©

Existence of global weak solutions for the high frequency and small

displacement oscillation fluid-structure interactions systems>'<

Lin Shen, Shu Wangt, Yuehong Feng

College of Applied Science, Beijing University of Technology, Ping Le Yuan 100 Beijing 100124, P. R. China;

March 10, 2020
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1 Introduction

We investigate in this paper the existence of global weak solutions for fluid-structure interaction
(FSI) systems, which takes the following form

Utt+V'U:0, :UGQSX(O,T),
v +v-Vu—Av+ Vp =0, z e Qyx(0,T),
V-v=0, z e Qpx(0,T),
v =0, x € Lot X (OaT)a
up = v(z), v el x(0,7T), (1.1)
Vu-n =0, x el x(0,7),
1
—anziv-nv—n-VU—i—pn, x el x(0,7T),
u(z,0) = ug, us(z,0) = uy, x € Qy,
v(z,0) = vy, x € Q.

where u is the displacement of elastic structure, v is the incompressible fluid velocity, p denotes
the pressure of fluid, o = V(a(z)Au) — £|Vu|*Vu is the stress tensor. we consider that elastic
structure €2y and fluid €y is in a fixed connected bounded domain € C R% d = 2,3, and
Qs N Qs = 0, Denote the interface of structure and fluid as I' = 9Q, N 08, the interface of
fluid and total domain © as oy = 9Qf \ I'. n is the outer normal vector of fluids boundary
I', the d-order matrix a(x) satisfies the uniformly elliptic condition. For the derivation of (1.1),,
see [1].

In this paper, we assume no rigid motion and the structure undergoes only the high frequency,
small displacement oscillation. Then, since the motion of FSI is wholly determined by the small
elastic displacement, one may assume that the interface is stationary(see [2] for more informa-
tion). Thus, system (1.1) can simulate the high frequency and small displacement oscillation of
an elastic structure immersed in an incompressible fluid.

The high frequency and small displacement oscillation of a structure immersed in an incom-
pressible fluid have been studied extensively, see [2-5] and therein references. In chapter one,
section 9 of [3], Lions discusses FSI model in geology, which the structure motion is described by
the wave equation u;: — Au = g. The existence of global weak solution has been proved and the
uniqueness in two-dimensional space has been got in [3]. In [2], the structure motion is described

by the following elastodynamics equation with St.Ventant-Kirchhoff elastic material
ug = uV - (Vu + VUT) —AV(V -u) + f.

The existence and uniqueness of the global weak solution have been derived, and the existence of
an L? integrable pressure field has been established after the verification of an inf-sup condition
in [2]. Other related studies about fixed interface can be found in the references [4-10].

When the structure have a rigid motion or large displacement oscillation, the motion would

result in a moving fluid-structure interface. For the existence of solutions for moving FSI prob-



lems, see [11-20] and therein references. For a numerical algorithm for solving moving FSI
problems, see [21-23] and therein references.

In the paper, we are interested in the high frequency and small displacement oscillation FSI
model. The main purpose of this paper is to establish the global existence of the weak solution
to FSI systems in two and three-dimension. The FSI problem with moving interface shall be

addressed in later work.

2 Main results

We begin by specifying our notation. For any given domain Qy, {2, C RYQ =Q, U QT =
QN Qf , we define

LY = (L™(9))", By = (H™ ()",

Ly = (L™(Qp) Hf = (H™(2))",

L™ = (L™(Q)*, H™ = (H™ ()",

L = (L™ (D)% HY = (H™(T))",

Vi = {¢ e H}[y(x) = 0,2 € Touy, V- = 0,2 € Oy},

V3= {¢ e Hjju(2) = 0,0 € Tou, V- = 0,3 € Oy},

V2= {p e HVp-n=0,z €T},

V= {¢6H2|¢(ZIJ) :Oal’eroutvv'ébzovxeQfaVQO'TL:O,xGF}a

(1.6) = [ Fode,(ue)s = [ wpde, ,0) = [ v,

Q Qs Q

Then, we give the weak formulations of (1.1) as follows.
Definition 2.1 (Weak Solution). We say function
ue L>(0,T;V2),v € L®(0,T;L3) N L*(0,T; Vy),
is a weak solution of (1.1) provided

(i) uy € L=(0,T;L2), {us, v} € L2(0,T; V');
(i)
(e, )5 + (@), Ap), + 3 (VU Tu, V),
+ (v, )5+ (v- Vo, )5+ (Vo,Vip)p — %/F(wn)vwdx =0,

for eachcpeVg,z/JGV},w:go,xEF and a.e. 0 <t <T.
(i1i) up = v,x € T x (0,T),u(x,0) = ug,us(z,0) = v,z € Qs x (0,T),v(x,0) = vg,z €
Qf X (O,T)

Remark:(1) Assume ¢ € (C5°(£2))? and 1 = 0, we can deduce (1.1), from (2.1); assume
¥ € (C5°(02y))% and ¢ = 0, we can deduce (1.1),, (1.1), from (2.1).



