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1 | INTRODUCTION

Summary

For the following wave equations with structural damping and nonlinear memory

source terms
t
a 8
u; + (=A)2u+ (-A)2u, = /(t — )1 lu(s)|? ds,
0

and
t
a B
Uy + (=A)2u+ (—A)2u, = /(t —s)y! lug(s)|? ds,
0

posed in (x,t) € RN x [0, o0), where u = u(x, ) is real-value unknown function,
p>1,ap € (0,2], y € (0,1), we prove the nonexistence of global solutions.
Moreover, we give an upper bound estimate of the life span of solutions.
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In this paper, we study the nonexistence of global solutions of the problems

w, +(=A)u+ (=A)u, = /(z — ) u(s)|P ds,
0

(u, u,)(x, 0) = (g, uy )(x),

xeRN, >0,

where p > 1, a, f € (0,2], y € (0, 1) and to

(H
x e RV,
t
u, + (—A)gu + (—A)gut = /(t - s)}’_llus(s)lp ds, xeRN >0, 2)
0

(u, u,)(x,0) = (ug, uy)(x),

x € RV,

wherep > 1,a,p € (0,2],y € (0, 1), (—A)§ is the fractional Laplacian operator of order v € (0, 2], (v = a or ), which accounts
of propagation in media with impurities; it is defined by (=A)2v(x) = F~1(|&]VF(v)(€))(x), where F denotes the Fourier and

F-1 its inverse.

Recently, the class of fractional differential equations of various types plays important roles and tools not only in mathematics
but also in physics, control systems, dynamical systems and engineering.

First, we recal some previous results for (I)) and (2). There are many results about nonexistence of global solutions of these type
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of equations (see”, 8,176/ 2! 13 B7) Based on the paper of Kirane and Laskri', Berbiche and Hakem'? studied the nonexistence
of global solution of the following wave equation

u, — Au+ (—A)nggltu = lul?, xeRN, >0,
(W, u,)(x,0) = (ug, u)(x), x€ RN,
where g € (0,2], Dy, is fractional derivative of order a € (0, 1); they proved that forany 1 < p < 1+ 2a/(2+ aN — 2a), the
solution of problem @]) cannot be global.
In=, D’Abbicco and Albert considered the following semi-linear evolution equation
U, + (=A)°u+ (=AYu, = |u,|’, x€RN,1>0,
(u, u)(x,0) = (ug, u;)(x), x €RN,
where 6,6 € N\ {0}; when 26 < o, they obtained that for any 0 < p < 1 + 25/ N, the problem (@) does not admit a global

weak solution. Moreover, they gave an upper estimate of the life span of solutions under some condition on the initial data.
In*, D’Abbicco considered the equation

3

“

u, — Au+ ﬂ(—A)%ut = /(t —5)7"|u(s)|Pds, xeRN,t>0, )

0
(u,u)(x,0) = (g, u;)(x), x € RV,
where u > 0, y € (0, 1); he obtained some nonexistence results of global solutions for various values of y, y and p.

The method used in all cited papers is based on the articles of Mitidieri and Pohozahev 12l pohozahev and Tesei®, Pohozahev
and Véron™>, Zhang!”Z, Kirane et al. V. It consists in a judicious choice of the test function in the weak formulation of the sought
solution of problems (T)) and ().

The remainder of this paper is organized as follows: Section 2 is devoted to some preliminaries and announce our main results.
The proof of the main results will be given in Section 3.

2 | PRELIMINARIES AND MAIN RESULTS

We recall some properties of the fractional derivatives and fractional integrals (see for example!®). For T > 0,0 < y < 1, the
left-handed and right-handed Riemann-Liouville fractional integrals 14 f (t)and I” £ (¢) for integrable function f are defined by

(T
S (s) f(s)
Yo/ )= r()/(r o & /0= r(y>/<s o & ©
where I" denotes the Gamma function.
Moreover, if f € L?(0,T), g € L%0,T),and p, ¢ > 1, g = p/(p — 1), then
T T

[ (.1) oewa= [ (v,6) oroa )

0 0

If AC[0,T1 is the space of all functions which are absolutely continuous on [0, T'] with 0 < T' < oo, then, for f € AC[0, T1],
the left-handed and right-handed Riemann-Liouville fractional derivatives D, f(t) and D?__f(¢) of order y € (0, 1) are defined
by

0t tHT

d 1 -y _ f(S)
R RACHEI T ACky F(l—y) dt (s — 1y

D}, f(1) =

Furthermore, for every f, g € C([0, T]) such that D
have the formula of integration by parts

