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Abstract Recently, much attention has been given to multi-granulation rough sets (briefly, MGRS) and different kinds of multi-granulation
rough set models have been developed from various viewpoints. In this paper, we propose two types of MGRS models under neighborhood
systems from the topological view, where a target concept is approximated by employing the j-neighborhoods and j-adhesion neighbor-
hoods of objects in a given universe set. Therefore, we investigate some of basic properties of the two types of MGRS models, and discuss
the relationships and differences among the classical MGRS model and some other new models. Also, for each new MGRS model, an
algorithm will be presented.

Keywords Rough sets - Multi-granulation Rough Sets (MGRS) - Neighborhood systems (NS) - Topology - Multi-granulation topological
rough space (MGTRS)

1 Introduction

Rough set theory, proposed by Pawlak [[16[17], is a mathematical tool for characterizing the uncertainty by the difference between
the lower and upper approximations. Presently, Presently, rough set has been demonstrated to be useful in various areas such as pattern
recognition, image processing, feature selection, neural computing, conflict analysis, decision support, data mining and knowledge dis-
covery process from large data sets [16-20]. A fundamental concept in Pawlak’s rough set model is the indiscernibility relation, which
is an equivalence relation. By such relation, the equivalence classes are then regarded as the basic knowledge for the construction of the
lower and upper approximations. The computation of approximations is a necessary step for attribute reduction and knowledge discovery.
As one of the most important research topics along with the fast development of rough set theory, attribute reduction has aroused wide
concern and study, and many attribute reduction techniques have been developed in last twenty years. In the information age, complex
data is often represented by a multi-source information system [§] in which data come from different sources. How to fuse such data
has become a challenging task in the community of granular computing (GrC) [33]]. Information granulation is one of three basic issues:
information granulation, organization, and causation in granular computing. Information granulation involves decomposition of whole data
into parts called granules. Then, these granules are organized into a granular structure (or a granular space). In granular computing, the
granules induced by an equivalence relation (or a tolerance relation) form a set of equivalence classes (or tolerance classes), in which each
equivalence class (or tolerance class) can be regarded as a Pawlak information granule (or a tolerance information granule). In the view
point of Granular Computing [32./34]],Pawlak’s rough set model and most of its extensions are constructed based on only one granular
structure,which is induced by a binary relation(a partition or a covering).Thus,one may call those models the single-granulation rough sets.
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As Qian et al.[25]], have mentioned that,in many cases,a target concept is needed to describe concurrently from some independent environ-
ments,that is,multi-granulation spaces are needed.Therefore, Qian and Liang [24.[25] introduced the concept of multi-granulation rough
sets(MGRS),where the approximations of a set of objects are defined by using multi-equivalence relations.The main difference between
single-granulation rough sets and multi-granulation ones lies in that the approximations of a target concept in multi-granulation rough
sets are constructed by using multi-distinct sets of information granules.When two attribute subsets in an information system contradict
each other or possess an inconsistent relationship, MGRS will show its advantages for knowledge discovery [25]. Many scholars have
extended the classical MGRS by using various generalized binary relations. For instance, Qian et al. [26] presented a multi-granulation
rough set based on multiple tolerance relations in incomplete information systems. Lin et al. [[14] proposed a covering-based pessimistic
multi-granulation rough set, Xu et al. [29] proposed another generalized version, called variable precision multi-granulation rough set, and
Yang et al. [30] proposed a multi-granulation rough set based on a fuzzy binary relation. In fact, the basic idea of multi-granulation has
been also discussed by Khan et al. in [8]].

From discussions above, our objective is to develop the multi-granulation rough set theory via topology theory by using two kinds of
neighborhood systems.

2 Preliminaries

In this section, we introduce some fundamental key concepts of topology, rough set and neighborhood systems [5,{16]]. Throughout
this paper, we suppose that the universe {2 is a non-empty finite set.
We present a brief overview of topological space, a closure operator, an interior operator, and a topology based on a set. They are all
important concepts in topology theory and they were used to study rough sets [[1112331]. In this paper, these topological tools are also
employed to investigate multi-granulation rough sets.

Definition 1 [5] A topological space is a pair ({2, 7) consisting of a set {2 and a family 7 of subset of {2 satisfying the following conditions:
)02, ¢er,

2) 7 is closed under arbitrary union,

3) 7 is closed under finite intersection.

The pair ({2, 7) is called a topological space. The elements of {2 are called the points of the space and the subsets of {2 belonging to 7
are called open sets. The complement of the subsets of (2 belonging to 7 are called closed sets. The family 7 of all open subsets of (2 is
called a topology for 2.

Definition 2 [31]] Let R be any binary relation on a non empty set {2, for any set A C (2. The interior of A according to R defined as:
int(A)={z € 2:zR C A}.
If it satisfies the following conditions, then we call it a interior operator int : 29 2% 0n N.VX Y C 2,

(1) int(2) =

@) int(X) C

3) int(mt(X)) = int(X),

@) int(X NY) =int(X) Nint(Y).

Definition 3 [31]] Let R be any binary relation on a non empty set {2, for any set A C (2. The interior of A according to R defined as:
cd(A)={z € 2: xRN A # ¢}.
If it satisfies the following conditions, then we call it a closure operator ¢l : 29 2% 0on N.VX Y C 02,

(1) cl(@) = ¢

@ X Cd(X),

3) cl(c(X)) = (X)),

@) d(XUY)=c(X)Ucl(Y).

Obviously, if R is an equivalence relation x R=[z]| g and these definitions are equivalent to the original Pawlaks definitions.
In [24], Qian analyzed some restrictions of Pawlak classical rough set in practice and proposed a new extension of rough set i.e., multi-
granulation rough sets, in which a target concept can be approximated by multiple equivalence relations according to a users different
requirements. In other words, a target concept can be approximated by multiple granulation spaces in the view of granular computing [[25].
Assume that {2 is a finite non-empty universe of discourse. Let R be an equivalence relation on {2, {2/ R is a corresponding partition of {2,
denoted by 2/ R={[z]r : x € 2} in which [z]r={y : y € £2, xRy} is an equivalence class consisting z.{2/ R can generate a topological
space, denoted as (2, 7r), and {2/ R is a topology base of T, each subset of T is both open and close [4].

Definition 4 [24] Let ({2, AT, f) be an information system. Suppose that X C {2, R1, R, ...Ry, be n equivalence relations on (2, the
lower approximation ) " ; R;(X) and the upper approximation > .- ; R;(X) of X with respect to R1, Rz, ... R are defined as follows,
respectively,

(D) Yy Ri(X)={z € 2: V([z]r, € X),i <n}.
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@) 2 Ri(X)={z € 2: A([z]r, N X # ¢),i < n}.

From the above expressions, the operator "V’ is a disjunctive operator which here indicates that in multiple independent granular
structures, one needs only at least one granular structure to satisfy with the inclusion condition between an equivalence class and a target
concept. The expression (2) is the upper approximation of the optimistic multi-granulation rough set that can be also defined by the
complement of the lower approximation, which has been proved in [12]]. the operator A’ in expression (2) is a conjunctive operator
whose meaning is that in multiple independent granular structures, one needs all granular structures to satisfy with non-empty for joint
operator between an equivalence class and a target concept. And y . | R;(X) C X C >~ | R;(X). So we can label multi-granulation
rough set X= (3" | Ri(X),> i~ ; Ri(X)), accordingly, we call (£2, R1, R2, ..., Rn) a multigranulation approximation space in the
view of granular computing. And in [13]], is defined interior and closure operators on an equivalence relation as follows VX € (2 and
F={7’1,T2, ...,Ti}i
mint(X)=U{A €7 :V(AC X),i €n},
mel(X)=U{A e : N(ANX # ¢),i €n}.

Definition 5 [31]] Let {2 be a finite nonempty universe. A function m : 2 — Ris called a measure of the granularity of a set if it satisfies
the following conditions: for all A, B € 2%,

M1) m(A) >0

(M2) If A C B, then m(A) < m(B),

M3) A~y B <= m(A) =m(B).

Where A ~s B <= (~ (A <s B),~ (B <s A)),” <" is the weak order that is an extension of ” C ”.

Definition 6 [9] Let T = I be a family of multigranulation topological rough spaces on {2. A function G : I" — R is called a measure
of granularity of a partition if it satisfies the following conditions for all [, € T,

(G1) G(I') > 0.

(G2) If It C I, then G(Fl) < G(FQ),

(G3) It =1n <= I1 =1Ix5.

3 Multi-granulation rough sets approximations by using neighborhood systems

In this section, we use the definitions of j-neighborhood systems which are seen the first time in [1L31}3]. So, we use it to redefine the
MGRS approximations and generalize it.

3.1 The first type of neighborhood systems

Definition 7 [1,31] Let R be an arbitrary binary relation on a nonempty finite set U. The j-neighborhoods of x € U is denoted by
(A5(x)),Vj € {j1, 342,73, ja, 5, J6, 57, j8 }, which are defined as:

(1) A5, (z) ={y € U : xRy}, is used in [13] as an equivalence relation.

(2 Aj,(x) ={y €U : yRa}.

(3) Ay (x) = {y ev: N dVg'l(y)}-
€N, (v)
@ A (z )={ elU: ) %z(y)}-
€N, (v)
(5) s (x) = A (x) UJVJQ(:L‘)
©) /V o () = A5, (x) 0 A, (2).
(7) A () = Ny (x) U A, (2).
(8) A (x) = Ajs () O A, ().
Definition 8 Let ({2, R) be an approximation space. Suppose that X C (2, Ri, Ra2, -+, Ry, be n binary relations on (2, the lower

approximation ) \" , 4 R;(X) and the upper approximation y .-, ** R;(X) of X withrespectto R1, Ra, - - - , Ry, are defined as follows,
respectively,

1 X% 1=/VRZ(X)—{WE-Q V(Aij(z) € X),i < n}.
2) 2L Y Ri(X) ={z € 2: \N(Aij(x) N X # )i < n}.
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Example 1 LetU = {a,b,c,d, e} and we have three binary relations

Rl = {(a7 a)’ (a7 b)’ (b’ b)’ (b7 C)’ (C7 C)’ (d7 b)’ (d’ d)’ (d7 6)7 (e’ b)’ (67 d)7 (67 e)}’ R2 = {(a7 a)’ (a7 b)’ (a7 c)’ (b’ a)’ (b7 b)’ (b7 C)’ (C7 a)’
(¢,b), (¢, ¢), (d,d), (e,e)} and R3 = {(a, a), (a,d), (b,a), (b,b), (b,d), (¢,c), (d,a), (d,d), (e, a), (e,c), (e,d), (e,e) }. If X = {b,d},
then > 4 R;(X) = {d}and 3°_, /" R;y(X) = {a,b,d}

Theorem 1 Let (£2, R) be an approximation space. Suppose that X C (2, R1, Ra, - - - , Rn, be n binary relations on §2. Then we have the
following properties are hold:

(1) Y Ri(¢) = ¢.

