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Introduction

In the present paper we study a mixed boundary value problem for the Lame equation
in a thin layer 2" := € x [—h, h] of thickness 2h around a smooth mid-hypersurface
% C (R)? written in terms of Gunter’s derivatives and the energy functional as-
sociated to it. We show that when thickness of the layer tends to zero A — 0, the
corresponding energy functional, scaled properly, converges in the I'-limit sense
to some functional defined on mid-surface ¥ of the layer, which corresponds to
two-dimensional boundary value problem for associated Euler-Lagrange equation
in terms of Guinter’s derivatives. The obtained equations together with boundary con-
ditions can be considered as a boundary value problem defined on a shell model.

Different models of shells were investigated already in nineteenth century by a
mathematical justification of the well-known two-dimensional linear Kirchhoff-Love
theory of plates [17]. This theory was obtained by retaining the linear terms in the in-
plane displacement components and only the constant in the normal displacement as
the thickness of the plate approaches zero. There exist a number of approaches pro-
posed for modeling linearly elastic shells. Started by the classical work of brother E.
and P. Cosserats [3], many authors contributed the development of the shell theories
(see [15], [18], [21], [19], [16], [6] and references therein).

In 1960s, the first attempts were made to apply formal asymptotic methods in
linearized elasticity [15]. Shortcoming of these attempts was the lack of convergence
theorems of the scaled three-dimensional solution to the leading term of its formal
expansion as thickness of the layer tends to zero, because in these works the asymp-
totic method was applied directly to the partial differential equations of the three-
dimensional problem.

P.G. Ciarlet and P. Destuynder [7], [8], applied the formal asymptotic method
to the variational formulation of the three-dimensional boundary value problems of
linearly and nonlinearly elastic plates and justified the linear and nonlinear Kirchhoft-
Love plate theories.

One approach to the shell theory is based on the assumption, that the energy
density of the shell can be expressed as a function of the deformation gradient of
the mid-surface. The natural mathematical setting in which these results can be for-
mulated is the variational or I'-convergence, introduced by De Giorgi (see [1] for
details). This approach was used in works [13], [14] to strictly justify nonlinear plate
theory for surfaces first proposed by G. Kirchhoff.

The equations of three-dimensional linearized elasticity have been studied mostly
in Cartesian coordinates. The linear shell theory justified in the present paper is based
on the natural curvilinear coordinates, defined on the mid-surface % and extended by
the normal vector field of this surface, which “follow the geometry” of the shell in
a most natural way. Accordingly, the purpose of the present preliminary section is
to provide a thorough derivation and a mathematical treatment of the equations of
linearized three-dimensional elasticity in terms of special curvilinear coordinates.

Let € C R3 be an open surface with the boundary I" = 9% in the Euclidean
space R3, represented by a single coordinate function § : w — % where w is an
open domain in R? (the case of multiple coordinate functions is similar and we skip
this case for the simplicity.) Let v(2°) = (v1(2),v2(2),v3(2))", 2 € €, be the
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normal vector field on € and A (z) = (A1 (), N3(x), A3(x)) T be its extension in
the neighbourhood (2" of the surface %' It is known that such extension is unique
under the assumption that the extension, as the field on the surface itself, is a gradient
vector field 0;. 4, = Op.A#; for all j,k = 1,2,3 and is called the proper extension
(see [11] for details).

The 3-tuple of tangential vector fields to the surface g, := 0,60, g, := 020 (the
covariant basis) together with the proper extension g, := .4 of normal vector field v
from the surface ¢ into the neighborhood 2" := {§(z') +tAN (z') : 2/ € w, —1 <
t < 1} depends only on the variable 2’ € ¢ and constitute a basis in 2. That means,
that arbitrary vector field U = Z?=1 Uje’ can also be represented with this basis
in “curvilinear coordinates”. Along with the covariant basis is used the contravariant
basis g', g? which is the bi-orthogonal system to the covariant basis (gj, gk) = ks
where d;;, denotes the Kroneker’s symbol, j, k = 1, 2 (see, e.g., [5,6]). In the classical

geometry the covariant {(g;, gy}, -, » and contravariant {{g', gk>}j7k:1)2 metric

tensors together with the Christofells symbols I ;k := (g*,0;g,,) are the main tools

of calculus on hypersurfaces. For example, the covariant derivatives on the surface €
2

are defined by v;)|; := 0jv; — Z FZ-];vk.
k=1

Our calculus on the surface % is based on a different curvilinear system of coor-
dinates than the covariant and contravariant vector fields used usually by mathemati-
cians and solid mechanics specialists to derive the shell equations (see, e.g., P. Ciarlet
[5,6]). Moreover, the system of curvilinear coordinates introduced below, is linearly
dependent but, surprisingly, many partial differential equations are recorded in this
system in a simple form (see [10], including Laplace-Beltramy and shell equations
on a hypersurface (see below).

