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Abstract. In this paper, we study the solvability of a nonlinear two-parametric quantum difference
equation Dirichlet boundary value problem. At first, we provide and prove the formula of changing the order
of integration for (p, ¢)-double integral. Second, We obtain the existence and uniqueness criteria of solutions
for this kind of boundary value problem by using Banach contraction mapping principle, Leray-Schauder
nonlinear alternative theorem and Leray-Schauder continuation theorem. At last, we give two examples to
illustrate our results.
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1 Introduction

The history of quantum calculus dates back to the early twentieth century’=2l. As well as known, the
quantum calculus is without considering limits, which can deal with sets of non-differentiable functions. With
the development of g-calculus theory, the ¢-difference equations had achieved great achievements!®!. After
decades of research, the theory of linear g-difference equations has been continuously improved*—6. But the
application of linear g-difference equations has its own limitations, while nonlinear g-difference equations are
more widely applied, such as orthogonal polynomials, basic hypergeometric functions, combinatorics, the
calculus of variations, the theory of relativity, hypergeometric series, complex analysis, particle physics and
so on. The study of nonlinear g-difference boundary value problems (BVPs) turns to the 2010!"). However,
in recent years, the research on the existence of the solution for nonlinear g-difference equation BVPs has
made great progress, see [8-14] and the references therein.

The (p, g)-calculus taken as the further development of g-calculus, originated in 1990s, see [15-17]. Re-
cently, in [18], Sadjang P N has discussed the fundamental theorem of (p, ¢)-calculus and some (p, ¢)-Taylor

formulas. The (p, ¢)-difference equation appears with the appearance of (p, ¢)-calculus. The study of (p, q)-
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difference equation is just beginning, especially, the theory of BVPs for (p, ¢)-difference equations is still in
the initial stages and many aspects of this theory need to be explored. To the best of our knowledge, the
study of the BVPs for nonlinear (p, ¢)-difference equations is few, see [18-20].

In this paper, we study the existence and uniqueness of solutions for a Dirichlet BVP with nonlinear

second-order (p, q)-difference equations

D2 ju(t) + f(t,u(t), Dy qu(t)) =0, tel,,
u(0) = u(l) =0,

(1)

where 0 < g <1,0<q<1, f:IxR*— R continuous, I, , = [0,1] and I = [0, é] The main aim of this
paper is to develop some existence and uniqueness results for BVP (1). Some examples and special cases
are also discussed.

Throughout this paper, we assume that:

(H) For each r > 0, there exists ¢,(t) € L'(I,,, R") with t¢.(t) € L'(I, 4, R") on I,, such that
mazx{|ul, |v|} <r implies |f(t,u,v)| < @.(t), for a.e. t € I, 4, where L'(I, 4, R") = {u € Cp, : fol u(t)dy 4t
exists}, and normed by ||ul/z: = fol lu(t)|dy 4t for all u e LY(I, ,, RT).

2 Preliminary results

In this section, we recall some basic definitions and results, which can be find in [21].

Definition 2.1 The (p, ¢)-derivative of the function f is defined as

f(pz) — f(qz)

Dpyqf(ib) = (p_q)x

71.#0’

and (D, 4f)(0) = f'(0), provided that f is differentiable at 0.

Definition 2.2 The so-called (p, g)-bracket or twin-basic number is defined as

7 n

[n]p,q:p —1 :
p—q

Remark 2.3 Note that for p = 1, the (p, gq)-derivative reduces to the g-derivative given by

f(z) — flgm)

(1-q)x @ #0.

qu(l') =

Proposition 2.4 The (p, g)-derivative fulfils the following product rules

Dy (f(x)g(x)) = f(px)Dpg(9(2)) + 9(qx) Dy o (f(2)),

Dy.q(f(2)g(2)) = g(pr) Dy o(f(2)) + f(q2) Dpq(9(2)).