(2) X CY theny ! | " Ri(X) C Y Ri(Y).
(3) iy M Ri(NjerX;) C Njery iy ¥ Ri(X;).
(4) o7 Ri(UjerX;) 2 Ujery iy ¥ Ri(X;).
(5) Tiy 7 Ri(X¢) = (Tiy 7 Ri(X))".

Proof (1) Follows from Definition 8]
(2) By Deﬁnition@and if X1 C Xo, then
Yimi M Ri(X0) = {z € Q| N(Aij(z) N X1 # ¢),i < n}
C{z e 2| N(Aij(x) N X2 # ¢),i <n}
=3 T Ri(Xa).
(3) From (2) and by Deﬁnition@ if X3 C Xo C..- C Xj,then

Z:'l:1 ‘/VRZ'(X1 NXsN---N Xj) = Z?:l ‘/VRi(Xl)

={z € 2| AN(Ai;(x) N X1 # ¢),i <n}
Clz e 2| N(Aj(x) N X2 # ¢),i < n}

CH{z e 2 A\Aj(x) N X; # ¢),i < n}
= Njeryi—s V Ri(X;).
(4) Analogue to (3) above.

(5) The complement of the j-lower approximation of X is
iy r Ri(X)) ={z € 2 V(Aij(z) € X),i <n}°

= {z € 2| N(Ai;(2))° 2 (X)}
= {2 € 2: N(Aij(x) N X # ¢),i <n}

The equality of (2) and (3) in Theoremmdoes not hold, in general, as shown in Example@

Example 2 In Example[]

(1) Take X1 = {b}, X2 = {c} and X3 = {d}. Thus 3> | ¥ R; (X1UX2UX3) = {a,b,c,d} and 32| /' R;(X1) UL >_, ¥ R;(X2)
US| Y Ri(X3) = {b, c,d}. Therefore, 7| ¥ R;(Uje1X;) # Ujerd o, Ri(X;) Vi € {1,2,3}.

(2) Take X1 = {b,d}, X2 = {b,cc} and X3 = {a,c,d,e}. Then >5_| ¥ R;(X1 N X2 N X3) = {d} and 30 | ¥ Ri(X1) U
S22 A Ri(X2) USSP Y Ri(X3) = {a,b,d}. Therefore, 2| ' Ri(N;jerX;) # Njerd o, * Ri(X;) Vj € {1,2,3}.

Theorem 2 Let (§2, R) be an approximation space. Suppose that X C (2, R1, Ra, - - - , Rn, be n binary relations on §2. Then we have the
following properties are hold:

(1) Y0, yRi(£2) = Q.

(2) Yoy v Ri(NjerXy) CNjery iy o Ri(X;).
(3) iy v Ri(UjerX;) 2 Ujerd iy v Ri(X;).
(4) X CY then ", yRi(X) C 30, yRi(Y).

(5) Yy wRi(X°) = (01, v Ri(X))".
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Proof Analogue to Theorem T}
The equality of (2) and (3) in Theorem [2]does not hold, in general, as shown in Example 3]

Example 3 In Example|l]

(1) Put Xy = {a,b}, X2 = {a,b,c}and X35 = {a,c¢,d, e}. Thus 3°_, R;(X1NX2NX3) = ¢pand 30| 4 Ri(X1)N2 2, 4 Ri(X2)N
Soi_y o Ri(X3) = {a}. Therefore 3-2_ | v Ri(NjerX;) # Njerys_y v Ri(X;) Vi € {1,2,3}.

(2) Put X1 = {a}, X2 = {b} and X3 = {c}. Thus 3°_, 4 Ri(X1 UX2UX3) = {a,b,c}and 3°_, 4 R;(X1)UY> | 4 Ri(X2)U
S22 v Ri(X3) = {c}. Therefore Y°_ | v Ri(UjerX;) # Ujerd o, »Ri(X;) Vj € {1,2,3}.

By using Definition [8] we can define the accuracy measure as the following.

Definition 9 Let (f2, R,,) be an approximation space. Suppose that A C (2, Rq, Ra, -+ , Ry, be n binary relations on 2, the accuracy
measure of A is defined by
2 iy Ri(A)]

ay(A) = s
S TR M)

Where |.| denotes the cardinality of the set.

Remark 1 If R;, fori € {1,2,--- ,n} are binary relations on a nonempty set {2. The properties does not hold, in general.
(D) iy v Ri(9) = 0.
@ Y,y Ri(X)CX.
B) 2imi Ry v Ri(X)) = 3031, v Ri(X).
@ X aRi(2) = 2
6) X C YL, yRi(X).

6) Dy ROy v Ri(X)) = 350 v Ri(X).
V X € £2 as in Example[d]

Example 4 Let R1 = {(a,b), (b,c)} and Rz = {(a,c), (b.c)} are any two binary relations on non-empty set {2 = {a, b, c}. Then we
have, 2| 4 Ri(¢) = {c}and 7, 4 Ri(£2) = {a,b}. Hence (1) and (4) does not hold.

If X = {b}, then 3.2, 4 R;(X) = {a,c}and 32| 4 Ri(X) = {a}. Consequently 2, 4 Ri(X) ¢ X ¢ 37 | yRi(X), e,
(2) and (5) does not hold.

If X = {b}, hence 37 | 4 Ri(X7 | yRi(X)) ={a,b,ctand 7| yRi(X) = {b,c}.If X = {a,b,c} Y7_, yRi(X) = {a,b}
and 2| 4 Ri(32_, 4 Ri(X)) = ¢. Therefore (3) and (6) does not hold.

3.2 The second type of neighborhood systems

In the following, j-neighborhood systems for Zhu [35] will be used to define another MGRS model. In this model, some properties in
Remark [Tl will be satisfied.

Definition 10 Let R be an arbitrary binary relation on a nonempty finite set U. The j-adhesion neighborhoods of x € U is denoted by
(2;(x)), Y5 € {j1,72, 73, j4, 5, Je, j7, j8 }, which are defined as:

1 25 (33): {y ev: e/‘G1($) = ‘/le(y)}

2 9]*2(:(}): {y eU : A, (I) = A3, (y)}

B) Zj(x)=qyelU: N Suy)= N r/le(x)}-

TENG, yEN;

@) Zj,(z)= {yEU: N W= N J’GQ(SU)}-
v, €N W)

(5) ’@js(‘r)= yjl ({L‘) J yjz(x)'

©) Zj(x)= 25, (x) N Pj, ().

(7 ‘@Jﬁ(m): gzjé (x) U 33]-4 (w)

(3) ‘@js(x)z Py (17) N gzjzx (11)

Definition 11 Let (2, R) be an approximation space. Suppose that X C 2, R1, Ra,--- , Ry be n binary relations on (2, the lower
approximation and the upper approximation with respect to R1, R2,--- , R, are
D) Yr, pRi(X)={ze 2:V(Ziz) C X),i <n}.
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2) Y, ZRi(X) ={z € 2: N(Pij(x) N X # ¢),i < n}, respectively.
Example 5 From Example if we have X = {b, d}, then 2?21 »Ri(X) = {b,d} and Z?Zl ZRi(X) = {b,d}

From Examples[I]and 5] we note that
S, wRiand Y7 | »R; are independent. Also, > | ' R; and )7, ¥ R; are independent.

Theorem 3 Ler (2, R) be an approximation space. Suppose that X C (2, R1, Ra, - - - , Ry, be n binary relations on §2. Then the following
properties are hold:
(1) >0, ZRi(02) = L2
(2) i 7 Ri(9) = ¢.
(3) X € 3y 7 Ri(X).
(4) X CYthen) ! | PRi(X)C> "  ZRi(Y).
(5) i1 ZRi(NjerX;) CNjery iy P Ri(X;
(6) Yy PRi(UjerX;) = Ujery i P Ri(X;
(7) 2?21 Ri(Z?:l ‘@Ri(X)) = Z?:l ‘@(X)
(8) i1 P Ri(X¢) = (LI, 2 Ri(X))".

Proof (1) By Definition [T1]

)-
).

YL PRi(02) ={z € 2| NPij(x) N2 #$),i <n} =2 Thus, > I | PRi(2) = 2.

(2) Similarly, from (1) Y1 |  Ri(¢) = ¢.
(3) Follows from Definition [TT]

(4) By Definition[TT]and if X1 C X3, then
Yoy ZRi(Xh) = {z € Q| AN(P45(z) N X1 # ¢),i < n}

CH{z e 2[NZiy(x) N X2 # ¢),i <n}
=i T Ri(Xa).
(5) From (4) and Deﬁnition@, if X1 € X2 C ... C Xj, then

?:1 yRi(Xl NXaN... ﬂXj) = ?:1 le(Xl)
={z € 2| N(Zij(x) N X1 # ¢),i <n}
C{z € 2| N(Zij(z) N X2 # ¢),i <n}

Cl{z e 2| N(Zi;(x) N X; # ¢),i <n}
= Njeryi— P Ri(X;).
(6) Analogue to (5) above.

(7) By Definition[T1] we have
Yoy PRi(X) = {z € 2: N(Pyj(x) N X # ¢),i < n}

Clr e 2:NZij(x)N Y7 PRi(X) # ¢),i < n}
=Y ZRi(Y 1, 7 Ri(X))

(8) The complement of the j-lower approximation of X is

—
—

(iny 2 Ri(X))* = {z € 2| V(Z4(x) C X),i <n}°
={z € 2N Z4(2))° 2 (X°)}
={z e : N Pij(x)NX £ ¢),i <n}
=2 P Ri(X¢).

The equality of (5) in Theorem@does not hold, in general, as in Example @
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Example 6 LetU = {a,b,c,d} and we have two binary relations
R = {(a,a), (b,b), (c, b) (¢,¢),(dya)} and R2 = {(a,b), (b,a), (a,c),(c,a),(c,d), (d,c),(d,b)}. Then if we have X; = {a, b}
and Xo = {b,d}, then Njer> o, ?Ri(X;) = {a,b,d} and 37, PRi(NjerX;) = {b}. Thus 3o, PRi(NjerX;) #

Njeryimy 7 Ri(X;).