(2)Multiply (1.1),, (1.1), by ¢, 9, respectively, sum the two equations to find

(s, )s + (a(z)Au, Ap)s + % (|Vu\2Vu, Vgo)s + (v, )+ (v- Vo, )5+ (Vo, V)5
+/ <V (a(z)Au) — 1Vu|2Vu> ndl +/ (p— Vo)nypdl' =0 22
r 2 v r g a

Comparing (2.1) and (2.2), we deduce (1.1)g and (1.1), by using ) = ¢,z € I" and the arbitrari-
ness of ¥, ¢ .

Now, we state our main Theorems as follows.

Theorem 2.1. Assume a(x) € L>(Qy), a(x)A is uniformly elliptic operator , and ug € H?(Qy),u; €
L2(£2),v0 € L2(Qy) ,there exists a solution of (1.1). Moreover

u € L*(0,T;V?),

u; € L>(0,T;L?),

ve L®(0,T;L3) NL*(0,T; V}),
{’U,tt,Ut} € LQ(O,T‘7 V/)

Remark: uniqueness is complex since the coupled FSI systems has strong nonlinear term.

We now briefly outline the proof in the following:

Step 1: employing Galerkin’s method to construct solutions of certain finite-dimensional
approximations to (1.1);

Step 2: using the energy method to find the uniform estimates of the finite-dimensional
approximations solutions;

Step 3: using compactness method to obtain the weak solutions of (1.1), the main difficulty
is dealing with nonlinear terms.

In order to prove Theorem 2.1, we list a few basic tools for bounded domains to be used in the
subsequent sections. We start with the well-known Gagliardo-Nirenberg interpolation inequality
for bounded domains (see, e.g. [24]).

Lemma 2.1. Let Qg C R? be a bounded domain with smooth boundary. Let 1 < p,q,r < oo be

real numbers and j < m be non-negative integers. If a real number « satisfies
1 3 1 m 1
Z_J_ - _ 1 - )=

19 | 1 gy < € ID™ £y 1 Ly + Cll £

where s > 0, and the constants C1 and Cy depend upon Qg and the indices p,q,r,m,j, s only.

<a<l

3 |

Then

L= (0)

According to the Gagliardo-Nirenberg interpolation inequality and trace theorem, we can
deduce the following Lemma without any essential difficulty.



Lemma 2.2. Let Qo C R? be a bounded domain with smooth boundary, % + é =1,0<e< %,
assume ¢ € H2(Qy), ¢ € HY(Qp), then

ellLr (o) < Cl||V<P||Ez(QO)H@HEz(QO) + CallellLzia,) < cllella o)
[6llLee (20) < cllellaz @)

IVellLa,) < clellyg g, < clella @

19lle200) < €slldlly g ) < calldlla-« o).

Lemma 2.3. Let Qy C R? be a bounded domain with smooth boundary Ty, assume ¢ €
H?(Q),p € HY(Qo), thus

lellLeme) < erllpllyy ) < c2llell @), (2.7)
[8llLery) < esllllm(ro) < calldllmz(ny)- (2.8)

Now, we give the Aubin-Lions Lemma (see, e.g. [3] ).

Lemma 2.4. Suppose By, B, By are Banach Space, if
(i){u;}52, is bounded in LP°(0,T; By);
(1i){u; +}32, is bounded in LP*(0,T; By);
(11t) By OO B O By,

then {u;}$2, admits a strongly converging subsequence in LP°(0,T; B), provided py < 0o,p1 > 1.

