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1 | INTRODUCTION
Throughout this article, let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a nonempty closed

convex subset of H.
The equilibrium problem is to find a point x € C

F(x,y) >0, VyeC,

where F : C X C — R is bifunction. The set of all solutions of the equilibrium problem is denoted by E P(F). Many problems
in physic, optimization and economic are seeking some elements of EP(F), see more detail in™®. Over decades ago, there are
many researches modified the equilibrium problems, see for instance "
For solving the equilibrium problems for a bifunction F : CXC — R, let us assume that F satisfies the following conditions:
(A1) F(x,x) =0, Vx € C,
(A2) F is monotone, i.e., F(x,y)+ F(y,x) <0, Vx,yeC,
(A3)Vx,y,z€ C,
hm F(z+ (1 -0x,y) < F(x,y),
(A4) Vx € C, y i+ F(x,y) is convex and lower semicontinuous.
Blum and Oettli® have proved the following lemma, which as a tool to solve equilibrium problems.

0Abbreviations: ANA, anti-nuclear antibodies; APC, antigen-presenting cells; IRF, interferon regulatory factor
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Lemma 1. (See®) Let C be a nonempty closed convex subset of H, and let F be a bifunction of C x C into R satisfying
(A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

Fzy+ty—zz-x)20, vxecC.
r

Inspired and motivated by the concept of the E P(F), we introduce the system of general equilibrium problem (SGEP), which
is to find (x*, y*) € C x C, such that

{F(x*,y)+%(y—x*,x*—y*+AAy*)20, VyedC,

(1)
OO\ x) + ;{(x =)',y —=x"+pBx*) 20,  VxeC,

where F,Q : C X C — R are a bifunction and A, B : C — H are mappings, 4, f,r > 0 are three constants. In particular, if we
put F = QO =0 and A = B, then the problem (II) reduces to finding (x*, y*) € C X C such that

{(/lAy*+x*—y*,x—x*)20, Vx e C,

(@)
(fAX* + y* —x*,x—y*) >0, Vx e C,

which is introduced by Verma™, in 1999, and is called the new system of variational inequalities problem. Further, if we add
up the requirement that x* = y*, then the problem (I) reduces to finding a point x* € C such that

(A(x™),x = x*) >0, Vx eC, 3)

which is introduced by Lions and Stampacchia™, in 1964, and is called the variational inequality problem (VIP). The set of all
solutions of the variational inequality problem is denoted by V' I(C, A). Numerous problems in physic, game theory, finance,

optimization and mechanics reduce to find an element of (B), see more detail in"
In 2013, Kangtunyakarn® modified the set of variational inequality as follows:

VIIC,aA+(1—-a)B)={xeC : {(y—x,(aA+(1—-a)B)x) >0, VyeC, ae (0,1)}, (@]

where A, B : C — H be two mappings. In particular, if we put A = B, then the problem (B) is a special case of the problem (B)
and he proved a strong convergence theorem for finding a common element of the set of fixed point problems of infinite family
of strictly pseudo contractive mappings and the set of equilibrium problem and two set of variational inequality problems, which
is related to (&) under suitable condition, see more detail in®.

In 1953, Mann™ introduced Mann iteration and is defined as follows:

X, € H arbitrary chosen, )
Xy = —a)x, +a,Tx,, Vn >0,

where C is a nonempty closed convex subset of a normed space, T : C — C is a mapping and the sequence {a,} is in the
interval (0, 1). If T' is nonexpansive mapping (i.e., ||Tx — Ty|| < ||x — y||,Vx,y € C) and some suitable condition of «, then
{x,} from algorithm (8) as only weakly converge to the set of fixed points of T' (i.e., F(T) = {x € H : Tx = x}). Thus,
many mathematicians have been trying to modify Mann’s iteration (H) and creat new iterative method to obtain their strong
convergence theorem, see more detail in ™™

In 2000, Moudafi"® introduced the viscosity approximation method for nonexpansive mapping S to prove {x,} converges
strongly to z = P g, f(z) and the sequence {x,} generated by

(6)

{xl € C arbitrary chosen,

1 €,
Xpp1 = ESX,, + The f(x,), VneN,

where {¢,} C (0, 1) satisfies certain conditions, S : C — C is a nonexpansive mapping and f : C — C is a contraction (i.e.,
there exists @ € (0, 1) such that || f(x) — f(W)|| £ allx — yl||,Vx,y € C). Moreover, the viscosity approximation method for
nonexpansive mapping .S has been studied and developed in many reserchs, see previous studies in”™. Notice that the sum of
coefficients ﬁ and 1?6 in (B) is equal 1.

In 2017, Kanzow and Shehu™ proved the strong convergence for a modified inexact Krasnoselskii-Mann iteration, which the
sum of coefficients a,, f, and ¢, in () less than or equal 1 as follows:

Xpp1 =0 +a,x, + p,Tx, +r, Vn2>1, @)
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where x; € H, u € C denotes a fixed vector, r, represents the residual, and the nonnegative real numbers «,, §,, 6, are chosen
such thata,+f,+6, < 1,n>1,andT : H — C is anonexpansive mapping. Then the sequence {x, } generated by () strongly
converges to a point in F(T'), which is the nearest point projection of u onto F(T'). Observe that this theorem more general than
modified Halpern’s iterative scheme.

In 1976, Korpelevich™ proposed an algorithm for solving the VIP in Euclidean space, this method is called the Extragradient
Method (see also™). In each iteration of her algorithm, in order to get the next iterate x,,,, two orthogonal projections onto
C are calculated, according to the following iterative step. Let {x;} and {y,} be the sequences generated by the following
extragradient algorithm:

{yk = Pe(x; = 7/ (x)),
X1 = Pe(xe =7 (0i)),
where 7 is some positive number and P, denotes the Euclidean least distance projection onto C.