From now on, if not stated otherwise, we stick to the following notation: terms
with repeated indices are implicitly summed from 1 to 3 if indices are Greek «, 3, 7, . . .
and are summed from 1 to 4 if indices are Latin j, k, [, . . ., as shown on the examples:

4
2:2
Cj.

3 3 4
o 2 . 2 — 2 ._
anby = E Gaba, b = E by, c¢jd; = E c;jd;, ¢ =
a=1 a=1 j=1 j=1

We consider a deformation of an isotropic layer domain 2" := € x (—h, h) of
thickness 2h around the mid-surface 4 which has the nonempty Lipschitz boundary
0% . The deformation is governed by the Lamé equation, with the classical mixed

boundary conditions, a Dirichlet conditions on the lateral surface Ff = 0% X
(—h, h) and a Neumann conditions on the upper and lower surfaces I'* := & x
{£h}:

LU (z) = F(x), x€ QM=% x (—h,h),

Ut(t) =G(1), t €It :=0% x (—h,h), (1)

(T(2,V)U) (2,t) = H(2,£h),  (2.,t) € = =€ x {£h)}.
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Here U(z) = (Uy(z),Ua(z),Us(z)) " is the displacement vector, .Zj,» is the Lamé
differential operator and (¥(2, V) is the traction operator
LU = —p AU — (A + p) VdivU,
2)
[T(EK,V)U]g :)\VgafyU»er,ul/»yagU»waﬂayUg, 68=1,2,3,

where 1 > 0 and 2 + 3X\ > 0.
The BVP (1) we consider in the following weak classical setting:

UcH' ("), FeH (2", GeHY>(I}), H(, +h)ecH Y*%).
. 3)
For definitions of Bessel potential spaces H*, H? see, e.g., [20].
Let us consider the following subspace of H! (£2"):

HY(QM 1Py = {V eH (") : VI@#)=0 forall teIl}. 4)
Theorem 1 The BVP (1) in the weak classical setting (3) has a unique solution.

Proof: The Lame operator ., is strictly positive on the subspace H! (02"h, Ff)
(ZanV, V)2 M||[V| vV e HY(2",T}) ©)

and the proof follows easily from the Lax-Milgram Lemma (see a similar proof, for
example, in [12]). O

To find what happens with the BVP (1), (3) when i — 0, we first reformulate this
BVP into the equivalent variational problem: Find the vector U which minimizes the

energy functional &or (U') (see (5)) under the same constraints (3). It is proved that
if the weak limits

1
lim F(2,hr) = F(2), lim — [H(2,+h) — H(2,—h)] = HY (=),
h—0 h—0 2h
F.HY € Ly(¢¥)
exist in Ly (£2") and Ly (%), respectively, than the I'-limit of the energy functional
exists limy, o Eon (U) = E2(U) (cf. (9)) and the equivalent BVP on the surface ¢,
using the Einstein’s convention, is written as follows;

7! [AcgUa + QQQQUQ — ij(gl/ggaﬁg — QW(VQVLg@.YUB)]

4\ — _ 1
+ﬁ (909505 — 20cvaP5Us) = 5Fa+ HY on ¢, ©6)
Us(t)=0 on I'=0¢, «a=1,2,3.

In (6) v := (v1,vs,v3)" is the unit normal vector filed on ¥, .7 is the mean

curvature of €, 2, := 0y — Vo0, @ = 1,2, 3 are the Giinter’s tangential derivatives
on % (see §1) and U := (U1(2,0),Uz(2,0),Us(2,0))", 2 € € is the trace of
the displacement vector field U (2, t) := (Uy(2,t), Ua(2, 1), Us(2,t)) T, (2,t) €
" := € x (—h, h) on the mid-surface % (see Theorem 4).

The BVP (6) represents a new 2D equation of shell in terms of Giinter’s tangential
derivatives on the mid-surface €.
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1 Curvilinear coordinates

We commence with the definition of new system of coordinates: the system of 4-
vectors

d’:=e — NN, j=1,2,3 and d*:=.4, (1)

where e! = (1,0,0)7,e? = (0,1,0)T,e3 = (0,0,1)7 is the Cartesian basis in
RR3; the first 3 vectors d ', d*, d? are projections of the Cartesian vectors and are
tangential to the surface &, while the last one d* = .4 is orthogonal to it and,
thus, to d !, d?, d®. The system is linearly dependent, but full and any vector field
U = U,e" in {2, can be written in the following form:

U=Use* =02 =U"=Uy+UN, 2)
Uy:=U— (N, U)N, U = (N, U) = HU, 3)

and the vector Uy := (UY, U, U) T is chosen to be tangential to the surface (A4, Ug) =
0.

Since the proper extension depends only on the surface variable A" (2,t) =
A (@) (see [11]), the same is true for the entire basis d’(2,t) = d&’ (%), j =
1,2,3,4.

