FREE BOUNDARY PROBLEM FOR ONE-DIMENSIONAL
COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH TEMPERATURE
DEPENDENT VISCOSITY AND HEAT CONDUCTIVITY

TUOWEI CHEN AND YONGQIAN ZHANG

ABSTRACT. We prove the existence and uniqueness of global strong solution to the free bound-
ary problem in one dimensional compressible Navier-Stokes system for the viscous and heat
conducting ideal polytropic gas flow, when the viscosity and heat conductivity depend on
temperature in power law of Chapman-Enskog and the data is in the neighborhood of some
background solution at initial time. We also study the large time behavior of the solution and
obtain its decay property.

1. INTRODUCTION

In this paper, we consider the free boundary value problem of one dimension compressible
heat-conducting Navier-Stokes equations as follows:

pr + (pu)y =0, (1.1)
(pu)r + (pu? + p)y = (Huy)y, (1.2)
(ol + 50 ))e + (pule + 3u) + puly = (s}, + (56,)y. (13)
for 7 > 0 and a;(7) < y < az(7), with the boundary condition
ey(7,d) =0, (puy —p)(1,d) =0, 7 >0, d=ai(r),as(7). (1.4)

Here the unknown functions p,u and 6 represent the density, the fluid velocity and the
temperature, respectively. e is the internal energy, and p is the pressure. p and k are the
viscosity coefficient and the heat conductivity coefficient. In this paper, we focus on ideal
polytropic gas and the constitution relation reads

R

T (1.5)

p(p,0) = Rpb, e =c,0, c, =
where the specific gas constant R and the heat capacity ¢, are positive constants, and v > 1 is
the adiabatic constant.

The free boundaries y = a1(7) and y = ag(7) are the interfaces separating the gas from the
vacuum, which are described by

da;(1) __
— =u(a;(r),7) T>0,
{ o (16)

where a; are some constants and ¢ = 1, 2.
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To get the fixed boundary valued problem, we will rewrite the problems (1.1)—(1.4) by using
Lagrangian mass coordinates. This means, set

y

x = / p(1,2)dz, t=rT, (1.7)
ai(7)

and then the free boundaries y = a1(7) and y = as(7) become z = 0 and = = faaf((:)) p(z,7)dz =

faalz po(y)dy by the conservation of mass. Without loss of generality, we assume faalz po(z)dz =1

and R =1. Let v = % be the specific volume, then p = %. Hence, the problem (1.1)—(1.4) is
transformed into the system:

v — Uy = 0, (1.8)
0 YUy
—)x — x) L.
wt () = (M) (1.9
01 0 K0y pu?
¥ g = (4 Pl 1.10
v—1 S ( v Jo + v (1.10)
for (t,z) € (0,00) x (0,1), with the boundary condition
0(t,d) =0, (puy —0)(t,d) =0, t>0; d=0,1. (1.11)
And we impose the following initial conditions
(v,u,0)(0,z) = (vo, up, bo)(x), for x € [0,1]. (1.12)

In a view of physics, when one derives the full compressible Navier-Stokes equations from
the Boltzmann equation by using the Chapman-Enskog expansion, viscosity p and heat con-
ductivity & are functions of temperature. According to [1], the following relations hold:

1
p=pb, k="r0" be (E,oo), (1.13)

where i and K are two positive constants, and such relations lead to possible degeneracy and
strong nonlinearity in viscosity and heat diffusion.

Many known mathematical results mainly focus on the case when viscosity p and heat
conductivity k are positive constants. For examples, in the one space dimension case, for large
initial data away from vacuum, Kazhikhov et al. [8,9] obtained global smooth solutions by
employing the representation for specific volume v, and recently, Jing Li and Zhilei Liang [10]
showed the large-time behavior of solutions with large data. There are also many results for
the case when viscosity u depends on density and heat conductivity x depends on density
and temperature, both of which are non-degenerate, and we refer readers to [5,17,20] and
the references therein. For isentropic flow, the dependence on the temperature in (1.13) is
translated into the dependence of viscosity on the density,

wip) =Ap*, A>0, a>0. (1.14)

It is shown by Liu, Xin and Yang in [13] that, at least locally in time, the Navier-Stokes
equations for one-dimensional isentropic viscous gas with a jump to the vacuum initially and
with condition (1.14), has a physically relevant solution. We also refer readers to [6, 18,22, 23]
for some global existence results of isentropic case.