In 2011, Censor et al.”® modified Korpelevich’s method* by replacing the second projection onto the closed and convex
subset C of Hilbert space with the one onto the subgradient half-space (7},). This method is called the subgradient extragradient
method. For the variational inequality, the subgradient extragradient is of the form

xo € H,

Vi = Pelx —tf(xp)),

T, :={w € H|{(x; — 7 (x)) = o w — y) < 0},
X1 = Pp (e =7/ ),

where f : H — H is Lipschitz continuous on C with constant L > 0 (i.e., || f(x) — f(»)|| £ L|lx = y|l,Vx,y € C) and
7 € (0, %). Censor et al.” proved that the {x, } generated by (8) converges weakly to a solution of the variational inequality and
used Lemma @ for proof the strong convergence theorem of this iteration.

®)

Lemma 2. (See”™) Let H be a real Hilbert space and let D be a nonempty, closed and convex subset of H. Let the sequence
{x,}so, € H be Fejér-monotone with respect to D, i.e., for every u € D,

IXeer —ull < llxg —ull, VE20.
Then { P (x;)};2,, converges strongly to some z € D.
Remark 1. Set T, generated by the set of solution of VIP.

Inspired and motivated by problem (@), Censor et al.”* and Kanzow and Shehu”’, we now present the new subgradient
extragradient algorithm and the new iterative method for prove weak and strong convergence theorem of {x,} generated by the
following algorithm:

Algorithm 1.1. Given x; € C, let the sequence {x,} and {y,} be define by
Yo =Pc(I —y(@A+(1-a)B))x,,
Q,={z€H : (I -y@A+(-aB)x,-y,y,—2z) >0}, ©
X1 = @, Pp (x, = y(@A+ (1 = @)B)y,) + f,0(x,),

where A, B,Z,E : C — H are a,b,a, f-inverse strongly monotone, respectively, O, F : C X C — R are a bifunction
satisfying A1)-A4), the sequences {a,}, {f,} are in [0,1] with @, + f, < 1, forall » > 1, y = min{a, b}, 4,5 € (0,2n),
y <7 = min{a, #} and a € (0, 1). Define the mapping ¢ : C — C by @(x) = TF(I — 2A)T°(I — BB)x, where r, §, 2 > 0,
forall x € C, and T, T? define as same in Lemma @ that is T"(x) = {z € C : F(z,y) + %(y —z,z—x)>0,Yy € C} and
T2(x)={z€C : O(z,) + %(y—z,z—x) >0,Vy e C}.

Moreover, we give a lemma that is more comprehensive than Lemma 2%, which important tool for proof the strong conver-
gence theorem of iteration {x,} generated by (B) show the next section.

The paper is therefore organized as follows: We first recall some basic definitions and we give a lemma, which is an important
tool for proof weak and strong convergence of our main theorem in Sect. 2. We prove weak and strong convergence theorem of
the new subgradient extragradient algorithm for finding the set of the solutions of the SGEP under some suitable conditions of
a, and p, with a, + p, < 1 in Sect. 3. An application, we apply our main theorem to prove weak and strong convergence theo-
rems for finding solutions of the generalized equilibrium problem, the system of equilibrium problem, the variational inequality
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problem and the general system of variational inequality problem in Sect. 4. We give three numerical examples to support our
main result in the last section.

2 | PRELIMINARIES

We write x;, — x to indicate that the sequence {x,}? , converges weakly to x and x;, — x to indicate that the sequence
{x) };o, converges strongly to x. For each point x € H, there exists a unique nearest point in C, denoted by P(x). That is,

Ix = Pell <llx=yll.  VyeC.

The mapping P : H — C is called the metric projection of H onto C. It is well known that P, is a nonexpansive mapping of
H onto C, i.e.,

1Pc(x) = PeWII < |Ix = yll, Vx,ye H.
The metric projection P is characterized® by the following two properties:
P-(x)eC
and
(x = Po(x), Po(x) —y) > 0, Vxe H, yeC. (10)

and if C is a hyperplane, then () becomes an equality. It follows that
lIlx =yl > lIx = Pe@I* + lly = Pe@I?,  ¥xe H, yeC.
Lemma 3. (See”) Fora givenz € H andu € C,
u=Pzeo (u—z,0—-u) >0, Yv e C.
Furthermore, P, is a firmly nonexpansive mapping of H onto C.

Lemma 4. (See”) Assume that F : C X C — R satisfies (A1)-(A4). For r > 0 and x € H, define a mapping T, : H — Cas
follows: 1
T,x)={zeC: F(z,yy+—(y—2z,z—x) >0, VyeC},
r

for all z € H. Then, the following hold:
(1) T, is single-valued,
(2) T, is firmly nonexpansive i.e.,

IT,(x) = T.WI* < (T.(x) - T,(»), x —y), Vx,y€ H,

(3) F(T,) = EP(F),
(4) EP(F) is closed and convex.

Lemma 5. (See™) Let X be a real inner product space. Then:
@ [lx + ylI* < lIxI* + 2{y, x + y), Vx,y € X.
() lltx + syll> = 1(t + 9)lIx|I* + st + HVlI* = stllx =y, Vx,y € X,Vs,1 €R.

Lemma 6. Let C be a nonempty closed convex subset of a real Hilbert spaces and let F,Q : C X C — R be a bifunction
satisfying (A1)-(A4). Let r > 0, then the following equivalent.

(1) (x*,y*)is a solution of (),

(i) x* is a fixed point of a mapping ¢ : C — C defined by ¢@(x) = TrF(I — /IA)TrQ(I — pB)x forall f,A > 0and x € C,
where y* = TrQ(I — fB)x*.

