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Abstract

We investigate the asymptotic behavior of solutions to the initial boundary value problem

for the micropolar fluid model in a half line R+ := (0,∞). Inspired by the relationship between

micropolar fluid and Navier-Stokes, we prove that the composite wave consisting of the transonic

boundary layer solution, the 1-rarefaction wave, the viscous 2-contact wave and the 3-rarefaction

wave for the inflow problem on the micropolar fluid model is time-asymptotically stable under

some smallness conditions. Meanwhile, we obtain the global existence of solutions based on the

basic energy method.
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1 Introduction

The 1-D compressible viscous micropolar fluid model in the half line R+ =: (0,+∞) reads in Eulerian

coordinates:

∂tρ+ ∂x(ρu) = 0, x > 0, t > 0,

∂t(ρu) + ∂x(ρu2 + p) = µ∂2
xu, x > 0, t > 0,

∂t(ρω) + ∂x(ρuω) +Aω = A∂2
xω, x > 0, t > 0,

∂t[ρ(e+
u2

2
)] + ∂x[ρu(e+

u2

2
) + pu] = µ∂x(u∂xu) + κ∂2

xθ + (∂xω)2 + ω2, x > 0, t > 0,

(1.1)

where ρ, u, ω and θ represent the mass density, velocity, microrotation velocity and temperature of

the fluid respectively. Here we assume A, µ, κ are positive constants. Assuming that the fluid is

perfect and polytropic, for pressure p and internal energy e we have the state equations:

p = Rρθ, e =
R

γ − 1
θ, (1.2)

where R and γ > 1 are positive constants.

We consider the system (1.1) with the initial values

(ρ, u, ω, θ)(x, 0) = (ρ0, u0, ω0, θ0)(x), inf
x∈R+

ρ0(x) > 0, inf
x∈R+

θ0(x) > 0. (1.3)

Assume that initial data at the far field x = +∞ is constant, namely

lim
x→+∞

(ρ0, u0, ω0, θ0)(x) = (ρ+, u+, ω+, θ+) (1.4)

and the boundary values for ρ, u, ω and θ at x = 0 are given by

(ρ, u, ω, θ)(0, t) = (ρ−, u−, ω−, θ−), ∀ t ≥ 0, (1.5)

where ρ− > 0, u− > 0, θ− > 0, ω− are constants and the following compatibility conditions hold

ρ0(0) = ρ−, u0(0) = u−, ω0(0) = ω−, θ0(0) = θ−. (1.6)

The boundary conditions to the half-place problem (1.1) can be proposed as one of the following

three cases.

Case 1. Outflow problem(negative velocity on the boundary):

u(0, t) = u− < 0, θ(0, t) = θ−. (1.7)

Case 2. Impermeable wall problem(zero velocity on the boundary):

u(0, t) = 0, θ(0, t) = θ−. (1.8)

Case 3. Inflow problem(positive velocity on the boundary):

ρ(0, t) = ρ−, u(0, t) = u− > 0, θ(0, t) = θ−. (1.9)

Notice that in case 1 and case 2 the density ρ− could not be given, but in case 3, ρ− must be

imposed due to the well-posedness theory of the hyperbolic equation (1.1)1.

The micropolar fluid model was firstly introduced by Eringen in 1966 ([7]). The micropolar fluid

model enables us to consider some complex fluids such as suspensions, animal blood, liquid crystals

which cannot be described properly by classical Navier-Stokes equation. For more background, please

refer to [19] and references therein. Much attention has been paid to this model by mathematicians.
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First, some of them made a series of efforts in [4, 19, 1, 30] studying the existence of strong solutions

and weak solutions for the micropolar fluid model. Second, Mujaković proved the regularity to an

initial boundary value problem for the micropolar fluid model in [23] and [26]. For the large time

behavior and stability of solutions, Mujaković and other authors made a series work in [24, 25, 27, 33].

In addition, there are other authors who contribute to the studying of this model, such as for one

dimensional compressible micropolar fluid model, Liu and Yin [15] have obtained the stability of

solution of contact discontinuity for the Cauchy problem. For three-dimensional model, Chen and

Huang [2, 3] obtained the blowup criterion of solutions for this model. Liu and Zhang [16] proved

the optimal time decay of the three dimensional compressible flow. In Liu and Zhang’s recent work

[17], they also obtained the large time behavior of solutions for the compressible micropolar fluid

model with a potential external force in R3. Recently, Duan [6] proved existence and uniqueness of

global strong solution of compressible micropolar fluid model in one dimensional space with density

dependent viscosity and temperature dependent heat conductivity. The stability of rarefaction waves

for one dimensional compressible viscous micropolar fluid model was obtained by Jin and Duan in

[13].

We assume microrotation velocity ω = 0 for the large time behavior of solutions to the initial

boundary value problem (1.1), (1.3), (1.4), (1.5), (1.6), then the micropolar fluid model (1.1) can be

reduced to the following single Navier-Stokes system in the form
∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu2 + p) = µ∂2
xu,

∂t[ρ(e+
u2

2
)] + ∂x[ρu(e+

u2

2
) + pu] = µ∂x(u∂xu) + κ∂2

xθ.

(1.10)

Moreover, when the dissipation effects are neglected for the large time behavior, Navier-Stokes system

(1.10) can be reduced to the following Euler system in the form of
∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu2 + p) = 0,

∂t[ρ(e+
u2

2
)] + ∂x[ρu(e+

u2

2
) + pu] = 0.

(1.11)

It is well known that the Euler system (1.11) is a typical example of the hyperbolic conservation

laws. The Riemann solutions for Euler system (1.11) contains three basic wave patterns, that is,

two nonlinear waves, called shock wave and rarefaction wave and one linear wave, called contact

discontinuity and their linear combinations. Later, not only basic wave patterns but also a new

wave, which is called a boundary layer solution(BL-solution for brevity) [20] may appear in the initial

boundary value problem. Because the large time behavior of solutions to the Cauchy problem (on the

isentropic or nonisentropic Navier-Stokes system) are basically described by the viscous versions of

three basic wave patterns. There have been a lot of mathematical studies about basic wave patterns

and BL-solution to the isentropic or nonisentropic Navier-Stokes system, please rereferring to [8, 9,

10, 11, 12, 14, 18, 20, 21, 22, 28, 29, 31]

Now we review some recent work on the inflow and outflow problems of the micropolar fluid model.

Yin [5, 35] respectively obtained the stability of BL-solution to the inflow and outflow problems. In

the previous paper [35], Yin proved the stability of the composite wave consisting of the subsonic BL-

solution, the viscous 2-contact wave and the 3-rarefaction wave under the condition that the amplitude

of the contact wave and the BL-solution is small enough but the 3-rarefaction wave is not necessarily

small for the one dimensional compressible micropolar fluid model.

Therefore,there is a natural question: How is the asymptotic stability of the composite wave

consisting of the transonic BL-solution, the 1-rarefaction wave, the viscous 2-contact wave and the
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3-rarefaction wave for the inflow problem on micropolar fluid model (1.1) to the Riemann problem

on Euler system (1.11) in the setting of ω(x, t) = 0 under the condition that ω± = 0 ? We will give

the positive answer on this problem in this paper. As far as we know, this is the first work on the

stability of composite wave of the transonic BL-solution, the 1-rarefaction wave, the viscous 2-contact

wave and 3-rarefaction wave for the compressible micropolar fluid model. It is worthwhile to point

out that the four wave patterns are different from the Cauchy problem due to the boundary effect.

Correspondingly, some new mathematical difficulties occur due to the degeneracy of the transonic

BL-solution and its interactions with other wave patterns in the composite wave.

In order to study the large time behavior of solutions to (1.1), (1.3), (1.4), (1.5) and (1.6), it is

more convenient to use the following Lagrangian coordinate transformation:

x⇒
∫ (x,t)

(0,0)

ρ(y, τ)dy − ρu(y, τ)dτ, t⇒ t.

Thus the system (1.1) can be transformed into the following moving boundary problem of micropolar

fluid model in the Lagrangian coordinates:

∂tv − ∂xu = 0, x > σ−t, t > 0,

∂tu+ ∂xp = µ∂x

(
∂xu

v

)
, x > σ−t, t > 0,

∂tω +Avω = A∂x

(
∂xω

v

)
, x > σ−t, t > 0,

∂t(e+
u2

2
) + ∂x(pu) = µ∂x(

u∂xu

v
) + κ∂x(

∂xθ

v
) +

(∂xω)2

v
+ vω2, x > σ−t, t > 0,

(v, u, ω, θ)(x = σ−t, t) = (v−, u−, 0, θ−), u− > 0,

(v, u, ω, θ)(x, 0) = (v0, u0, ω0, θ0)(x)→ (v+, u+, 0, θ+), as x→ +∞,

(1.12)

where v(x, t) = 1
ρ(x,t) represents the specific volume of the fluid, and the boundary moves with the

constant speed σ− = −u−v− < 0. Now we have that for the perfect gas,

p =
Rθ

v
. (1.13)

In order to fix the moving boundary x = σ−t, we introduce a new variable ξ = x− σ−t. Then we

have the half-space problem

∂tv − σ−∂ξv − ∂ξu = 0, ξ > 0, t > 0,

∂tu− σ−∂ξu+ ∂ξp = µ∂ξ

(
∂ξu

v

)
, ξ > 0, t > 0,

∂tω − σ−∂ξω +Avω = A∂ξ

(
∂ξω

v

)
, ξ > 0, t > 0,

∂t(e+
u2

2
)− σ−∂ξ(e+

u2

2
) + ∂ξ(pu) = µ∂ξ(

u∂ξu

v
) + κ∂ξ(

∂ξθ

v
) +

(∂ξω)2

v
+ vω2, ξ > 0, t > 0,

(v, u, ω, θ)(ξ = 0, t) = (v−, u−, 0, θ−), u− > 0,

(v, u, ω, θ)(ξ, 0) = (v0, u0, ω0, θ0)(ξ)→ (v+, u+, 0, θ+), as ξ → +∞.

(1.14)

We next assume, as usual in thermodynamics, that by any given two of the five thermodynam-

ical variables, v, p, e, the temperature θ (> 0) and entropy s, the remaining three variables can be

expressed. Without lose of generality, we define the entropy s as follows

s = R ln v +
R

γ − 1
ln θ + 1, (1.15)
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which obeys the second law of thermodynamics

θds = de+ pdv.