However, there is few result for the non-isentropic case with relation (1.13). To our knowl-
edge, for the Cauchy problem of one-dimensional compressible Navier-Stokes equations for the
viscous and heat conducting ideal polytropic gas flow with degenerate temperature dependent
transport coefficients, Liu and Yang et al. in [14] obtained the global non-vacuum classical
solutions with smallness assumption that - is close to 1, which is the first result with large
data for the case with relation (1.13). Later, under assumption

p = fh(v)8%, k= kh(v)6°, (1.15)
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where [i, & are positive constants and h(v) is some non-degenerate smooth function, Wang
and Zhao in [21] obtained global non-vacuum classical solutions with smallness assumptions
for | a |. For the initial-boundary value problem, Jenssen and Karper in [4] proved the global
existence of a weak solution under the assumption

p=p, k=r0, bel0,= (1.16)
where 1 and K are positive constant. We also refer readers to [16], in which Pan and Zhang

proved the existence of global strong solutions for the initial-boundary value problem under
assumptions

p=p, k=Fr0", bel0,00), (1.17)

where fi and & are positive constants. Huang and Shi in [3] improved Pan and Zhang’s result [16]
on the regularity conditions of initial data. For the case with presence of vacuum, even in one
dimension, the global well-posedness theory for the full compressible Navier-Stokes equations
with degenerate temperature dependent transport coefficient is still an open problem. As a
view of physics, it is reasonable to consider the free boundary problem. Recently, some progress
in this direction have been obtained when considering some simplified relations. Li and Guo
in [11] established the global existence of strong and classical solutions to free boundary problem
under assumptions

p=p, k=r0°, be(0,00), (1.18)

where i1 and K are positive constant. When considering the fluid is in the low Mach number
regime, Li, Ma and Qu in [12] established the global existence and uniqueness of strong solutions
for the free boundary problem under assumptions

M:ﬂ(1+p6)v /Q:E;Qq7 pe [0700)7 qc (0,00), (119)

where 1 and & are positive constants. We mention that for the free boundary problem based on
physics consideration, although some results (such as [4,11,12,16]) have been obtained under
some simplified relations, it is still far away from a theory for (1.1)—(1.4) under condition (1.13).

As for the free boundary problem with constant viscosity and heat conductivity, Okada in [15]
studied the asymptotic behavior of the solutions in the neighborhood of a given background
solution of the free boundary value problem of one dimensional model system associated with
compressible viscous and heat-conducting fluid, and he obtained the decay property of those
solutions under smallness conditions of the initial data and v — 1.

In this paper, inspired by [15], we will define some special solution to (1.8)—(1.11) as a
background solution and show the global existence and uniqueness of strong solution in the
neighborhood of such background solution under the following assumption

1
p=pab, k=r0" abe (5, 00), (1.20)

where i and & are positive constants, and the case with physical relation (1.13) is included.

Before we state the main theorem, we introduce some simplified notations as follows. Let
I = [0,1] be the domain of space. For p > 1, LP = LP(I) denotes the LP space with norm
| - |zp. For p > 1 and p > 1, WkP = W*P(I) denotes the Sobolev space with norm | - |y k.0,
and particularly, H* = W*2(I). Moreover, for f € L°(0,t; H'), | f o172 supseio,r) | f(t) |Lee-
And without loss of generality, we assume that & = k& = 1 throughout this paper.

Set

(V(t),U(z),0) = (;bt-i-vl,;bx—f—ulﬁ), (1.21)
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for some constants § > 0, v; > 0 and uy. Then it is easy to verify that (V(¢),U(z),0) is a
solution to (1.8)—(1.11). We consider the solution in the neighborhood of (V (t),U(x), ), and
we are also concerned with its decay property. Now, we shall state the main result as follows.

Theorem 1.1. Let (V(t),U(x),0) be given as in (1.21) and assume that the condition (1.20)
holds and that the initial data (vo,uo,0)(x) satisfies

(’U[),’LLQ,@())(x) S Hl X H2 X H2, (122)
(05uo.. — 00)(d) = 0, 0p.(d) =0, for d = 0,1, (1.23)
/Iuo(x)dx = /IU(:c)dx, (1.24)
and /I (B () + %uo(x)Q)dﬂc _ /I @+ %U(w)Q)da:. (1.25)