Note that

Ny = (N, N) =1 “4)
Although the system {dj }jzl is linearly dependent, the following holds.
Lemma 1 The representation (2) is unique:
If U°=U%7 =0 then Uy =U)=U§=U]=0. 5)

The scalar product and, consequently, the distance between two vectors in Carte-
sian and new coordinate systems coincide:

U V) =UW) =UVa = (U, V), U=V’ |=|U=-V]| ()

for arbitrary vectors U = (Uy, Uy, U3) ",V = (V1, Vo, V5) T € R3,

Proof: If condition (5) holds U = 0, then Uy = (U, .#") = (U", .#) = 0. But
then Uj0 =U; — (U°, N)N; = Uj, j = 1,2,3 and, therefore,

0=U"=0%d" =U,e* — WUy N =Uye™ — Uy NoV

=Uye® — (U, N)N =U,e®
3

which implies U = U; = 0, j = 1,2,3, because the Cartesian basis e', e?, e is

linearly independent.
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Let us prove the first equality in (6):
(U V) = UV} = (Ua = Al N U)) (Ve = Aal N V) + (AN UNAN V)
= [UaVa — (N, V) UsHo — (N U)Vohoy + (N UNN, V) ANT]
=U,V, =(U,V)

and the equality is proved.
The second equality in (6) is a simple consequence of the first one because

U - v = WUO -VOuU -V = JU-V,U-V)=|U-V|. O
The Giinter’s derivatives
-@agp = 804()0 - Vocau@a o = 17 27 3 (7)

represent tangential differential operators on the surface ¢ (orthogonal projections of
the coordinate derivatives 01, 0o, J5 and have extensions

Dotp i = 0o — N0y

in the neighbourhood of the surface 4. The system Z;, %5, Z5 is, obviously, linearly
dependent, but full: any tangential linear differential operator on the surface A(D) is
written in the following form:

A(D) = a0 (2)00 = aa(2)Das provided a,(z)va(2)=0, 2 €%.
In particular
Oy = UaOo = U} D).
The adjoint operator to Z;, j =1,2,3,is
D =—Djp + 2v; K50, peCY?), 8)
where

g () = %.@aua(%) . %%%(%), v ew ©)

is the mean curvature of the surface €.

Definition 1 For a function ¢ € W!(2") we define the extended gradient

.
Vnp = {91% D20, D3¢, 94@} , o Dapi=0x0 (10)

and, for a vector field U = U,e® = UPd7 € W' (£2")-the extended divergence
divon U = Z;U + 24,U = -V5,.U, an

where V7,, denotes the formally adjoint operator to the gradient V,n, % is the
mean curvature (cf.(9) and

DU = 04U = (N,0,4U) = (2,U)].
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Caution: While defining the extended divergence in (11) we have to use only the
representation U = U ]Q d’ (cf. (2)), because any other representation differs from the
indicated one by the vector ¢4, where ¢(2°) is an arbitrary function. Then the ex-
tended divergences will differ by the summand divgn (c(2)A (2)) = Oy c(2) +
20(% )f%eg(% )

T
Lemma 2 The classical gradient ¥V := {61 P, Oatp, 63@} , written in the full sys-
tem of vectors {dj }jzl in (1) coincides with the extended gradient Vi = V on @ in
(10).

The classical divergence divU := 9,U, of a vector field U := U,e®, written
in the full system (1), coincides with the extended divergence: divU = divon U in
(11).

The gradient and the negative divergence are adjoint operators Vy,, = —divn
with respect to the scalar product induced from the ambient Euclidean space R".

The classical Laplace operator in the domain (2,

Agnpla) = (divenVor 9)(2) = —(Viu (Varp) @) ze 0",
written in the full system (1), acquires the following form
Agnp = Do+ 24 Dap, 0 e W22, (12)
Proof: Formulae (10) for the extended gradient follows from the choice of the new
coordinate vectors (1):
Vi = {61% D20, 33@}T = €0up = € (Zap + NaDayp)
= e Do+ N Dup=d' Djp=Vgnp

since
Ou = Do + No D4, e“ Dy =d“Dyp. (13)

By applying
D=0y, NaUa=U}, MaDa=0, Dafe=2M, (14)
@4%:8/%20, 04217273,
we prove formulae (11) for the extended divergence:
divU = 0,Uq = (Do + NaPa) (UL + N, UY)
= @aUaO + %@4[]& + (-@af/Va)Ug + Jl/a@aUé(l)
= DU + Du [NoUo] + HUY)
= ;U + #5U) = divonU°..

Formulae (6), (10) and (11) combined with the classical equality V* = —div
ensures the equality

(VU VO = (VU,V) = U, —divV) = (U°, —divpn V),
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which proves that V7, = —divonr (cf (11)). The latter can also be verified by direct
calculations.
Formula (12) is proved by applying (10) and (11):

Ap :=divorVonp = D7 + 2H6(N |V on@) = Di o + 2 (N, V p)
= .@f(p + 2, Dy = Agnip.