3 The proof of Theorem 2.1

Step 1: Galerkin approximations

We construct our weak solution by first solving a finite dimensional approximation. Assume
{$;}32, is an orthogonal basis of V, (3.1)

and

{#;}721 is an orthonormal basis of L2 (3.2)
the function ¢; = ¢;(z),z € Qs,¢; = ¢p;(z),x € Qp(j =1,2,---) , ;= pj,z €T
Fix a positive integer m. We will look for function {um,,vm}:[0,7] — V of the form

m

um(t) = Za‘}w(t)wj(x)»vm(t) = Zb;n(t)'d)](l’), (33)

j=1 j=1
where we hope to select the vector a’"(¢),b7"(t)(0 <t < T,j =1,2,---) so that
1
(um,tta <)0j)s + (a(x)Aumv A‘Pj)s + §(|vum|2vum7 ij)s

(3.4)
Jr/r (V(a(m)Aum) - %\VumFVum)mpde =0, "



1
(e, ¥3) + (U - VOm, 5) g + (Vom, Vi) = 5 /F(Um “ N ) U ;dl

1 (3.5)
— /1“ (V(a(w)Aum) — §|Vum\2Vum)mpde =0,
and when m — oo,
= Ugy = Z alpj(z) = ug, in H2(Qy); (3.6)
Um ¢(0) = U = Zﬂmgo] —u1, in L2(Qs); (3.7)
U (0) = Vom = Z’ij% — v, in Lz(Qf). (3.8)

Lemma 3.1. Give a(z),up,u1,vo satisfying the assumptions of Theorem 2.1, for each integer
m=1,2,---, there exists a unique function Um,, vy, of the form (3.3) satisfying (3.4)-(3.8) for
0<t<ty,

Proof. We first note form (3.2) that
(tm,its 5)s = (), (Vm,e, 1) = BT (2)- (3.9)

Let us now define the time-dependent form

1
By [uma@j;t} = (a(x)AumaA(Pj)s + §(|vum|2vum7@j)sv (310)
1
Bolum, @ t] := /1“ (V(a(x)Aum) - §|Vum\2Vum) -n;dl, (3.11)
BB[’Umawj;t] = (vm . V’Um7¢3)f + (V’Um,ij)f (312)
1
B4[’Um7¢j;t] = _5 /(Um . nf)”m'wjdr - B2[um7 @j?t] (313)
r
Furthermore
m 1 m
Bilum, 05 t] = Y _af* (alpi, Agy) + 5 D (@)ool Ver 9, (3.14)
i=1 ik=1
m 1 m
Baltim, 053] = / (X arvieae) -5 3 @ ap Veil*Ver ) -neydl’, (3.15)
=1 i,k=1
Bslvm, s t] i= > WO () (Wi - Vg, )5 + me (Vi Viy)y,  (3.16)
ik=1 i=1
1 m
B [’Umﬂpjv 5 Z b /(d)z nz)wk@[]]dr BQ[umv@jv ] (317)
i,k=1

Then (3.4),(3.5) become the following system of ODE

aj;, tt(t) + Bl[um,go], } + Bg[um,gaj,t] =0, (318)
b;:Lt( )+B3[Um,’(/}j, ]+B4[Um,’(/}j,t] =0. (319)



subject to the initial condition
ai"(0) = af", a3’ (0) = B, bj*(0) = ~j". (3.20)

From (3.14)-(3.17), B;,i = 1,2, 3,4 are the polynomial function of a}*(¢) and b"(t). Since the
polynomial function is Lipschitz continuous, according to standard existence theory for ODE ,
there exists a unique absolutely continuous function a}*, b, j = 1, - ,m satisfying (3.18)-(3.20)
for 0 <t <t :=t(m) . And then u,,, v, defined by (3.3) solves (3.4)-(3.8) for 0 <t < ¢,

Step 2: Energy estimates

Lemma 3.2. Give a(x),up,u1,vo satisfying the assumptions of Theorem 2.1, there exists a

positive constant C, depending only on Qf,Q, T, a(x), such that

”um,tHZL‘X’(O,T;L?(Qs)) + ||Um||2L<x>(o,T;vg) + ||’Um||%°°(0,T;L2(Qf)) + ”UmHiZ(O,T;V}) (3.21)
< C (ol o,y + vz + lvollEzca,) )
form=1,2,---.

Proof. Multiplying equation (3.4) , (3.5) by (aj*(t))¢, b} (t),respectively, summing the re-
sulting two equations, then summing for j = 1,2,--- ,m, recalling p(z) = ¢¥(z),z € I" and (3.3),

we find
(um,tt; um,t)s + Bl [umaum,t; t] + ('Um,ta Um)f + (V'Uma V'U7n)f =0. (322)
for a.e. 0 <t <t,,m=12,---, where (v, - VU, Vm)s — %fr(vm “n)v2,dr = 0 is used.
Furthermore
1d 1d
(U, tts Um,t)s = 9 dtHumt”L2(Q ) s (it ) § = B dt”UmHL? Q) (3.23)

1d
(Vom, Vo) s = vamHi?(wa (|Vum|2vu7navum,t)L2(Q ) = 4dt||vum”L4(Q )

Consequently (3.22) yields the inequality

d < 2 2 2 1 d 2
il QL2 +/ a()| Atp|"da + [Jon|| [Vl +2[[Von|| = 0.
di tilLz(0,) o, L2(9,f) 4dt L4(Q,) L2(Q,)
(3.24)
for a.e. 0 <t <t,,m=1,2,---. Then,we can deduce (3.21), where we used the inequality
At 220, < / o(2)| At [Pz (3.25)
Q

s

which follows from the uniformly elliptic condition.