Theorem 4 Let ({2, R) be an approximation space. Suppose that X C §2, R1, Ro, - - -
properties are hold:

(1) 2, 2Ri(2) = 9

(2) YXioy 2 Ri(d) =

(3) 3" 1@R(X)CX

(4) Z Lui=1 P o Ri(NjerX;) = ﬂJGIZ 24i=1 21 2 Ri(X;).
(5) Y1 2 Ri(UjerX;) 2 Ujery iy o2 Ri(X;).
(6) Yisi 2Ri(3_, 2Ri(X)) =31, »Ri(X).
(7) X CY then >, ng-(X) CYm pRi(Y).

(8) iy 2 Ri(X°) = (X7, P Ri(X))"

Proof Analogue to Theorem@

, Rn, be n binary relations on (2. Then the following

The equality of (5) in Theorem does not hold, in general, as in Examplem

Example 7 From Example we have X1 = {a} and X2 = {d}, then Z?Zl #Ri(UjerX;) = {a,d} and U]‘GIZ?::L 2Ri(X;) = ¢.
Thus 37, » Ri(UjerX;) # Ujerdi_y 2 Ri(X)).

By using Definition @ we can define the accuracy measure as the following.

Definition 12 Let ({2, R,,) be an approximation space. Suppose that A C (2, R1, Ro, - -
measure of A is defined by
2 i1 2 Ri(A)|

221 P Ri(A))]

, Ry, be n binary relations on {2, the accuracy

agp(A) =
Where |.| denotes the cardinality of the set.

Example [§]illustrates a comparison between the accuracy measure for new MGRS models.

Example 8 (Chemical application) Let X = {x1,x2,x3, x4, x5} be five amino acids (AAs) which described in terms of five attributes:
a1 = PIFE, az = SAC = surface area, a3 = M R = molecular refractivity, as = LAM = the side chain polarity and as = Vol =
molecular volume [28]]. Table|I| shows all quantitative attributes of five AAs.

Table 1 Quantitative attributes of five amino acids.

| X || a1 as as as as
xr1 0.23 254.2 2.126 0.02 82.2
9 0.48 303.6 2.994 1.24 112.3
T3 0.61 287.9 2.994 1.08 103.7
x4 0.45 282.9 2.933 0.11 99.1
x5 0.11 335.0 3.458 0.19 127.5

Consider five reflexive relations on X, Ry = {(zi,z;) € X x X : x4(ar) — zj(ar) < %,4,5,k € {1,2,---,5}}, where oy,
represents the standard deviation of the quantitative attributes a, k = 1, 2, 3, 4, 5. The right neighborhood for each element with respect
to the relation Ry, for k = 1,2, 3,4, 5. We have binary relations
Ri = {(z1,71), (21, 24), (32, 1), (T2, 72), (T2, T3), (72, T4),
({IZ57£U1), ($5,ZL‘4)7 ($5,CL'5)}.

Ry = {(CL‘1,£L‘1),($1,$2),(.CC1,.CE3),($1,J}4),(.1‘1,.T5),(£L‘2,CE2), (x2,1‘5)7(.T3,$2),(CL‘3,$3),($3,$4),(1‘3,.1‘5),(:1)4,:132)7(.174,.%3),
(z4,74), (T4, 35), (5, 35) }.

Rs = {(z1,71),(21,22), (71, 23), (21, 74), (21, 25), (2, 72), (¥2,23), (T2, 74), (T2, 75), (¥3,22), (T3, 73), (T3, 74), (23, T5),
(z4,22), (x4,23), (T4,24), (x4, 5), (5, 25)}.

(x2,25), (x3,71), (x3,22), (3, 23), (T3, 24), (3, 25), (T4, 4),
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Ry = A(z1,21), (21, 34), (22, 71), (22, 32), (22, 33), (32, 74) (22,25), (x3,21), (T3, 23), (v3,24), (3, 25), (T4, 21), (T4, 24),
(x4, 25), (5, 21), (x5, 24)}.
Rs = {(z1,21), (z1,22), (21, 23), (x1,74), (w1, 25), (w2, 22), (22, 25), (v3, 2), (x3,23), (3, 24), (3, T5), (74, T2),

(£L‘47 1’3), ($4, $4)a (x47 565), ($5, ZL‘5)}
Tables Ml [B] show a comparison between different kinds of j.

Table 2 A comparison between accuracies when j = j1 = j53.

P(X) TiavRi(X) Y aRi(X) ax(X) YI,eR((X) X!, 2R(X) ay(X)
{a} ¢ {a} 0 {a} {a} 1
{b} ¢ {b,c} 0 {b} {b} 1
{c} ¢ {c} 0 ¢ {c} 1
{d} ¢ {a,c,d} 0 {d} {d} 1
{e} {e} X : fe} {e} 1
{a,b} b {a,b,c,d} 0 {a,b} {a,b} 1
{a,c} b {a,c,d} 0 {a} {a,c} %
{a,d} ¢ {a,c,d} 0 {a,d} {a,d} 1
{a, e} {e} X % {a,e} {a,e} 1
{b, c} ) {b, c} 0 {b, c} {b, c} 1
{b,d} ¢ {a,b,c,d} 0 {b,d} {b,c,d} %
{b, e} {b, e} X 2 {b,e} {b, e} 1
{c,d} ) {a,c,d} 0 {c,d} {c,d} 1
{c, e} {e} X : {e} {c e} 3
{d, e} {e} X % {d, e} {d, e} 1
{a,b,c} I {a,b,c,d} 0 {a,b,c} {a,b,c} 1
{a,b,d} @ {a,b,c,d} 0 {a,b,d} {a,b,c,d} 3
{a,b, e} {b, e} X 2 {a,b,e} {a,b,e} 1
{a,c,d} I {a,c,d} 0 {a,c,d} {a,c,d} 1
{a,c, e} {e} X % {a,e} {a,c, e} %
{a,d, e} {a,d, e} X % {a,d, e} {a,d, e} 1
{b,c,d} ) {a,b,c,d} 0 {b,c,d} {b,c,d} 1
{b,c,e} {b,e} X % {b,c,e} {b,c,e} 1
{b,d, e} {b, e} X % {b,c, e} {b,c,d,e} %
{c,d, e} {e} X % {c,d, e} {c,d, e} 1
{a,b,c,d} ) {a,b,c,d} 0 {a,b,c,d} {a,b,c,d} 1
{a,b,c,e} {b, e} X % {a,b,c,e} {a,b,c,e} 1
{a,b,d, e} {a,b,d, e} X % {a,b,d, e} X %
{a,c,d, e} {a,d, e} X % {a,c,d, e} {a,c,d, e} 1
{b,c,d, e} {b,c,d, e} X z {b,c,d, e} {b,c,d, e} 1
X X X 1 X X 1

4 Topological approach to MGRS by neighborhood systems

In this section, we give some topological approaches for new MGRS models using definitions [7]and[I0]

4.1 The first type of topology by NS and its algorithms
Definition 13 [2] The topology which is generated by j-neighborhood systems is
Ty =|J{A € 2:Vz e A () C A}
Vi € {j1, 42,73, Ja, j5, J6, j7, js } is called the topology generated by j-neighborhoods, denoted by .7;.
Example 9 Let X = {a, b, c,d} and R be a binary relation defined by

R ={(a,a), (b,b), (c,b), (c,¢),(d,a)}

Then, we compute .7; as follows
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Table 3 A comparison between accuracies when j = j2 = j4.

PX) ZT:I w Ri(X) Z:'lzl & Ri(X) ay (X) Z?=1 2 Ri(X) Z?—l 2 Ri(X) a (X)
{a} {a} {a,d} 3 {a} {a} 1
{0} 5 {b, <} 0 {0} {o ]
{c} I {b,c,d,e}} 0 I {c 0
{d} ¢ {d, e} 0 ) {d} 0
{e} b {e} 0 {e} {e} 1
ia, bi }a} X % {a,b} {a,b} }
a,c a} X = {a} {a,c,d} =
e
0! To.c} Tooc.doc} 1 .o} (.} i
e
, € N 0 b,e b,e 1
{c,d} I {b,c,d, e} 0 {c,d} {c,d} 1
{c, e} 1) {b,c,d, e} 0 {e} {c, e} %
{d, e} ¢ {d, e} 0 {e} {d, e} 2
{a,b,c} {a,b,c} X % {a,b,c} {a,b,c,d} %
{a,b,d} {a} X E {a,b,d} {a,b,c,d} %
{a,b, e} {a} X % {a,b, e} {a,b, e} 1
{a,c,d} {a,c,d} X % {a,c,d} {a,c,d} 1
O E— S R— — 2 — e p—
I
,C, € ,C ,c,d, e = ,C, € ,C, € 1
Pk
{a,7b, 7c, d} {a,b,c,d} 7 )7(’ % {a,}), ;, d} {a,’b7 ;, d} 1
{a,b,c,e} {a,b,c} X % {a,b,c,e} X %
(el e x : el Tmedd i
Boede  {heo Do doc} : Boc.doc) Bredc) 1
X X X 1 X X 1

(1) Asj = j1, the topology .7, is

Tj, = {X, @, {a}, {b}7 {aa b}7 {a> d}7 {b> C}: {aa b, c}’ {a’ b, d}}

(2) As j = jo, the topology .77, is

Tjy ={X, 6, {c}, {d}, {a,d}, {c,d}, {b,c} {a,c,d}, {b,c,d}}.

(3) Asj = js, the topology 7 is

Tjs =1{X, ¢, {a},{b},{d}, {a, b}, {a,d},{b,c},{b,d}, {a,b,c},
{a,b,d},{b,c,d}}

(4) As j = ja, the topology .7, is

Ti, =X, ¢,{c},{d}, {c,d},{a,d},{b,c}, {a,c,d},{b,c,d}}

(5) Asj = js, the topology .7, is

(6) As j = js, the topology 7, is

‘-%5 = {X: ?, {a7 d}> {b7 C}}

Tis = {X, ¢, {a}, {b}, {c}, {d},{a, b}, {a,c}, {a,d}, {b,c},
{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d}, {b,c,d}}

(7) As j = jr, the topology .75, is

‘-%7 = {X: ®, {d}a {a7 d}a {b7 0}7 {b7 G d}}
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Table 4 A comparison between accuracies when j = j5 = j7.