There exists a positive constant 0, only depending on a, b, v and uy, such that if @ > 0., then
the following statement holds. There exist positive constants €1 and o, both of which are only
depending on a, b, v, uy and 0, such that if Iy =| vo/v1 — 1, ug — U, 09/0 — 1 |;n< € for
e € (0,e1), then there exists a global unique strong solution (v, u,8) to (1.8)—(1.12), satisfying

v,u,0 € C([0,T); H x H? x H?), 6u, — 0,0, € L*(0,T; Hi N H?), YT > 0. (1.26)

Moreover, for a € [0, 1], we have

V()™ | ‘2;((?) —1u(t) - U, 0(575) —1[3u< oI for t€[0,00), (1.27)
and | ;j((?) —1,u(t) - U, 9(;) —1|pe=O0(t"2) as t — . (1.28)

Remark 1.1. In the frame of Lagrangian mass coordinates, the condition (1.24) and (1.25)
imply that the initial momentum and energy are equal to the momentum and energy of the back-
ground solution (V (t),U(z),0), respectively. And by classical embedding theorem, the condition
(1.22) and (1.23) imply that the initial data is compatible with the boundary condition. More
precisely, if (vo,uo,6p) are smooth functions on I, they satisfy the boundary condition (1.11).
Similarly, (1.26) implies that the solution (v,u,0) is compatible with the boundary condition

(1.11).

Remark 1.2. In fact, we will choose €1 suitably small to ensure that the Oy(x) has positive
lower bound and there is no vacuum at initial time, and then (1.27) implies that vacuum will
never be developed in our case.

Remark 1.3. We remark that our method in this paper also can be applied to the cases that
equations (1.8)—(1.10) with the following two different free boundary conditions:

u(t,0) =0, (pugy —0)(t,1) =0, 0,(¢t,d) =0, t>0, d=0,1, (1.29)
or
u(t,0) =0, (puy —0)(t,1) =0, 6(t,0) =0, 0,(t,1) =0, t >0, (1.30)

where 6 is some positive constant. For the free boundary problem with small data in both above
cases, in a similar way, we can obtain global eristence and uniqueness results under some
analogous assumptions on the background solution as in Theorem 1.1.

The remaining of this paper is organized as follows. In Section 2, we present some useful
lemmas and show the local existence of solutions to (1.8)—(1.12). In Section 3, we will use
energy methods to derive a priori H'-estimate and then prove the main theorem.



2. PRELIMINARY

In this section, we shall state the following lemmas, which are useful to get the necessary
energy estimates.

Lemma 2.1. (Poincaré’s inequality). If f € H'(I), the following inequality is satisfied.

22| o B 12| /Ifdw 2. (2.1)

Lemma 2.2. (Sobolev s inequality). Let f € H'(I). Then f € C°(I) and we can obtain the
following estimate

| 1R 2| flr2l foloe + 1 f 152 (2.2)

Moreover, when there is some x¢ € I such that f(zo) =0, we can establish

| flEe< 2] f 2] folre - (2.3)

As for the details of the above two lemmas, we refer readers to [2].

The existence and uniqueness of local in time solution to (1.8)—(1.11) can be obtained by
a standard Banach fixed point argument, c.f. [7,19]. Thus, we state the following lemma for
local solution and omit the detailed proof for it.

Lemma 2.3. Suppose that (1.20) holds, and if the initial data (vo,uo, 6p) satisfies (1.22),(1.23)
and

inf inf 4
infvg(z) > 0, inf () >0, (2.4)

then there exists a positive constant Ty only depending on | (vo,wuo,60) |1, infyervo(z) and
infyer Oo(x), such that there exists a unique local strong solution (v,u,0) to (1.8)—(1.12) on
[0,T1] x I, satisfying

(v,u,0) € C([0,T1]; H' x H? x H?),
Ou, — 6° € L?(0,T1; HY), 6, € L(0,Ty; HY),
Cl<w(t,z)<C, CTl <O(t,z) < C, (2.5)

t
(0, 0)) B + [ 1 00, 0)(5.) B+ | s i) 19) [ s < C.
0

for any (t,z) € [0,T1] x I, where C' > 0 is some constant only depending on | (vo, uo,6o) |1,
infrervo(x), infrer Op(x) and Ti.