Remark: Form the Energy estimates, we obtain C is independent on m. Since u(t,,) €
H2(Qy), us(tm) € L2(Qs),v(tm) € L%(Qs) , by using Lemma 3.1, we deduce that there exists a
unique absolutely continuous function a7*,b", j = 1,--- ,m satisfying (3.18)-(3.20) for ¢, <t <
2t,,, and so on, we finally get t,, — T, m — oo.



Lemma 3.3. Give a(z),ug, u1,vo satisfying the assumptions of Theorem 2.1, and assume {Um, 1, Vm,¢
is the solutions of (3.4)-(3.8), thus

{um,tta Um,t} S L2(07 Ta VI) (326)

Proof. For any w € V, we define 7, ¢;, @, as follow

Ut,l‘GQS @],IEQS
n= 'O = (3.27)
v,z € Qy Vi, x € Qf
Qm:V—V, (3.28)
satisfly
Qmw =Y _(w,¢;)¢;,a.e.x € Vg, € Qs | Qmullv < Cllw|lv. (3.29)
j=1

Multiplying (3.4), (3.5) by (w, ¢;)s, (w, ¢;) ¢, respectively, summing for j = 1,2--- ,m, then
we observe that

(nm,tu Qmw) == (a(m)Aum, A(Qmw))g - %(|vum|2vum7 Qmw)s

1 (3.30)
- (Um Vg, Qmw)f - (V’Um, V(Qmw))f + 5 /F(Um : n)vm(Qmw)dF-
Since,
1 1 1
3(0m - Vom 1)y = 5 [ (1)l = 50 Vi 0m). (3.31)

Comparing (3.30) and (3.31), we conclude
1
(nnb,ty Qmw) = - (a(a:)Aum, A(Qmw))s - §(|vu7n|2vunm Q’mw)s

O Vo Q) 5 (0 V(Quut), )y — (Vi V(@)
<C(lla@)l o) |Aum @) 1AQmulia@,) + [ Vim a1 @mtwlea )
+ [omllez@ [Vomllea@n |Q@mwlieo,) + lom s, IV(Qmw) Loy

+ Vom0 1V(@mw) ez, )

<C(llumllvz + lumlyz + vl + o s ) 1Qmwlly

<C(Ilumllvz + Nl + lomlle, + llom s ) ellv-
(3.32)
where (3.29) and Lemma 2.2 are used.
We write w as w = Qpw + (w — Qprw) , and then we have
(nm,h w) = (nm,ta Qmw) + (nm,ta w — Qmw) = (nm,h Qmw) (333)
where (¢;,¢x) =0,5=1,--- ,m,k > m is used. Comparing (3.32) and (3.33), we have
() < ©(Jumlivz + 2 + ol + oy )l (334



Then we deduce
I elive < € (Imllve + Nl + lomlles + lomliE )- (3.35)
According to (3.21) and (3.35), we deduce
Nm.+ is bounded in L?(0,T;V’). (3.36)

Thus,
{UWm,tt, Um ¢} is bounded in LQ(O,T; (Vz)/ X (V})/)

Step 3: Limiting processes and existence of the weak solutions
1. According to the energy estimates (3.21) and (3.36), we see that

Uy, is bounded in L*°(0,T;V?), (3.37)

Up,¢ is bounded in L>(0, T;L32), (3.38)

Um is bounded in L*(0,T;L}) N L*(0,T; V7)), (3.39)
{tUm.tt,Vm ¢ } is bounded in L?(0,T; V). (3.40)

Consequently there exists subsequence {u,,}72 1 C {um o1, {vu}pe1 C {vm}py—1 and function
u € L>(0,T; V?),

up € L=(0,T;L3),

v e L>(0,T;L3) N L*(0,T; V}),

{ug, v} € L*(0,T; V'),

such that

u,, — u weakly * in L>°(0,T;V2), (
. — up weakly * in L>(0,T;L2), (

v, — v weakly in L>(0,T;L3) N L*(0,T; V}), (3.43
{up 11,0} — weakly in L*(0,T; V). (