P(X) i Ri(X) Y aRi(X) ax(X) Y, eR((X) Y, eR(X) axy(X)
{a} ¢ X 0 {a} {a} 1
{0} ¢ X 0 {6} {b} 1
{c} ) X 0 ¢ {c} 0
1dy & X 0 & day 0
{e} é X 0 {e} e} 1
{a,b} b X 0 {a,b} {a,b} 1
{a,c} 1) X 0 {a} {a,c,d} %
{a,d} ¢ X 0 {a} {a, d} 3
{a,e} ) X 0 {a,e} {a,e} 1
{b, c} ¢ {b, c} 0 {b, c} {b, c} 1
{b,d} @ X 0 {b} {b,c,d} 1
{b, e} b X 0 {b, e} {b, e} 1
{c,d} I X 0 {c,d} {c,d} 1
{c,e} 10} X 0 {e} {c,d, e} %
{d, e} ¢ X 0 {e} {d, e} 5
{a,b,c} @ X 0 {a,b,c} {a,b,c,d} E
{a,b,d} 10 X 0 {a,b} {a,b,c,d} %
{a,b,e} I X 0 {a,b, e} {a,b, e} 1
{a,c,d} ¢ X 0 {a,c,d} {a,c,d} 1
{a,c,e} 1o} X 0 {a,e} {a,c,d, e} %
{a,d, e} 1) X 0 {a,d, e} {a,d, e} 1
{b, c,d} ¢ X 0 {b,c,d} {b, c,d} 1
{b,c,e} @ X 0 {b,c,e} {b,c,d, e} %
{b,d, e} & X 0 {b, e} {b,c,d,e} :
{c,d, e} ) X 0 {c,d, e} {c,d, e} 1
{a,b,c,d} ) X 0 {a,b,c,d} {a,b,c,d} 1
{a,b,c,e} 10} X 0 {a,b,c, e} X %
{a,b,d, e} 1) X 0 {a,b,d, e} X %
{a,c,d, e} b X 0 {a,c,d, e} {a,c,d, e} 1
{b,c,d, e} I X 0 {b,c,d,e} {b,c,d,e} 1
X X X 1 X X 1

(8) Asj = js, the topology 7 is

Tjs ={X, ¢, {a}, {b},{c}, {d},{a,b},{a,c},{a,d}, {b,c},
{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d}, {b,c,d}}

Definition 14 For every j € {j1, jo, j3, J4, j5, j6, J7, js }, we call G is a j-open set if G € .7; and the complement G¢ = {2 — G of j-open
set is called a j-closed set. The set of all j-closed sets denoted by .%;.

Example 10 From ExampleE], by the complement. Then we obtain the j-closed set for each .7;. For instance at j = j1, the j1-closed set
is

ﬂ]& = {Xv b, {bv & d}’ {CL, ¢, d}7 {07 d}v {b7 C}, {a7 d}7 {d}v {C}’}

Definition 15 Let (2, %), (§2, %), -+, (£2, Z,) be n topological spaces induced by any binary relations Ri, Ra,- - , Rn, respec-
tively, and X C 2. Then we define ™Z; and ™C; operators of X with respect to I', where I'={.71, %, -- , I}, respectively,
vj € {41, J2,73, 4, J5, J6, J7, js }, as follows:

() "Li(X)={G € Z:V(GCX),ien},

2) "Ci(X)={F e Zi: N(XCF),i €n}.

Example 11 Consider X and R; are given in Example 0] and we have another binary relation Ry = {(a, a), (a,b), (b,c), (c,c), (d,b)}.
Take j = j1 (and also j € {j2, j3, Ja, j5, js, j7, js } are similarly). The topology is determined by R> is

T, = {Xv ®, {C}v {bv C}7 {a7 b, C}7 {b7 G, d}}
If X = {b,d}. Thus °Z;, (X) = {b} and *C;, (X) = {b,d}.

Definition 16 Let (2, .71), (2, %), -, (£2, ) be n topological spaces induced by any binary relations R1, Rz, - - - , Ry, respectively,

and X C 2. Then the m-boundary, m-positive and m-negative regions of H using j-neighborhoods are denoted by ™57, ™>; and "'<;,

respectively, Vj € {j1, j2, J3, j4, j5, J6, j7, j8 }» and defined as with respect to I, where I'={J1, Za, -+ , T }, respectively, as follows:
(1) " (X) =" C(X) =" I (X),
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Table 5 A comparison between accuracies when j = j6 = 58.

P(X) i Ri(X) Y, aRi(X) axn(X) Y, eR((X) Y, eR(X) ax(X)
{a} {a} {a} 1 {a} {a} 1
{0} {6} {v} 1 {b} {b} 1
{c} ) {c} 0 {c} {c} 1
{d} ¢ {d} 0 {d} {d} 1
{e} {e} {e} 1 {e} {e} 1
{a,b} {a,b} {a,b} 1 {a,b} {a,b} 1
{a,c} {a} {a,c,d} % {a,c} {a,c} 1
{a,d} {a} {a,d} 1 {a,d} {a,d} ]
{a, e} {a,e} {a,e} 1 {a,e} {a,e} 1
{b, c} {b, c} {b, c} 1 {b, ¢} {b, c} 1
{b,d} {b} {b,c,d} 1 {b,d} {b,d} 1
{b, e} {b, e} {b, e} 1 {b, e} {b, e} 1
{c,d} {c,d} {c,d} 1 {c,d} {c,d} 1
{c, e} {e} {c,d, e} % {c, e} {c, e} 1
{d, e} {e} {d, e} % {d, e} {d, e} 1
{a,b,c} {a,b,c} {a,b,c,d} % {a,b,c} {a,b,c} 1
{a,b,d} {a,b} {a,b,c,d} % {a,b,d} {a,b,d} 1
{a,b,e} {a,b, e} {a,b,e} 1 {a,b, e} {a,b, e} 1
{a,c,d} {a,c,d} {a,c,d} 1 {a,c,d} {a,c,d} 1
{a,c, e} {a,e} {a,c,d, e} % {a,c,e} {a,c, e} 1
{a,d, e} {a,d, e} {a,d, e} 1 {a,d, e} {a,d, e} 1
{b, c,d} {b,c,d} {b, c,d} 1 {b,c,d} {b,c,d} 1
{b,c,e} {b,c,e} {b,c,d, e} % {b,c,e} {b,c,e} 1
{b,d, e} {b, e} {b,c,d, e} : {b,d, e} {b,d, e} 1
{c,d, e} {c,d, e} {c,d, e} 1 {c,d, e} {c,d, e} 1
{a,b,c,d} {a,b,c,d} {a,b,c,d} 1 {a,b,c,d} {a,b,c,d} 1
{a,b,c,e} {a,b,c, e} X % {a,b,c,e} {a,b,c,e} 1
{a,b,d, e} {a,b,d, e} X % {a,b,d, e} {a,b,d, e} 1
{a,c,d, e} {a,c,d, e} {a,c,d, e} 1 {a,c,d, e} {a,c,d, e} 1
{b,c,d, e} {b,c,d, e} {b,c,d, e} 1 {b,c,d, e} {b,c,d,e} 1
X X X 1 X X 1

2 ™ (X) ="I;(X),
(B) ™ (X) =02-""C5(X).

Example 12 From Examples@and Take j = j1 (and also j € {j2, j3, Ja, j5, J6, j7, j8 } are similarly). So, we have
(1) *v;, (X) = {d}.
2) 2pj (X) = {0}
3) 2 <, (X) ={a,c}.

Theorem 5 Ler (2, 71), (82, %), -+, (£2, Tn) be n topological spaces induced by any binary relations R1, Ra, - -+ , Rn, respectively,
and X C 2. We have "Z;(X) = Y7 | 4y Ri(X), "C;(X) = >, ¥ Ri(X).

Proof Follows from Definition[8]and [I5]
According to above results of multi-granulation rough sets via neighborhood systems, we have Theorems [6] [7]and 8]

Theorem 6 Let (2, 71), (2, %), -, (82, Tn) be n topological spaces induced by any binary relations Ri1, Rz, - -+ , Ry, respectively,
and X C 2. Then, with respect to the operators ™I;, we have

(i) "I;(¢) = ¢

(ii) mZ;(2) = 02,

(iii) "Z;(X) C X,

(v) if X CY = "I;(X) C™ I;(Y),

(v) "L;(MI;(X)) =" I;(X).

Proof (1) Since ¢ € Z; and by Definition[15]
"Zi(9) ={A€ Fi: \[(H(A) Cd)ien} =¢.
Thus, " Z;(¢) = ¢.
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(2) Follows from Definition [I5]and from (1).
(3) Follows from Definition [I5]
(4) By Definition[I5]and if X C Y, then
"Ii(X) ={A € Z: \/(H(A) C X),i € n}
C{Ae 7 :\[(4(A) CY),ien}
=" T;(Y).
(5) Follows from (3) and Definition[L5}

Theorem 7 Ler (2, 71), (82, %), -+, (£2, Tn) be n topological spaces induced by any binary relations R1, Ra, - -+ , Rn, respectively,
and X C 2. Then, with respect to the operators " C;, we have

(i) ™C;(2) = 2,

(ii) "Ci(p) = ¢,

(iii) X C™ Cj(X),

(iv) if X CY = ™C;(X) C™ C;(Y),

(v) ™C;(MC (X)) =" Ci(X).

Proof Analogue to Theorem@

Theorem 8 Let (2, 71), (82, %), -+, (12, Tn) be n topological spaces induced by any binary relations R1, Ra, - -+ , Ry, respectively,
and X,Y C (2. Then

(1) "L;(X NY) ="T;(X) N Z;(Y),

(2) ML (X UY) D™ I,(X) U™ Z;(Y).

Proof
(1) Itis sufficient to show ML (X NY) =" T;(X) N L (Y).
By Definition[T5] we have "T(XNY)={A€ T \/(/VJ(A) C XNY),ien),

since X NY C X and X NY C Y implies that 4;j(A) C X and A;(A) CY.Thus, "Z;( X NY) C™ Z;(X) and "Z;(X NY) C™
Z;(Y) by (3). Therefore, mT LX) A" L (Y)

—{Ae 7 \/(H(A) S X)ien)

and

{Ac 7 :\/(4(A)CY)ien}
={Ae 7 :\/(HX)n () CQ)iecn}
=" (X NY)=""Z;(X)N" Z;(Y).
(2) Analogue to (1).