0|lf(t) D’ Tg(t) exist and are continuous, for allt € [0,T],0 <y < 1, we

T

T
/ 1) g0 dr = / (D1r8) 07 @®)
0

0
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Note also that, for all f € AC™'[0,T], n > 0, we have

1S, 0 =0 o, ©)
where 0
AC"™'0,T]={f : [0,T] = R and ilt{ € AC[0,TT}.
Moreover, for all 1 < g < o0, the following formula holds
D7 17 =1Id. (10)

0]¢ 0l

Definition 1. (See®) Let 0 < v < 2. Let S be the Schwartz space of rapidly decaying C* functions in R™ . Then, the fractional
Laplacian (—A)2 in R¥ is a non-local operator given by

v(x) — v(y)
|x — N+

(-A): : vES (~A)iu(x)=Cy, pv dy, an

. 434y
where p.v. stands for Cauchy’s principal value, C, , = ———=.
’ 7 2T(=3)

Lemma 1. (See™) Let (x) = (1 + (|x| — 1)4)5 forallx e RY.let0 < v <2and ¢ : RN — R be the function

1 if x| < 1,
p(x) = { (12)

N if x| > 1.
Then, ¢ € C?(R") and the following estimate holds
[(=A): p(x)| < Co(x), for all x € RV, (13)
Lemma 2. (See”?) Let 0 < v < 2 and ¢ be a smooth function satisfying 02¢p € L*(R"). Forany T > 0, let ¢ be the function
br(x) = b (%) for all x € RV,

Then (—A)g(bT satisfies

(=A)ipr(x) = T(=A)s b (%) . (14)
Lemma 3. Let0 < v <2, T >0, and p > 1. Then, the following estimate holds
/ 0, (OI(=A): (0|71 dx < €TV 7T, (15)
RN

where @1 (x) = @ (%) and ¢ is given in (12).

Lemma 4. (See®!) Let f € L'(R™) and [, f(x)dx > 0. Then there exists a test function 0 < ¢ < 1 such that

/f(pdx>0.
RN

Definition 2. Let p > 1. We say thatu € L'Loc([O, T) x RY is a local weak solution of problem (T)), or that u € L’Loc([O, T) %
RN) with u, € LY ([0,T) x RN), is a local weak solution of problem (@), if for any function { € C([0,T]; H*(RY)) n
CY([0,T]; HA(RN)) n C*([0, T]; L>(RN)), with supp ¢ € RN such that {(-,T) = 0 and ¢,(-, T) = 0 it holds:

T
U= / / u (C,,(x, N+ (—A)gé‘(x, 1) — (—A)gé”,(x, t)) dxdt
0 RN

—/ul(X)C(x,O)dx+/uo(X)(Ct(x,0)—(—A)gC(x,O))dx, (16)

RN RN



4 | NabtieT AL

where

T
U'=cy//ﬂ(y)|t|u|p(‘,’(x,t)dxdt,
0 RN

T
U:cy//I](y)ltlutl”é‘(x,t)dxdt.
0 RN

Now, we are in position to announce our results.

for problem (TJ), and

for problem (@), and ¢, = I'(y).

Theorem 1. Letp > 1,0 < a,f <2,0 <y < 1, and assume that u, = 0, whereas u; € L! verifies

/ul(x)dx>0. (17)
RN
Then there exists no global weak solutions to problem (TJ) for any
70+«

(N—Hy —min{ﬂ,ﬂ})

Moreover, if [0, T,) is the life span of u, then, for the initial data u,(x) = eg(x), g € L' and verifies (T7), there exists a constant
C > 0 such that

p<1+

(18)

+

6
T. < Ce wrawmi V| 0 =a—min{p, %}, N < q(y0 + a) — 16,
where g = p/(p— 1).

Theorem 2. Letp > 1,0 <, <2,0 <y < 1, and assume that u, = 0, whereas u; € L' verifies . Then there exists no
global weak solutions to problem (2) for any
min{f, %

Moreover, denote [0, T,) the life span of u. Then, for the initial data u;(x) = £g(x), g € L' and verifies (T7), there exists a
constant C > 0 such that , o

T, < Ce toare-N - 0 = min{p, 5}, N < q0(1 +y)—y0,
where g = p/(p — 1).
Theorem 3. Letp> 1,0 < a,f <2,0 <y <1, and assume that u, = 0, whereas u;, € LILOC verifies

u(x)>2e(l+[xP™*, e>0and N < u <qy0+a)—yo. (20)