Then due to (1.15), the initial data s(v0(x), θ0(x)) is expressed by (v0(x), θ0(x)) as follows

s(v0(x), θ0(x)) = R ln v0(x) +
R

γ − 1
ln θ0(x) + 1. (1.16)

Thus s+ = lim
x→+∞

s(v0(x), θ0(x)) satisfying

s+ = s(v+, θ+) = R ln v+ +
R

γ − 1
ln θ+ + 1. (1.17)

The rest of the paper is arranged as follows. In the Section 2, we give some preliminaries of the

Navier-Stokes system, then we reformulate the original system (1.1) and introduce our main theorem

concerning the global existence and asymptotic stability of solutions. The proof of Theorem 2.1 is

concluded in Section 3. In the Appendix, we present the details which are left in the proofs of the

previous sections for completeness of the paper.

Notation: Throughout the paper, we denote positive constants (generally large) and (generally

small) independent of t by C and c, respectively. And the character “C” and “c” may take different

values in different places. Lp = Lp(R+) (1 ≤ p ≤ ∞) denotes the usual Lebesgue space on [0,∞) with

its norm ‖ · ‖Lp , and when p = 2, we write ‖ · ‖L2(R+) = ‖ · ‖. Hs = Hs(R+) denotes the usual s-th

order Sobolev space with its norm ‖f‖Hs(R+) = (
s∑
i=0

‖∂if‖2)
1
2 .

2 Some preliminaries of the Navier-Stokes system

Since we expect the large time behavior of micropolar fluid model (1.14) behaves as the same as that

of Navier-Stokes system, we assume ω(x, t) = 0 for the large time behavior. Therefore, when time

t→ +∞, the micropolar fluid model (1.12) and (1.14) respectively become the following Navier-Stokes

system 

∂tv − ∂xu = 0, x > σ−t, t > 0,

∂tu+ ∂xp = µ∂x

(
∂xu

v

)
, x > σ−t, t > 0,

∂t(e+
u2

2
) + ∂x(pu) = µ∂x(

u∂xu

v
) + κ∂x(

∂xθ

v
), x > σ−t, t > 0,

(v, u, θ)(x = σ−t, t) = (v−, u−, θ−), u− > 0,

(v, u, θ)(x, 0) = (v0, u0, θ0)(x)→ (v+, u+, θ+), as x→ +∞,

(2.1)

and 

∂tv − σ−∂ξv − ∂ξu = 0, ξ > 0, t > 0,

∂tu− σ−∂ξu+ ∂ξp = µ∂ξ

(
∂ξu

v

)
, ξ > 0, t > 0,

∂t(e+
u2

2
)− σ−∂ξ(e+

u2

2
) + ∂ξ(pu) = µ∂ξ(

u∂ξu

v
) + κ∂ξ(

∂ξθ

v
), ξ > 0, t > 0,

(v, u, θ)(ξ = 0, t) = (v−, u−, θ−), u− > 0,

(v, u, θ)(ξ, 0) = (v0, u0, θ0)(ξ)→ (v+, u+, θ+), as ξ → +∞.

(2.2)

Since Navier-Stokes system (2.1) and (2.2) have been studied by Qin and Wang in [31] which

obtained the existence (or nonexistence) of the boundary layer solution (BL-solution) for the inflow
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problem when the right end state (v+, u+, θ+) belonged to the subsonic, transonic, and supersonic

regions, respectively, and proved the asymptotic stability of not only the single contact wave but

also the composite wave consisting of the subsonic BL-solution, the contact wave, and the rarefaction

wave. From now on, in order to prove the composite wave consisting of the transonic BL-solution, the

1-rarefaction wave, the viscous 2-contact wave, and the 3-rarefaction wave for the inflow problem on

the micropolar fluid model (1.14) is time-asymptotically stable, we firstly review some known results

about Navier-Stokes system in [32] which will be used repeatedly in this paper.

For any given right state (v+, u+, θ+), we can define wave curves (BL-solution curve, 1-rarefaction

wave curve, viscous 2-contact wave curve and 3-rarefaction wave curve) in terms of (v, u, θ) with v > 0

and θ > 0 in the phase space as follows:

* Transonic boundary layer curve:

BL(v+, u+, θ+) ≡
{

(v, u, θ) ∈ R+ × R× R+

∣∣∣ u
v

= −σ− =
u+

v+
, (u, θ) ∈ Σ(u+, θ+)

}
,

where (v+, u+, θ+) ∈ Γ+
trans := {(u, θ)|u =

√
Rγθ > 0} is the transonic region defined in Section 2.1

with positive gas velocity and Σ(u+, θ+) is the trajectory at the point (u+, θ+) defined in Case II of

Proposition 2.1 below.

* Contact wave curve:

CD(v+, u+, θ+) ≡
{

(v, u, θ) ∈ R+ × R× R+

∣∣∣ p = p+, u = u+, v 6= v+

}
,

where p+ = Rθ+
v+

.

* i-rarefaction wave curve (i=1,3):

Ri(v+, u+, θ+) ≡
{

(v, u, θ) ∈ R+ × R× R+

∣∣∣ s(v, θ) = s+, u = u+ −
∫ v

v+

λi(z, s+)dz

}
,

and λi = λi(v, s) (i=1, 3) is respectively the first and third characteristic speed given in (2.3).

In this paper, we expect to prove that if the left state (v−, u−, θ−) ∈ BL−R1−CD−R3(v+, u+, θ+),

then there exist a unique state (v∗, u∗, θ∗) ∈ Γ+
trans and a unique state (vm, um, θm) and (v∗, u∗, θ∗)

such that (v−, u−, θ−) ∈ BL(v∗, u∗, θ∗), (v∗, u∗, θ∗) ∈ R1(vm, um, θm), (vm, um, θm) ∈ CD(v∗, u∗, θ∗),

and (v∗, u∗, θ∗) ∈ R3(v+, u+, θ+) and the superposition of the BL-solution, 1-rarefaction wave, viscous

2-contact wave and 3-rarefaction wave for the inflow problem on the micropolar fluid model (1.14) is

asymptotically stable provided that the wave strength δ =| (v+ − v−, u+ − u−, θ+ − θ−) | is suitably

small and the conditions in Theorem 2.1 hold.

2.1 BL-solutions

The characteristic speeds of the hyperbolic part of (2.1) are

λ1 = −
√
γp

v
, λ2 = 0, λ3 =

√
γp

v
. (2.3)

The first and the third characteristic field is genuinely nonlinear, which may have nonlinear waves,

shock wave and rarefaction wave, while the second characteristic field is linearly degenerate, where

contact discontinuity may occur. See [34].

The sound speed C(v, θ) and the Mach number M(v, u, θ) are defined by

C(v, θ) = v

√
γp

v
=
√
Rγθ
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and

M(v, u, θ) =
|u|√
Rγθ

.

Let C+ = C(v+, θ+) =
√
Rγθ+ and M+ = |u+|

C+
be the sound speed and the Mach number at the

far field x = +∞, respectively. The phase plane R+ × R × R+ of (v, u, θ) can be divided into three

subsets:

Ωsub := {(v, u, θ) ∈ R+ × R× R+; M(v, u, θ) < 1} ,

Γtrans := {(v, u, θ) ∈ R+ × R× R+; M(v, u, θ) = 1} ,

Ωsuper := {(v, u, θ) ∈ R+ × R× R+; M(v, u, θ) > 1} ,

where Ωsub, Γtrans and Ωsuper are called the subsonic, transonic and supersonic regions, respectively.

If we add the alternative condition u > 0 or u < 0, then we have six connected subsets Ω±sub, Γ±trans
and Ω±super.

When (v−, u−, θ−) ∈ Γ+
trans

⋃
Ω+
sub, we have λ1(v−, θ−) ≤ σ− < 0, hence the existence of the

traveling wave solution{
(V B , UB ,ΘB)(ξ), ξ = x− σ−t,
(V B , UB ,ΘB)(0) = (v−, u−, θ−), (V B , UB ,ΘB)(+∞) = (v+, u+, θ+).

(2.4)

to (2.1) or the stationary solution (BL-solution) to (2.2) is expected. From (2.4), BL-solution

(V B , UB ,ΘB)(ξ) satisfies the following ODE system:

− σ−∂ξV B − ∂ξUB = 0, ξ > 0,

− σ−∂ξUB + ∂ξP
B = µ∂ξ

(
∂ξU

B

V B

)
, ξ > 0,

− σ−∂ξ
(

R

γ − 1
ΘB +

(UB)2

2

)
+ ∂ξ(P

BUB) = µ∂ξ

(
UB∂ξU

B

V B

)
+ κ∂ξ

(
∂ξΘ

B

V B

)
, ξ > 0,

(V B , UB ,ΘB)(0) = (v−, u−, θ−), (V B , UB ,ΘB)(+∞) = (v+, u+, θ+),

(2.5)

where PB = p(V B ,ΘB) = RΘB

V B
. Integrating the system (2.5)1 over (ξ,+∞), and then taking ξ = 0

in the resulting equality, it is easy to get

σ− = −u−
v−

= −U
B

V B
= −u+

v+
. (2.6)

Then the existence and uniqueness for the ODE system (2.5) are given as follows. For later use,

we only list some useful properties of solutions for (2.5).

Proposition 2.1. (See [31].) Assume that v± > 0, u− > 0, θ± > 0 and define δB = |(u+ − u−, θ+ −
θ−)|. If u+ ≤ 0, then there is no solution to (2.5). If u+ > 0, then there exists a suitable small

constant δ0 > 0 such that if 0 < δB ≤ δ0, then note the following cases.

Case I. Supersonic case: M+ > 1. Then there is no solution to (2.5).