Example 13 From Examples@and take j = j1 (and also j € {j2, J3, ja, js5, J6, j7, js } are similarly).

(1) If X = {a,b} and Y = {a}. Then, we have, °Z;, (X NY) = {a} and *Z;, (X) N? Z;,(Y) = {a,b} N {a} = {a}. Thus ™Z;(X N
Y) =" I;(X) N Z;(Y)

(2) If X = {b,d} and Y = {a}. Then we have, >Z;, (X UY) = {a,b,d} and °Z;, (X)U*Z;, (Y) = {a, b}. Therefore, "Z; (X UY) D™
Zj(X) U™ Z;(Y).

Theorem 9 Let (2, 71), (2, %), , (12, Tn) be n topological spaces induced by any binary relations R1, Rz, -+ , Ry, respectively,
and X, Y C {2. Then

(1) "Ci(XUY) =" C3(X) U™ C;(Y),

2) MG (X 1Y) T G (X) N G,

Proof Analogue to Theorem [8]

Example 14 From Examples[9)and[11] take j = j1 (and also j € {j2, j3, ja, js, j6, j, js} are similarly).

(1) If X = {b,d} and Y = {a}. Then we have, >Cj, (XUY) = {a, b, d} and °C;, (X)U?C;, (Y) = {a, b, d}. Therefore "C;(XUY) =™
C;(X)umc;(Y).

(2) If X = {a,b} and Y = {b, c}. Then, we have, °C;,(X NY) = {b} and ?C;, (X) N* C;,(Y) = {b,d}. Thus ™"C;(X NY) C™
C;(X)N™Ci(Y).
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Theorem 10 Let (2, 71), (82, %), -, (82, T) be n topological spaces induced by any binary relations R1, Ra,

and X,Y C (2. Then, ™Z; and " C; are interior and closure operators, respectively.

Proof Obvious.

Theorem 11 Ler (£2, 51), (£2, ), - , (2, Tp) be n topological spaces induced by any binary relations Ri1, Ra,

and X C (2. Then, with respect to "7 ;(X), we have
(1) "7 ;(X) =" C;(X) 0™ C5(X°),
(2) "7;(X) =" v;(X9),
(3) "Ci(X) = X U™ (X)),
(4) "T;(X) = X \™ v;(X),
(5) "7 ;(X) ™ I;(X) = ¢,
(6)"7;(X1UX2) C" v,;(X1) U™ v,;(X2),
(7)"7;(X1NX2) € v,;(X1) U™ v,;(X2),
(8)"7;(MC; (X)) €™ v;(X),
(9) ™7 (MLi(X)) € v (X).

Proof (1) By Theorem|[6and Definition [T6] we have
" (X) =" CHX) N (M (X)) =" C(X) N C(X6).

(2) Follows from (1), where

™75 (X0) =" C(X) N (MG (X°)°)
=" C(X°) ™ C5(X) =™ 7,(X).

(3) By (1) and Theorem|[6] we have X U™ 7;(X) = XU ("C(X)N™C;i(X9))
= (X U™ G (X)) N (X U™C;i(X9))
=" Ci(X)N[X U ("T;(X))]
=" C](X) N e
=" Ci(X).
@ X\™ 7;(X) = X\ ("C;(X) ™ €;(X)
=X A ([™C;(X) N™ C;(X)]°)
=X A(["C(X)]°U[™CH(X)]°)
= [XN™Z;(X)|U[X N Z;(X))]
=onN™ Z; (X)
=" T,(X).
(5) It is clear.

(6) By Theorem[7]and Definition [T6] we have

mvj(Xl UX2) =""C;(X1UX2)N (MCj(X1 U X))
C[MCi(X1) U™ Cj(X2)] N ["C;(X1) N™ C5(X3)]
= ["C;(X1) U™ C;(X2) N™ C;(XT) N™ C;(X3)]
= ["C;(X1) 0™ G (XD)] U [MC;(X2) N™ C;(X3)]
=" (X)) U™ v (Xa).
(7) Analogue to (6) above.
(®) ", (MC (X)) =" C("C(X) ™ CH(X)
C™Ci(X)N™ C;("MC5(X))
C™Ci(X) N™ C5(X°)
=" Vj(X)~
(9) Analogue to (8).

-+, Ry, respectively,

-+, Ry, respectively,

Definition 17 Let R; and R> be any binary relations on a finite universe {2, f1 and f2 are the subbase of Ry and R respectively. Then

we define a intersection mapping F_yn : 2 — 29 satisfies
Fyn(x) = fi(z) N fa(x).
Where fi(z) = {(A](2))r, : # € 2} and fao(z) = {(A}(z))R, : x € 2}.
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Definition 18 Let .77, % are two topologies induced by R; and R». Then we can define M between two topologies which is defined as
follows

AT = Frnlx):zec 2}
Theorem 12 [f 51, % are two topologies induced by R1 and Rz, then 51 1 95 is a topology.

Proof Suppose Y be a finite universe, R1 and R2 two binary relations, and
Fi={42, 6, (S5 (@) Ry, (A (@i2) )Ry (S5 (@ik)) Ry
U?:l (A (@in)) rys Ny (Uiz1 A5 (zik)) Ry )
Fo={82, &, (Nj (1)) Ros (Nj(Tj2)) Ry -+ (A5(T1)) o
Uima (A5 (@it)) Ra iy (Uimy A5 (in)) o )
induced by R1 and Rg, k,1 < |{2|, where |.| is cardinality of £2.
(1) According to the definition of .77 M 95, obviously, ¢ € F1 M T, 2 € 7 M Ds.
(ii) Assume that X,Y € 71 M %, then there exists two classes (A} (z1))r, € T, (Aj(x2))r, € F2 such that
X C (Aj(x1))r,» Y € (A5(22))R,-
Hence X NY € (Aj(z1))r, N (Afj(22))R, € 71 T To.
(iii) Let 7 € J1 M J, suppose that Jy . » X ¢ 1 M J%. Then there at least exists an element z € X € .7, we have an class ./j(x)
consisting « in 71 M % such that A (x) ¢ F1 N T.
Thus A5 (z)=((A4;(z)) r, N (A5 (z))Rr,) holds, a contradiction. Therefore, 71 M P is still a topology.

Example 15 Consider R1 and Ry are defined on Examples [T]and [TT]respectively. Then we obtain by a relation Ry
fi(a) =A{a}, f1(b) = {b}, fi1(c) = {b,c}, f1(d) = {a}.

And the relation Ro

f2(a) = {a,b}, f2(b) = {c}, fa(c) = {c} and f2(d) = {b}.
Thus F 4 (a) = {a}, Fyn(b) = ¢, F yn(c) = {c} and F_y~(d) = ¢. Therefore

NI = {Qa¢7{a}7{c}>{aac}}'

Similarly, we can prove that the intersection of the finite topologies is topology, i.e., ;-;7; is a topology with respect to
A, Doy Tn,denoted by M2, .7, = I

Definition 19 Let (12, %), (£2, %), -, (£2, ) be n topological spaces induced by any binary relations R1, R2,- - , Rn, respec-
tively. An intersection operation Fr : 2 — 2. Then (£2,M7-1.7;) is called a multi-granulation topological rough space, denoted as
(2,71 7)=(,T).

Corollary 1 Let 71, 72 be two topologies on 2, if for any X € T, there exists Y € F» such that X C Y. Then we call 71 finer than
Ta, denoted by 1 Sy Ta. If A is strictly finer than J2, denoted by 1 <7 P, Ifand only if X =Y, then 51 = J5. Similarly, let
I, I2 be two multi-granulation topological rough spaces on X, if for any 71 € I, there exists o € 12 such that 71 Sg 5, then we
call I'y than I, denoted by Iy <'' Ty If I'y is strictly finer than I, denoted by I't <" I's. If and only if 1 = Za, then I't = I.

Theorem 13 Let 51, P, -+ , Tn be n topologies on §2 induced by any binary relations R1, Rz, - - - , Ry, respectively. If 71 <7 F <7
T _
e <7 Gy, then I’ = 7.

Thus, from the above definition, we know ({2, I') is finer than each topology on (2.
Corollary 2 If 71 <7 P, and 87", 85" are the topology subbase of 71, Fs, respectively. Then Si* <7 Ss".
Corollary 3 If I'y <'' Iy, and Sﬁ}, SQJX/[ are their family of the topology subbase of I'1, I's, respectively. Then 31‘/11\//[ <F 82‘/}\/4.

Theorem 14 Let S;/V be the topology subbase of 7, then m;;s;” is a topology subbase of multi-granulation topological rough space
I.

Proof

(i) Forany = € X, there exists (.4} (x))r, € SBi such that 2 € (}(z))r,. Since (A (x))r, € MP_1S;" . Hence, let A = (AHj(x))r, €
M, S8;", we have z € A.

(ii) Forany Ay, Ay € M, Sy", suppose & € A1 N Ay, but A; is a set which is intersection of (.4} (z))r,, Az is a set which is inter-
section of (4} (y)) r,, then x = y, otherwise (A (z))r, = (A5 (y))r,- Hence A1NAz = ¢. There exists Az = ¢ obviously, ¢ C ¢ holds.

Therefore M7, 87" is a topology subbase of multi-granulation topological rough space (MGTRS) I".

Definition 20 Let ({2, ") be a MGTRS and X C 2. Then the interior operator is defined as

(X)) = J{ger:g c x}.
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Definition 21 Let (£2,1") be a MGTRS and X C (2. Then the closure operator is defined as
Ci(X)=([{Fer®:xcCr}

Example 16 From Example take j = j1 (and also j € {j2,J3, ja, J5, J6, j7, js } are similarly). If X = {a}, then Z;, (X) = {a} and
le (X) = {a7 C}'

Proposition 1 Let (£2,1") be a MGTRS and X,Y C (2. Then, with respect to the interior operator I;, we have
(i) Z;(¢) = &
(ii) Z;(2) = 12,
(iii) Z;(X) C X,
(iv) f X CY = TI;(X) CZ;(Y),
(v) Z;(Z;(X)) = Z;(X).
i) (X NY) =Z;(X) N Z;(Y),
(vii) Ij(X @] Y) ) Ij(X) UIj(Y).