3. A PRIORI ESTIMATE AND GLOBAL EXISTENCE

In order to prove our main theorem, we will rewrite our problem as follows. Set

v(t,x)
V(t)

0(t,x)
0

q(t,x) = —1, r(t,x) =u(t,z) — U(x), h(t,z) = -1 (3.1)
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By using the changes of variables in (3.1), the problem (1.8)—(1.12) is reduced to the following
System:

0q 1
-+ _'z _ 2
qt + eb Vv % 07 (3 )
1 .6°h+1)br, 1. 60h 0 (h+1)°—-1
-t sl -7l =0, (3.3)
|4 1+g¢ Vil+gq V 1+g¢
Phe 100y O
y—-1 V l1+gq TV (1 +q)
O+ )2 R+ 1) 1, Ol 02[(h +1)° — 1] (3.4)
 V(+9q) V(1+q) V(1+q) OOV (1 + q) '
for (t,x) € (0,00) x (0,1), with boundary condition
(0°(h+ 1)bry — Oh + 0[(h + 1)° — 1])(t,d) = 0, (3.5)
he(t,d) =0, for t>0, d=0,1, '
and initial condition
(q,7m,h)(0,2) = (qo0,70, ho)(x), for x €I, (3.6)

where qo = vo/v1 — 1, 70 = ug — U, hg = 6p/0 — 1.

3.1. A Priori Estimate.
To prove theorem 1.1, it suffices to derive the following priori estimate.

Proposition 3.1. Let any T > 0 be fized. Assume that the same conditions as in Theorem 1.1
hold. Let (g,7,h) € C([0,T); H') with (rys, hes) € L*(0,T; L?) be the unique strong solution to
(3.2)~(3.6) on [0,T] x I. There exists a positive constant 0, only depending on a, b, v and uy,
such that if @ > 0., then there exist positive constants M < % and a1, both of which are only
depending on a, b, v, u1 and 0, but independent of T, such that if Iy < M < % and if

g, h o< M < %, (3.7)

then
V) | (0 () s o0 1, 39
[V e 6) s < 1. (39)

for any a € [0, 1] and t € [0,T].

To prove the above proposition, We begin with some elementary observation. From the
hypothesis (3.7), we could easily obtain that

1 1 1
< - < = < -
gt 2) 1< 1 [ r(a) 1< 1 [ bt < 5
1 1
3 < h(t,x) +1<2, B <q(t,x)+1<2 for V (t,z) € [0,T] x I. (3.10)
[

Then, as in [15], we will deduce two important inequalities based on the conservation of
momentum and energy. Integrating the momentum equation (1.9) over [0,¢] x I, and using the
condition (1.24), we have

/I u(t, z)dz — /I wo(w)dz = /I U(x)dz. (3.11)



And (3.11) yields that

/T(t, x)dr = /ro(az)dx =0. (3.12)
I I
Thus, by using Poincaré’s inequality (2.1), we deduce from (3.12) that

| () [T2<] 2 (t) |72 - (3.13)

Integrating the energy equation (1.10) over [0,¢] x I, and using the condition (1.25), we have

H_h(t,x) 1 2 9_ —
% W_1+§me%%@x+mﬁﬁwﬂf—0 (3.14)

Thus, by using Holder inequality and (3.10), it follows from (3.14) that

|/h(t,x)dx 2 = 'V;_l/;r(t,x)u(_@mul)r(t,x)dx 2
I 1

Qb
(W":l)Q
262
462

1
2 2
< (452,*‘4U1'+ 5)’7Tt)\L2- (3.15)

<

0
[r0) B +2 [ | gyt P do | (o) e

Using Poincaré’s inequality (2.1) again, we deduce from (3.15) and (3.13) that

| h(t) 2, < 2| /I Bt @) 2 42 | ho(t) s

(Bu?+1) 4

<2 halt) 32 +0r = D+ o | ral®) e (3.16)

Now, we are going to employ energy method to prove Proposition 3.1 with the help of (3.13),
(3.16). And in what follows, we denote by C' a general constant only depending on a, b, 7, u1
and 6, which may be different between line to line.

Proof of Proposition 3.1. First, for ¢ € [0,7], multiplying (3.3) and (3.4) by 6°Vr and
6°Vh, respectively, summing them up, integrating over I, and using the boundary condition
(3.5), we have

1 1 62h?
79bva 2 Vath Vafl /
{AQ T-+ﬂ7—U Thet rl1+gq

0_2b(h + l)bT’2 §a+b+1(h+ 1)ah2
Va—l / z 1 Va—l / z
+ 1 TV 7 T + . 1+q T

A ra—1 721 ra—1 b+1 b
<a9V /rzdw N aHV/thx L pe-t / O (h+ 1) ”Txd{I,'
I 2v=1) J; I 1+g¢q
Nb+1 b nb+1 by ,.2
+ Va—l / ‘9 [2(h + 1) ]hrlﬂ dl’ + Va—l / 9 (h‘ + 1) hra;dx
I I+¢ I 1+gq