Case II. Transonic case: M+ = 1. Then there exists a unique trajectory Σ tangent to the line

µu+(UB − u+)− κ(γ − 1)(ΘB − θ+) = 0

at the point (u+, θ+). For each (u−, θ−) ∈ Σ(u+, θ+), there exists a unique solution (UB ,ΘB) satis-

fying

UBξ > 0, ΘB
ξ > 0,

and ∣∣∣∣ dndξn (UB − u+,Θ
B − θ+)

∣∣∣∣ ≤ C (δB)n+1

(1 + δBξ)n+1
, n = 0, 1, 2, . . . . (2.7)
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Case III. Subsonic case: M+ < 1. Then there exists a center-stable manifold M tangent to the

line

(1 + a2c2u+)(UB − u+)− a2(ΘB − θ+) = 0

on the opposite directions at the point (u+, θ+), where a2 and c2 are some positive constants, see [31]

for their definitions. Only when (u−, θ−) ∈M(u+, θ+), does there exist a unique solution (UB ,ΘB) ⊂
M(u+, θ+) satisfying∣∣∣∣ dndξn (UB − u+,Θ

B − θ+)

∣∣∣∣ ≤ CδBe−cξ, n = 0, 1, 2, . . . . (2.8)

2.2 Viscous contact wave

If (v−, u−, θ−) ∈ CD(v+, u+, θ+), i.e.,

u− = u+, p− = p+, (2.9)

then the following Riemann problem of the Euler system

∂tv − ∂xu = 0, t > 0, x ∈ R,

∂tu+ ∂xp = 0, t > 0, x ∈ R,

∂t(e+
u2

2
) + ∂x(pu) = 0, t > 0, x ∈ R,

(v, u, θ)(x, 0) =

{
(v−, u−, θ−), x < 0,

(v+, u+, θ+), x > 0,

(2.10)

admits a single contact discontinuity solution

(v, u, θ) (x, t) =

{
(v−, u−, θ−), x < 0, t > 0,

(v+, u+, θ+), x > 0, t > 0.
(2.11)

From [11], we know that the viscous version of the above contact discontinuity, called viscous contact

wave
(
V CD, UCD,ΘCD

)
(x, t), could be defined by

ΘCD(x, t) = ΘSim(
x√

1 + t
),

V CD(x, t) =
RΘCD(x, t)

p+
,

UCD(x, t) = u+ +
κ(γ − 1)

Rγ

∂xΘCD(x, t)

ΘCD(x, t)
,

(2.12)

where ΘSim(η) (η = x√
1+t

) is the unique self-similar solution of the nonlinear diffusion equation

∂tΘ =
κ(γ − 1)p+

R2γ
∂x

(
∂xΘ

Θ

)
, Θ(±∞, t) = θ±. (2.13)

Thus the viscous contact wave defined in (2.13) satisfies the following property:

(1 + t)
3
2

∣∣∂3
xΘCD

∣∣+ (1 + t)
∣∣∂2
xΘCD

∣∣+ (1 + t)
1
2

∣∣∂xΘCD
∣∣+
∣∣ΘCD − θ±

∣∣ =O(1)δCDe−
c0x

2

1+t , as x→ ±∞,
(2.14)
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where δCD = |θ+− θ−| is the amplitude of the viscous contact wave and c0 is some positive constant.

Note that ξ = x− σ−t, then the viscous contact wave
(
V CD, UCD,ΘCD

)
(ξ, t) satisfies

∂tV
CD − σ−∂ξV CD − ∂ξUCD = 0,

∂tU
CD − σ−∂ξUCD + ∂ξP

CD = µ∂ξ

(
∂ξU

CD

V CD

)
+ Q̄1,

R

γ − 1
(∂tΘ

CD − σ−∂ξΘCD) + PCD∂ξU
CD = µ

(∂ξU
CD)2

V CD
+ κ∂ξ

(
∂ξΘ

CD

V CD

)
+ Q̄2,

(2.15)

where PCD := p(V CD,ΘCD) = RΘCD

V CD
and the error terms Q̄1, Q̄2 are given by

Q̄1 =∂tU
CD − σ−∂ξUCD − µ∂ξ

(
∂ξU

CD

V CD

)
= O(1)

(
|∂ξΘCD|3 + |∂3

ξΘCD|+ |∂2
ξΘCD||∂ξΘCD|

)
=O(1)δCD(1 + t)−

3
2 e−

c0(ξ+σ−t)
2

1+t , as |ξ + σ−t| → +∞,
(2.16)

Q̄2 =− µ (∂ξU
CD)2

V CD
= O(1)

(
|∂ξΘCD|4 + |∂2

ξΘCD|2
)

=O(1)δCD(1 + t)−2e−
c0(ξ+σ−t)

2

1+t , as |ξ + σ−t| → +∞. (2.17)

2.3 Rarefaction wave

If (v−, u−, θ−) ∈ Ri(v+, u+, θ+)(i = 1, 3), then there exists a i-rarefaction wave (vri , uri , θri) (xt ) which

is the global (in time) weak solution of the following Riemann problem

∂tv − ∂xu = 0, t > 0, x ∈ R,

∂tu+ ∂xp(v, θ) = 0, t > 0, x ∈ R,
R

γ − 1
∂tθ + p(v, θ)∂xu = 0, t > 0, x ∈ R,

(v, u, θ)(x, 0) =

{
(v−, u−, θ−), x < 0,

(v+, u+, θ+), x > 0.

(2.18)

In order to construct the smooth approximated rarefaction wave, we consider the Riemann problem

on the Burgers equation 
∂tw̄ + w̄∂xw̄ = 0,

w̄(x, 0) = w̄0(x) =

{
w−, x < 0,

w+, x > 0

(2.19)

for w− < w+. It is well-known that the Riemann problem (2.19) admits a continuous weak solution

w̄(xt ) connecting w− and w+, taking the form of

w̄
(x
t

)
=


w−, x ≤ w−t,
x

t
, w−t < x < w+t,

w+, w+t ≤ x.

(2.20)

Moreover, w̄(xt ) is approximated by a smooth function w(x, t) satisfying
∂tw + w∂xw = 0,

w(x, 0) = w0(x) =


w−, x < 0,

w− + Cq(w+ − w−)

∫ x

0

yqe−ydy, x > 0,

(2.21)
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where q ≥ 14 is a constant, Cq is a constant such that Cq

∫ ∞
0

yqe−ydy = 1. The solution to the

Burgers equation can be expressed by

w(x, t) = w0(x0(x, t)), x = x0(x, t) + w0(x0(x, t))t.

And from [32] we know for any positive constant σ0 > 0 and for x ≥ 0

| w(x, t)− w+ | =| w0(x0(x, t))− w+ |

= Cq(w+ − w−)

∫ ∞
x0(x,t)

yqe−ydy

= Cq(w+ − w−)

∫ ∞
x−w0(x0(x,t))t

yqe−ydy

≤ Cq(w+ − w−)

∫ ∞
x−w+t

yqe−ydy

≤ Cq(w+ − w−)e−σ0t, x ≥ (2σ0 + w+)t.

(2.22)

Then the solution w(x, t) of the Burgers equation (2.21) have the following properties:

Lemma 2.1. Let 0 < w− < w+, δr := w+ − w−, then Burgers equation (2.21) has a unique smooth

solution w(x, t) which satisfies the following properties:

(i) w− ≤ w(x, t) < w+, ∂xw ≥ 0 for x ∈ R and t ≥ 0.

(ii) For any p (1 ≤ p ≤ ∞), there exists a positive constant Cp,q such that for t ≥ 0

‖∂xw(t)‖Lp ≤ Cp,q min{δr, (δr)
1
p t−1+ 1

p },∥∥∂2
xw(t)

∥∥
Lp
≤ Cp,q min{δr, (δr)

1
p+ 1

q (1 + t)−1+ 1
q }.

(iii) When x ≤ w−t, w(x, t) ≡ w−.
(iv) lim

t→∞
sup
x∈R

∣∣w(x, t)− w̄(xt )
∣∣ = 0.

Thus we construct the smooth approximated rarefaction wave
(
V Ri , URi ,ΘRi

)
(x, t)(i = 1, 3) by

SRi(x, t) = s(V Ri(x, t),ΘRi(x, t)) = s+,

λi(V
Ri(x, t), s+) = w(x, 1 + t),

URi(x, t) = u+ −
∫ V Ri (x,t)

v+

λi(z, s+)dz.

(2.23)

Note that ξ = x−σ−t, then the smoothed i-rarefaction wave
(
V Ri , URi ,ΘRi

)
(ξ, t)(i = 1, 3) defined

above satisfies

∂tV
Ri − σ−∂ξV Ri − ∂ξURi = 0, ξ > 0, t > 0,

∂tU
Ri − σ−∂ξURi + ∂ξP

Ri = 0, ξ > 0, t > 0,

R

γ − 1
(∂tΘ

Ri − σ−∂ξΘRi) + PRi∂ξU
Ri = 0, ξ > 0, t > 0,

(V Ri , URi ,ΘRi)(ξ = 0, t) = (v−, u−, θ−), (V Ri , URi ,ΘRi)(ξ = +∞, t) = (v+, u+, θ+),

(2.24)

where PRi := p(V Ri ,ΘRi) = RΘRi

V Ri
.

Lemma 2.2. Let δRi = |(v+, u+, θ+)− (v−, u−, θ−)|. Then the smooth approximate rarefaction wave(
V Ri , URi ,ΘRi

)
(ξ, t)(i = 1, 3) satisfies the following properties [32]:

(i) ∂ξU
Ri ≥ 0 for ξ ∈ R+ and t ≥ 0.
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(ii) For any 1 ≤ p ≤ +∞, there exists a constant Cp,q such that for t ≥ 0,∥∥∂ξ (V Ri , URi ,ΘRi
)∥∥
Lp(R+)

≤ Cp,q min{δRi , (δRi)
1
p (1 + t)−1+ 1

p },∥∥∂2
ξ

(
V Ri , URi ,ΘRi

)∥∥
Lp(R+)

≤ Cp,q min{δRi , (δRi)
1
p+ 1

q (1 + t)−1+ 1
q }.

(iii) For ∀σ0 > 0, if ξ ≥ [−σ− + λ1(v+, θ+) + 2σ0](1 + t), then

| ∂nξ {(V R1 , UR1 ,ΘR1)− (v+, u+, θ+, )} |≤ CδR1e−σ0t, n = 0, 1, 2 · · · .

(iv) If ξ + σ−t ≤ λ3(v−, θ−)(1 + t), then
(
V R3 , UR3 ,ΘR3

)
(ξ, t) ≡ (v−, u−, θ−).

(v) lim
t→∞

sup
ξ∈R+

∣∣∣(V Ri , URi ,ΘRi
)

(ξ, t)− (v, u, θ) ( ξ
1+t )

∣∣∣ = 0.