Proof. Let the following conditions hold. (i)=(ii) Let (x*, y*) be a solution of (). For every x, y € C, we obtain
F(x*,y)+ %(y —x*,x" = y"+ AAy*) >0,

Q0"+ +(x =y, " = x" + fBx") 2 0,
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From Lemma B, we have
T (I — AA)y* = x*, (11)
and
T - pB)x* = y*. (12)
From () and (), we have x* = TrF(I — /IA)TrQ(I — pB)x* = p(x*).
Hence x* € F(p), where y* = T2(I — fB)x*.
(i))=@) Let x* € F(p) and y* = TrQ(I — pB)x*, we get

x*=TF(I - AATPU - BB)x* =T (I - 1A)y*. (13)
From (I3) and y* = T2(I — pB)x*, we have
F(x*,y)+l(y—x*,x*—y*+ﬂAy*)20, Vy eC,
r

Q(y*,x)+l(x—y*,y*—x*+ﬁBx*)20, Vx e C.
r

Then (x*, y*) is a solution of (). O
Lemma 7. Let {a,}7? ., {b,}  be sequences of nonnegative numbers satisfying
a,, <a,+b, for all n> 0.
@G) If Z b, < oo, then lim g, exists.
n=0 n—oo
Gi) If Z b, < oo and {a,}7  has a subsequence converging to zero, then
n=0
lim a, = 0.

Lemma 8. (See®) Let C be a nonempty closed convex subset of a real Hilbert space H and let A,B : C — H be a and
p-inverse strongly monotone mappings, respectively, with a, § > 0 and V I(C, A)(\V I(C, B) # @. Then

VI(C,aA+ (1 —a)B) = VI(C,A)ﬂ VI(C, B), Va € (0,1).
Furthermore if 0 < y < min{2a, 2}, we have I — y(aA + (1 — a)B) is a nonexpansive mapping.
Remark 2. Tt is well known that (@A + (1 — a) B) is y-inverse strongly monotone, where 7 = min{a, f}.

Lemma 9. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A,B:C— Hbea, f-inverse strongly
monotone, respectively. Let x* € VI(C,A)nVI(C, B), y < ij = min{a, f} and a € (0, 1), we have

~A 1 * * y 7/ — N
|1 Py, (x, —y(@A+ (1 —-a)B)y,) — x*|I* <llx, — x*||> = (1 - 5)I|xn —ylP - - 5)IIPQW(X,, —y@A+1-aB)y, -y,
where sequence {x,} and {y,} generated by Algorithm [II.

Proof. Let x* € VI(C,A)nVI(C, B).
By property of P, we have
1Py, (x, — y(@A + (1 = @)B)y,) — x*|I* <||x, — (@A + (1 — @)B)y, — x*|I*
= llx, = ¥@A + (1 - @)B)y, — Py (x, — y(@A + (1 — @)B)y,)|”
=[lx, = x*[|* = 2(x, — x*,(@A + (1 — @ B)y,) + y*|(@A + (1 — &) B)y,|I*
= (I, = Po, (%, = 7@+ (1 = O BW,)IP + 7I@A + (1 = DBy, IP
= 27(x, = Po,(x, = y@A+ (1 - OB)y,). @A+ (1 - OB)y,)
=[x, — x*|I* = Ix, — Py (x, — v(@A + (1 - @)B)y,)||”
—2y(Py (x, — y(@A + (1 — @)B)y,) — x*,(@A + (1 - @)B)y,). (14)
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From monotonicity of (dz + (- é)E), we have
0 <((@A + (1 — a)B)y, — (@A + (1 — @) B)x*, y, — x*)
=((@A + (1 - @B)y,,y, — x*) = (@A + (1 - O)B)x*, y, — x*)
<((@A+ (1 - @)B)y,.y, — x*)
=(@A + (1 - a)B)y,,y, - Py (x, —7(@A+ (1 - @)B)y,) + (@A + (1 - @)B)y,, Py (x, — y(@A+ (1 - @B)y,) - x*).
It implies that
(@A +(1—-aB)y, x" - Py (x, - y@A+(1—-aB)y,) <(@A+(-aB)y,y, — Py (x,—y@A+(1-aB)y,). (I5)
From (I[4) and (I3), we get
1Py, (x, = (@A + (1 = @)B)y,) - x*II> <llx, — x*II* = lIx, = Py, (x, — y(@A + (1 = )B)y,)II
—2y(Py,(x, — 7(@A + (1 - @)B)y,) — x*, (@A + (1 - @)B)y,)
<llx, = x*II* = lIx, = P, (x, — y(@A + (1 = @)B)y,)|I>
+2y((@A + (1 - @)B)y,.y, — Py, (x, — 7(@A + (1 - @)B)y,))
=[lx, = x"I* = llx, = ylI* = lly, = Py, (x, — ¥(@A + (1 - &)B)y,)II’
= 2(x, = ¥,» ¥, — Py (x, — y(@A + (1 - @)B)y,))
+2y((@A + (1 - @)B)y,., y, — Py, (x, — 7(@A + (1 - @)B)y,))
=[lx, = x"I* = llx, = yII* = lly, = P, (x, — ¥(@A + (1 - &)B)y,)II’
+2(y, = x, +7@A+ (1 - @By, y, - Py (x, - y(@A + (1 - 2)B)y,))
=llx, = x*I* = llx, = yII* = 1y, = P, (x, — ¥(@A + (1 = &)B)y,)II’
+2(x, =y, —7(@A+ (1 - @B)y,, Py (x, — (@A + (1 - @)B)y,) - y,)
=[lx, = x"I* = lIx, = y,II* = 1y, = P, (x, = ¥(@A + (1 = &)B)y,)II’
+2((I = y(@A+(1 - 2)B))x, — y,, Py (x, — y(@A+ (1 - aB)y,) - y,)
+2(y(@A + (1 — @)B)x, — y(@A + (1 — @B)y,, Py (x, — (@A + (1 - @)B)y,) - y,)
<llx, = x* 17 = lIx, = yll* = 11y, = P, (x, — (@A + (1 = &)B)y,)II’
+2(y(@A + (1 — @)B)x, — y(@A + (1 — @B)y,, Py (x, — (@A + (1 - @)B)y,) - y,)
<llx, = x*I1P = l1x, = yll* = 1y, = Py, (x,, = ¥(@A + (1 — @B)y,)II’
+2y|l(@A + (1 — @)B)x, — (@A + (1 — @)B)y, ||| Py (x, — y(@A + (1 — @)B)y,) — ,||
<llx, = x* 17 = lIx, = yl* = 1y, = Py, (x, — ¥(@A + (1 - @) B)y,)II’
+ 2(%>||xn — 1allllPy, (x, = y(@A + (1 = DB)y,) - 3,
<llx, = x*I7 = lIx, = yll* = 11y, = Py, (x, — (@A + (1 - &)B)y,)II’
+ %(len — P+ 1Py, (x, = v(@A + (1= @)B)y,) - v,IP)
=lx, —x*|* = (1 - %)Hxn S %)MPQn(xn —y(@A+(1 - 3By, -y,
O