Lemma 3 A matrix-operator A = [A,gl3x3 written in curvilinear coordinates (1)-
(3) acquires the form:

A A Az <A1,-’ V>
Ay, Aoy Asz  (As., V) (15)
Az Aszo Ass <A3’., V>

(A.1,v) (A.2,v) (A 3,V) (Av, V)
Aa,~ = (Aoc,hAa,ZaAa,S)Ty Aga = (Al,a>A2 ocaAS,a)Ta a = 172337

A:

Proof: Indeed, using the representations (2) amd (1) of a vector function U =
(U1,Us,Us) and of the coordinate vectors e® we verify the claimed equality (15)
by direct calculations:

AU = A,3Uze” = Aas(U§ +vpU5)(d" + vod?)
= AosURd® + AqproUgd* + AasrpUfd®™ + AnpravsUsd?

Ay A Az (A,v)] [UY?
_ Ay A Az (Ay.v)| | UY
Az Aszy Ass (A v)| |UY

(A.1.v) (Ao v) (A v) (Avy) | | U]
The Lamé operator

LU = —p AU — (A + p) VdivU = — [udapdj + (A + 1)0603) 4, U (16)

= - [Ca’yﬁwa'yaw]gxg U; CayBw = )\60¢'75,8w + M(6o¢56'yw + 5aw66'y)

is formally self-adjoint differential operator of the second order and, written in the
full system (1), acquires the form

LU’ = —p ApnU® — (A + 1) Vordivpn U°. (17)

To reformulate the BVP (1) in curvilinear coordinates we also need to represent
the traction operator (cf. (2))

Tz, U = (Tap(x,0)Ug) e = ({Avq0p + p/gde + dappdu} Ug) e, (18)
U= (U,Us,U3)" = Uye®

in Gunter’s derivatives. For this we apply the representations (1) amd (7) of the coor-
dinate vectors e and the differential operators d,, take into account the equalities

0= vae*=v=d', vd* =0, V-1
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and find the claimed representation of the traction operator ¥ (x, 9) by direct calcula-
tions:

U2z, 2) = e @ e’ {A\vOp + 110300 + dupi O}
=\*'® (dﬁ + Vﬁd4)(@5 + 1/594)
+u(d’ 4 vod*) @ (d° + vgd*) 2y
+u(d? + vsd*) @ d(Ds + vs D)
%y 0 0 [0}
o 0 ,u.%; 0 M.@Q
o 0w opm | {19
ATy ATy A D5 (M + 21) D4

2 Variational reformulation of the problem

To apply the method of I'-convergence we have to reformulate the BVP (1) in an
equivalent varational problem for the energy functional. For this we need to consider
the BVP with the vanishing Dirichlet condition on the lateral surface

LnUg(x) = Fo(x), xe Q=€ x (=h,h),
Ul(t) =0, te It :=9%€ x (—h,h), (1)
(T(2,VYUo)t (2, +h) = Ho(2,+h), ¥ EC.

It is possible to rewrite the BVP (1) in an equivalent BVP (1). Indeed, consider the
BVP

LorV (z) =0, x € QM=% x (—h,h),
Vi) =G(), tery, 2)
(T((2,V)V) (2, +h) =0, (2,4h) € 't =€ x {£h},
which has a unique solution V' € W (") (see Theorem 1) and note, that the
difference Uy := U — V of solutions to BVPs (1) and (2) is a solution to the
BVP (3), where Fo(2) = F(2) — LonV(2), Ho(2,+h) := H(2,+h) —
(T((2,V)V)* (2, +h). Vice versa, solution to the BVP (1) is recovered as the sum
of solutions U = Uy + V of the BVPs (3) and (2).
Thus, in the BVP (1) we can assume, without restricting generality, that G = 0
and consider the BVP
LU (z) = F(x), e =% x (=h,h),
U™ (t) =0, te It :=0% x (=h,h), (3)

(T(2,V)U) (2, £h) = H(,+h), 2 €%.
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Theorem 2 The problem (3) with the constraints
UcHY(Q" ), FeH Y2, H(,+th)eH *(¥) ©)

is reformulated into the following equivalent variational problem: Under the same
constraints (4) look for a displacement vector-function U € H'(Q" I'!), which is a
stationary point of the following functional

1
bon(U) =5 /Q (105U o - 05U + 103U o - 0aU 5 + A0aU o - 95U

+2F 5 - Uﬁ}da: + / [(H(2,+h),U"(2,+h)) — (H(2,—h),U" (2, —h))] do
€

h
= %/ / [uaBUa 03U o + 103U - 0aU g + N0aUp - 0,U. +2F 5 - Uy
—hJE
1
o [(H (2, 1), U (2, 41) = (H(2,h), U™ (2, ~h))] }dadt, (5)

Remark 1 The integral on €’ in (5) is understood in the sense of duality between the
spaces H'/?(%) and H~/2(%) because H (-, +h) € H~'/2(%y) and the condition
U € H' (2", I'?) implies the inclusion U™ (-, +h) € H'/2(%y).