2.4 Composite waves and main results

Define the composite wave (V,U,Θ)(ξ, t) byV

U

Θ

 (ξ, t) =

V B + V R1 + V CD + V R3

UB + UR1 + UCD + UR3

ΘB + ΘR1 + ΘCD + ΘR3

 (ξ, t)−

 v∗ + vm + v∗

u∗ + um + u∗

θ∗ + θm + θ∗

 , (2.25)

where (V B , UB ,ΘB)(ξ, t) is the transonic BL-solution (Case II) defined in Proposition 2.1 with the

right state (v+, u+, θ+) replaced by (v∗, u∗, θ∗), (V R1 , UR1 ,ΘR1)(ξ, t) is the 1-rarefaction wave defined

in (2.12) with the end states (v−, u−, θ−) and (v+, u+, θ+) replaced by (v∗, u∗, θ∗) and (vm, um, θm), re-

spectively, (V CD, UCD,ΘCD)(ξ, t) is the smoothed viscous 2-contact wave defined in (2.23) with the s-

tates (v−, u−, θ−) and (v+, u+, θ+) replaced by (vm, um, θm) and (v∗, u∗, θ∗), and (V R3 , UR3 ,ΘR3)(ξ, t)

is the 3-rarefaction wave defined in (2.12) with the end states (v−, u−, θ−) and (v+, u+, θ+) replaced

by (v∗, u∗, θ∗) and (v+, u+, θ+).

Now we state the main result of our paper as follows.

Theorem 2.1. For any given [v±, u±, ω±, θ±] with v± > 0, u− > 0 and θ± > 0, we suppose that

u+ > 0, ω± = 0 and (v−, u−, θ−) ∈ BL−R1−CD−R3(v+, u+, θ+). Let [V,U,Θ] (ξ, t) be the composite

wave consisting of the transonic BL-solution, 1-rarefaction wave, the viscous 2-contact wave, and the

3-rarefaction wave defined in (2.25). There exist positive constants δ0 > 0 and C0 > 0, such that if

[v0(ξ)− V (ξ, 0), u0(ξ)− U(ξ, 0), w0(ξ)− 0, θ0(ξ)−Θ(ξ, 0)](ξ) ∈ H1(R+)

and the wave strength δ =| (v+ − v−, u+ − u−, θ+ − θ−) | satisfy

‖[v0(ξ)− V (ξ, 0), u0(ξ)− U(ξ, 0), w0(ξ)− 0, θ0(ξ)−Θ(ξ, 0)](ξ)‖2H1(R+) + δ ≤ δ0, (2.26)

then the micropolar fluid model to the inflow problem (1.12) or to the half-space problem (1.14) admits

a unique global solution [v, u, ω, θ](ξ, t) satisfying

[v − V, u− U, ω, θ −Θ] ∈ C(0,+∞;H1(R+))

and

sup
t≥0
‖[v − V, u− U, ω, θ −Θ]‖H1(0,+∞) ≤ C0δ

1
2
0 . (2.27)

Moreover, it holds that

lim
t→+∞

sup
x∈R+

|[v − V, u− U, ω, θ −Θ]| = 0. (2.28)

Remark 2.1. In Theorem 2.1, we assume that δ =| (v+ − v−, u+ − u−, θ+ − θ−) | is suitably small.

This assumption is equivalent to one that the amplitudes of the four waves are all suitably small.

Remark 2.2. This model can also be generalized to general gases.
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3 Global existence and large time behavior

3.1 Wave interaction estimates

From (2.5), (2.15), (2.24) and (2.25), by a careful calculation, we have

∂tV − σ−∂ξV − ∂ξU = 0, ξ > 0, t > 0,

∂tU − σ−∂ξU + ∂ξP = µ∂ξ

(
∂ξU

V

)
+Q1, ξ > 0, t > 0,

R

γ − 1
(∂tΘ− σ−∂ξΘ) + P∂ξU = µ

(∂ξU)2

V
+ κ∂ξ

(
∂ξΘ

V

)
+Q2, ξ > 0, t > 0,

(V,U,Θ)(ξ = 0, t) = (v− + V CD − vm, u− + UCD − um, θ− + ΘCD − θm)(ξ = 0, t),

(V,U,Θ)(ξ = +∞, t) = (v+, u+, θ+),

(3.1)

where P := p(V,Θ) = RΘ
V and the error terms Q1, Q2 are given by

Q1 = ∂ξ
(
P − PB − PR1 − PCD − PR3

)
− µ

[
∂ξ

(
∂ξU

V

)
− ∂ξ

(
∂ξU

B

V B

)
− ∂ξ

(
∂ξU

CD

V CD

)]
+ Q̄1,

Q2 =
(
P∂ξU − PB∂ξUB − PR1∂ξU

R1 − PCD∂ξUCD − PR3∂ξU
R3
)

− µ
[

(∂ξU)2

V
− (∂ξU

B)2

V B
− (∂ξU

CD)2

V CD

]
− κ

[
∂ξ

(
∂ξΘ

V

)
− ∂ξ

(
∂ξΘ

B

V B

)
− ∂ξ

(
∂ξΘ

CD

V CD

)]
+ Q̄2,

where Q̄1 and Q̄2 are the error terms defined in (2.16) and (2.17) to the viscous contact wave.

In order to control the interaction terms coming from different wave patterns, we give the following

lemma which will be important in the energy estimate.

Lemma 3.1. (wave interaction estimates)[32].∫
R+

| V Bξ (V R1 − v∗) | + | V R1

ξ (V B − v∗) | dξ = O(1)δ
1
8 (1 + t)−

13
16 ,∫

R+

| V Bξ (V CD − vm) | + | V CDξ (V B − v∗) | dξ = O(1)δ(1 + t)−1,∫
R+

| V Bξ (V R3 − v∗) | + | V R3

ξ (V B − v∗) | dξ = O(1)δ
1
8 (1 + t)−

7
8 ,∫

R+

| V CDξ (V R1 − vm) | + | V R1

ξ (V CD − vm) | dξ = O(1)δe−ct,∫
R+

| V CDξ (V R3 − v∗) | + | V R3

ξ (V CD − v∗) | dξ = O(1)δe−ct,∫
R+

| V R1

ξ (V R3 − v∗) | + | V R3

ξ (V R1 − vm) | dξ = O(1)δe−ct,∫
R+

| V Bξ V CDξ | dξ = O(1)δ(1 + t)−2,

∫
R+

| V Bξ V
R1

ξ | dξ = O(1)δ(1 + t)−1,∫
R+

| V Bξ V
R3

ξ | dξ = O(1)δ(1 + t)−1,

∫
R+

| V CDξ V R1

ξ | dξ = O(1)δe−ct,∫
R+

| V CDξ V R3

ξ | dξ = O(1)δe−ct,

∫
R+

| V R1

ξ V R3

ξ | dξ = O(1)δe−ct.

3.2 Reformulation of the problem

We first define the perturbation as

[ϕ,ψ, ω, ζ](ξ, t) = [v − V, u− U, ω − 0, θ −Θ] (ξ, t).
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Then from (2.2) and (3.1), it is easy to obtain that [ϕ,ψ, ω, ζ](ξ, t) satisfies

∂tϕ− σ−∂ξϕ− ∂ξψ = 0, ξ > 0, t > 0,

∂tψ − σ−∂ξψ + ∂ξ (p− P ) = µ∂ξ

(
∂ξu

v
− ∂ξU

V

)
−Q1, ξ > 0, t > 0,

∂tω − σ−∂ξω +Avω = A∂ξ

(
∂ξω

v

)
, ξ > 0, t > 0,

R

γ − 1
(∂tζ − σ−∂ξζ) + (p∂ξu− P∂ξU) = κ∂ξ

(
∂ξθ

v
− ∂ξΘ

V

)
+ µ

(
(∂ξu)2

v
− (∂ξU)2

V

)
+

(∂ξω)2

v
+ vω2 −Q2, ξ > 0, t > 0,

[ϕ,ψ, ω, ζ](ξ, 0) = [ϕ0, ψ0, ω0, ζ0](ξ)

= [v0(ξ)− V (ξ, 0), u0(ξ)− U(ξ, 0), ω0(ξ)− 0, θ0(ξ)−Θ(ξ, 0)]→ (0, 0, 0, 0), as ξ → +∞,
[ϕ,ψ, ω, ζ](0, t) = (v− − V, u− − U, 0, θ− −Θ)(0, t).

(3.2)

The key to the proof of the global existence part of Theorem 2.1 is to derive the uniform a priori

estimates of solutions to the half-space problem (3.2). Our a priori assumption is defined as follows:

sup
0≤τ≤t

‖[ϕ,ψ, ω, ζ](τ)‖H1(R+) ≤ ε1, (3.3)

where ε1 is a small positive constant.

Proposition 3.1. (A priori estimates). Assume all the conditions listed in Theorem 2.1 hold. Let

[ϕ,ψ, ω, ζ](ξ, t) be a solution to the half-space problem (3.2) on 0 ≤ t ≤ T for some positive constant

T. There are constants δ0 > 0 and C > 0, such that if [ϕ,ψ, ω, ζ] ∈ C(0, T ;H1(R+)) and

‖[ϕ0, ψ0, ω0, ζ0](ξ)‖2H1(R+) + δ ≤ δ0, (3.4)

then for all t ∈ [0, T ], the solution [ϕ,ψ, ω, ζ](ξ, t) satisfies

sup
0≤τ≤t

‖[ϕ,ψ, ω, ζ](τ)‖2H1(R+) +

∫ t

0

(
‖∂ξϕ‖2 + ‖∂ξ [ψ, ζ] ‖2H1(R+) + ‖ω‖2H2(R+)

)
dτ

≤C ‖[ϕ0, ψ0, ω0, ζ0]‖2H1(R+) + Cδ
1
8 . (3.5)

From a priori assumption (3.3), it is easy to get

‖[ϕ,ψ, ω, ζ]‖L∞ ≤
√

2ε1, (3.6)

where the following Sobolev inequality

‖h(ξ)‖L∞ ≤
√

2‖h‖1/2‖hξ‖1/2 for h(ξ) ∈ H1(R+) (3.7)

is used.