Proposition 2.5 The (p, q)-derivative fulfils the following product rules

f(x)) _ g(qx)D@q(f(x)) - f(qx)Dp,q(g(m))
g(z) 9(px)g(qx)

f(x)) _ 9(x) Dy o(f(2)) — f(pz) Dp g (9(x))
9(x) 9(pr)g(qzr) '

Dy 4

)

Dy q(



Proposition 2.6 Let n be an integer n > 0, then the following formula applies
n ol n_ (Mg’
[Sl= ()" —n
v (pg)(z Dt
Definition 2.7 Let f be an arbitrary function. We define the (p, ¢)-integral of f as follows:

[ 5@z = - a1 Z piﬂﬂpiilx) @)
We now apply formula (2) to define the definite (p, ¢)-integral.
Theorem 2.8 Suppose 0 < 1 < 1. If | f(z)2“| is bounded on the interval (0, A] for some 0 < o < 1, then the
(p, ¢)-integral (2) converges to a function F'(z) on (0, A], which is a (p, ¢)-antiderivative of f(z). Moreover,
F(z) is continuous at z = 0 with F(0) = 0.
Definition 2.9 If f(z) = Y .7 a,a™ is a formal power series, then among formal power series, f(x) has

aunique (p, ¢)-antiderivative up to a constant term, which is

ax“
f(z T = n +C
/ T 0[n+1]p,q

Definition 2.10 Let f be an arbitrary function and a be a real number, we set

¢ = pF " p
/0 F@dyar = (= p)a Y. oS (a2l < 1

k=0
k
/ f(@)dp g = (p—q)a szﬂf(p,ma) |§\>1.

Definition 2.11 Let f be an arbitrary function, a and b are two nonnegative numbers such that a < b, then

/ab f(@)dp gz = /Ob f(x)d, gz — /Oa F(@)dp.gz.

Theorem 2.12 (Fundamental theorem of (p, g)-calculus) If F(x) is an antiderivative of f(z) and F(z) is

we get

continuous at x = 0, we have

b
/ F(@)dp g = F(b) — F(a),

where 0 < a < b < cc.

Theorem 2.13([22])(Leray-Schauder continuation theorem) Let X be a Banach space, T : X x [0,1] — X
be a completely continuous operator, and for any € X, there is T'(z,0) = 0. Suppose any solution x of
x=T(z,0), (x,0) € X x[0,1] satisfies the priori bound ||z||x < M for some M > 0, and T} is a mapping
from X to X such that Tyz = T'(x,1), then 77 has a fixed point.

Theorem 2.14 (Leray-Schauder Nonlinear alternative for single-valued maps) Let E be a Banach’s space,
let C be a closed and convex subset of E, and let U be an open subset of C' and 0 € U. Suppose that
F :U — C is a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or

(49) there is a u € AU (the boundary of U in C) and A € (0, 1) with u = A\F(u).



3 Main results

In this section, we will study the existence and uniqueness of solutions for BVP (1). At first, we prove some

lemmas required for the main results.

Lemma 3.1 Let function f: I — R is continuous, then

oty 1/t 1 »
(l)/ / f(8)dp,q8dp,qr = */ f(=8)dpgrdpqs,|=] <1,
0o Jo qJo Jps 4 q
B t T 1 t t 1 p
(i) f(8)dp gsdp,qr = — (=8)dp,qrdp,qs,| =] > 1.
o Jo PJo Jgs P q

Proof. (i) When |§\ < 1, from definition 2.10, we can get

o0

t r t k k
p D
/0 /0 f(8)dp,qsdp,qr = / (q—p)r Z Aqk"’l f(qk;_l,_] 7)dp,g7

k=0

= ngl(q_p)/ f( k+1 ) p,q”

h

k h

P p

e k
_N\" P »p
= e (¢—p)llg—p)t s qhﬂtf(q,ﬁ1 JT

h=0
> > k+2h karh

=(q—p?*t Z Z q]kg'-&-2h+3 f(qk+h+2 t)

— (g —p>2t2{f<2t> + Lpar G+

o P gttt pF
(- p)°t Z 7"+ k+2 P—gq f(qk+1gt)

S p* 1 k+1 k+1 p"
=(g-pity k+1 s (@ =P Y (g )
gkt i

=(¢—p)t

(i7) When |2] > 1, it is similar to the proof of case (i). This completes the proof.