Lemma 10. (See”) Let H be a Hilbert space, let C be a nonempty closed convex subset of H and let A be a mapping of C into
H.Letu € C. Then for 4 > 0,
u=P.(I-AA)u & ueVI(C,A),

where P, is the metric projection of H onto C.

Now, we present the following Lemma [l for proving strong convergence theorem.
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Lemma 11. Let H be a real Hilbert space and let .S be a nonempty closed convex subset of H. Let {x,} be a sequence in H.
Suppose that, for allu € S,
%041 —ull < llx, —ull + b,

o
foreveryn =0,1,2,...and Z b, < 0. Then { Pgx,} converges strongly to some z € S.
n=1
Proof. Let e > 0. From Lemma [, then lim ||x, — u|| exists and we have that {||x, — u||} is bounded, for allu € S.
Put u, = P¢x,. We get e
s =t l1? =201 = Ut 17+ 206,00 = 1P = 4lx,py = %(um +u,)|I?

L20[Xpg1 = Uny I1? + 2%y = u,|I* = Aoy = Uy I1*

=201x,1 = |17 = 201x,00 =ty |17

<2llx, = w,lI* = 201X g =ty I|* + 2B, (16)
It implies that

151 = U IP < M, = w1 + .

From Lemma [, then {||x, — u,||} there exists.

By (I8), we have lim ||u,; — u,|| = O, then there exist N € N, such that ||u
n—00
Thus, for every p € N, we have

€
w1 — Uyl < - foralln> N.

n+p—1 n+p—1 1 1
ety = 11,1l < kZ I —ull € D op < el < 17)
From (IC7), we have that {u,} is a cauchy sequence. Hence, {u, } converges strongly to some z € S. L]

3 | MAIN RESULTS

In this section, we prove weak and strong convergence of the new subgradient extragradient algorithm for finding the set of
the solutions of the SGEP.

Theorem 1. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A, B,A,B: C — Hbea,b,a, -
inverse strongly monotone, respectively. Let O, F : C X C — R be a bifunction satisfying A1)-A4). Define the mapping
@ C— Cbypx)=TFI - 2A)TCU — pB)x, where r, , A > 0 and for all x € C, TF, T2 define as same in Lemma B that
isTrF(x) ={zeC: F(z,y)+ %(y—z,z—x) >0,Vy e C} andTrQ(x) ={zeC:Q(zy+ %(y—z,z—x) >0,Vy e C}.
Assume that & = VI(C,Z) N VI(C,E) N F(p) # @. For given x; € C and let the sequence {x,} and {y,} be generated by

Yo =PI = y(@A + (1 - a)B))x,,

Q,={z€H : (I ~-y@A+(1-aB)x, - y,y,—z) 20}, (18)

Xpel = anPQn(xn - J/(&A + (1 - a)B)yn) + ﬂ,ﬁﬂ(x,,),
where sequence {a,},{f,} C [0,1] with @, + f, < 1, for all » € N and # = min{a, b}, 1,8 € (0,2n), y < ij = min{a, B},
a € (0, 1) satisfying the following conditions hold:

(i) 0<c<Lp,<d<1forallneN,

(ii) 2(1 —a, - p,) < .

n=1

Then, the sequence {x,}>

>, converges weakly to z € ¢ and furthermore,

z = lim Py(x,).

n—oo
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Proof. First, we show that ¢ is a nonexpansive mapping for every 4, f € (0,2#), where n = min{a, b}. Let x,y € C. Since A
is a-inverse strongly monotone, we have
T = A4)x = (I = 24> =llx = y = A(Ax = Ap)I®
=[x = yII? = 2A4(x — y, Ax — Ay) + 2*[| Ax — Ay|®
<llx = ylI> = 2all Ax = Ay|I> + 2*|| Ax — Ay|®
=llx = ylI* = AQa - HllAx - AylI®
<llx = ylI> = 42n = HllAx = Ay|?
<llx = ylI*. (19)
Thus (I — AA) is a nonexpansive mapping. By using the same method as (), we have (/ — #B) is a nonexpansive mapping.
Hence, TF (I—-4A)and TQ(I ﬁB) are nonexpansive mappings. It is easy to see that the mapping ¢ is a nonexpansive mapping.
Letx* e VI(C, A) NnVIC, B) N F(p) and y < if = min{a, f}. We divide the proof of this result into 3 steps.
Step 1. Show that {x,}  is bounded.
From the definition of x,, Lemma B and Lemma B, we have
1%, = x*II* =lla, Py (x, — (@A + (1 - @)B)y,) + f,0(x,) — x*|I*
=[la,(Pp (x, — y(@A+ (1 — @)B)y,) — x) + f,(0(x,) — x*) = (1 — a, — f,)x"||?
<lla, (P, (x, = ¥(@A + (1 = @)B)y,) — x*) + B,(p(x,) = x> = 2(1 = @, = f,)(x", %, — X)
<o, (P, (x, = y(@A + (1 = D)B)y,) — x*) + ,(0(x,) = x| +2(1 = &, = BIIx" (1%, = x*]l
=a,(a, + B, Py, (x, — y(@A + (1 = @B)y,) — x*|I* + B,(a, + Bl o(x,) — x"||
- a,B,l1Pp, (x, — v@A+ (1 = @)B)y,) — o(x,)II* + 21 — &, = BlIx"l1x,41 — X7
<a,(@, + p)I Py, (x, — 7(@A + (1 = @)B)y,) — x*|I* + B,(a, + B,)llx, — x*||
+2(1 = a, = B Nlx g — X7