_ VOé—l / e_b+1h2rﬂ7d$ + Va—l / 9_2[(]7‘ + 1)b B th{l}
1 1+gq I 1+q

dx

7
=> I (3.17)
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Among the terms on the right hand side of (3.17), due to the hypothesis (3.7), we use (3.13),
(3.16) and Schwarz’s inequality to get the estimations on Iy, Ia, I5, I and I; as follows,

g a—1
n== v /T'Qda: < aCValfrgdx, (3.18)
2 I I
N27/ a—1
I = O‘Gv/h?d:ﬂ < acva—l(/rgdx+ /hgdx), (3.19)
2(v—1) I I
9b+1 h 1 bh
:Val/ (ht UPhrs 4 < oo 1/r§dx, (3.20)
I 1+g¢ I
G+t h2r,
Ig=—-vol / ——%dx < Mcval(/ r2da + /hidx), (3.21)
1 1+4g I I
72 b_ ~
and I — Va—1/9 [(h+1) 1]hdx < 2|b_1|+1602V0‘_1/h2dx
I 1+4q I
402

< 9lb-1l+2pp2y/ a1 | B |%2 +2Ib—1l+1b(7 —1)2[(8u? + 1) + 30%]1/0“ 1 /rgdx, (3.22)
I

where we we have already used the following inequality
ht1
[(h+ 1) —1]<| / bstds |< 2=p | h | . (3.23)
1

In addition, due to (3.7), we use (3.13), (3.16) and Young’s inequality to estimate I3 and I4 as
follows,

Nb+1 b _
I3 _Valfe [(h+1) ]-]T:cdw S (1)b+3vo¢102b/rgdw+22|b1|+b+3b2va102/h2dx
I 1+q 2 I I

<(;)b+3va_1§2b/rgdx+22|b_1|+b+4b2va_1§2/hidx
I I
potes2ey 1pR(sa 1) 4 A0 et [ 2 3.24
(y = D7[(Bur + 1) + ] | e, (3.24)
nb+1 92 1 b . 1 B B
and 14:‘/'01—1/9 [ (h+ )]h?“ dx§ ()b+3Va_102b/r§dzL“+23b+392V0‘_1/h2dx
I l+q 2 I I
S (;)b+3va192b/7§d$+ 23b+4§2va71 /hidl’
I I
3643 2 2 402 a—1 2
+ 277 (y = 1)*[(Bui + 1) + 392b]V Irxd:v. (3.25)

Substituting (3.18)7(3.22) and (3.24)—(3.25) into (3.17) and using (3.10), we obtain
{/ S0V 4 )V"‘thaz}tJr Lprva- 1/thx+n1Va—1/ridm+n2va—1/h§dm
I I

<(a+ M)Cva—l(/rgdx + / hZdz), (3.26)
I I
where 1y = 71(6,b,7,u1) 2 (3)0+26% — (23043 4201+ 920—11+0+3p2) (- 1)2[(8u? +1) + 257,
and 172 = 12(0,a,b) = (%)a+19—a+b+1 — (28644 olb=1l+2p 4 92b-1l+b+4p2)42,

We observe that the condition (1.20) yields 2b > 2 —2b and a + b+ 1 > 2. Hence, for fixed

w1, there exists a positive constant @, only depending on a, b, v and u;, such that if § > 4,,
then 771 > 0 and 70 > 0. Thus, there exist positive constants a; < % and mj only depending



on a, b, v, u1 and 6, such that for o € [0, 1] and M < my, we have

1
(v—-1)

{/ gover? 4 Vah2dw}t+va1/h2dx+va1/r§dx+va1/hfcdx <0. (3.27)
I I I I

Multiplying (3.2) by V%q, integrating over I, applying Schwarz’s inequality, we have

{/ VePdal + (1 — )@ byt /q2d$ < pyatgh-t /ridm. (3.28)
I I I

Next, we will estimate the higher-order norm of (gq,r, h). Differentiating (3.2) with respect
to x, multiplying the resulting equation by V%q,, integrating over I, and applying Schwarz’s
inequality, we have for any ¢ € [0, T,

( /] VoRdz), + (1 — a)ft-byo-l /l 2o < VoG | vy 2 (3.29)