Prior proving Theorem 2 we prove the following auxiliary lemma.

Lemma 4 [n the representation of the energy functional Eqn (U) from (5)
1
S (U) = 5 2(U) — F(U) ©)

as the sum of quadratic and linear functionals
h
ez)/ / 105U o - 05U o + 105U o - 0aU g + A9qU - a,wa} dodt
o[ / Fy Ups+ o [(H(, +0),U* (2, 40)

—(H(2,—h),U" (=, h))]}dadt

the quadratic part 2(U) is positive definite on the space H* (2", I'}):
2) = |UHY ("),  forall UeH(Q",T}). (7)

Proof: Note, that
h
U)= / / Q(VU (2 ,t))dodt 8)
—h JE
Q(F) =2u|E|? + \N(Trace E)?, E = %(F + FT),

where E = [E,p]3x3 is a3 x 3 matrix and | E|? = Trace( E'E ZE
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Indeed, the equality (8) holds because
Q(VU) = MaﬁUa . 8ﬁUa + ,uaBUa . aaUg + A0, U, - 87U7
1
= 5M(f)@Uﬁ + 05U ) (0.U g + 05U 4) + AN0aU W) (05U 5)

VU + (VU)T

= 241 |Def (U)|* + A (Trace Def(U))? Def(U) := 5

.9

To prove the positive definiteness (7) let us rewrite the expression (9), using the

F+F'
notation F = +T, as follows

= 2.UJZE0¢/3+2“Z .u+/\)ZEozaEﬂ/3 _quaaEﬁﬂ
a#p o, a

oY B w(ZEaa) TIE) DY) I
a#p a a#p

=2 S B2+ (4 N) (ZEW) + 13 (Baa — Eg)> 20, (10)
a#p a#fB

2u 43X

since it > 0, p+ A > > 0 (see (2)).
From (10) follows that if Q4(F') = 0, F = VU, then the deformation tensor is

VU + (VU)T
zero E = Def(U) := % = 0. The latter infers that
U@z)=a+PBr=a+bAx, 0 —bs b
B .= b3 0 —bl
a:(a17a27a3)T7 b:= (blab27b3)T eRga T E 987 7b2 bl 0

Since U € H'(02", I'!") vanishes on the lateral surface I'z. Then the vector U is
identically zero (see [4]). [l

Proof of Theorem 2: Let U be a solution to the mixed problem (3). By taking the
scalar product of the first equation .Zpn U (z) = F(x) in (3) with a function V' €
H! (02", I'!) and applying the Green’s formulae we get the following equality:

/ (F(2),V(2))dr = / (Lo U(), V (2)) da

0h 0h

= — Ah, [,LtagUa . 8gva +,u6‘5Ua . 6'QVB

R0 0,V e+ [ (S0, 9)0) ),V () dor

h
FL

+L ((E(y, VU (), VT (2, +h)) = (X(y, VIU) (), VT (2, —h))] do.
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By inserting the boundary conditions from (3) and recalling that the trace V' of a
vector-function V' € H!(£2" I'l") vanishes on I, we derive that the solution U
to the BVP (3) solves the following variational problem for arbitrary trial function
V e HY (M Th):

/ (103U 0+ 95V + 103U 0 - 0aV g + ADalUoo - 0,V | da
nh
= [ @G0,V ()~ (B =),V (o, =) do
€

—/ (F(x),V(z))dz. (11
Qh

Next note, that the quadratic form (i.e. when V' = U) in the left hand side of the
equality (11) is positive definite in the space H! (2", I'?) and, therefore, defines an
equivalent norm in the Hilbert space H' (2", I'l"). On the other hand, the functional
in the right hand side with a fixed U is bounded in the same space H!(£2", I'!").
Therefore, by the Riesz theorem on functionals in the Hilbert spaces there exists a
unique function U € H! (2", Ff) which defines the functional in (11).

Now let U € H'(£2", I'!") be the solution to the variational problem (5) and
V e HY(O" T ) is arbitrary. A direct verification shows that

1
where 2(U, V) is the bilinear form (cf. (6))
h
2U,V) = / / (105U o - 05V o + 103U o - 0aV g + N0oUo - 0,V | dort
—nJ%
and .# (V) is the functional, defined in (6). Then the equality holds
1
£0,(U) = 32U, U) - #(U) (13)
and, due to the equality (12), Lemma 4
2U,V)—Z(V)=0 forall VeH (2" ") implies
1 C ~ ~
Eon(U + V)~ 60,(U) = 224V, V) > S VIR (@2 ¥V e B (2", Tf).