e, + B (I, =" I = (= Dllx, =y, P = (1= DI Py, (5, = (@A + (1= B)y,) = 3,

+ B, + Bllx, = X117 +2(1 = @, = Bl Nlx,py — X7l
<a,(a, + BlIx, = x* 17 + B,(a, + Bllx, = x* 1 +2(1 = &, = Blx" 1,1 = X7
=(a, + B, l1x, = x* > + 21 = &, = BIlIx* N 1x,4y = X"l
(e, + B 1%, = X7+ (=, = BlIX P + (1= @, = B)lIx,y = X",
which implies that
x112 *12 1- an - ﬂn *12
10 = X717 <l = X717+ ————IX"II", (20)

a, + p,
there exists M > 0, such that

151 = X112 < lx, = X712 + (1 = &, = BYM [Ix*1%. @1
By (1) and Lemma [, then hm Ix, — x || Vx* € £ exists. So, we have the sequence {x,} >  is bounded.

Step 2. Show that hm lo(x, ) x Al =
Let W, =x, — y(aA +1 - a)B)yn.
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From the definition of x,, Lemma B and Lemma B, we have
121 =x*117
=lla,(Py, W, — x*) + B,(0(x,) — x*) = (1 — a, — B,)x*|I*
<lla,(Py W, = x*) + B,(p(x,) = x> = 2(1 — @, — B,)(x*, x,4; — X*)
<lla,(Py, W, = x) + B, (p(x,) = xII* +2(1 =, = BNIX* 11X,y — %"
<a,(@, + B)IIPy W, — x*|I* + (e, + B)lIx, = x*II” = &, 8,11 Pp, W, — @, )II* +2(1 — &, = BlIx*N1|x,1, — %"
€ 14 Y *
(@, + B (106, =X = (1= Db, = 3, = (= DIl o, W, = 1P ) + B + B, = 1P
- anﬁn”PQnVI/n - (p(xn)||2 + 2(1 - an - ﬂn)”)C*” ”xn+1 - X*”
# 4
=y + By 1, =X = @y, + A1 = DIk, = 3l + 1B, W, = 3,
— a,8,11 Py, W, — @(x)II” +2(1 — a, — BIIX*[ll|x,1 — x*[I,
which yields that
14
@, (@, + B,)(1 - 5>(||xn = 3ulP + 1P, W, = 3,1 ) + €, Po, W, = 05,11
< lx, = X 17 = 1%,y = X1 + 201 = @, = B)Ix"1x,4; — X*1I. (22)
From (22), lim (||x,, — x*||* = ||x,..; — x*[|*) = 0 and condition (ii), we have
lim [|x, = 3, |l = lim | P, W, =y, = lim [| P, W, = ¢(x,)]| = 0. (23)
Since,
Ix, = e(x)Il < llx, = yull + Ly, = Po, Wil + [1Pp W, — @(x,)l,
and (I3), we get
Iim [lgp(x,) = x,]| = 0. 24)
Step 3. Show that {x, }> , converges weakly to z € £ and z = lim P:(x,).
Therefore it has at least one weak accumulation point. If X is a weak limit point of some subsequence {xnk oo of {x,1 ), then

x, — Xask— oo
Assume that X # @(x). By nonexpansiveness of ¢, (Z4) and Opial’s property, we have
liminf ||x, —X| <liminf |lx, — @)l
<liminf(|lx,, = @(x,)ll + lo(x,,) = @)
<timinf(lx,, — @(x,)ll + llx,, — %)

<liminf ||x, —X]|.
k—o0 k

This is a contradiction, then we have
X € F(o). (25)

Assume that x # Po(I — y(c‘zz +(1 - é)ﬁ)))‘c. By nonexpansiveness of Po(I — y(dz +(1- a‘)§)), (I3) and Opial’s property,
we have

liminf ||x;,, — %I <liminf |lx, ~ Pc(I - y(@A + (1 — a)B)x||
<liminf(|lx, — Pc( = y@A+(1 - a)B)x, |
+ | Po(I = y(@A + (1 - &)B)x, — Po(I - y(@A+ (1 - a)B)x|)
<liminf(|lx, — Pe( = y@A+(1 = DB)x, || + lIx,, — )
<liminf ||x, —X||.
k—o0 k

This is a contradiction, then we have _ _
X € F(P-(I —y(@A+(1-a)B))). (26)
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By (£8), Lemma B and Lemma [, we get _ _
xeVIIC,ANVIC,B). 27

From (P3) and (Z2), we have
x eé.
In order to show that the entire sequence {x,} weakly converges to X, assume x, — %" as k — oo, with X’ # x and
¥ e VI(C,A)nVI(C,B)n F(p).
By the Opial condition, we have
lim ||x, — X|| =liminf ||x, — X]|
n—oo k—o0 k
. _
<h}3it‘.3f ||xnk - x|
= lim ||x, — X'||
n—oo0
. o
_h;?iglf ||x,,k x|
<1i]1£i°13f llx,, —xII
= lim [|x, - xII,
n—oo
and this is a contradiction, thus X’ = x. This implies that the sequence {x,, }o2, converges weakly to the same point X € ¢.
Finally, if we take
u, = P:x,, (28)
then by (1) and Lemma [, we see that { P;x,}>  converges strongly to some z € ¢. From (Z8) and Lemma B, we get
(x, —uyu, —x) >0, Vx € &.
Take n — oo, we also have
(X —2z,z—Xx) >0,

and hence z = X. Therefore u, converges strongly to X € &, this completes the proof. O

The following Corollary [ is a special case of Theorem [ if we put A = B in Theorem [I.