From the equation (3.3), we obtain the following equation,

VA + 1) e =(1 + @)1y — 0OV L+ 1)° Y hyry + 0V hy — 00V (M + 1) 1hy,
ht1)lry - oOh N V,lé[(h +1)> —1]

0°(
y1 ) 3.30
+ T & T T (3.30)

Multiplying the above by VQTH, squaring both sides, integrating over I, and using Sobolev’s
inequality and Schwarz’s inequality, by virtue of (3.7) and (3.23), we get for ¢ € [0,T7,

1

3

<agyotl / ridz +CVe! / h2ridr + 70Vt / hZdx
I I 1

)21’@2”1/0“1 /rixdx < ya-l /92b(h+ 1)2b7“32mdx
I I

+covet /]rgqux +28(1 + b222|b_1|)§2Va_1 /Ihzqux

§28Va+1 |Tt ‘2L2 +762 1 ‘ hy ‘%2 +28(1 +b222|b71|)M2§2Vo¢71 | a ‘%2

1 1.5~ _ _
+ %(5)%0%‘/& ! | 7o ‘%2 +CV* 1{| Tz ‘2L2‘ hy ‘2L2 + | e ‘%2‘ 4z ‘QL?
+ | e ’%2’ D ’%2 + | e ’%2’ 4z ’%2} (3.31)

Therefore, it follows from (3.29) and (3.31) that for a € [0, ], there exists a positive constant
mg only depending on b and 6, such that for M < mgy and ¢ € [0, T], we have

1.5 - 1 - 1.~
(2)2b9b+1{/ Vaqux}t-i- (2)2b+102vo¢1/qux+ (2)2b92bva1/7“gxda}
I I I
_ 1 1 _
§28V°‘+1 ’ Tt ’%2 +792Va_1 ‘ h;c ‘%2 +E<§)2602bva—1 ’ Trax ’%2
+ Cva_l{’ Tz ‘%2‘ he ‘%2 + | 72 ’%2’ 4z ‘%2 + | 72 ’%2’ hg ’iZ + | 72 ’%2’ 4z |i2}- (3.32)
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Multiplying (3.4) by (—V“°h,,), integrating over I and using the boundary condition (3.5),
we obtain for ¢ € [0, 7] that

Ab+1 fa-+b+1 1)),2 72
{/ a_hgdx}tJrva—l/e (ht 1)*hag 08 Va—l/hgdx
r2(y—1) I ) I

1+gq 2(y—1
gatbtl(p 4 1)a-1p2h, g0t (B 4 1)9, b
:Val<_/a ( + ) T d[]ﬁ—i—/ ( + )26] dr
I 1+4q I (1+4q)
ab+1 b 72 72b b,.2
/0 (h+1) rthdx+/0 hhmdx/e (h+1’rhas
I 1+¢q ;1 1+q I 14+g¢
0°+ 1y, hhyy T (h 4+ 1)° — 1)rphay 02[(h + 1)° — 1| hys
R L s R P a2V EL B
o 1+g I 1+¢q I 1+¢q
8
EZJZ'. (3.33)
i=1

Due to (3.7), using Young’s inequality, Holder’s inequality and Sobolev’s inequality, by virtue
of (3.13), (3.16) and (3.23), we obtain the estimations on each term on the right hand side of
(3.33) as follows. For t € [0,T],