Then, obviously, U € H'(£2", I'") is the minimizer of the functional &g, (U).
Conversely: Let U € H! (2", I'"") be the minimizer of &g, (V') and the vector-
function V' € H! (2" I'!") be arbitrary. The inequality (cf. (12))

0 < &, (UteV)—&, (U) = {2(U, V)—ﬁ(V)}—k?Q(V, V) VeeR

implies that 2(U, V) = % (V). Indeed, the first summand in the right-hand side
of the equality dominates for small € (positive and negative) and the second is non-
negative. If we assume contrary 2(U, V') # % (V) the difference &, (U +eV') —
&q,, (U) would become negative for certain small €, which is a contradiction. g
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3 I'-limit of the energy functional and main theorem

Main theorem of the present paper, Theorem 4, will be proved later. We commence
with the investigation of the I"-limit of the energy functional &gr (U) in (5).

Let us rewrite the kernel Q(VU) of the quadratic part 24(U) of the energy
functional in (6),(8), (10) by using the equalities (13) and (14) as follows:

Qi(VU) = Q(VU) = p(ZsUa + N ZaUs)’ + i(ZpUa + N5 ZuUa ) (ZaUs
+%@4Uﬁ) + )\(@aUa + %@4(]&)(@3(]5 + %@4U5)

= p[(25U0)? + (24Ua)* + D5Us - DoUs + NoaPD3UaD4Us
+ N3 DaUpDaUs + (24Us)*] + N(DaUa + Z24Us)(ZUs + D4Us)

= u[(2;U)* + 25Us - DaUps + 2432.Us P4U.,]
AN PoUs + 24U4) (25U + 24Uy)

= p[(2.Up)* + 24Up)* + 23Us Do Us + 240.95U0 24Up| + N DaUaP5Us
+220UaZaUs] + (A + p)(ZuUs)*, o, =1,2,3, j,k=1,2,3,4, (1)

since N, Do = 0, N DaUs = Du(NoUy) = D4Uy and Uy = A U,,.

Next we perform the scaling of the variable t = AT, —1 < 7 < 1 in the modified
kernel Q4(VU) of the quadratic part of energy functional (1), divide by h and study
the following kernel in the scaled domain 2% = € x (1,1)

Q° (vmﬁh(g,T)) = %Q4 (VU (2, ht))

18Ua(5r,h7))2

_ P 2
| (@t + (2

—l—.@gUa(%,hT)~@aU5(3{,hT)+2JV5@O(U5(%,}LT)E o7

18U4(%,h7')
h or

1 8Ua(3{,h7)1

+A [@aUa(%, hT)2Ug(2, h7) + 2D Un (2, h)

10U4(2, m)>2 )

+(>\+M)<h 5

where

ﬁh(%v T) = Ul(%v hT)a UQ(%v hT)v U3(<%v hT)a U4(‘%7 hT))Tv U4 = f/VocUoc(:i)

Lemma 5 The scaled and divided by h energy functional

h

~ 1 ~ h
Egn(U) = E@@m(U

)= 52T - D) @
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with the quadratic and linear parts

Qg(ﬁi)/_ll /KQZ (VQ}Lijh(%,T)) dodt

0,50 h ~0 1.~ 0
T (Uz)— [h [g [(Fh,U?L)JrE[(H(%,Jrh),U (2, +h))

~(H (2, ~0). 0" (2, -n)]].
Fo(a,7) = (FO(2, hr), FO(2, hr), FO (2, hr), FO (2, hr)) T,

Hy(2,7) = (H (2, hr), H)(#, hr), H (2, hr), H) (2, b)) T,
H) = ¥, H,, F) = #,F,

is correctly defined on the space H! (021, 1}) (see (4)) and is convex

E0,. (00" +(1— V") <% T" )+ (10 (V), 0<8<1 (5

~h
forarbitrary vector V- (2, 7) := (Vi(2,h7), Vo2, h7), V3(2, h7), Va(2,hT)) T,
V' e Y QY D).

Moreover, ifl~7(,)L(.fK, 7) := F° (2, ht) are uniformly bounded in Ly(£2")

~0
sup [|F,|Lo(£2")]| < oo (6)
h<hgo

for some hog > 0, the energy functional has the following quadratic estimate: there
exist positive constants Cy, Cy and Cs, independent of the parameter h such that

2
10U (2, h1) ~h
C’l/ (2aU; (2, 7)) + (hJGT dr — Co < & (U )
Ql

2

10U (2, ht)

< O ) 2 7#

e 1+/ (ZaU% (2, ) + (h - o
Ql

~h o~
forallU € H(2',17).

~p
Proof: The convexity of the linear part .#°(U ) is trivially obvious and we concen-

~
trate on the convexity of the quadratic part 29(U ). It follows easily from the well
known inequality:

[0a + (1 — 0)b)* = 6%a* + 20(1 — 0)ab + (1 — 0)%b? < 6%a* + 0(1 — 0)(a* + b?)