3.3 Energy estimates

Lemma 3.2. (boundary estimates)[31]. There exists a positive constant C such that for any t > 0,∫ t

0

|(ϕ,ψ, ζ)(0, τ)|2dτ ≤ Cδ, (3.8)

∫ t

0

(| ψ∂ξψ | + | ζ∂ξζ |)(0, τ)dτ ≤ Cδ
∫ t

0

(‖ ∂ξ[ψ, ζ] ‖2 + ‖ ∂2
ξ [ψ, ζ] ‖2)dτ + Cδ, (3.9)
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∫ t

0

(| ∂τϕψ | +(∂ξϕ)2)(0, τ)dτ ≤ Cδ + ν

∫ t

0

‖ ∂2
ξψ ‖2 dτ + Cν

∫ t

0

‖ ∂ξψ ‖2 dτ, (3.10)

∫ t

0

(| ∂τψ∂ξψ | +(∂ξψ)2)(0, τ)dτ ≤ Cδ + ν

∫ t

0

‖ ∂2
ξψ ‖2 dτ + Cν

∫ t

0

‖ ∂ξψ ‖2 dτ, (3.11)

∫ t

0

(| ∂τζ∂ξζ | +(∂ξψ)2)(0, τ)dτ ≤ Cδ + ν

∫ t

0

‖ ∂2
ξ ζ ‖2 dτ + Cν

∫ t

0

‖ ∂ξζ ‖2 dτ, (3.12)

where ν is a positive small constant to be determined later, and Cν is a positive constant depending

on ν.

Lemma 3.3. Assume the conditions in Proposition 3.1 hold, then we have the following energy esti-

mate for t ∈ [0, T ],

‖[ψ,ϕ, ζ, ω]‖2 +

∫ t

0

(
‖∂ξ [ψ, ζ, ω] ‖2 + ‖ω‖2

)
dτ +

∫ t

0

‖
√

[∂ξUR1 , ∂ξUR3 , ∂ξUB ][ϕ, ζ]‖2dτ

≤C ‖[ψ0, ζ0, ϕ0, ω0]‖2 + Cδ
1
8 + Cδ

1
8

∫ t

0

‖∂ξϕ‖2dτ

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2)dξdτ. (3.13)

Proof. Multiplying (3.2)1, (3.2)2, (3.2)3 and (3.2)4 by −RΘ
(

1
v −

1
V

)
, ψ, ω and ζ

θ , respectively, then

taking the summation of the resulting equations, we obtain

∂t

(
1

2
ψ2 +RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2

)
+ ∂ξH1 + µ

Θ(∂ξψ)2

vθ
+ κ

Θ

vθ2
(∂ξζ)2 +Avω2 +

A

v
(∂ξω)2

+ P
(
∂ξU

R1 + ∂ξU
R3 + ∂ξU

B
) [

Φ

(
θV

vΘ

)
+ γΦ

( v
V

)]
= Q3 −Q1ψ −

ζ

θ
Q2 +

ζ

θ

[
(∂ξω)2

v
+ vω2

]
,

(3.14)

where

Φ(s) = s− 1− ln s,

H1 =− σ−
(

1

2
ψ2 +RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2

)
+ (p− P )ψ

− µ
(
∂ξu

v
− ∂ξU

V

)
ψ − κζ

θ

(
∂ξθ

v
− ∂ξΘ

V

)
−Aω∂ξω

v
,

Q3 =− P∂ξUCD
[
Φ

(
θV

vΘ

)
+ γΦ

( v
V

)]
+

[
µ

(∂ξU)2

V
+ κ∂ξ

(
∂ξΘ

V

)
+Q2

] [
(γ − 1)Φ

( v
V

)
− Φ

(
Θ

θ

)]
+ κ

∂ξΘ

θ2v
ζ∂ξζ + κ

Θϕ∂ξζ

θ2vV
∂ξΘ− κ

ζϕ

θ2vV
(∂ξΘ)2 + µ

∂ξU

vV
ϕ∂ξψ − µ

(∂ξU)2

vθV
ϕζ + 2µ

∂ξU

vθ
ζ∂ξψ.
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Then integrating the resulting identity (3.14) over R+ × [0, t], we thus arrive at∫
R+

(
ψ2

2
+RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2

)
dξ + µ

∫ t

0

∫
R+

Θ(∂ξψ)2

vθ
dξdτ + κ

∫ t

0

∫
R+

Θ(∂ξζ)2

vθ2
dξdτ

+

∫ t

0

∫
R+

[
Avω2 +

A

v
(∂ξω)2

]
dξdτ +

∫ t

0

∫
R+

P
(
∂ξU

R1 + ∂ξU
R3 + ∂ξU

B
) [

Φ

(
θV

vΘ

)
+ γΦ

( v
V

)]
dξdτ

=

∫
R+

(
ψ2

2
+RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2

)
(ξ, 0)dξ +

∫ t

0

H1(0, τ)dτ +

∫ t

0

∫
R+

Q3dξdτ

−
∫ t

0

∫
R+

Q1ψdξdτ −
∫ t

0

∫
R+

ζ

θ
Q2dξdτ +

∫ t

0

∫
R+

ζ

θ

[
(∂ξω)2

v
+ vω2

]
dξdτ.

(3.15)

From the definition of Φ(·) and the smallness of perturbation solutions [ϕ,ψ, ω, ζ], we have

ψ2

2
+RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2
= O(1)(ϕ2 + ψ2 + ω2 + ζ2), (3.16)

Φ

(
θV

vΘ

)
+ γΦ

( v
V

)
= O(1)(ϕ2 + ζ2). (3.17)

Since ∂ξU
R1 ≥ 0, ∂ξU

R3 ≥ 0, ∂ξU
B ≥ 0, we have∫ t

0

∫
R+

P
(
∂ξU

R1 + ∂ξU
R3 + ∂ξU

B
) [

Φ

(
θV

vΘ

)
+ γΦ

( v
V

)]
dξdτ

≥c
∫ t

0

∫
R+

(
∂ξU

R1 + ∂ξU
R3 + ∂ξU

B
)

(ϕ2 + ζ2)dξdτ, (3.18)

where we have used (3.17).

By applying the a priori assumption (3.3), (3.2)6, (2.16), (2.17), Cauchy-Schwarz’s inequality with

0 < ν < 1, (3.16), (3.17), (3.6), Sobolev’s inequality (3.7) and Lemma 3.2, we obtain the estimates for

the right hand side of (3.15) as follows:∫
R+

(
ψ2

2
+RΘΦ

( v
V

)
+

RΘ

γ − 1
Φ

(
θ

Θ

)
+
ω2

2

)
(ξ, 0)dξ ≤ c‖[ϕ0, ψ0, ω0, ζ0]‖2, (3.19)

∫ t

0

H1(0, τ)dτ ≤ ν
∫ t

0

(‖ ∂ξ[ψ, ζ] ‖2 + ‖ ∂2
ξ [ψ, ζ] ‖2)dτ + Cνδ, (3.20)

∫ t

0

∫
R+

ζ

θ

[
(∂ξω)2

v
+ vω2

]
dξdτ ≤ C

∫ t

0

‖ζ‖∞(‖∂ξω‖2 + ‖ω‖2)dτ ≤ Cε1

∫ t

0

(‖∂ξω‖2 + ‖ω‖2)dτ,

(3.21)
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and∫ t

0

∫
R+

Q3dξdτ

≤ν
∫ t

0

‖∂ξ[ψ, ζ]‖2dτ + (Cν + C)

∫ t

0

∫
R+

∣∣(∂2
ξΘB , (∂ξΘ

B)2, (∂ξV
B)2, (∂ξU

B)2
)∣∣ (ϕ2 + ζ2)dξdτ︸ ︷︷ ︸

I1

+(Cν + C)

∫ t

0

∫
R+

∑
i=1,3

∣∣(∂2
ξΘRi , (∂ξΘ

Ri)2, (∂ξV
Ri)2, (∂ξU

Ri)2
)∣∣ (ϕ2 + ζ2)dξdτ︸ ︷︷ ︸

I2

+(Cν + C)

∫ t

0

∫
R+

∣∣(∂2
ξΘCD, (∂ξΘ

CD)2
)∣∣ (ϕ2 + ζ2)dξdτ︸ ︷︷ ︸

I3

+C

∫ t

0

∫
R+

|Q2|(ϕ2 + ζ2)dξdτ︸ ︷︷ ︸
I4

. (3.22)

For I1, we have

I1 ≤C
∫ t

0

∫
R+

(
|(ϕ, ζ)|2(0, τ) + ξ‖∂ξ[ϕ, ζ]‖2 | δ4

(1 + δξ)4

)
dξdτ

≤Cδ
∫ t

0

|(ϕ, ζ)|2(0, τ)dτ + Cδ

∫ t

0

∫
R+

‖∂ξ[ϕ, ζ]‖2dξdτ

≤Cδ + Cδ

∫ t

0

‖∂ξ[ϕ, ζ]‖2dτ, (3.23)

where we have used (2.7), (3.8) and the fact that

|f(ξ)| = |f(0) +

∫ ξ

0

∂ξfdy| ≤ |f(0)|+
√
ξ‖∂ξf‖. (3.24)

From Lemma 2.2, we have

I2 ≤
∫ t

0

∑
i=1,3

(
‖∂ξ[V Ri , URi ,ΘRi ]‖2 + ‖∂2

ξΘRi‖L1

)
‖[ϕ, ζ]‖2L∞dτ

≤Cδ 1
8

∫ t

0

(1 + τ)−
13
16 ‖[ϕ, ζ]‖‖∂ξ[ϕ, ζ]‖dτ ≤ Cδ 1

8 + Cδ
1
8

∫ t

0

‖∂ξ[ϕ, ζ]‖2dτ. (3.25)

From the properties of the viscous 2-contact wave, we can get

I3 ≤ Cδ
∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2)dξdτ. (3.26)

Similar to the estimates of I2 , we have

I4 ≤ Cδ
1
8 + Cδ

1
8

∫ t

0

‖∂ξ[ϕ, ζ]‖2dτ, (3.27)

Thus substituting (3.23)-(3.27) into (3.22), we have∫ t

0

∫
R+

Q3dξdτ ≤ [ν + Cν + Cδ
1
8 ]

∫ t

0

‖∂ξ[ϕ,ψ, ζ]‖2dτ + Cδ
1
8

+ (Cν + C)δ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2)dξdτ. (3.28)
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Now we estimate the last two terms as follows:∫ t

0

∫
R+

Q1ψdξdτ ≤C
∫ t

0

‖ψ‖L∞‖Q1‖L1dτ

≤C
∫ t

0

‖ψ‖ 1
2 ‖∂ξψ‖

1
2 δ

1
8 (1 + t)−

13
16 dτ

≤Cδ 1
8 + Cδ

1
8

∫ t

0

‖∂ξψ‖2dτ, (3.29)

and ∫ t

0

∫
R+

Q2
ζ

θ
dξdτ ≤C

∫ t

0

‖ζ‖L∞‖Q2‖L1dτ

≤C
∫ t

0

‖ζ‖ 1
2 ‖∂ξζ‖

1
2 δ

1
8 (1 + t)−

13
16 dτ

≤Cδ 1
8 + Cδ

1
8

∫ t

0

‖∂ξζ‖2dτ. (3.30)

Substituting the above estimates into (3.15), letting ν, and δ be suitably small, we obtain (3.13)

and thus complete the proof of Lemma 3.3.