Corollary 1. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A, B, A : C > H be a, b, a-inverse
strongly monotone, respectively. Let O, F : C X C — R be a bifunction satisfying A1)-A4). Define the mapping ¢ : C - C
by o(x) = TF(I — AAT2(I — pB)x, where r,,A > 0 and for all x € C, T, T? define as same in Lemma B that is
TrF(x) ={zeC: F(z,y)+ %(y—z,z—x) >0,Vy e C} andTrQ(x) ={zeC:Q0(zy+ %(y—z,z—x) >0,Vy e C}.
Assume that E =V I(C, Z) N VI(C,E) N F(p) # @. For given x; € C and let the sequence {x,} and {y,} be generated by

Vo = Pe(x, = 7AGx,),

0,=1{z€H : (x,—yAX,) =y, ¥, — 2) > 0}, (29)

X1 = @, Pp, (X, = YAW,)) + B,0(x,),
where sequence {a,}, {f,} C [0,1] witha, + f, < 1, for all » € N and # = min{a, b}, A, § € (0,2n), y € (0, 2a) satisfying the
following conditions hold:

(i) 0<c<p,<d<1forallneN,
(ii) 2(1 —a, - f,) < .
n=1

Then, the sequence {x,}  converges weakly to z € £ and furthermore,

z = lim Py(x,).

n—oo

Proof. Putting ‘A = B in Theorem [, then we obtain the desired conclusion. O
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4 | APPLICATION

4.1 | The generalized equilibrium and the system of equilibrium problems.

In this section, we obtain the following weak and strong convergence theorems for finding solutions of the generalized
equilibrium and the system of equilibrium problems.
Put A = B =0, in (ll), the SGEP is reduced to find (x*, y*) € C X C such that

F(x*,y)+ +(y—x",x* —y*) 20,  Vyec,
{Q(y*,x)+g(x—y*,y*—x*)zo, Vx € C, 0)
(B0) is called the system of equilibrium problem.
IfA=B, F=0Q,r=1,x"=y*and A = # = 1, in (), then the SGEP reduced to find x* € C such that
F(x*, )+ (Ax*,y — x*) > 0, Vy e C, (31)

where A : C — H is mapping, the problem (Bl is called the generalized equilibrium problem. The set of solutions of
(BD) is denoted by EP(F, A). The problem (BO) and (B) covers various disciplines such as optimization problems, variational
inequalities and the Nash equilibrium problem in noncooperative games, see literature in™®.

Theorem 2. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A,B: C — Hbea, f-inverse
strongly monotone, respectively. Let O, F : C X C — R be a bifunction satisfying A1)-A4). Define the mapping ¢ : C - C
by @(x) = TF(T9x), where r > 0 and for all x € C, TF, T? define as same in Lemma B that is T"(x) = {z € C :
F(z,y) + %(y —z,z—x) > 0,Vy € C} and TrQ(x) ={zeC: 0xzy+ %(y —z,z—x) > 0,Vy € C}. Assume that
¢ = VI(C,Z) N VI(C,E) N F(@) # @. For given x, € C and let the sequence {x,} and {y,} be generated by

Yo =P —y(@A+ (1 - a)B))x,,

0,={z€H : (U~-y@A+(1-DB)x, -y, ,~2) 20}, (32)

Xy = @, Py (x, —y(@A+ (1 —-a)B)y,) + p,o(x,),
where sequence {a,}, {f,} C [0,1] witha, + §, < 1,foralln € N, a € (0,1) and y < 7j = min{a, f} satisfying the following

conditions hold:

(i) 0<c<Lp,<d<lforallneN,
(i) Y (1 -a,=p,) <.
n=1

Then, the sequence {x,}>  converges weakly to z € £ and furthermore,

z = lim P(x,).

n—0oo

Proof. If we put A = B =0, in Theorem [. The conclusion of Theorem I can be obtained from Theorem [I. O

Theorem 3. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A, Z, B:C— Hbe a,a, ﬁ_-inv_erse
strongly monotone, respectively. Let F : C X C — R be a bifunction satisfying Al)-A4). Assume that £ = VI(C,A) N
VI(C,B)n EP(F, A) # §. For given x, € C and let the sequence {x,}, {u,} and {y,} be generated by

F(un,y)+<Au,y—un)+%(y—un,un—xn)ZO, Vy e C,

Vo =Pl —y(@A+(1-a)B))x,,

Q,={z€H : (U ~y@A+(1~aB)x,~y,¥,~z2) 20},

X1 = @, Py, (x, = 1(@A+ (1 = D)B)y,) + .

(33)

where sequence {«,}, {#,} C [0,1] witha, + , < 1,foralln € N,r > 0,a € (0,1) and y < ij = min{a, i} satisfying the
following conditions hold:

(1) 0<c<Lp,<d<lforallneN,
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(ii) 2(1 —a, - p,) < .

n=1

Then, the sequence {x,, };°

? , converges weakly to z € ¢ and furthermore,

z = lim Py(x,).

n—oo

Proof. If we put A= B, F = Q and A = f, in Theorem [, then we obtain the desired conclusion. O

4.2 | The variational inequality and the general system of variational inequality problems

In this section, we obtain the following weak and strong convergence theorems for finding solutions of the variational inequal-
ity and the general system of variational inequality problems.

In 2008, Ceng et al.” introduced the general system of variational inequalities problem (GSVIP), which is to find (x*, y*) €
C X C such that

(AAY" +x* —y*, x —x*) >0, Vx € C,

(UuBx* +y*" = x*",x—y"y >0, Vx € C, (34)
where A, B : C — H are two mappings and A, 4 > 0 are two constants. Further, if we put A = B and x* = y*, then the problem
(B4) reduces to the variational inequality V I(C, A).

Remark 3. Put F = Q = 0 in (), we have (Ill) is reduced to GSVIP. So, (B4) is a spacial case of SGEP.