dx S a§“+b+12‘“_1|+1vo‘_1 ’ hz ’Loo’ hr ’L2’ hrz ’L2

J ol / af* Ot (b + 1)* th2h,,
1=—
1

1+¢
1 getirt 1 2 1 6
Sﬁwvai ‘ Raa |L2 +CVeT | hy |L27 (3.34)
§a+b+1 h .. h.h B
T :Val/ ( + );]z elaz ;. < 2a+20a+b+1va71 ’ Ry ’Loo’ 0 |L2| - ’LQ
I (1+4q)
1 gatb+l . .
S16 ga+1 VO [ g [72 +CVETH | g [Ta] 4o |72 (3.35)
0"+ (h + 1)br h .
J3 = — Va_l/ ( + ) Pxltex dx S 2b+19b+1V°‘_1 ‘ hxw ‘LQ‘ Ty ’LQ
I 1+g¢q
1 9a+b+1 . 1
S]_6 2a+1 Ver ‘ h$$ ‘LQ —i—CVO‘ ’ T ‘Lz, (336)
9 hh. 1 ea-‘rb—l—l
o -1 TT -1 2 -1 2
Ja Ve /1 e < o Vo e [ +OV (3.37)
g?b h 1 b 2h _
Js = — val/ R | 72 |Loo] 7o 2] hae |12
I 1+¢q
1 gotbtt 1 L1 iopz0m 1 1
§T6 9a+1 Ve | hag |L2 +10(2) A |L2 +CVE (| re |L2 + | re |L2)’ (3.38)
"ty hh -
Jo =Vl / 7 Taller g < 9§V | b peo| 7 | 12| has |2
1 l1+g
1 gatb+l
316 el U haw 22 +CMPVETY | 1y |2, (3.39)
o+ [(h 4+ 1) — 1)r h _
J7 _Va—l/ [( + ) ]Tﬂf mjd]} < 2|b—1|+1b0b+1va—1 ’ h ’LOO| - ‘LQ‘ - ‘L2
I 1+g¢q
1 ga—i—b-‘rl . ) L
516 gat1 V| hyy |L2 +CM~ VY |1y |L27 (3.40)
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and

[ 2[(h+ 1) =1 hys 1 gatb+l _
ng_val/j I 1J)rq ] dxgl—GWVO‘Whmﬁz%—CVo‘1|h|%2. (3.41)

Substituting (3.34)(3.41) into (3.33), and using (3.10), we deduce that for o € [0, 3], M < 1,
there exists a positive constant Cy only depending on a, b, 7, and 6, such that for any ¢ € [0, 7],

gb-l—l 0a+b+1
{/qhidﬂf}t“‘ 9a at+2 Va 1/h§xd$

1.1
§10(2)2b92bva ! | 7o ’LZ +CV 1(’ Tz ‘L2 + | he ’LQ +h ‘L2>

+ OV o [go + L he (g2 + [ e [22] 4e |2 + | 70 [52)- (342)

Multiplying (3.3) by Ve*!lr; integrating over I and using the boundary condition (3.5), we
have for ¢ € [0, 7],

ebh 1)r2 O[(h+1)° — 1 — hlr,
{/ + ‘”d e+ /V”‘ ) Ir da:}t+/V°‘+1rt2dx
I 1

14+¢
0b+1h )72 — 202hr, + 26%[(h + 1) — 1]r, oo 1)b-1
:avoc—l/ < + )T:E _br + [( + ) ]T dx+voc/b9(h+ ) hrd
I 20°(1 4+ q) I 2(1+q)
Olb(h + 1)1 — 1Jhyry / / Bt (h + 1)br2g,
+V“/ de + Ve | de — Ve | ————L 28y
I 1+g¢q I ;o 2(1+¢q)?
O[(h +1)° — 1 — hlrpq
— Va/ dzx
I (1+q)?
5
= L. (3.43)
=1

Due to (3.7), applying (3.23), Sobolev’s inequality, Holder’s inequality and Schwarz’s inequality,
and using the equations (3.2) and (3.4), we get the following estimations on each term on the
right hand side of (3.43). For ¢ € [0, 7],

Ly <aC(| 1z |32 + | h [32), (3.44)
Ly < (ygyat o 2y s RO et o 2O o 4C | e [
=290 "2 L 99 gat4 e L =1L ¢ L L
+C|ry ‘L2 +C' | hy ’L2’ T |L2 +C | 1y ’L2’ hy ’L2’ qz |L2, (3.45)
L3<1(1)2692bva1’mx’2+19a+b+lval‘h ‘2+C"f"2+‘h‘2+0’7"2
2902 L% 729 20+4 L oL L el
+C |7y ‘L2 +C' | e ‘LQ‘ Dy ‘LQ +C | 1y ’L2’ qx ’LQ +C' | 1y ‘L2‘ qx ’L27 (3.46)
Ly <2;0(2)2692bva ! ’T:cw ’LQ +C ‘ Tz ‘L2 +C ’ Tz ‘LQ +C ‘ Tz ’L27 (3~47)

and Ly < C(| rz [22 4+ | b |22). (3.48)
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Substituting (3. 44)7(3 48) into (3.43) and considering a € [0, 1], we have

th LOh+1)°—1—h
{/ + xd } +{ [( + i—i_q ]dex}t+/va+lrt2dx

1 9a+b+1

_290(2) 29 2043 9
+CVe 1{| Tz |L2 +C | ra |L2 + | he ‘LQ +[re ‘L2‘ he ‘LQ +[re ‘LQ‘ Gz ‘LQ +[re ‘LQ

+ [ ha ‘%2‘ Tz ’%2 + e ’%2’ dz |%2 +[re ’%2’ hy ’%2’ dz |%2}= (3.49)

where C3 is a positive constant only depending on a, b, v, u; and 6.