Lemma 3.2 Let y € C[0, 1], then the BVP

D} ju(t) +y(t) =0,
u(0) = u(1) =0,

t)]

2 2
p D
*7[3}p,qf(¥t

)



has a unique solution

u@>=—1[;u—p@m$@%ﬂ&+A gﬂ—pﬂmé$%gs

q
1
1 P
= [ GGy 2l<,
0 q q
or
) =2 [ e [ L0 a9t
pJo p T o p p "
1 1 »
= / G(t,5:¢,p)y(=5)dpqs, = >1,
0 p q
where
1( ms(l—1t),s<t,
G(t,s;m,n) = — (6)
Ut —ms),s >t
is called Green’s fountion of (p, ¢)-difference boundary value problem.
Proof. (i) When |§\ < 1, we integrate the (p, ¢)-difference equation from 0 to ¢, and get
t
Dy qul(t) = / —y(s)dp,qs + ao. (7)
0
Integrating (7) from 0 to ¢ and changing the order of integration, we have
1/t 1
u(t) = 4 (t— ps)y(;s)dpyqs + agt + ay, (8)
0

where ag, a; are arbitrary constants.

Using the boundary conditions u(0) = 0,u(1) = 0, we have that
ay = 07

and

1/1(1 ) (*1 )
a ps 5)dp ¢5.
0 qJo Y g "

Hence, we obtain
(1 lfu y(~s)d +/”u (- s)d
u(t) = —= — ps)y(—=s)dp ¢S LT PS)YL= S)p,qS
qJo q e o 4 q o
1 1
:/ G(t78;p,q)y(as)dp,q8'
0

(i4) When |2 > 1, the proof is similar to the case (¢). The proof is completed.
Remark 3.3 For p — 1, it reduces to the Green’s function of second-order Dirichlet ¢-difference boundary

values problem



Remark 3.4 For (p,q) — (1,1), it reduces to the Green’s function of classical Dirichlet boundary values

problem

Gl s) = { s(1—1t),s <t

t(l—s),s>t.

Lemma 3.5 Let 0 < % <1,0< ¢ <1and G(t,s;p,q) be Green’s function given in (6). Then
G(t,s;p.q) < G(s,8p,9) < N, (9)

where

1
= yrvs
Proof. (1) When s <t, G(t,s;p,q) = w is a decreasing function of t. Thus,
G(t,s;p,q) < G(s,s;p,q) = @ < fq for 0 < s,t < 1.
(2) when s > t, G(t, s;p,q) = @ is an increasing function of ¢. Thus,
G(t,s;p,q) < G(s,8;p,q) = @ < ﬁ for 0 < s,t < 1.

We set N = max{ L therefore, G(t,s;p,q) < G(s,s;p,q) < N. This completes the proof of

t0 w1} = Bo
lemma 3.5.

We consider the Banach space C), , = C(I,, 4, R) equipped with the standard norm ||u|| = max{||u||cc, || Dp,qu/ o }
and | - [[oo = sup{[| - [|l,t € I}, u € Cp q.

Define an integral operator T : C}, 4 — Cp 4 by

1 1 1 1
Tu(t) / G(t,5:p.0) (=5, u(~5), Dy gu(~3))dp g5,
0 q q q

where t € I, 4,u € Cp, 4. Obviously, T is well defined and u € Cp 4 is a solution of BVP (1) if and only if u
is a fxed point of T'.
Theorem 3.6 Let 0 < % <1,0<q<1, f:IxR?— R be a continuous function, and there exist

Ly (t), Lo(t) € C(Ip 4, RT) such that
£t ur,v1) = f(t ug,v2)] < Li(t)uy — ua| 4 La(t)|vr — va| ,VE € I g, (u1,v1), (ug, v2) € R?.

In addition, suppose I' < 1 holds, where

1
I =AM, A= Li(t) + Lo(t)}, My=1+4 ——.
1 tlen[gf]{ 1(t) + La(t)} 1 s

Then BVP (1) has a unique solution.