2. Thanks to Aubin-Lions Lemma, we deduce the following conclusion for 0 < & < %,

u,, — u strong in L>(0,T; H27¢), (3.45)
{up e, v} — {ug, v} strong in L?(0, T; HS € x H}*E). (3.46)

where H2 OO H27¢,L2 00O H;E,H} OO H}_s are used. By using trace theorem, we have

1_
mappings v — v|r is continuous mapping from H}_E to H? “. Then we find

v,|r — v|r strong in L*(0, T; H%_E(I‘)) (3.47)
and in particular

vu|r — v|r strong in L*(0, T; L*(T)). (3.48)



Next we pass to limits as m — oo, let us first prove

/(u# -n)vpdl — /(U -n)vp;dl weakly in L?(0,T).
r r

Denote
/F(v# Yo — (v n)v;dl = I + Iy,
where
B = [ (=) m)oydr
b= [ (0w = o)yar

Thanks to Holder inequality , we have
I < cflvy = vlleam llvplles (o) 195]Le )
Utilizing Lemma 2.3 and (3.48), we have
I — 0, in L?(0,T), as p — oo.
Similarly, we deduce
I, =0, in L*(0,T), as g — 0o.

Combining (3.54) and (3.55), we finally conclude (3.49).

Now we prove when p — oo,

(v, - Vv, i) — (v-Vou,v;); weakly in L*(0,T).

We note that
(vy - Vo, ) p — (v- Vo, ) = I3+ L4
where

Is = (v, — v) - Vo, 5),
I, = (’U V(v — U)’wj)'

Thanks to Holder inequality , we have

Iy < cllop = vlles@pIVoaliz@p 1¥illus ) < ellvn = vllai-[IVoulliez@p [¥llus @)

Utilizing Lemma 2.2 and (3.39), (3.46), we have

I3 — 0, in L?(0,T), as p — oo.
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(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.60)

(3.61)



According to (3.43) and ||’Uk’(/J;»||L§ < ¢, we find
I, — 0, in L*(0,T), as pu — oo. (3.62)

where v* is the k-th component of v, lb; is the i-th component of ;. Combining (3.61) and
(3.62), we finally conclude (3.56).

Now we prove

(IVuu >V, 9;)s = (|Vul*Vu, ;) weakly* in L>(0,T). (3.63)
We note that
(IVuu*Vu, = [Vul*Vu, 9;)s < 3(sup(|Vuul?, [Vul?)|V (w, = )], ;1)
< c(IVuplles@.) + IVullLs@) IV (up — w)llsllejllLe@.) (3.64)
< cluplv, + llullv )V (up = w)llslie;liv,
< ¢l V(uy = u)ls-
Thanks to (3.45) , we deduce
Vu,, — Vu strong in C(0,T;L*(Qs)). (3.65)
Combining (3.64) and (3.65), we finally get (3.63).
According to (3.41)-(3.44), we discover
(up,tta@j)s — (utta@j)s in @/(077—1)’
(e, )5 — (ve,05) ¢ in 2°(0,T), (3.66)
(a(x)Auy, Apj)s — (a(x)Au, Ap;)s weakly * in L>(0,T), '
(Vou, Vibj) g — (Vo, Vip;) s weakly in L*(0,T),
Combining (3.49), (3.56), (3.63), (3.66) , we deduce
1
(uet, 05)s + (a(z)Au, A@j)s + §(|VUI2VU, ©j)s + (Ve ) f
1
+ (v- Vo, ) + (Vo, Vo) 5 — 3 /(v “n)v;dl =0,
r
According to (3.1) and (3.2) , we have
1
(uet, 0)s + (a(x)Au, Ap)  + §(|VMI2VU, ©)s + (v, 1) ¢
(3.67)

+ (0 Vo) + (Y, 99); — 5 / (v nyowdL = 0,

T

for each {p,} € V. Then we can deduce that equation (3.67) holds for each ¢ € V2,9 € V.
3. We must now verify
u(0) = ug, ut(0) = ug, v(0) = vo. (3.68)

11



According to (3.37) - (3.40), we discover

u,, € C(0,T; L)), {ups,v.} € C0,T; V). (3.69)
Then, we have
((0), ©)s = (u(0),0)s
(u,1(0),0)s = (e (0), ¢)s (3.70)
(0u(0), 95) 5 = (0(0),95)
On the other hand, according to (3.6)-(3.8), we find

u,(0) = up, in HQ(QS);
ut(0) = ur,  in L?(9); (3.71)
0u(0) > v, in LA(Q));

Combining (3.70) and (3.71), we deduce (3.68).

Combining the three steps above, we have proved the existence of global weak solutions of

(1.1).
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