Lemma 12. (See”) For given x*, y* € C, (x*, y*) is a solution of problem (B4) if and only if x* is a fixed point of the mapping
G : C — C defined by
G(x) = Po(Po(x — uBx) — AAP¢(x — uBx)), Vx € C,
where y* = P-(x* — uBx").
By use Theorem [Il, we give a theorem involving to find the solution of the GSVIP as follows

Theorem 4. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A, B, Z, B:C — Hbe a,b,a, f-
inverse strongly monotone, respec_tively. Deﬁrf the mapping ¢’ : C — C by ¢'(x) = Po(I — AA)P-(I — pB)x forall §, A > 0,
Vx € C. Assume that £ = VI(C, A)nVI(C, B)nF(¢’) # @. For given x; € C and let the sequence {x,} and {y,} be generated
by _ _

Vo = Po( = y(@A + (1 - @)B))x,,

Q,={z€H : (I -y@A+(1-aB)x, - y,,—2) 20}, (35)

Xp41 = @, Py (X, = y(@A + (1 - 2)B)y,) + B,0'(x,),
where sequence {a,},{#,} C [0,1] witha, + B, < 1,foralln € N, a € (0,1), n = min{a,b}, y < ij = min{@, f} and
4, B € (0,2n) satisfying the following conditions hold:

(i) 0<c<Lp,<d<1forallneN,
(ii) 2(1 —a, - f,) < .
n=1
Then, the sequence {x,}  converges weakly to z € £ and furthermore,

z = lim P,(x,).

h—o0

Proof. From Lemma 2 and putting F = Q = 0, in Theorem [, then we obtain the desired conclusion. O

Next, we prove the fixed point problem, which uses our main theorem.

Remark 4. LetT . C — C be nonexpansive mapping with F(T) # @§. Then F(T) =V I(C,I - T).
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Corollary 2. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let T; : C — C be a nonexpansive
mappings, for all i = 1,2, 3, 4. Define the mapping ¢* : C — C by ¢*(x) = Po(I —A(I =T)))Pc(I —p(I—T,))x, where f, A > 0
4

and for all x € C. Assume that & = ﬂ F(T;) # @. For given x; € C and let the sequence {x,} and {y,} be generated by
i=1
Vo =P —y@ - Ty + (1 —a)U = T)))x,,
0,={zeH :(U-y@l-T)+UA-aU-T))x, =y, ¥, — 2) 2 0}, (36)
Xy = &, Py (x, —y(@I —T3) + (1 —a)U —T,)y,) + B,0"(x,),
where sequence {a,},{f,} C [0,1] witha,+ f, < 1,foralln € N,a € (0,1) and 4,6,y € (0, %) satisfying the following

conditions hold:

(i) 0<c<p,<d<lforallneN,
(i) Y (1 —a,=p,) <o
n=1

Then, the sequence {x,}* / converges weakly to z € ¢ and furthermore,
z= r}]—>n; P:(x,).
Proof. The conclusion of Corollary @ can be obtained from Theorem B and Remark B. O

Corollary 3. Let C be a nonempty closed convex subset of a real Hilbert spaces H and let A, Z, B:C— Hbe a, &, f-inverse
strongly monotone, respectively. Assume that ¢ = VI(C, A)nV I(C, B)nV I(C, A) # @. For given x, € C and let the sequence
{x,} and {y,} be generated by
Yo =P —y(@A+(1-a)B))x,,
Q0,={ze€H : (I-y@A+(-aB)x,—y,y,—z) >0}, (37)
Xp41 =@, Py (x, — y(@A+ (1 = @)B)y,) + f,Pc(I — AA)x,,
where sequence {«,}, {$,} C [0,1] witha, + B, < 1,foralln €N, 1 € (0,2a),a € (0,1) and y < ij = min{@, f} satisfying the
following conditions hold:

i) 0<c<Lp,<d<lforallneN,

(i) Y (1 -a,=p,) <.

n=1
Then, the sequence {x,}>  converges weakly to z € £ and furthermore,

z = lim P(x,).

n—0oo

Proof. If we put A = B and A = f, in Theorem 8, then we obtain the desired conclusion. O

S | NUMERICAL

In this section, we give the following example to support our main theorem.

Example 1. Let R be the set of real numbers, and let (-,-) : R> x R? — R be an inner product defined by (x,y) = x-y =
X -y + Xy - yy, forall X = (x},x,) € R%, y = (y},,) € R? and a usual norm || - || : R* — R be defined by ||x|| = y/xT + x]

where x = (x,,x,) € R2. Let H = R2, C = [-100, 100] x [-100, 100]. Let A, B, A, B be mappings from C to R? defined by

AX = (%, %), Bx = (%, %), Ax = (%, %) and Bx = (%, %), Vx € C. Let the mapping O, F : R? x R? — R be defined by

— 2 _ 2 2 2
F(x,y) = Gy = () 4+ SOt , VX =(x1,X,) € R?, y=00.») € R?,
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and 2 2 2 2
—(x)" = ()" + (y)" + (1)
ox.y) = 5
Letr, f, A = 1, the sequence x* = (x}, x3), y* = (¥}, ¥;) and y = (1, y,)
0<F(x* »)+(y—x"x" = - Ay")

—(Xl)2 - (Xz)2 + ()’1)2 + (J’2)2

B VX = (xl,X2) E R29 y = (y19y2) E RZ'

2xT - yT 3x§ - y;

= 2 +{ —X*;,yz —x;),( 5 3 )

STl G I PSS Gt

=< 3% + (12xF = 6y")y; — 15(x1)? + 6x7 y > .\ <3(y2)2 +(12x; 4y2)y2 —15(x})? + 4x3y; )
12 12

=G1(J/'1) + Gz()’z)‘

32 +(12x% =6y* )y, —15(x*)?+6x* y* 3(p2)2H(12x% =4y )y, —15(x3) 2 +4x5 v .
Let G,(y,) = < (y1)*+(12x] Y11);1 (x}) X1Y1> and G,(y,) = < (32)*+(12x5 y_l);’z (x3)°+4x3y; ) G,(y,) and G,(y,) are quadratic

i i ; 1 i ~5(x})?
functions with coefficients @ = 7, by = x{ — 5, and ¢; = :