Proof. Let us set sup,c; |f(£,0,0)| = Mo, and choose r > 02 "and AM; < § < 1. Now we show that
TB, C B,, where B, = {u € Cp 4 : |lu|| <r}. For each u € B,, we have

|Tu(t)] < sup
tel, 4

‘1 1 1 1
/0 g(ps — t)f(as, u(gs), Dpyqu(gs))dp,qs




v [t prtaut o, Do
—(1=ps)f(=s,u(=s), Dpqu(=5))dpqs
o g PP ety B

< sup
telpy

tq 1 1 1 1
/0 q(ps—t)(lf(qs,u(qs),Dp,qu(qS))—f(qs70,0)’

+ f(és, o,o)‘)@qs N /01 2(1 _ ps)(’f(;s,u(;s), Dp)qu(és))

_f(isvoao)‘ + ’f(;S,O,O)‘)dp,qS

< sup

tel, 4

+/0 L) (o)

/ Lps — (L (s) + Lo(s)
0o 94

1
u(gs)

1
D, u(-s
D.q (q)

1
+ ‘f(qsa 0,0)‘)dp’qs

)dp,qs

1
u(gs)

1
+ La(s) Dp,qu(gs)

; ‘f(;s,0,0)

< sup (A||u]] + M)
t

P,q

‘1 Yt
| eos= s+ [ L =)y

o ¢4

— sup (Allul| + M)
tel, 4

< (Allul| + Mo)M;

—t2 +t‘
p+q q+p

< AMyr + MoM,

<AMir+(1=98)r=(AM;+1-96)r <,

and
| Dp,gTu(t)]
¢ 11 1 1 1
< sup _f(Sau(S)aDp,qu(S))dp,qS+/ *(1_ps)f(*saU(’S)va,qU(*s))dp,qS
t€ly q 1 J0 o ¢ q q q
t
< o | [ ({#6.us). Dyguts) - f(s,o,o>] " ‘f(s,O,O)‘)dp,qs
€lpqlJo

1 1 1 1 1 1
+[ o _ps>(‘f<qs7u<qs>,Dp,qu<qs>) - f(q87070)‘ n ‘f(q870,0)‘)dp,qs
< sup

EAIACC

+/0 L= ps)(La(s)

q

u(s)| + La(s) | Dp,qu(s)

; ‘f(s,O,O)’)dp,qs

u(%s)\ + Lo(s)

1
D, u(-s
D.q (q)

1
i ‘f(qs,o,m‘)dp,qs

< sup (Aljul| + My)

tely 4

"1
t+/ —(1 —ps)dpqs
o 4

= sup (Alju]| + Mo)
t

p,q

1
< (Al|lu|| + Mo)(1 + ——) = (A||u|| + Mo)M
< (Al + Mo)(1 + =) = (Alfull + Mo) My

< AMir+(1-90)r

o —— |
p+q

=AM +1-=6)r<r.

Hence, we obtain that || Tu|| < r. So TB, C B,.

Now, for u,v € C}, 4 and for each t € I, 4, we have

Tu(t) — Tu(t)]



‘1 1 1 1 1 1 1
< oo | [ 200050, Do) = (2. Dyl
1
+/0 2(1 — ps) f(és,u(és),Dp)qu(és)) — f(és,v(és),Dp)qv(és)) dp s

< sup

tel, 4

1

tq 1 1 1
/0 ~(ps = (Ll 5) = 0(25)| + Lals) Dpgu(5) = Dpgo ()

)dp,qs

1
t 1 1 1 1
[ 2= L)) = 0(25) |+ Lals) Dt 5) = Dy (5) s
o ¢ q q q q
tq Ly
< sup Alju— v / f(ps—t)dp,qs—&—/ —(1 —ps)dp,qs
tel, 0o ¢ o 4
—t? t
sup Alju — | + —
tel, 4 p+qg q+p
< Allu —v|[My =Tlu —v|| <[u—nvl,
and
|Dp,un(t) - Dp,qTU(t)‘
t
< tSlllp / f(s,u(s), Dpqu(s)) — f(s,v(s), Dpqv(s))|dp,qs
€l qlJo
1 1 1 1 1 1 1
—&—/fl—s =s,u(=5),Dpqu(=5)) — f(=5,v(=5), Dpqv(=5))|dp¢5
oq( p)f(q <q) D,q (q )) f(q (q) pq(q )) P,q
t
< sup | [ (Li)]u(s) ~ v(s) |+ La(s) Dygu(s) = Dyge(s) s
tel, q | Jo
L1 1 1 1 1
+ [ =@ =ps)(Li(s)|u(=s) — v(=s)| + La(s)| Dp,qu(=5) — Dp,qv(=5)|)dp,qs
o ¢4 q q q q
1

< sup
tel, q

/ (L1 (5) + La(8))dpgs + / L0 = ps)(La(s) + La(s))dpgs
0 o ¢

1
1
< sup Allu— t"‘/ ;(1_p5)dp7q5
0

[l =]l

S pP,q
1
< sup Alju—o||t+ ——
tel, p+gq
1
< Aflu—of|(14+ ——)
p+q

< Aflu—vf|My = Tlju = [} < lu—wv].