Then, there exists no global weak solutions to problem (TJ) for any
Oy +a

p<1+ . @2n
(N — 6y — min{p, ﬂ})
27 /4
Moreover, denote [0, T ,) the life span of u. Then, there exists a constant C > 0, independent of ¢, such that
4
T, < Ce wroro-u, = — min{p, %},.
where g = p/(p — 1).
Theorem4. Letp>1,0<a,f <2,0 <y <1, and assume that u, = 0, whereas u;, € LILOC verifies
u(x)>2el+|xP7#, e>0and N < pu<q(l+y)—y6. 22)
Then, there exists no global weak solutions to problem (@) for any
< min{f, 7} ’
R
p< N (23)

Moreover, there exists C > 0 such that ,
T, < Ce @7, 6 =min{f, %},
where g = p/(p— 1).
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3 | PROOF OF MAIN RESULTS

Proof of Theorem (I). Let us assume that u is global weak solution to problem (I). Using Definition (2)), and recalling that

u, = 0, we obtain
T9
c, / / I](y)ltlulpé’(x, 1) dxdr + / uy(x)¢(x,0)dx
0 RV

RN
= / / u <é’n(x, D+ (=A)2¢(x, 1) — (_A)ggt(xs t)) dxdr, (24)
for all test function ¢ € C([0,T]; H*(RN))n C'([0,T]; H*(RN)) n C?([0, T]; LA(RYN)), with supp ¢ cC RN, ¢(-,T%) = 0 and
& T =0
Now, we take
{(x,0) = [DyTgC(X N =@r(x)D] v (@0, 120, T>0,7€©,1),
where

pr(x) =@ <|;—|> , w)= (1 - #)t m> 1

and ¢ is given in (I2)), 6 > 0 which we will fixed later. Then, we can write

T T
cy//|u|”§(x,t)dxdt+//ul(x)(pT IDtleoy/dxdt
0 RV

// (PTD|T9W+( A) (pTlDtngy/ (- A)zq)TIDITgw> dxdt (25)

b
s//|u| (@rID7 w1 + 1=)F 011D ] + (=) @ 1D ) dxdr,

where we have used the formula of integration by parts (7), (8), and the formula (T0).
Then, in order to estimate the right hand side of (23), we use Young’s inequality; we get

//|u| (0r 107201 + 182D w1+ 1-8) 11D )

q
<CU'T+C//¢ PrIDIw + (=) 011D vl + (=) 1D ) dxde,

TG
U'T=//|u|1’é’(x,l)dxdt.
0 RN

Note that, fort > 0, T > 0, m> 1 and 0 < y < 1, we have (see'Z)

¥ 1 _ 0 m-r
|Dt|T9<1 T@) C1T7’<1—ﬁ> ,

where g = p/(p — 1), and

+
D! (1= L) = eyrmoee (1 L) (26)
nre T‘9 + 2 T/ + '
2 (1 _ N\ _ —g0 (1 L \"T?
[[Dtm(l T0)+—C3T y (1 T9>+ :
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_ TIm+1) _ I'(m+1) _ TIm+1)
where C| = Tl 2 = Tony) and C; = yE— and for a constant C > 0, we have
TH
o7, (1- L) dr = cTo0-» @7)
v To '

0

Therefore, considering the scaled variables r = /T, & = x/T, and using the scaling property (T4), inequality (T3), and (26)),
we may estimate

-

TG
//g_% lor I]])tyl;zgu/l" dxdt < CT~H70a+6+N
0 RV

Tﬁ

3 / / §‘§|(—A)§¢T IDtleoy/|‘1dxdt$CT‘(W‘L”)’”“N, (28)

0 RN

T9

/ / ¢ |(—A)§¢T Djl;‘gwﬁ dxdt < CT~(r+Do+PIg+O+N
0 RN

b

Uy + CT%0 / u, (x)pp dx < CTUOHRaHOTN — oK, (29)

RN

\

Next, setting

9=max{a—ﬁ,%}=a—min{ﬂ,

(SIS

Then, expression(23)) can be written as follows

where k¥ = (y0 + a)qg — 0 — N. We have to distinguish two cases :
The case when k > 0: recalling assumption (T7), passing to the limit in (29), as T goes to oo, it follows that

o
0< // [u|? dxdzr <0,
0 R
The case when k = 0: we treat this cas in standard way as above by taking this time

| x|
(PT(X) =@ <L‘1T>

where 1 < L < T is large enough such that when T — oo we don’t have L — oo in the same time. Note that there exists a
constant C > 0 independent of T" and L such that

which is a contradiction.