+(1 - 0)%* = 0a® + (1 — 0)b°.
Thus, the inequality (5) is proved.

For the quadratic part 29 (l~] ) of the energy functional the upper estimate in the
inequality (7) is trivial, while the lower estimate, even with Cy = 0, follows due to
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_h
the inequality (7) since the norms of the vector-functions U (2, ht) and U (2, 1)

are equivalent (cf. Lemma 1).
~p ~p
On the other hand Z°(U ') < C4,29(U ) (i.e., the quadratic part dominates the

~h ~h h

linear part) and the estimate (7) for the difference &3, (U ) = £ 29(U )—Z°(U ")
~h

follows from the proved estimate for 29(U ). O

Theorem 3 Let the weak limits

1
i 9 - y i _ o —h)] = W (4
}llmb F(«,ht)=F(2), ’llmb 5% [H(z,+h)— H(2,—h)]|= H"(2),8)

F,HY e Ly(%)

in Lo (02") and 1Ly (€), respectively, exist. Then the I'-limit of the energy functional
~h
&EQn(U ) exists

r = Jim £,(0") = 62©) = [ @2 (0() do. ©)
where

Qs(0) = p|(ZaTs)(2aTs) + ZsTaPells = vors 75 20T

2\ — —
ppn 2M(%UQ)Q +(F(2)+2HY (2),U(2)) (10)

and
U(z):=U(2),Us(2),Us(2)", Unlz):=Us(2,0), a=1,2,3.

Proof: Since the I'-convergence of the linear part .Z°(U") coincides with the point-

wise convergence of a functional, it is trivial part of the proof and we will only con-
~ h

sider the I'-convergence of the quadratic part o@g( U ) (cf. 4)).

~ R
To check the I'-convergence of the quadratic part 23(U ') first we prove the
lower estimate for its kernel

gg<ﬁ”> > 23(0) ::/ Q3 (U(2)) do, (11)
€

2\ 7T \2

QYT) = %[ (2aU5 + 25Ua)" — p1, DU s 2T | +
For this let us rewrite QY in (2) in the form

Q3 (Vor 0" (#,7) = nl(Zals(o b)) + €2
+ 923U (2, h7) Do Up( 2, h7) + 243D, Up( 2, hT)fa]
+A[DaUal 2, h7)DaUs (2, h7) + 295U (2, h)&a] + (A + w3, (12)
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where the variables

19U (2, hT)

gazga(%th) = ET: 0421,2,3, 54:=/Va€a (13)

depend on h and we will find minimum of the kernel Q9 (V nU(2, T)) with re-

spect to the variables &7, &2, £3. To this end we write the condition of minimum, by
using the equality O¢ &3 = 2£40¢ &4 = 244,€4 (cf. (13)):

9 _
ng(vah) = 2(Ea+ N DaUs) + 20N DU+ 2N+ ) Naba = 0 (14)

for a = 1,2, 3. From (14) follows

0= 85 Q4(VmU ) = 2( Ao + NN DUp) + 20 N0 N0 PpUg

2N + p) Ao Nas = 2084 + 20 DUs + 2(A + p)éa, (15)
Finding &4 from (15) and inserting into (14) we find &,:

A
A+ 2;1,@6UB’

o = —N5(ZaUp) —

§a=— (16)

A

From (16), (17) and (12) we find the minimum Q3 (U ):
Qs(U) = 51“%;“3 Q4 (VmU )
@ Uﬁ -|- Vg(@aﬁg)l/,y(gaﬁ’y) + %Ua%ﬁg

o 520 2:T5)
2)\2 A2

= u[[2.05])" + @BUQ)(%UB)] + 151y (PalUs)(ZaT)

pA?

— 92 — —
N | o \2 a~ o - 2 « @

=l

5(2505)°] = 2005 [m%m) +

+A(@aUa)2 — (@aﬁa>2

272 — A2

— — — — — 2 =
= 1[(2T5) + 2500 Pal s = v, 705 70T, | + 31 (ZaUa)

2
oy (7). (18)

+)\(@aﬁa)2 — (-@aUQ)Z

= | (22T + 25Ua)” = 2050, 2T 2T, +

Thus, the equality (11) is proved.
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To accomplish the proof of the I'-convergence (9) it remains to build a recovery
sequence U" € H'(£2', )

g (2, )i(Uk(% £), Uy (2,1), U5 (2,4),Uf (2,1) T = (U(2),0),
U(??”) (U( ), Us(2)Us(2)) ",

(e = 1,2, 3), along which the quadratic form attains its minimum
lim 29(TU") = 25(U(2)). (19)
hk —0
The first three components of the minimizing sequence UF (2, t), U¥ (2 ,t), UF (2, 1)

should be found from the initial value problem, minimizing the quadratic form (cf.