Therefore, we obtain that ||Tu — Tv|| < ||u — v||, so T is a contraction. Then existence of at least one

fixed point for T follows by Banach’s contraction mapping principle. This completes the proof.

Corollary 3.7 Assume that 0 < % <1,0<q<1, f:IxR?— Risa continuous function, and there exist
two positive constants L, Ly such that

|f(t,ur,v1) — f(t,uz,v2)| < Li|ug — ua| + La|vy — va|,Vt € I, 4, (u1,v1), (uz,v2) € R?.

In addition, suppose I';y < 1 holds, where

1
Ty = (Ly+ Lo)My, My =1+ —.
1 (1 2) 1 1 q+p



Then BVP (1) has a unique solution.

Corollary 3.8 Assume that 0 < % <1,0<q<1, f:IxR?— Ris a continuous function, and there exist

Ly (t), La(t) € L' (I, 4, RT) such that
|f(t,ur,v1) — f(t,ug,v2)| < Ly(t)|ur — ua| + La(t)|vr — va|, Yt € I g, (u1,v1), (u2,v2) € R2.

In addition, suppose A < 1 holds, where

A= [ 1= R 0) + L))y

Then BVP (1) has a unique solution.

The next existence result is based on the Leray-Schauder nonlinear alternative theorem.
Lemma 3.9 Assume that 0 < % < 1,0 < ¢ <1, and (H) holds. Then T : Cp4 — Cpq is completely
continuous.
Proof. The proof consists of several steps.

(¢) T maps bounded sets into bounded sets in Cj, .

Let B, = {u € Cp 4 : |Ju|| <7} be a bounded set in C, , and u € B,. Then we have

www</t1
0

5 dp’qS

1 1 1
@&%Mﬂfm%%DmeD

Lt 1 1 1
-l-/ l—s‘ =s,u(=5), Dp qu(=5))|dp¢5 ‘
o q( p)f(q (q) P.q (q)) P,q
‘1 1 1 1
= —(t—ps —s,u(=8), Dy, u(—5))|d, 48
| 2009 FCssu(9). D)) | d
1
t 1 1 1
+ [ (1 —=ps)|f(=s,u(=5),Dpqu(=5))|dpqs
| 29| fCau(ze). Dyl )|

dp,q$

1 1 1
f(asa u(gs)v Dp,qu(as))

1
;Aﬁu—mnéu—mn

q

2/1 1 1 1

< - f(=s,u(=5),Dp qu(=5))|dp,q5
7/ (q (q) . (q ) |dp.g
2/1 2

< - r(8)d, o8 = —||orllL1,
=9 or(8)dp,q q”%ﬁ Iz

and

—(1—ps) dp,q$

1

1
dp,qs + /
0

q

1
1

d s+/

P,q 0 q

f(s,u(s), Dpqu(s))

]ﬂ}QOme}»

f(s,u(s), Dpqu(s)) —(1 —ps) dp,q$

]ﬂ}QOme}»

1
</
0

! 1/t
S/ or(8)dp,qs + */ Pr(=8)dp g8
0 q Jo q

1 1 2
= llerllr + =llerllcr = A+ =)llerller < =llerllzr-
q q q

Thus, || Tul| = max{||Tullcc, [|1DpgTullc} < FllrlLs-

(#4) T maps bounded sets into equicontinuous sets of Cp, 4.