Lemma 3.4. Assume the conditions in Proposition 3.1 hold, then we have the following energy esti-

mate for t ∈ [0, T ],

‖∂ξϕ‖2 +

∫ t

0

‖∂ξϕ‖2dτ ≤ C ‖[ψ0, ζ0, ω0]‖2 + C‖ϕ0‖2H1 + Cδ
1
8

+ ν

∫ t

0

‖∂2
ξψ‖2dτ + Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ψ2 + ζ2)dξdτ.

(3.31)

Proof. We first differentiate (3.2)1 with respect to ξ and then obtain

∂t∂ξϕ− σ−∂2
ξϕ− ∂2

ξψ = 0. (3.32)

Then multiplying (3.2)2 and (3.32) by −v∂ξϕ and µ∂ξϕ, respectively, and integrating the resulting

equalities over R+ × [0, t], one has

−
∫ t

0

∫
R+

∂tψv∂ξϕdξdτ + σ−

∫ t

0

∫
R+

∂ξψv∂ξϕdξdτ

−
∫ t

0

∫
R+

∂ξ (p− P ) v∂ξϕdξdτ + µ

∫ t

0

∫
R+

∂2
ξψ∂ξϕdξdτ

=− µ
∫ t

0

∫
R+

∂ξ(v
−1)∂ξuv∂ξϕdξdτ +

∫ t

0

∫
R+

µ∂2
ξU(

1

V
− 1

v
)v∂ξϕdξdτ

+

∫ t

0

∫
R+

µ∂ξU∂ξ(V
−1)v∂ξϕdξdτ +

∫ t

0

∫
R+

Q1v∂ξϕdξdτ, (3.33)

and

µ

∫ t

0

∫
R+

(
∂t∂ξϕ− σ−∂2

ξϕ− ∂2
ξψ
)
∂ξϕdξdτ = 0. (3.34)
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The summation of (3.33) and (3.34) further implies

−
∫
R+

ψv∂ξϕdξ +
µ

2

∫
R+

(∂ξϕ)2dξ +

∫ t

0

∫
R+

P (∂ξϕ)2dξdτ

=−
∫
R+

ψ0(ξ)v0(ξ)∂ξϕ0(ξ)dξ +
µ

2

∫
R+

(∂ξϕ0(ξ))2dξ+
µ|σ−|

2

∫ t

0

(∂ξϕ)2(0, τ)dτ︸ ︷︷ ︸
I5

−
∫ t

0

∫
R+

ψ∂tv∂ξϕdξdτ︸ ︷︷ ︸
I6

−
∫ t

0

∫
R+

ψv∂t∂ξϕdξdτ︸ ︷︷ ︸
I7

+

∫ t

0

∫
R+

R∂ξ

[
ζ

v

]
v∂ξϕdξdτ︸ ︷︷ ︸

I8

−
∫ t

0

∫
R+

Rϕ∂ξ

[
Θ

vV

]
v∂ξϕdξdτ︸ ︷︷ ︸

I9

−σ−
∫ t

0

∫
R+

∂ξψv∂ξϕdξdτ︸ ︷︷ ︸
I10

−µ
∫ t

0

∫
R+

∂ξ(v
−1)∂ξuv∂ξϕdξdτ︸ ︷︷ ︸
I11

+

∫ t

0

∫
R+

µ∂ξU∂ξ(V
−1)v∂ξϕdξdτ︸ ︷︷ ︸

I12

+

∫ t

0

∫
R+

µ∂2
ξU(

1

V
− 1

v
)v∂ξϕdξdτ︸ ︷︷ ︸

I13

+

∫ t

0

∫
R+

Q1v∂ξϕdξdτ︸ ︷︷ ︸
I14

.

(3.35)

By applying the a priori assumption (3.3), Cauchy-Schwarz’s inequality with 0 < ν < 1, Sobolev’s

inequality (3.7) and Lemma 3.2, we turn to estimate Ii(5 ≤ i ≤ 14) as follows

|I5| ≤ ν
∫ t

0

‖∂2
ξψ‖2dτ + Cν

∫ t

0

‖∂ξψ‖2dτ + Cδ,

|I6| ≤C
∫ t

0

∫
R+

|ψ∂ξψ∂ξϕ| dξdτ + C

∫ t

0

∫
R+

|ψ∂ξU∂ξϕ| dξdτ

+ C

∫ t

0

∫
R+

∣∣ψ(∂ξϕ)2
∣∣ dξdτ + C

∫ t

0

∫
R+

|ψ∂ξV ∂ξϕ| dξdτ

≤Cνδ
1
8 + C(ε1 + ν + δ

1
8 )

∫ t

0

‖∂ξ[ψ,ϕ]‖2dτ

+ Cνδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ ψ2dξdτ,

|I7| ≤
∫ t

0

|(ψv∂ξψ)(0, τ) + σ−(ψv∂ξϕ)(0, τ)|dτ + C

∫ t

0

∫
R+

(∂ξψ)2dξdτ

+ C

∫ t

0

∫
R+

|ψ∂ξv∂ξ[ϕ,ψ]| dξdτ + C

∫ t

0

∫
R+

|∂ξϕ∂ξψ| dξdτ

≤Cνδ
1
8 + ν

∫ t

0

‖∂ξ[ψ,ϕ, ∂ξψ]‖2dτ + (Cν + C)

∫ t

0

‖∂ξψ‖2dτ

+ Cνδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ ψ2dξdτ,

|I8|+ |I9|+ |I10| ≤(ν + Cε1)

∫ t

0

‖∂ξϕ‖2dτ + Cν

∫ t

0

‖∂ξ[ζ, ψ]‖2dτ + Cν

∫ t

0

∫
R+

(ϕ2 + ζ2)(∂ξΘ)2dξdτ

≤Cδ 1
8 + (ν + Cε1 + Cδ

1
8 )

∫ t

0

‖∂ξ[ϕ, ζ]‖2dτ + Cν

∫ t

0

‖∂ξ[ζ, ψ]‖2dτ

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2)dξdτ,
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|I11 + I12 + I13| ≤C
∫ t

0

∫
R+

(∂ξϕ)2|∂ξψ|dξdτ + C

∫ t

0

∫
R+

(∂ξϕ)2|∂ξU |dξdτ

+ C

∫ t

0

∫
R+

(|∂ξV ∂ξU |+ |∂2
ξU |)|ϕ∂ξϕ|dξdτ +

∫ t

0

∫
R+

|∂ξV ∂ξψ∂ξϕ|dξdτ

≤C(ε1 + δ
1
8 )

∫ t

0

‖∂ξ[ψ, ∂ξψ,ϕ]‖2dτ + Cδ,

and

|I14| ≤ ν
∫ t

0

‖∂ξϕ‖2dτ + Cν

∫ t

0

‖Q1‖2dτ ≤ ν
∫ t

0

‖∂ξϕ‖2dτ + Cνδ.

Substituting the above estimates for Ii (5 ≤ i ≤ 14) and (3.13) into (3.35), letting ν, δ and ε1 be

suitably small, and using Cauchy-Schwarz’s inequality, we obtain (3.31). Thus we complete the proof

of Lemma 3.4.

Lemma 3.5. Assume the conditions in Proposition 3.1 hold, then we have the following energy esti-

mate for t ∈ [0, T ],

‖∂ξ[ψ, ω, ζ]‖2 +

∫ t

0

‖∂2
ξ [ψ, ω, ζ]‖2dτ ≤ C‖[ϕ0, ψ0, ζ0, ω0]‖2H1(R+) + Cδ

1
8

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ψ2 + ζ2)dξdτ. (3.36)

Proof. Multiplying (3.2)2 by −∂2
ξψ, and integrating the resulting equality over R+ × [0, t], one has

1

2

∫
R+

(∂ξψ)2dξ + µ

∫ t

0

∫
R+

(∂2
ξψ)2

v
dξdτ

=
1

2

∫
R+

(∂ξψ0)2dξ−
∫ t

0

(∂ξψ∂τψ)(0, τ)dτ︸ ︷︷ ︸
I15

+
σ−
2

∫ t

0

(∂ξψ)2(0, τ)dτ︸ ︷︷ ︸
I16

+

∫ t

0

∫
R+

∂ξ (p− P ) ∂2
ξψdξdτ︸ ︷︷ ︸

I17

+µ

∫ t

0

∫
R+

∂ξψ∂ξϕ

v2
∂2
ξψdξdτ︸ ︷︷ ︸

I18

+µ

∫ t

0

∫
R+

∂ξψ∂ξV

v2
∂2
ξψdξdτ︸ ︷︷ ︸

I19

−µ
∫ t

0

∫
R+

∂ξ

(
∂ξU

v
− ∂ξU

V

)
∂2
ξψdξdτ︸ ︷︷ ︸

I20

+

∫ t

0

∫
R+

Q1∂
2
ξψdξdτ︸ ︷︷ ︸

I21

. (3.37)

We now turn to compute Ii (15 ≤ i ≤ 21) term by term. For brevity, we directly give the following

computations:

|I15|+ |I16| ≤ ν
∫ t

0

‖∂2
ξψ‖2dτ + Cν

∫ t

0

‖∂ξψ‖2dτ + Cδ,

|I17| ≤C
∫ t

0

∫
R+

∣∣∂ξ[ζ, ϕ]∂2
ξψ
∣∣ dξdτ + C

∫ t

0

∫
R+

∣∣[ζ, ϕ]∂ξ[ϕ, V ]∂2
ξψ
∣∣ dξdτ

≤Cδ 1
8 + (Cε1 + ν)

∫ t

0

‖∂ξ[ϕ, ∂ξψ]‖2dτ + (Cν + Cδ
1
8 )

∫ t

0

‖∂ξ[ζ, ϕ]‖2dτ

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2)dξdτ,

|I18|+ |I19| ≤ C(δ
1
8 + ε1)

∫ t

0

‖∂ξ[ψ, ∂ξψ]‖2dτ,
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|I20| ≤C
∫ t

0

∫
R+

∣∣∂2
ξUϕ∂

2
ξψ
∣∣ dξdτ + C

∫ t

0

∫
R+

∣∣∂ξU∂ξϕ∂2
ξψ
∣∣ dξdτ

≤Cδ 1
8 + Cδ

1
8

∫ t

0

‖∂ξ[ϕ, ∂ξψ]‖2dτ,

and

|I21| ≤ ν
∫ t

0

‖∂2
ξψ‖2dτ + Cν

∫ t

0

‖Q1‖2dτ ≤ ν
∫ t

0

‖∂2
ξψ‖2dτ + Cνδ.