Uy + CT%D / u (x)ppdx < CL™N + CL*“™ N y CcLPV, (30)
RN
Thus, using max{a, #} < N /q and taking the limit when T tends to co and then L tends to co, we have

(s8]
0< // |u]? dxdr < 0;
0 Rn
this contradicts again the assumption.

Now, we give an upper estimate of the life span of solution in the case p < 1 + (y6 + a)/(N — y6 — min{f, %}) - Noting that
for g € L', verifiying (T7)), there exists T > 0 such that

/g(x)goT dx>c¢>0, forallT >T.

RN
1
Assume that u is a local solution in [0, 7], with T, > T?. Then, setting T' = T, , we arrive at

_ (r0+a)g—0—-N

0 < Uy < CT0O0F0at0EN _ e0=n) / uy(X)ppdx <CT, °  —ceT) 7.

RN
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Finally, for some positive constant C, independent of &, we get
4
TE S cg_(97+a)q—y€—N .

This completes the proof. ]

Proof of Theorem (2). The proof is by contradiction. Supposing that u is global weak solution to (@), using Definition (),
recalling that u, = 0, and taking

é:(x, t) = T(-)z:(x t) - @T(x) ID Tgu/(t)
in (T6). Thus, by the formula of integration by parts (]ZI), (), and the formula (I0), we get

79 T¢
cy//|ut|PC(x,t)dxdt+//ul(x)(pT IDtlegwdx
0 RN 0 RN

//ut or D + O0)(=8) o — (= 8):p,D ww) doxdr GD
0

//|u, | (or 107201 + @I gr +1-8)F 1D, ) dxct,

where @ € C*([0,T]) is test functlon defined by

70

o) =/|]])Z|T9q/(s)ds, and O'(1) = =D; ,y (.

t
The difference, with respect to the proof of Theorem(I), is related to the estimate of the term containing ©(r). Applying Young’s
inequality in the right hand side to (3), we obtain

[ [ 1l (or 101+ 00187 0y + -2 071101 ) dxer

SCUT+C//4‘; (0r 1753wl + OO0 or| + (=) o, 107, 1) dxcl,

where ¢ = p/(p — 1), and
TB

‘U'T://Iutl”é‘(x,t)dxdt.

0 RN
Next, introducing the scaled variables 7 = ¢/T?, ¢ = x /T, and using the scaling property (T4), inequality (T3),(26), and the fact
that @(r) < O(0), we have the following estimates

—4 _
//C »|@r IDZ;HW" dxdr < CT~(1+10a+0+N

3 / / &N D 1% dxdr < CT0OPTHoEN, (32)
T€
/ / £ 10®) (—A): @, |9 dxdr < CTI-70a-aa+0+N
L0 RN

Whereupon
Uy + CTD / uy(x)pp dx < CT~ 040N = CcTx,

RN
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where k = (1 + y)0g — 0 — N and § = min{ g, B}. Using the assumption (I7), in the case k > 0, and passing to the limit when

T goes to oo, we get
0< // |ul? dxdr <0,
0

Rn
which is a contradiction.

The case k = 0 is treated as in Theorem (T)). Then, the solution of problem (Z) cannot be global.
Proceeding as in the proof of Theorem (), we give an upper bound estimate of the life span of solution of (2) as follows

0
T, < Ce Ty, = min{%,ﬂ}, N < q6(1 +y) — y0.

O
Proof of Theorem (3). We repeat the same calculation as in the proof of Theorem (I)); we arrive at
Uy + CTD / uy (x)py dx < CT-00FTOat0+N, (33)
RN
On the other hand, using the assumption (22)) on the initial data u,, and by the scaled variable & = x/T, we obtain
T(i
/ / uy (xX) @y [D,VITSW dxdt > ceT?17 / (1+ |x)™# dx > ceT?=D+N=#, (34)
0 RN RV
From @3)) and (34), it follows that
0 < UT < CT—(y9+a)q+9+N _ CETH(I—J/)+N—;4’ (35)
1
Fixing T =T, where T, is the maximal existence time of solution. Then we have
[
T, < ce oot
This concludes the proof. O
Proof of Theorem (@). The proof is completely analogous to the proof of Theorem (3)), but here we obtain
T, < Ce™ T,
The conclusion follows. O
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