14)-(17)):

10Uk (2, 1) —

——a = - « « 9 = 172a 9 2

I g v P Ug(2) — o ——v,25Up(2), a 3 (20)
Ul(2,0)=Uq(2), a=1,2,3 1)

and Uf (2 ,t) = No(2)UF(2,t). From (20) and (21) we have for a = 1,2, 3:

Uk (o, 7) = Ua(2) —hkT[Vﬁ%Ug(%H va 25U 7). 22)

A
A+ 2u

~h
By inserting the obtained solutions into the quadratic form 2{(U ) and by send-
ing h;, — 0 we prove that the limit in (9) is attained. (]

Theorem 4 Let F, HY ¢ Ly(%). The vector-function U € H (%) which mini-
mizes the energy functional &3 ( ) in (9)-(10) is a solution to the following boundary
value problem

n [Acgﬁa + gggaﬁg — 2%%01/3@(1?5 - @7 (VQVB@VUﬂ)]

4)\u

A (20250 5 — 250, 25U 5] = 7Fa +HY on ¢, (23)

Us(t)=0 on I'=0¢, a=1,223.

Vice versa: on the solution U € H! (€) to the boundary value problem (23) under
the condition F, HY) € Lo (%), the energy functional & (U ) in (9)-(10) attains the
minimum.

Remark 2 According to the foregoing Theorem 4 the boundary value problem (23)
can be considered as the I'-limit of the BVP (3).
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Proof of Theorem 4: If &3 (U) attains the minimum on the vector-function U and
V = (V1,V2,V3) T € HY(%,I) is arbitrary, then

d g
76U +1V)

t=0

:/ % [Qg(ﬁ_i_tv)+<F(%)+2H(1)(%),ﬁ(%)+tV(%)>} odO
€ .

= / {QM [@5Ua@5Va + .@aﬁg.@ﬂva — Vau/ggvﬁg.@,yva}
€

AAp — — -
P UsD Vo +(F+2HY V) do.
+)\+2‘u@ﬁ 89 +(F + ) >} o

Now we apply formula (8) (we remind that U, (t) = V,(t) = 0 on I’ = 9%) and
get

d oo _ _ _
%éij;((U +1 )‘tzo = — L {QM[QéUa — 23 P8U o + D3P Up
—25v390U 3 — Dy (vav2,U ) + Zji’iguayﬁuvgvﬁﬁ]

A p
A2

+ [.@wggﬁg — Qe%cgl/aggﬁﬁ] —F, — QH(SI) }Va do

= —/ {QM [AcgUa + QBQQU/@ — 2%guﬂ@aﬁg — gv(ual/g.@,yﬁg)]
€

A p

+)\+2,u

(28 DU — 2505 D0Us| — Fo — 2HY }Va do
Since V1, V'3, V3 are arbitrary, from the obtained equality follows that the vector-
function U(2) = (U1(2),Us(2),Us(2))" is a solution to the BVP (23).

The inverse assertion that if U € H!(%) is the solution to the boundary value
problem (23) under the condition F';, H D e L, (%), then the energy functional

&2 (U) in (9)-(10) attains the minimum at U, is proved as in Theorem 2. O

Remark 3 Note, that wﬁen % = {2 C R? is the flat 2-dimensional domain, then the
energy functional &3 (U) in (9) coincides with the density of the energy functional
& (U) of the plane theory of elesticity (see [13], p.16).

Indeed,
&(U) ::/QQQ(U)(x)dx, U= (U,U)"

(see (see [13], p.16), where

VU +vVU' ’2 2\
2 A+2u

VU — (31U1 32U1) .

Q2(U) = 2;4 (trace VU)®, (24)

31U2 82U2
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From (24)

Q2(U) = 2u[(01U1)* 4 (02U2)?] + (81 Uz + 92U )?

2
+ﬁ(81(]1 +32U2)2. (25)

On the other hand, if ' = 2 = 2 C R?, then 23 = 0, v = (0,0,1), #% = 0,
.@1 = 81, .@2 = 82, .@3 = O, U1 = U1, U2 = UQ, U3 = U3 and from (10) we have
Qg(ﬁ) = ﬂ[(@lﬁl)z + (.@1?2)2 + (.@1U3)2 + (92U1)2 + (.@2?2)2
H(22U3)? + (21U1)? + (22U2)* + 2(21U2)(22U,) — (2.U3)?
2\

—(@2?3)2] + m(@1ﬁl + @2?2)2

_ _ _ _ 2\ _ _
= 2,[1,[(81[]1)2 + (82U2)2] + u(@le + 82U1)2 + ﬁ(@lUl + 82U2)2

2
= 2u[(81U1)2 + (92Us)%] + 1u(1Us + 0oU1 )2 + —2E(9,U; + 8,U3)?

A+ 2u
=Q2(U)
and we have verified that Q3(U) = Q2 (U).

Remark 4 Note, that in the case of a flat surface the energy functional &U) =
&»(U) is independent of the displacement in the vertical direction Uz = 0 (cf. (25)).
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