Plug the above estimations for Ii (15 ≤ i ≤ 21) into (3.37), and recall (3.31) and (3.13), then

choose δ > 0 and ν > 0 suitably small, to derive

‖∂ξψ‖2 +

∫ t

0

‖∂2
ξψ‖2dτ ≤ C ‖[ζ0, ω0]‖2 + C‖[ϕ0, ψ0]‖2H1(R+) + Cδ

1
8

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ψ2 + ζ2)dξdτ. (3.38)

Multiplying (3.2)3 by −∂2
ξω, and integrating the resulting equality over R+ × [0, t], we obtain

1

2

∫
R+

(∂ξω)2dξ +A

∫ t

0

∫
R+

(∂2
ξω)2

v
dξdτ +

|σ−|
2

∫ t

0

(∂ξω)2(0, τ)dτ

=
1

2

∫
R+

(∂ξω0)2dξ+A

∫ t

0

∫
R+

∂ξω∂ξϕ

v2
∂2
ξωdξdτ︸ ︷︷ ︸

I22

+A

∫ t

0

∫
R+

∂ξω∂ξV

v2
∂2
ξωdξdτ︸ ︷︷ ︸

I23

+A

∫ t

0

∫
R+

vω∂2
ξωdξdτ︸ ︷︷ ︸

I24

,

(3.39)

where we have used σ− < 0 to deal with the boundary term.

To obtain the estimates for Ii (22 ≤ i ≤ 24), we use Cauchy-Schwarz’s inequality with 0 < ν < 1,

Sobolev’s inequlity (3.7) and the a priori assumption (3.3) to obtain

|I22|+ |I23|+ |I24|

≤C
∫ t

0

‖∂ξω‖∞‖∂ξϕ‖‖∂2
ξω‖dτ + C(δ

1
8 + ν)

∫ t

0

‖∂ξ[ω, ∂ξω]‖2dτ + Cν

∫ t

0

‖ω‖2dτ

≤C
∫ t

0

(‖∂ξω‖+ ‖∂2
ξω‖)‖∂ξϕ‖‖∂2

ξω‖dτ + C(δ
1
8 + ν)

∫ t

0

‖∂ξ[ω, ∂ξω]‖2dτ + Cν

∫ t

0

‖ω‖2dτ

≤C(ε1 + ν + δ
1
8 )

∫ t

0

‖∂ξ[ω, ∂ξω]‖2dτ + Cν

∫ t

0

‖ω‖2dτ.

Plug the above estimations into (3.39), and recall (3.13), (3.31), (3.38), then choose ε1 > 0, δ > 0

and ν > 0 suitably small, to derive

‖∂ξω‖2 +

∫ t

0

‖∂2
ξω‖2dτ ≤ C ‖ζ0‖

2
+ C‖[ϕ0, ψ0, ω0]‖2H1(R+) + Cδ

1
8

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ψ2 + ζ2)dξdτ. (3.40)

Multiplying (3.2)4 by −∂2
xζ, almost similar to the estimate of ‖∂ξψ‖2(t), we can obtain

‖∂ξζ‖2 +

∫ t

0

‖∂2
ξ ζ‖2dτ ≤ C‖[ϕ0, ψ0, ω0, ζ0]‖2H1(R+) + Cδ

1
8

+ Cδ

∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ψ2 + ζ2)dξdτ. (3.41)

Summing up (3.41), (3.40) and (3.38), we get the desired estimate (3.36). Thus we complete the proof

of Lemma 3.5.
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Proof of Proposition 3.1. Now, we are ready to prove Proposition 3.1. Combining Lemma 3.3-3.5 with

Lemma 4.2 in the appendix, and if the wave strength δ and the constants ε1 are small enough, then

for all t ∈ [0, T ], we have

‖[ϕ,ψ, ω, ζ](t)‖2H1(R+) +

∫ t

0

(
‖∂ξϕ‖2 + ‖∂ξ [ψ, ζ] ‖2H1(R+) + ‖ω‖2H2(R+)

)
dτ

≤C‖[ϕ0, ψ0, ω0, ζ0]‖2H1(R+) + Cδ
1
8 , (3.42)

which gives desired estimate (3.5).

Proof of Theorem 2.1. We are now in a position to complete the proof of Theorem 2.1. In view of the

energy estimates obtained in Proposition 3.1, one sees that

sup
0≤τ≤t

‖[ϕ,ψ, ω, ζ](τ)‖2H1(R+) ≤ C‖[ϕ0, ψ0, ω0, ζ0]‖2H1(R+) + Cδ
1
8 . (3.43)

Notice that δ are parameters independent of ε1. By letting δ be small enough, the global existence of

solution of the half-space problem (3.2) then follows from the standard continuation argument based

on the local existence and the a priori estimate (3.5). Moreover, (3.43) and (2.26) imply (2.27). Our

intention next is to prove the large time behavior as (2.28). For this, we first justify the following

limits:

lim
t→+∞

‖∂ξ[ϕ,ψ, ω, ζ](t)‖2L2 = 0. (3.44)

To prove (3.44), we get from (3.2), (3.5), (2.14), Lemma 2.2 and (2.8) that∫ +∞

0

∣∣∣∣ ddt ‖∂ξ[ϕ,ψ, ω, ζ]‖2
∣∣∣∣ dt =2

∫ +∞

0

|(∂t∂ξ[ϕ,ψ, ω, ζ], ∂ξ[ϕ,ψ, ω, ζ])| dt

≤C + C

∫ +∞

0

‖∂ξ [ϕ,ψ, ω, ζ, ∂ξ [ψ, ζ, ω]]‖2 dt < +∞. (3.45)

Consequently, (3.45) together with (3.5) gives (3.44). Then (2.28) follows from (3.44) and Sobolev’s

inequality (3.7). This ends the proof of Theorem 2.1.

4 Appendix

In this appendix, we will give some basic results used in the paper. Lemma 4.1 and Lemma 4.2 are

borrowed from [10] and [31], and we omit some details here.

Lemma 4.1. Suppose that h(ξ, t) satisfies

h ∈ L∞(0, T ;L2(R+)), ∂ξh ∈ L2(0, T ;L2(R+)), ∂th− σ−∂ξh ∈ L2(0, T ;H−1(R+)),

then the following estimate holds:∫ t

0

∫
R+

(1 + τ)−1e−
α(ξ+σ−τ)

2

1+τ h2dξdτ ≤Cα
[
‖h(ξ, 0)‖2 +

∫ t

0

h2(0, τ)dτ +

∫ t

0

‖∂ξh‖2dτ

+

∫ t

0

〈∂th− σ−∂ξh, hg2〉H−1×H1dτ

]
, (4.1)

where

g(ξ, t) = −(1 + t)−
1
2

∫ +∞

ξ+σ−t

e−
αx2

1+t dx,

and α > 0 is the constant to be determined later.
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We now give the following estimates concerning the delicate term

∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2+

ψ2 + ζ2)dξdτ by using Lemma 4.1.

Lemma 4.2. Under the conditions of Proposition 3.1, then there exists a constant C > 0 such that∫ t

0

∫
R+

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 + ζ2 + ψ2)dξdτ ≤C + C

∫ t

0

(
‖∂ξ[ϕ,ψ, ζ, ω]‖2 + ‖ω‖2

)
dτ

+ C

∫ t

0

‖∂2
ξ [ψ, ζ]‖2dτ (4.2)

provided that the wave strength δ is small enough.

Proof. For any ν > 0, the proof of inequality (4.2) consists of the following two parts:∫ t

0

∫
R+

[(Rζ − Pϕ)
2

+ ψ2](1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ dξdτ

≤C + Cδ
1
8

∫ t

0

∫
R+

(ϕ2 + ζ2)(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ dξdτ

+ C

∫ t

0

(
‖∂ξ[ϕ,ψ, ζ, ω]‖2 + ‖ω‖2

)
dτ + ν

∫ t

0

‖∂2
ξ [ψ, ζ]‖2dτ, (4.3)

and ∫ t

0

∫
R+

(Rζ + (γ − 1)Pϕ)
2

(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ dξdτ

≤C + Cδ
1
8

∫ t

0

∫
R+

(ϕ2 + ζ2)(1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ dξdτ

+ Cν

∫ t

0

(
‖∂ξ[ϕ,ψ, ζ, ω]‖2 + ‖ω‖2

)
dτ + ν

∫ t

0

‖∂2
ξ ζ‖2dτ. (4.4)

In fact, multiplying inequality (4.3) by γ − 1 and adding the resulting inequality to (4.4) and taking

δ suitably small thus implies (4.2) easily.

We firstly prove (4.3). Define

η(ξ, t) = −(1 + t)−1

∫ +∞

ξ+σ−t

e−
c0x

2

1+t dx.

