y(0) = Uy, 50 1Gmintlaes)> With 0 < 7 < 1, is a path in T" such that max,go; J,,(v(t)) = ¢, Hence, either G =
Sy WUy 51 (Gminklg e 5)) = 0 and we are done, or y(7) can be deformed to a path y(r) with max,g(y ) J,,(7(t)) < c and it is a
contradiction. So, we conclude that there exists a nontrivial solution (u,v) € W \ {(0,0} of problem . Replacing u, v in the
term on the right hand side of the equations in (1)) by ™ = max{u, 0}, v* = max{v, 0} respectively and by the above argument,
we have a nonnegative solution (u,,v,) # (0,0) of (I) with J(u,,v,) > 0. Therefore from the strong maximum principle, we
know thatu, > 0, v, > 0.
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