+ ‘y‘ of G,(y,) and coefficients a, = i b, = x¥ — 2—2, and

1 4 2
c, = _S(—X) + z_yz of G,(y,), respectively. Determine the discriminant Al of G, as follows:
A =b1 —4ac,
y* _5(x*)2 x*y*
=(x’f__1)2_4<1>< 1 +L)
2 4 4 2
_ 3]0,
— )"

We know that G, (y,) > 0, forall z € R. If it has most one solution in R, then A; < 0. So, we obtain x| = %1 Next, we determine
the discriminant A, of G, by using the same method as above, we obtain xJ = %. That is TrF (I —-AA)y* = (y3—‘, %). After that,
we find the solution of y* = (y7, y;) in this inequality 0 < Q(y* z) + (z — y*,¥* — (I — B)x*). By using the same method as

TF(I — JA)y*, we obtain TE(I — fB)x* = (1, 222 =T (I - AATC(I = pB)x = T (I - 2A)(12, B2 =
(IOxI i 5x2)

Let x; = (x},x}) and y; = (y},);) € R?. The sequences {x,} and {y,} are generated by (IB), where 7,7,y = 1,a = %,
a, = x—-and f, = 1=, forall n € N. From the definition of A, B, A, B and ¢, we have V' I(C, A)nV I(C, B)N F(¢) = (0,0).
From Theorem [, we can conclude that the sequence {x,} and {y,} converges strongly to (0, 0). For each n € N, we can rewrite

(IR) as follows:

. =Pl = G + 3B,

0,={zeH : (- (%@ + %(E)»x,, Yy —2) 2 0},

Xy = = =P (5, = (A + 3 (BN, + (1 = gp(x,),

where P-(x,, x,) = (max{min{x;, 100}, =100}, max{min{x,, 100}, —100}).
The table M shows the values of {x,} and {y,} with x; = (=10,10) and n = N = 20.
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TABLE 1 The values of {x,} and {y,} with x; = (-=10,10) and n = N =20

n Xn =(XE,YX?,) Yn =(y,1,-y%)

I (100000,100000)  (-7.0833.7.0833)
2 (0.0000.0.0000) (0.0000,0.0000)
3 (0.0000.0.0000) (0.0000,0.0000)
10 (0.0000,0.0000) (0.0000,0.0000)
18 (0.0000.0.0000) (0.0000,0.0000)
19 (0.0000,0.0000) (0.0000,0.0000)
20 (0.0000.0.0000) (0.0000,0.0000)

yn

% and
o

n

FIGURE 1 The convergence of {x,} and {y,} with x; = (-=10,10) and n = N =20

Remark 5. 1f we choose A = B in Example [, we can rewrite (£9) as follows:

Yo =Pc(x, — A(x,),
0,={ze H : (x, —Z(xn) — Y Vy— 2) 20},

Xy = = )Py (%, = A + (1= D),

where Pp(x;,x,) = (max{min{x,, 100}, -100}, max{min{x,, 100}, -100}). From Corollary [, we can conclude that the

sequence {x,} and {y,} converges strongly to (0, 0).
The table @ shows the values of {x,} and {y,} with x; = (=10,10) and n = N = 20.

TABLE 2 The values of {x,} and {y,} with x; = (-=10,10) and n = N =20

n xn = b yn=Whv2)

1 (-10.0000,10.0000) (-6.6667,6.6667)

2 (0.0000,0.0000) (0.0000,0.0000)
3 (0.0000,0.0000) (0.0000,0.0000)
iO (0.0000.0.0000) (lO.UOOU.O.(JOUO)
i8 (0.0000,0.0000) (l(),U(}O0.0.(JOU())
19 (0.0000,0.0000) (0.0000,0.0000)

20 (0.0000,0.0000) (0.0000,0.0000)
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FIGURE 2 The convergence of {x,} and {y,} with x; = (-10,10) and n = N =20

Example 2. In this example, we use the same mappings in Example . Let the sequence {x, } and {y, } be generated by (IR),
where a, = i and g, = 1 — i for all n € N. From the definition of A, B, A, B and ¢, we have VI(C, A)nV I(C, B)n F(¢p) =

(0,0). We can conclude that the sequence {x,} and {y,} converges strongly to (0,0). For each n € N, we can rewrite ([8) as
follows:
1— 1=
Vo =P - (E(A) + E(B)))x"’
11— 1=
0,={zeH : (- (E(A) + E(B)))X,, = Vps ¥y — 2) 20},

1 1— 1= 1
=3P, 06, = G+ 2(B)y,) + (1 = —3)e(x,),

Xn+1

where P.(x, x,) = (max{min{x, 100}, =100}, max{min{x,, 100}, =100}).
The table @ shows the values of {x,} and {y,} with x;, = (=10,10) and n = N = 20.

TABLE 3 The values of {x,} and {y,} with x; = (-=10,10) and n = N =20

n xp = b Yo =Whv2)

1 (-10.0000,10.0000) (-7.0833,7.0833)
2 (-7.9340,7.9340) (-5.6199,5.6199)
3 (-2.5182,2.2821) (-1.7838.,1.6165)
i() (‘0.00000.0000) (l(),UUOU.O.UOUO)
18 (0.0000,0.0000) (0.0000,0.0000)
19 (0.0000,0.0000) 0.0000,0.0000)
20 (0.0000.0.0000) 0.0000,0.0000)

FIGURE 3 The convergence of {x,} and {y,} with x; = (-=10,10)and n = N =20
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Conclusion

1. Theorem [ guarantees the convergence of {x,} and {y,} in Example [I.
2. Corollary [ guarantees the convergence of {x,} and {y,} in Remark B.
3. The convergence of {x,} and {y,} in an Example [ is faster than the convergence of {x,} and {y,} in Example D.
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