We rewrite (3.2)2 as follows:

(∂tψ − σ−∂ξψ) + ∂ξ

(
Rζ − Pϕ

v

)
= µ∂ξ

(
∂ξu

v
− ∂ξU

V

)
−Q1. (4.5)
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Multiplying (4.5) by (Rζ − Pϕ) vη, integrating the resulting equation over R+ × [0, t] leads to

1

2

∫ t

0

∫
R+

(Rζ − Pϕ)
2
∂ξηdξdτ

=− 1

2

∫ t

0

[(Rζ − Pϕ)
2
η](0, τ)dτ + µ

∫ t

0

[
(
∂ξu

v
− ∂ξU

V
) (Rζ − Pϕ) vη

]
(0, τ)dτ

+ σ−

∫ t

0

[ψ (Rζ − Pϕ) vη](0, τ)dτ +

∫
R+

ψ (Rζ − Pϕ) vηdξ −
∫
R+

ψ0 (Rζ0 − P (ξ, 0)ϕ0) v0η(ξ, 0)dξ

−
∫ t

0

∫
R+

[∂t (Rζ − Pϕ)− σ−∂ξ (Rζ − Pϕ)]ψvηdξdτ︸ ︷︷ ︸
K1

−
∫ t

0

∫
R+

ψ (Rζ − Pϕ) (∂tv − σ−∂ξv)ηdξdτ

−
∫ t

0

∫
R+

ψ (Rζ − Pϕ) v(∂tη − σ−∂ξη)dξdτ −
∫ t

0

∫
R+

∂ξ(V + ϕ)

v
(Rζ − Pϕ)

2
ηdξdτ

+ µ

∫ t

0

∫
R+

(
∂ξu

v
− ∂ξU

V

)
∂ξ [(Rζ − Pϕ) vη] dξdτ +

∫ t

0

∫
R+

Q1 (Rζ − Pϕ) vηdξdτ.

(4.6)

For the delicate term K1, it can be rewritten as

K1 =−
∫ t

0

∫
R+

[(R∂tζ −Rσ−∂ξζ)− (∂tP − σ−∂ξP )ϕ− P (∂tϕ− σ−∂ξϕ)]ψvηdξdτ

=− 1

2

∫ t

0

(
γPvηψ2

)
(0, τ)dτ − 1

2

∫ t

0

∫
R+

γPv∂ξηψ
2dξdτ − 1

2

∫ t

0

∫
R+

γ∂ξ(Pv)ηψ2dξdτ

+

∫ t

0

∫
R+

(∂tP − σ−∂ξP )ϕψvηdξdτ − (γ − 1)

∫ t

0

∫
R+

[
− (p− P )∂ξu+ κ∂ξ

(
∂ξθ

v
− ∂ξΘ

V

)
+ µ

(
(∂ξu)2

v
− (∂ξU)2

V

)
+

(∂ξω)2

v
+ vω2 −Q2

]
ψvηdξdτ

=− 1

2

∫ t

0

(
γPvηψ2

)
(0, τ)dτ + κ(γ − 1)

∫ t

0

[(
∂ξθ

v
− ∂ξΘ

V

)
ψvη

]
(0, τ)dτ

− 1

2

∫ t

0

∫
R+

γPv∂ξηψ
2dξdτ − 1

2

∫ t

0

∫
R+

γ∂ξ(Pv)ηψ2dξdτ +

∫ t

0

∫
R+

(∂tP − σ−∂ξP )ϕψvηdξdτ

− (γ − 1)

∫ t

0

∫
R+

[
−(p− P )∂ξu+ µ

(
(∂ξu)2

v
− (∂ξU)2

V

)
+

(∂ξω)2

v
+ vω2 −Q2

]
ψvηdξdτ

+ κ(γ − 1)

∫ t

0

∫
R+

(
∂ξθ

v
− ∂ξΘ

V

)
∂ξ(ψvη)dξdτ,

(4.7)

where in the second identity we have used (3.2)1 and (3.2)4.

Since

∂ξη(ξ, t) = (1 + t)−1e−
c0(ξ+σ−t)

2

1+t ,

combining (4.6) and (4.7), we have

1

2

∫ t

0

∫
R+

[(Rζ − Pϕ)
2

+ γPvψ2](1 + τ)−1e−
c0(ξ+σ−τ)

2

1+τ dξdτ =

∫ t

0

H2(0, τ)dτ +Q3, (4.8)
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where

H2(0, τ) =− 1

2
[(Rζ − Pϕ)

2
η](0, τ) + µ

[
(
∂ξu

v
− ∂ξU

V
) (Rζ − Pϕ) vη

]
(0, τ)

+ σ−[ψ (Rζ − Pϕ) vη](0, τ)− 1

2

(
γPvηψ2

)
(0, τ) + κ(γ − 1)

[(
∂ξθ

v
− ∂ξΘ

V

)
ψvη

]
(0, τ),

(4.9)

and

Q3 =

∫
R+

ψ (Rζ − Pϕ) vηdξ −
∫
R+

ψ0 (Rζ0 − P (ξ, 0)ϕ0) v0η(ξ, 0)dξ −
∫ t

0

∫
R+

ψ (Rζ − Pϕ) ∂ξuηdξdτ

−
∫ t

0

∫
R+

ψ (Rζ − Pϕ) v(∂tη − σ−∂ξη)dξdτ −
∫ t

0

∫
R+

∂ξ(V + ϕ)

v
(Rζ − Pϕ)

2
ηdξdτ

+ µ

∫ t

0

∫
R+

(
∂ξu

v
− ∂ξU

V

)
∂ξ [(Rζ − Pϕ) vη] dξdτ +

∫ t

0

∫
R+

Q1 (Rζ − Pϕ) vηdξdτ

− 1

2

∫ t

0

∫
R+

γ∂ξ(Pv)ηψ2dξdτ +

∫ t

0

∫
R+

(∂tP − σ−∂ξP )ϕψvηdξdτ

− (γ − 1)

∫ t

0

∫
R+

[
−(p− P )∂ξu+ µ

(
(∂ξu)2

v
− (∂ξU)2

V

)
+

(∂ξω)2

v
+ vω2 −Q2

]
ψvηdξdτ

+ κ(γ − 1)

∫ t

0

∫
R+

(
∂ξθ

v
− ∂ξΘ

V

)
∂ξ(ψvη)dξdτ.

(4.10)

From Lemma 3.2(boundary estimates), we have∫ t

0

H2(0, τ)dτ ≤ ν
∫ t

0

(‖∂ξ[ψ, ζ]‖2 + ‖∂2
ξ [ψ, ζ]‖2)dτ + Cνδ. (4.11)

Note that ‖η(·, t)‖∞ ≤ C(1 + t)−
1
2 and by applying (2.8), (2.14), Cauchy-Schwarz’s inequality,

Sobolev’s inequality (3.7) and Young’s inequality, we can successfully estimate Q3. Then combining

this with (4.11) and (4.8), we obtain (4.3).

Next we prove inequality (4.4) by using Lemma 4.1. Let h = Rζ + (γ − 1)Pϕ, then from (3.2)1

and (3.2)4, we have∫ t

0

〈∂th− σ−∂ξh, hg2〉H−1×H1dτ

=−(γ − 1)

∫ t

0

∫
R+

(p− P ) ∂ξψhg
2dξdτ︸ ︷︷ ︸

K2

+(γ − 1)

∫ t

0

∫
R+

[(∂tP − σ−∂ξP )ϕ− (p− P ) ∂ξU ]hg2dξdτ︸ ︷︷ ︸
K3

−(γ − 1)

∫ t

0

[
κ

(
∂ξθ

v
− ∂ξΘ

V

)
hg2

]
(0, τ)dτ︸ ︷︷ ︸

K4

−(γ − 1)

∫ t

0

∫
R+

κ

(
∂ξθ

v
− ∂ξΘ

V

)
∂ξ(hg

2)dξdτ︸ ︷︷ ︸
K5

+(γ − 1)

∫ t

0

∫
R+

µ

(
(∂ξu)2

v
− (∂ξU)2

V

)
hg2dξdτ︸ ︷︷ ︸

K6

+(γ − 1)

∫ t

0

∫
R+

(
(∂ξω)2

v
+ vω2

)
hg2dξdτ︸ ︷︷ ︸

K7

−(γ − 1)

∫ t

0

∫
R+

Q2hg
2dξdτ︸ ︷︷ ︸

K8

.
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Noticing that ‖g(·, t)‖L∞ ≤ Cα, we can directly estimate Ki(3 ≤ i ≤ 8). In order to estimate K2, by

the mass equation (3.2)1 and p− P = Rζ−Pϕ
v , we have

K2 =− (γ − 1)

∫ t

0

∫
R+

h− γPϕ
v

hg2(∂tϕ− σ−∂ξϕ)dξdτ

=− (γ − 1)

∫ t

0

∫
R+

{
h2g2

v
(∂tϕ− σ−∂ξϕ)− γPhg2

2v
[∂t(ϕ

2)− σ−∂ξ(ϕ2)]

}
dξdτ

=− (γ − 1)

∫
R+

2h2g2ϕ− γPhg2ϕ2

2v
dξ + (γ − 1)

∫
R+

[
2h2g2ϕ− γPhg2ϕ2

2v

]
(ξ, 0)dξ

− (γ − 1)σ−

∫ t

0

[
2h2g2ϕ− γPhg2ϕ2

2v

]
(0, τ)dτ − (γ − 1)

∫ t

0

∫
R+

γg2ϕ2h

2v
(∂tP − σ−∂ξP )dξdτ

− (γ − 1)

∫ t

0

∫
R+

γPhϕ2 − 2h2ϕ

v
g(∂tg − σ−∂ξg)dξdτ

+ (γ − 1)

∫ t

0

∫
R+

γPhϕ2 − 2h2ϕ

2v2
g2(∂tv − σ−∂ξv)dξdτ

− (γ − 1)

∫ t

0

∫
R+

γPg2ϕ2 − 4g2hϕ

2v
(∂th− σ−∂ξh)dξdτ.

(4.12)

Now each term in (4.12) can be estimated directly, and the detailed proof can be seen in [10]. Note

that here we need to compute the boundary terms. Hence after taking α = c0
2 , estimate (4.4) thus

easily follows from Lemma 4.1 and Lemma 3.2(boundary estimates).
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the solution, in: Z. Drmač, M. Marušić, Z. Tutek (Eds.), Proceedings of the Conference on

Applied Mathematics and Scientific Computing, Springer, Netherlands, 2005, 253-262.
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