Proof By Definition[20]and Theorems [6]and [8]

Proposition 2 Let (£2,1") be a MGTRS and X,Y C (2. Then, with respect to the closure operator T;, we have
(i) Cj(¢) =&,
(ii) C;j(£2) = 12,
(i) X C C;(X),
(iv) if X CY = C;(X) CC;(Y)
() €;(C;(X)) = C;(X).
(vi) C;(XUY) =C;(X) UC;(Y),
(vii) C](X n Y) - C](X) ﬂCj(Y).

Proof By Definitions 21]and Theorems [7]and [0]
Theorem 15 Let Q2r = {Aj(A1), N;(A2), ..., #;(Ak)}. Then we call

m (A5(4)) = 1 - m)

A measure of granularity of a set ;(A), k is the number of blocks in £2r, denoted by |2r| = k.

Proof 1t is sufficient to show that m meets all the conditions in Deﬁnition@
(1) ObVlOuSly, m/(% (A)) = T(l — W) 2 0.
(i) If Aj(A) C A5(B), then [N;(A)| < |N;(B)|, then

m_y (A5(A)) — m(A5(B))

0 2
= B2 - gz - B0 - e

|
>

1 1
—w @ LT R mn)

= B ety — ey <O
e, m(A5(A)) < m(A5(B)).
(i) T6 A~ B, then |5 (A)] < |45(B)] and |4 (A)] > |45 (B)]. Hence m_y (A5 (A)) = m_y (45(B).

Proposition 3 Ler 2y be a classes of §2 induced by any binary relation on {2 and X € §2r. The maximum granularity measure of X with
respect to R is one. This value is achieved if and only if k = 1, maz(m_y (A;(A))) = |2|(1 — ﬁ)

Proposition 4 Let 2 be a classes of §2 induced by any binary relation on §2 and X € §2r. The minimum granularity measure of X with
respect to R is one. This value is achieved if and only if k = |£2|, min(m_y (A;(A))) = (1 — ﬁ)

Example 17 From Example the first topology have the following subbase S;, = {{a},{c}}. Thenm_y ({a}) = 3(1— 53;) = 1 and
my({c}) =501 - g7) =1

Theorem 16 Let (2,1") be a MGTRS, m_y : 2 — R a measure of the granularity of subsets of £2, and Sy = {A1, As, ..., An} a
topology subbase of I’y . Then a measure Gy (I') = A m? (As).p” (Ai)
|

is a topological granularity of I, where p‘/V(Ai) = "?;‘ .

Proof 1t is sufficient to show that G‘]{/[V satisfies all the conditions in Deﬁnition@
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(i) Obviously, Gy (I') > 0 holds.

(ii) Suppose I'1 <I' I, Si/}\/4 C SQJ}\//[ holds. This means that every class of 32‘/11\//[ is a union of one or more blocks of 81‘/}\//1 and at least one
class of S;\jy is the union of at least two blocks from Sl‘/}\}. By the fact {2 i 1s a finite universe, there exists a finite sequence of partitions
St = Sil1 € Sily C ... € SiJ; = Si2 such that exactly one block of S57 41 1 the union of two classes fromS forj=1,2,...,n—1
and n > 2. We want to show that G (SJJV ) < G (SJ{ 1)- Without loss of generahty, suppose a class of Sg+1 is obtained by the union of two
classes A;j1 and Aj2 ofoV, that is,S&»’V ={A;1,Aj2,..., Ajr}, k> 2and S +1 = {A;1 UAja,...,UA;}. According to the definition
of Gy (£2) and monotonicity of ", we have:

Gir (87) = iy m” (Ajan™ (450))
=m” (A1) (Aj1) +m? (Ag2).p” (Aj2) + X0 m™ (Ajip™ (A50))
<m? (A1 0 Aja)p” (Ajn) + m (A2 U Ajn).p” (Aj2) + S0y m™ (Ajip™ (450))
=m” (A1 U Az2).p” (Aj1) + 07 (Aj1) + g m™ (Ajip™ (4;0)
=m” (Aj1 U Az2).p” (A U Ajn) + 30y m™ (Ajip™ (Az0))
= Gu(Si).
Then It <”" I’ holds.
(iii) Assume that I = I, Sih; C S5’y; holds. And from Deﬁnition G(I'n) = G(I>) holds.

Proposition 5 Ler (§2,1") be a MGTRS. The maximum topological granularity measure of 7 with respect to §2 is one. This value is
achieved if and only if m” = 1, max(Gyy (') = |2] — 1.

Proposition 6 Let (2,I") be a MGTRS. The minimum topological granularity of s with respect to {2 is one. This value is achieved if and
only if m”" , min(Gyp () =1—

IQI

Thus, 1 — o < G(T37) < |2] - 1.

Theorem 17 Let I't, I's be two MGTRS. If I't <7 Iy, then Gy (I') < Gy (I2).

Definition 22 Let (£2,I") be a MGTRS and S]\J/‘[/ = {A1, Az, -+, An} is a topology subbase of I". Then the topological entropy of I is

defined as: .

where p" (4;) = |“?;‘|.

Definition 23 Let (£2, I") be a MGTRS. Then .7, is significant in I, if B (2,NL_, %) # E¢ (%2, ni_, iz 73)- S0, Ty is not signifi-
cantin I if E7 (2,1, 7)) = EX (2,7, ;. 7).
Definition 24 Let ({2, I") be a MGTRS. The significance measure of , in I is defined as

EIJ—‘V(‘(L rlg:l‘%)

S# (%) = :
E%V(Qvﬂgzl,i;ék%)

Definition 25 Let I" = {1, %, -+ , I4} be q topological spaces induced by any binary relations R1, R, - - , Rn, respectively on 2.
If there exists a subset I; = {F1, Fia, -+ , Tig} C I, such that EY (2,NL | Z) = EZ (2,19, Zix), but EZY (2, Z:y M Fip M- - -1
Tik NV Ti(k41)) 7 EZ (2,711 %N ---NZ,), then we call I is a granularity reduct of I".

Now, we establish Algorithm 1 to produce the intersection of topologies and Algorithm 2 to make reduction for topologies.

Algorithm 1. An algorithm for Mj; .7;

Input: x € (2 and Binary Relations R;.
Output: M;, .7;.

l:for (i = 1;4 <= |R;|;i + +)

2: for (k=1k <= |Ri|;k++)
fi(z) = (A5(@))R,
me(x) ﬂk:l fi(z).

3:

4:

5: endfor

6: endfor

7:for (i = 1;i <= |Ry|;i + +)

8 Mim1Zi = UNFiyn()
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9: endfor
10: end

Algorithm 2. An algorithm for a reduction

Input: (2, {2z and Multi-source information decision table.
Output: make a reduction ( reduct is a set which conserve the selected granularities).

1: reduct = ¢
2:for (i =1;i <=mn;i++)
2
3: m? (A5(A) = B = ), where k = [(2g]
4: endfor
S:for (i = 1;i <=n;i+ +)
. N _ 1A
6: p” (Ai) = I|Q|‘
7: endfor
8:for (i =1;i <=n;i++)
a
9: Eff (1) =1— 57 3 m” (A)p” (Ai)
i=1
10: endfor '
Il:for (i = 1;¢ <= |Ry|;i + +)

) N _ _BX QN T )
12: St (%) = B @, o, o0 Where k < [Ril
13: reduct = Jj
14: if(B7 (2, reduct) = B (2,N%_, 7))

15: goto: end
16: endif

17: endfor

18: end

4.2 The second type of topology by j-adhesion NS and its algorithms
Definition 26 The topology which is generated by j-adhesion neighborhood systems is
Ty =\J{A € 2:Va e A 2;(x) C A}
Vi € {J1,J2, 73, Ja, j5, J6, j7, js } is called the topology generated by j-adhesion neighborhoods, denoted by 7;.

Example 18 Let X = {a,b, c,d} and R be a binary relation defined by

R = {(ava)v (bv b), (c’ b)v (cv c), (d, a)}

Then, we compute .7; as follows. For instance at j = j1:

i ={X, ¢, {b}, {c}, {b, c}, {a, d}, {a, b, d}, {a, ¢, d}}.

Definition 27 Forevery j € {j1, jo, j3, j4, j5, j6, J7, js }, we call G is a j-open set if G € .7; and the complement G¢ = {2 — G of j-open
set is called a j-closed set. The set of all j-closed sets denoted by .%;.

Example 19 From Example[T§] by the complement. Then we obtain the j-closed set for each .77;. For instance at j = j1, the j1-closed set
is

Fj =X, 0, {a,¢,d}, {a,b,d}, {a,d}, {b, ¢}, {c}, {b}}.

Definition 28 Let (2, .71), (2, %), -, (£2, ) be n topological spaces induced by any binary relations R1, Rz, - - - , Ry, respectively,
and X C (2. Then we define ™ L; and ™U; operators of X with respect to I', where I' = {1, S5, -, In}, respectively, Vj €
{jlvaaj37j4?j57j67j77j8}’ as follows:

() "Li(X)={G € Zi: V(G C X),i €n},

Q2 "U;j(X)={F € F : N(AC F),i € n}.
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Example 20 Consider X and R are given in Example 0] and we have another binary relation Ry = {(a, a), (a,b), (b, ), (¢, ¢), (d, b)}.
Take j = j1 (and also j € {j2, j3, Ja, j5, j6, j7, js } are similarly). The topology is determined by Ro is

Tj ={U, ¢,{a},{d}, {b,c}, {a,d}, {a,b,c}, {b, c, d}}
If X = {b,d}. Thus 2L, (X) = {b,d} and *U;, (X) = U.

Definition 29 Let (£2, 71), (2, %), -, (§2, Z») be n topological spaces induced by any binary relations R1, Ra, - - - , Ry, respectively,
and X C 2. Then the m-boundary, m-positive and m-negative regions of H using j-neighborhoods are denoted by ™ B;, " P; and ™ N/,
respectively, Vj € {j1, j2, 3, ja, Js, j6, j7, ja }» and defined as with respect to I", where I'={.%1, S, ..., T }, respectively, as follows:

(1) "B;(X) =" Uj(X) =" L;(X),

@) Py (X) =" £;(X),

(3) "N (X) = 2 =" Uy (X).

Example 21 From Examplesand Take j = j1 (and also j € {j2, j3, Ja, js5, js, j7, js } are similarly). So, we have
(1) %Bj,(X) = {a,c}.
2) *Pj, (X) = {b,d}.
(3) *Nj\ (X) = ¢.