2bg2bya-l | 7o |L2 ooz VO | B ‘LQ +2 CaVel(| e ‘LQ +[h |L2)

Furthermore, we define
W0 (h+ 1)br O[(h+1)° —1—hr
Até/VId Bté/va Ldx, 3.50
and then by using Young’s inequality and Schwarz’s inequality, we have

1)b+3éb / V()72 (t)da — (2207 p? 4 1)20+1920 / V(t)*h*dx < A(t) + B(t)
I

3

<(2°6" + ) / V()22 (t)da + (2207112 4 2)0 / V(t)*h3da. (3.51)
I

Last, we do the computation as
N x (3.27) + (3.28) 4+ (3.32) + 29 x (3.42) + (3.49),
where
N =01 4767 + C1 4 Co + C3 + (2207 1p2 4 1)20+452 0,
and then we have the following estimate
VOO | (@ ha)(8) B +AW) + B + NV(0) | h(t) Bae
VO (1 (@ a7 b R)(E) [T+ | (Paws haa)(8) 72 ) + V(@) [ o(0) [
<SCVET ) (| ra lfe + 170 72 + L ha [1e + |70 [T2] ha |72 + [ 70 [T2] 40 72
+ 170 g2 + T hae |72 + 1 70 T2l ho 72 + | 7 (2] @o [72 + [ ha [F2] o (72

+ | e 22] o 172 + [ 72 [72] Po [72] 2 ’LQ)v (3.52)
for t € [0,T] and « € [0, 1], provided that 6 > 6, and M < min{%,ml,mg}. Here we put
Z(t) 2| (g,r, h)(t) 31 - (3.53)

Then by (3.51) and (3.13), it follows from (3.52) that
V2O + V(O ZO{1 - CZ(1)2 + Z(t) + Z(1))}
V(O (raws hao) (1) [22 VT () | (1) [122 0, (3.54)

forany t € [0,T], @ € [0, 1]. When [ is suitably small, solving the above differential inequality
and we obtain

V()*Z(t) <viZ(0), Vtel0,T], a€[0,a]. (3.55)
Thus, from (3.53) and (3.55), we have the following estimate
VO | (@ h)(#) <oty Ve (0T, a€0,a] (3.56)

Furthermore, we could deduce from (3.54) and (3.56) that

t
/0 | (rows haa)(s) P ds < 12, Wt € [0,T), a € [0,ai]. (3.57)
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Therefore, (3.8) and (3.9) are satisfied and the proof of Proposition 3.1 is completed. O

3.2. Global Existence.
Now, we are ready to prove our main result with the help of Proposition 3.1.

Proof of Theorem 1.1. First, let 6, and M be the same as in Proposition 3.1, and let
€ = %M . Next, the local existence result in Lemma 2.3 yields the local existence of unique
strong solution (g, 7, k) to (3.2)—(3.6) on [0,T}] x I, satisfying (¢,r, h) € C([0,T}]; H'), which
together with Sobolev’s inequality implies that there exists Ty € (0,71) such that | ¢, 7, h |07, <
M. Then by using Proposition 3.1 on [0,7p], we obtain the estimate (3.8) and (3.9) for any
t € [0,Tp], from which we deduce that | (¢, 7, h)(Tp) |pe< M, infyer V(1 + q)(To,z) > C and
inf,er 0(1 + h)(Ty,z) > C, where C is some positive constant only depending on a, b, v, u;
and 6. Therefore, by a standard argument, we can extend the priori estimate (3.8) on [0, Tp]
to a global priori estimate, and we refer readers to [15] for the details. Finally, with the help
of the global priori estimate (3.8), the existence of global solution (gq,r,h) to (3.2)—(3.6) can
be established by extending the local strong solution to a global one by a standard continuity
argument, for which we refer readers to [11,16]. Let v = V(1 +q), u = U +7 and 0 = 0(1 + h),
we could verify that (v,u,0) is a global strong solution to (1.8)—(1.12), satisfying (1.26) and
(1.27). As for the decay property (1.28), it follows from (1.27) by using Sobolev’s inequality.

The proof of Theorem 1.1 is completed. O
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