Let r1,72 € I, 4,71 < 72, and let B, be a bounded set of Cp, ; as before, then for each u € B, we have

|Tu(re) — Tu(r)| = '; /OT2 (ps — rg)f(és,u(és), Dpvqu(és))d“qs

1

ro 1 1 1
Jr/—lfpsffs,ufs,D’ufs dp.q8
oq( )(q (q)pq(q))pq

1 (™ 1 1 1
1 / (ps — 1) f (25, u(5), Dy qu(L8))dpgs
0 q q q

1
—/0 ;(1—ps)f(és,u(és),Dp,qu(%s))dp’qs
1 [ 1 1 1 1 (™ 1 1 1

- |2 / (65 = r2) (2 5.0 ), Dy, s = - / (b5 = ) (2502 5), Dy )iy

1
—|—/0 é(l —ps)(ra — rl)f(%s, u(és), Dp_,qu(és))dpyqs
1 [ 1 1 1 2 1 1 1

=|—- 5[/0 (r2 — Tl)f(gs,u(gs), Dp,qu(gs))dp,qs + /T1 (ps — 7’2)f(657u(65)a Dp,qu(as))dnqs]

1
[ L= = )l D))

1 1 T2 11
< / Ir2 — 1) ()dpgs + / 1Ps — ralior(s)dpgs + / S p3)lra = il (g 0.
0 r 0

1

((r2 = 1) = 0),
and

|Dp,gTu(r2) — Dy gTu(r)| =

/0 " (5, u(5), Dy gtt(5))dp g5
LN 1 1 1
+ / S P50 5), Dy 5)) s
- / — £ (5,u(s), Dygu())dpgs
[ o oL Dy

—_ (5,u(s), Dp,qu(s))dyp.qs]

r1

< / on()dy 05 — 0, (rs — 1) — 0).

As a consequence of the Arzela-Ascoli theorem, we can conclude that T : Cp , — C, 4 is completely

continuous. This proof is completed.

Theorem 3.10 If the assumption (H) holds and there exists a real number M > 0 such that

M
qi > ]_7
20lor ]l

then BVP (1) has at least an solution, where ||¢,|| 1 = fol ©r(8)dpqs # 0.

Proof. In view of lemma 3.9, we obtain that T': Cp, , — C, 4 is completely continuous. Let A € (0,1) and

u = NT'u, then for each t € I, 4, we have
[u(t)] = [ATu(t)]

10



<| [ Los-0sCsnlan, s+ [ Lo psCaucs. p,u o

—(ps — =s,u(=s), Dp qu(—5s qS -1 =ps)f(=s,u(=s),Dp u(-s qS

=1y g g ety T A T PRI S S Era i 2)) e
t ’ 1 1 1 Ly 1 1 1

< —(ps—t —s,u(=5),Dpqu(—s d,s—l—/ —(1—ps =5,u(=5), Dpqu(=5))|dp,q5
| Lo )‘f(q o Dyt oldngs t [ 120~ pIF G309, Dyl
t1 1 1 1 Ly 1 1 1

= —(t —ps —s,u(=5),Dpqu(—s d}s—&—/fl—s —s,u(—=5),Dpqu(=5))|dp,qs
|29 FCau(o9). Dy dps + [ 20— )| P u(28). Dyl )|

f<gs7u<$s>,Dp,qu<§s>>

dp,q8

! 2
/ or(8)dp,gs = = llorllLr,
0 q

|Dp7qu(t)‘ = |Dp,q>\TU(t)|
t 1
< /0 f(S,u(S),Dp,qu(s)) dp,qs +/O (1]

1 2
< (T Dllerller < Zllerllz

Hence,

qlull

AL <.
2[ler]l 21

Therefore, there exists M > 0 such that |ju| # M. Let us set U = u € Cp 4 : ||u|| < M. Note that the
operator T : U — Cp,q is completely continuous. From the choice of U, there is no u € U which is a solution
of problem (1). This completes the proof.

The next existence result is based on the Leray-Schauder continuation theorem.

Theorem 3.11 Let f : [ x R* — R be a continuous function that satisfies the assumption (H). Suppose
futher that there exist functions p(t), q(t),r(t) € L'(I, 4, R") with tp(t) € L' (I, 4, R") such that

|f(t,u,0)| < p(t)|u] + q(t)|v] + 7(t) for ae. t € I, , and (u,v) € R?.