Theorem 18 Let (2, 71), (82, %), -+, (82, T) be n topological spaces induced by any binary relations R1, R, - - - , Rn, respectively,
and X C 2. We have " L;(X) = Y.1 | »Ri(X), "U;(X) = >, PRi(X).

Proof Follows from Definition [TT]and
According to the above propositions of multigranulation rough sets using neighborhood systems, we easily obtain the following results.

Theorem 19 (2, 71), (2, %), -, (£2, Tn) be n topological spaces induced by any binary relations R1, Ra, - - - , Ry, respectively, and
X C (2. Then, with respect to the operators " L, we have

(i) mL;(2) =1,

(i) "L;(¢) = &,

(iii) " L;(X) C X,

(iv) if X CY = ™L;(X)C™ L;(Y),

(1) LMLy (X)) =" L;(X).

Proof (1) Since ¢ € 7; and by Definition [28]
"Li(¢) ={A€ Zi: \[(25(A) C¢)icn} = ¢
Thus, " L;(p) = ¢.
(2) Follows from Definition [28]and from (1).
(3) Follows from Definition 28]
(4) By Definition[28|and if X C Y/, then
LX) ={A€ 7 : \[(#;(A) C X),i € n}
C{Ae 7 :\/(7;(A) CY),ien}
=" L, (1),
(5) Follows from (3) and Definition 28]

Theorem 20 (2, 71), (02, %), -, (£2, Tn) be n topological spaces induced by any binary relations R1, Ra, - - - , Rn, respectively, and
X C (2. Then, with respect to the operators ""Uj;, we have

(i) "U;(£2) = 12,

(ii) ""U;()) = ¢,

(iii) X C™ U;(X),

(v) f X CY = "U;(X) C™ U;(Y),

(v) U (MU (X)) =" U (X).

Proof Analogue to Theorem

Theorem 21 Let (2, 51), (82, %), -, (82, T) be n topological spaces induced by any binary relations R1, R, - - - , Rn, respectively,
and X, W C (2. Then
(1) MLi(XNY)=""Li(X)N™ L;(Y),
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(2) ™L;(XUY) D™ L;(X) U™ L;(Y).

Proof
(1) Itis sufficient to show ML (X AY) =" £;(X)A™ L (Y).
By Definition we have
Y i ij(XﬁY):{AG%:\/(3%-(%1)gXﬂY),ien}7
since XNY C X and X NY C Y implies that #;(A) C X and Z;(A) C Y. Thus, "L;( X NY) C™ Lj(X)and " L;(X NY) C™
L;(Y) by (3). Therefore, . .
L;(X)N™ L;(Y)
={Aec 7 :\/(#;(A) C X),icn}
and
{Ae 7 :\/(2;(A) CY),ien}

={Ae 7 :\/(2;(X)n2;(Y) C 2),i € n}

=" LHXNY) =" L5(X) 0™ Li(Y).

(2) Analogue to (1).

Example 22 Let 2 = {a,b,c,d,e} and we have three binary relations Ri = {(a,a),(b,b),(c,b),(c,¢c),(d,a)} and Ry =
{(a,b), (b,a), (a,c), (c,a),(c,d),(d,c), (d,b). Then the topology determined by R; is

A = {Qv ¢7 {C}v {a> d}7 {a7 b’ d}a {a’ ¢, d}}

and by Ro is
T = {02,¢,{b},{c},{b,c},{a,d},{a,b,d},{a,c,d}}.

Therefore if X1 = {a} and X2 = {d}, then we have 2L, (X1 UX2) = {a,b} and 2L, (X1)U?L;, (X2) = ¢. Thus ™ L;(X1UX2) £™
L;(X1) U™ L;(X2).

Theorem 22 Let (2, 71), (82, %), -, (£2, T) be n topological spaces induced by any binary relations R1, R, - - - , Rn, respectively,
and X,Y C (2. Then

(1) "U; (X UY) =ml;(X)Uml;(Y),

(2) mU;(X NY) C mld;(X) N mid; (Y),

Proof Analogue to Theorem [21]

Example 23 Frorn if we have X1 = {a,b} and Xo = {b,d}, then we have *U;, (X1 N X2) = {b} and *U;, (X1) N* Uy, (X2) =
{a7 b, d} Thus mUj (X1 N XQ) cm Mj (X1) n™ Uj (XQ)

Theorem 23 Let (2, 71), (2, %), -, (82, T) be n topological spaces induced by any binary relations R1, Ra, - - - , Ry, respectively,
and X,Y C (2. Then, mL; and mlU; are interior and closure operators, respectively.

Proof 1Its obvious.

Theorem 24 Let (2, 1), (2, %), -+, (82, T) be n topological spaces induced by any binary relations R1, R, - - - , Rn, respectively,
and X C 2. Then, with respect to ™ B; (X)), we have
(1) ™ B (X) =" Ui (X) 0™ U (X°),
(2) "B (X) =" B;(X°),
(3)"U;(X) = X U™ B;(X),
(4)™L;(X) =X \" B;(X),
(5)™B;(X)N™ L;(X) = ¢,
(6) " B;(X1 U Xa) €™ Bj(X1) U™ B;(X2),
(7) " B;(X1 N Xa) €™ Bj(X1) U™ B;(X2),
(8) ™ B;("U; (X)) €™ B;(X),
(9)"B;("L;(X)) €™ B;(X).
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Proof (1) By Theorem[T9)and Definition[29] we have
"B (X) =" Ui (X) N (ML (X)) =" U (X) 0T U (XO).

(2) Follows from (1), where

"B (XC) =" U (X) 0 (MU (X))
=" U (X°) ™ U (X) =" B (X).

(3) By (1) and Theorem@ we have
X U™ B;(X)=XU("Uj(X)N" U; (X))
(X U™ U (X)) N (X U™ U (X))
U (X)N[XU(TL(X))
=" Z/{j (X) N
=" U;(X).

@ X\™ Bj(X) = X\ ("U;(X) N"™ U (X))
= XA ([muj(X) N™ U; (X))
=X A (MU (X)) 0 MUy (X C)(]C)

=[Xn"L (XC)] [X N™ L;(X)]
=9 nm ['J )
=" Lj(X).

(5) It is clear.
(6) By Theorem 20]and Definition 29] we have

"Bi(X1 U Xa) =" Uy (X1 U X2) N (MU (X1 U X2)¢)
C"U; (X)) U™ U (X)) N [™U; (XT) N™ U (X3)]
_[ UJ(Xl)U UJ(XZ)m Z/IJ(Xl)ﬁ Z’[J(XQ)]
= ["U; (X1) 0™ U (XT)] U ["U; (X2) 0™ U; (X3)]
=" Bj(Xl) u™ Bj(X2)
(7) Analogue to (6).
(®) "B, (MU (X)) =" U (MU (X) N U (X)
C™ U (X) 0™ U ("UF (X))
™ U (X) N Uy (X°)
=" Bj(X).
(9) Analogue to (8).

Definition 30 Let R; and Rz be any binary relations on a finite universe (2, f1 and fo are the subbase of R and R respectively. Then
we define a intersection mapping Fr : £2 — 2 satisfies

Fon(@) = fi(2) N fa(a).
Where f1(x) = U{(2;(@))r, : 2 € 2} and fo(x) = U{(2; (@), : @ € 2},

Definition 31 Let 71, % are two topologies induced by R1 and R2. Then we can define N between two topologies which is defined as
follows

ANT = Fonlx):zc 2}
Theorem 25 [f F1, % are two topologies induced by R1 and Ra, then 1 1 P is a topology.

Proof Assume that (2 be a finite universe, R1 and R2 two binary relations, and
Fi={12,¢, (Zj(@i1)) R, (Zj(xi2)) Ry, -+ 5 (P (Tik)) Ry
Uizt (25 @) r, b izt (Uizy 25 (@in)) rs 512192, 6, (25(251)) Ray (25(x52)) a5 (P (@52)) R
Uisi (25 (@) r. M=y Uiy Z5(zia)) ra
induced by Ry and Ro, k,l < |Y|, where |.| is cardinality of (2.
(i) Based on the definition of .71 M 4, obviously, ¢ € 71 M T, 2 € 71 N F.
(i) Assume that X,Y € 71 M %, then there exists two classes (2;(z1))r, € 71, (2;(x2))Rr, € T2 such that
X C ( (:L‘l))Rl, Y C ( (:L‘Q))R2 Hence X NY € (@ (.771))1{1 (gj(xz))[{z € AN
(iii) Let ﬁ € J1 M Fs, suppose that | Jy . 7 X ¢ J1 M 72. Then there at least exists an element x € X € 7, we have an class 2 (z)
consisting z in 71 M J such that 2;(z) ¢ 71 N Sa.
Thus Z;(x) = ((Z;(x1))r, N (Z;(x2))R,) holds, a contraction. Therefore, 71 M 7 is still a topology.
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Example 24 Consider R; is defined on Example [l| and R2 = {(a,b), (b, a), (a,c), (¢,a), (¢,d), (d,c),(d,b)}. Then we obtain by a
relation Ry
£1(a) = {a,d}, f1(6) = (b}, u(c) = {c} f1(d) = {a, d}.
And the relation R2
f2(a) = {a}, f2(b) = {b, c}, fa(c) = {b,c} and fa(d) = {d}.
Thus Fon(a) = {a,d}, Fon(b) = ¢, Fon(c) = {c} and Fpn(d) = {a,d}.
Therefore
SN T ={92,¢,{c},{a,d},{a,d, c}}.

Similarly, we can prove that the intersection of the finite topologies is topology, i.e., Mj%;.7 is a topology with respect to
Sy, Tay- s In,denotedby Mi~ 7, =T

Definition 32 Let (2, 71), (2, %), -, (£2, 7,) be n topological spaces induced by any binary relations R1, Ra2, - - - , Ry, respectively.
Then (Y, M;—,.7;) is called a MGTRS, denoted as (2,71 .%;) = (£2, ).

Corollary 4 Let 71, 7 be two topologies on 2, if for any X € T, there exists Y € Ja such that X C Y. Then we call 71 finer than
T, denoted by T1 <7 %. If 7 is strictly finer than 2, denoted by T <7 %, Ifand only if X =Y, then 51 = J». Similarly, let
I, 2 be two multi-granulation topological rough spaces on X, if for any 71 € I, there exists o € I2 such that 71 Sg Do, then we
call I'y than I, denoted by I §F I, If I is strictly finer than I, denoted by I <r Io. If and only if 51 = P, then I'T = I's.

Theorem 26 Let 91, %, -+ , Tn be n topologies on §2 induced by any binary relations R1, Rz, - - - , Ry, respectively. If 71 <7 F <7
T _
e <7 Gy, then I’ = .

Therefore, from the above definition, we know ({2, I") is finer than each topology on {2.

Corollary 5 If 71 <7 P, and 87,83’ are the topology subbase of 71, T, respectively. Then S7 <7 87

Corollary 6 If Iy <'' I, and S%, Sﬁ’/l are their family of the topology subbase of I'1, I's, respectively. Then Sf/j?\’/[ <r 825](\)4.
Theorem 27 Let Sgga be the topology subbase of 7;, then ﬂ?zlSigZ is a topology subbase of MGTRS I'.

Proof

(i) For any 2 € X, there exists (2;(z))r, € S such that z € N(2;(x))r,. Note that (2;(z))r, € Mi=1S;”. Hence, let B =
(2j(x))r, € M1 S, we have = € B.

(ii) Forany B1, By € M-, S, suppose z € B1 N By, but By is a set which is (Z;(x))R,, B2 is a set which is (2;(y))r,, then x = y,
otherwise (2;(z))r, = (2j(x))r,. Hence B1 N B2 = ¢. There exists Bs = ¢ obviously, ¢ C ¢ holds.

Therefore nizlsi@ is a topology subbase of MGTRS I'.

Definition 33 Let (£2,I") be a MGTRS, S ]\3; is a topology base of I', and X C (2. Then the interior operator is defined as
;(X) = J{ger:gc X}

Definition 34 Let (£2,I") be a MGTRS, ) is a topology base of I", and X C (2. Then the closure operator is defined as
Ci(X)=([{Fer:xcr}

Example 25 From Example Take j = ji (and also j € {42, ja, ja, J5, J6, j7, ja } are similarly). If X = {a}, then Z;, (X) = ¢ and
le (X) = {(L, d}

Proposition 7 Let (§2,1") be a MGTRS and X,Y C 2. Then, with respect to the operators L;, we have
(i) Zj(¢) = ¢
(ii) Z;($2) = 02,
(iii) Z;(X) C X,
(iv) f X CY = Z;(X) CZ;(Y),
(v) Z;(Z;(X)) = I;(X).
(i) Z;( X NY) =Z;(X) N Z;(Y),
(vii) Z;( X UY) D Z;( X)UZ;(Y).

Proof By Definitions [33]and Theorems [I9]and [21]

Proposition 8 Let (£2,1") be MGTRS and X, Y C 2. Then, with respect to the operators T;, we have
(i) Ci(¢) = ¢,
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(ii) C;(2) = 2
(iii) X CCj(X),
(iv) if X CY = C;(X) CC;(Y),

(v) C;(C;(X)) = C;(X).
(i) C(X UY) = C;(X) UGy (Y),
(vii) CJ(XQY)QCJ( )ﬂC]( )

Proof By Definitions [34]and Theorems 20]and 22]
Theorem 28 Let 2 = {@j (Al), Wj (AQ), s, t@j (Ak)} Then we call

o2, =10 - m)

A measure of granularity of a set 2;(A), k is the number of blocks in g, denoted by |Q2r| = k.

Proof 1t is sufficient to show that m meets all the conditions in Definition 5]
(i) Obviously, mz(2;(A)) = K21~ ) 2 0
(i) If 2;(A) C Z;(B), then |P;(A)| < |P;(B)], then

ma(2;(A)) —m(2;(B))

_ 12 1 [£2] 1
=% - mmm) — % - mmen)
_ 19 1 1

=% 0= gy — 1wz

= 3 Germm — mraa) <0
ie, m(Z;(A)) <m(2;(B)).
(iii) IfAN B, then |2;(A)| < |22;(B)| and |Z;(A)| > |2;(B)|. Hence m 5 (2;(A)) = mo(2;(B)).

Proposition 9 Let (2r be a classes of (2 induced by any binary relation on §2 and X € (2r. The maximum granularity measure of X with
respect to R is one. This value is achieved if and only if k = 1, maz(m o (2;(A))) = |2|(1 — ﬁ)

Proposition 10 Let 2r be a classes of {2 induced by any binary relation on 2 and X € §2r. The minimum granularity measure of X
with respect to R is one. This value is achieved if and only if k = |2, min(m g (2;(A))) = (1 — |Q| ).

Example 26 From Example | the first topology have the following subbase Sff = {{a,d},{c}, #}. Thenm? ({a,d}) = 11-355) =
Yandm”({c}) =4(1-55)=45.

Theorem 29 Let (12, I") be a MGTRS, m.o : 2% — R a measure of the granularity of subsets of 2, and Sy = {A1,A2,..,An} a
topology subbase of I'y; . Then a measure G5y (I") = py m? (A:).p7 (Ai)

is a topological granularity of I, where p‘@(Ai) = | Q"l.

Proof 1t is sufficient to show that G a7 satisfies all the conditions in Definition @

(i) Obviously, G M( ) > 0 holds.

(ii) Suppose It <! I%, Sﬁ/f - Sf;\a/, holds. This means that every class of Sﬁ/f is a union of one or more blocks of Si% and at
least one class of S;\;[@ is the union of at least two blocks from Si%?/[. By the fact (2 is a finite universe, there exists a finite sequence of
partitions Sﬁ/[ =8, C 8y C ... C Sip; = Siro such that exactly one block of Sﬁl is the union of two classes from SQ for
j=1,2,--- ,n—1andn > 2. We want to show that G(Sjgz) < G(SJJFI) Without loss of generality, suppose aclass of S 41 is obtained
by the union of two classes A;1 and Ajo ofS , that is,SJL-@ = {A4j1,Aj2, -, Ajp}, k > 2 and S i1 = 1Aj1 U Aja, -+ JUA L}
According to the definition of G’ (£2) and monotonicity of m?, we have:

Gir(S7) = iy m” (Asip” (Az0))
= m? (A50).p7 (A1) +m” (Aj2) p7 (Aj2) + Sy m” (A3 p” (A;0))
m” (Aj1 U Aj2).p” (Aj1) +m” (Aj2 U Aj1).p” (Aj2) + iy m” (Aji.p” (A51))
=m”(Aj1U Aj2).p” (A1) + 07 (Aj1) + X0y m” (Ajip” (Aj))
=m7 (Aj1 U Az2).p” (Aj1 U Aj1) + X0y m” (Ajip” (A50))
= Gu(S7)
Then Iy <" I holds.
(iii) Assume that I = Iz, S{y; C Ss; holds. And from Definition[32] G(I'1) = G(I'2) holds.

Proposition 11 Ler (2, 1") be a MGTRS. The maximum topological granularity measure of 7 with respect to (2 is one. This value is
achieved if and only if m” = 1, maz(G3(I")) = |2] — 1.
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Proposition 12 Ler (£2, ') be a MGTRS. The minimum topological granularity of s with respect to §2 is one. This value is achieved if and
only ifm? = |02, min(GL(I")) =1 — ﬁ

Thus, 1 — & < G(Ti7) < |2] -1,
Theorem 30 Let I'y, > be two MGTRS. If It <7 I, then Gp(I'n) < G357 (I%).

Definition 35 Let (£2, I') be a MGTRS and Sy, = {A1, A2, -, Ay} is a topology subbase of I". Then the topological entropy of I” is
defined as:

1

EX/(I) =1~ al Y m7(4:).p7 (A,
=1

where p7 (A;) = |"?;“.

Definition 36 Let (£2, I") be a MGTRS. Then % is significant in I, if EZ (12, n_, %) # EZ (22, ﬂ?zl’i#k%). So, .7, is not signifi-
cantin I'if EY (2,M_,.7;) = EF (2,0, . 7).

Definition 37 Let (§2, I") be a MGTRS. The significance measure of .7 in I is defined as

E?(Qa rl;‘1:1‘%)

ST (%) = :
E?(Q»”;?:L#k%)
Definition 38 Let I' = {91, %, , T4} be ¢ topological spaces induced by any binary relations Ri, Ra, - - , Rp, respectively on (2.
If there exists a subset I; = {Zi1, Zh2, -+ , Jiq+ C I, such that El‘?((), ni_,7) = E?((L M¢_,Zik), but El‘?((), 1M TiaM--- N

Tik N Tik41)) # EZ (2, AN FM---1 Tq), then we call I; is a granularity reduct of I".

Now, we establish Algorithm 3 to produce the intersection of topologies and Algorithm 4 to make reduction for topologies.

Algorithm 3. An algorithm for M}, .7;

Input: x € (2 and Binary Relations R;.
Output: M}~ .7;.

I:for (i = 1;i <= |R;|;i + +)

2 for (k=1;k <=|Ril;k++)
3: fi(z) = (Z;(2)) R,
4 Fipn(x) = M=y fi(2).
5: endfor
6: endfor
T:for (i = 1;i <= [R;|;i + +)

8 Mm% = U(NFipn(@)).
9: endfor

10: end

Algorithm 4. An algorithm for a reduction

Input: (2, {2z and Multi-source information decision table.
Qutput: make a reduction ( reduct is a set which conserve the selected granularities).

1: reduct = ¢
2:for (i =1;i <=mn;i++)
: 2

3 m?(2;(Ai)) = ‘,T'(um),wherek: |25
4: endfor
5:for (i =1;i <=mn;i++)

. PrAy — LAl
6: p”(Ai) = Kej
7: endfor

8:for (i =1;i <=n;i++)

o

q
Eff(I) =1— by m? (4;).p” (Ai)
1=

10: endfor
Il:for (i = 1;¢ <= |R;|;i + +)
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) P _ _EBZ(@QnNL_,Z) _

12: SF (%) = WM, where k& S ‘R1|

13: reduct = T

14: if(EZ (2, reduct) = EZ (2,N%_, 7))

15: goto: end

16: endif

17: endfor

18: end

Conclusion

To extend the application domain of MGRS, the paper introduced two kinds of Multi-granulation rough set models. These models

depend on a special types of a NS and a j-adhesion NS. Some basic properties of these models will be studied. We show that new MGRS
models are generalized versions of MGRS models from the topological view. The introduced techniques are very useful in application
because it opens the way for more topological applications from real life problems.
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