Then BVP (1) has at least one solution provided

max{(1 + é)(P 4P+ Q) NP} <1,

where

1 1 1 1
P:/ p(s)dpqs, P1 :/ sp(s)dp.qs, @ :/ q(s)dp g5, R:/ r(8)dp g5
0 0 0 0

Proof. We consider the space P = {u € Cp 4 : ©(0) = 0,u(1) = 0} and define the operator 77 : P x [0, 1] —
P by Ti(u,A) = A\Tu = )\fol G(t,s,p,q)f(s,u(s), Dp qu(s))dp qs. Obviously, we can see that P C Cp 4. It
is easy to know that for each A € [0,1], T1(u, ) is completely continuous in P. It is clear that u € P is
a solution of BVP(1), if and only if u is a fixed point of Ti(-,1). Clearly, T1(u,0) = 0 for each v € P. If
for each A € [0, 1], the fixed points of T7(-,1) in P belongs to a closed ball of P independent of A, then the
leray-Schauder continuation theorem completes the proof. Next, we show that the fixed point of T3 (-, 1) has

a priori bound M, which is independent of .
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Assume that v = T (u, A). It is clear that |G(¢, s,p,q)| < N. For any u € P, we have
1 1
O = () = [ Dyu($)dyos] < | [ Dpgu(s)dyas| < (1= 0Dyqul < (14 0] Dyl
t t
and so it holds that

|DpqTu| = [ADp ¢Tul
1 111

< [ |56 Dput) s + [

0 0

1 1 1
(1 - ps)f(gau(gs),DRqU(gs)) dp,q8
1
< / [[p(s)|uls)| + a(s)[Dp,qu(s)| + 7(s)]dp,qs
0

q

1

! 1 1
+5/0 [[p(S)IU(QS)I +Q(8)|Dp,qU(58)\ +7(8)|dp,q8

1 1
< 1Dy gtafloc / P(8) (1 + 8)dpgs + | Dy gta]oc / 4(8)dpgs + R

1 1
1 1 1
+1Dy gt / “p(5)(1 4 )3+ | Dyl / ~a(s)dp s+ R

1 1
< (14 P+ P+ Q)IDpgulloo + 1+ 2)R.

Therefore,

1+ )R
1+ )(P+P+Q)

[ Dp,qulloc < 11— = M.

At the same time, we have

1 1 1
lulloo < [[AG(2, 5, P, Q)f(gsau(gs)’Dp,q“(gs))HLl

1 1 1
< ||G(t7 5D, q>f(5$7U(68), Dpﬂlu(gs))”l:l

1 1 1
<N\ f(=s,u(=5),Dp qu(=s 1
| (q (q) b (q))IIL

< Nllp(s)lul + ¢(s)[Dp,qu| +7(s)]| 1

< NP|Jullo + NQHDp,qu”OO + NR,

and also

NQM, + NR
o < —————— := M.
fullo < YOMIENE _

Set M = max{M;y, My}, which is independent of A. Therefore, BVP (1) has least one solution. This

completes the proof.

Remark 3.12 Using the same method, we can obtain the existence and uniqueness theorems of solutions

for BVP (1), when —1 < 2 <0 and [£] > 1.
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4 Application

In this section, we give two examples to illustrate our main results.

Example 4.1 Consider the following BVP:

(D qu(t) +t+ gsin(u(t) + 7 arctan(Dyqu(t)) =0, t € Iq,

(10)

Here, f(t,u(t), Dy qu(t)) = t + %sin(u(t)) + %arctan(anu(t)), p = iq = % Clearly, |f(t,ui,v1) —
ftug,v9)] < %|u1 — ug| + %|vl — vg|. Then Ly = %,Lg = % and (L1 + L) - My = % < 1. Therefore,
by Corollary 3.7, we obtain that BVP (10) has a unique solution.

Example 4.2 Consider the following BVP:

(D2 ju(t) +t+3sin(u(t)) + £ sin(Dy qu(t)) =0,  t€ L,
u(0) = u(1) = 0,

(1)

Here, p = %, q= %, M = 56. It is obvious that|f(¢,u,v)| < t+ 1?0, where ,.(t) = t+ 13—0. Then fol or(t)dp ot =
%, soﬁ = 3 > 1. By Theorem 3.10, we obtain that BVP (11) has at least an solution.
rilL
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