LOCAL EXISTENCE AND GLOBAL NONEXISTENCE RESULTS
FOR THE INTEGRO-DIFFERENTIAL DIFFUSION SYSTEM WITH
NONLOCAL NONLINEARITY
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ABSTRACT. In the present paper initial problem for the integro-differential diffu-
sion system with nonlocal nonlinear source is considered. The results on existence
of local mild solutions and nonexistence of global weak solution to the nonlinear
integro-differential diffusion system are presented.
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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

The main goal of the present paper is to obtain results on local existence and global
non-existence for the integro-differential diffusion system

ue(,£) — DY Au(z, £) = ﬁ /0 (t = $) o] 0 (s)ds,

(1.1)
1

S 9 (s

for (z,t) € RN x (0,T) = Qr, subject to the initial conditions

vz, t) — DY P Av(z,t) =

oft

u (2,0) =ug () > 0, v(z,0) =v(z) >0, v €RY, (1.2)
where «, 3,7v,6 € (0,1), p > 1,q > 1, D6‘|t is the left-handed Riemann-Liouville
fractional derivative of order u € (0,1), and I' is the gamma function of Euler.

In the first instance, the nonlinear memory term can be considered as an ap-
proximation of the classical semi-linear parabolic system (see [9] and the references
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therein)
w — Au =P, for z € RNt >0,
(1.3)
v —Av=1ud, for xRN ¢t>0,
where N > 1,p> 1,9 > 1 and
u(z,0) =ug () > 0, v(x,0) =vy(z) >0,v€RY,
since the limit

. 1 —y
lim fa—% = d(s),
exists in the distribution sense, where 9 is the Dirac distribution.
In [6], [7], [8], [22], it is shown that the critical exponent for the case pg > 1 of
problem (1.3) is determined by

v+1 S E’
pg—1 = 2
where v = max{p, q}.

Recently, Kirane et al. in [17] considered the system of non-linear parabolic equa-
tions with non-local diffusions
Uy — aDé‘;O‘Au =P, for x € RN ¢t >0,
v — bDé‘ZBAU =, for x€RY¢t>0,
where a,b > 0 and the exponents p,q > 1 are real numbers, Dg‘ , is the left-handed
Riemann-Liouville fractional derivative of order 0 < p < 1, .
In [6], it is shown that the system does not admit global solutions whenever

N _ min{p® + ¢,q(ap? +1),p(gB + p), pglap + 8 — 1)}
2 pP*g—1)+q(p—1) ’
forap+ > 2, or

N _ min{¢’ +p,p(B¢* + 1), q(pa + q), pg(Bg + o — 1)}
2 ¢*(p—1)+plg—1)
for Bqg+ a > 2.
In the case o = 5 = 1, problem (3.1)-(1.2) coincides with the Cauchy problem for
the semi-linear parabolic system with a nonlinear memory, which who considered by
Kirane et al. in [10]

IN

IN

)

1 t
ug(x,t) — Au(x, t :—/ t—s) v tu(s)ds, zeRN t>0,
o.8) = Bulet) = g [ (=97 oP0(s)
(1.4)
1 t
vi(z,t) — Av(x,t) = m/o (t — )| u(s)ds, xRN t>0,
supplemented with the initial conditions
u(x,0) =ug () > 0, v(z,0) =v(x) >0, v €RY, (1.5)

where ug (z) ,v0 (x) € Co(RY), 7,6 € (0,1) and T is the Euler gamma function.
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It was shown that it
N (2—®p+ﬂ—w%m+1(Q—wq+ﬂ—ﬁmq+1}

— < maX{ ,
2 pqg—1 pqg—1

then the mild solution (u,v) of (1.4)-(1.5) blows up in a finite time.
Later on, Fino and Kirane [9] studied the spatio-temporally nonlinear parabolic
equation

[N
—_

u(z,t) + (—A)2u(x, t) = > /Ot (t—8) |uftu(s)ds xRN ¢t >0,

ra-
u(z,0) = uo(z), = € RN
(1.6)

They showed that
(Z) : For Ug € Co(RN),'U,O > O,UO 7_é O, if

2 — 1
B2 —-7) P o<t
(N =B+ B7)+
then all solutions of problem (1.6) blows up in finite time.
(ii) : For ug € Co(RY) N LP=<(RY), where p,. = N(p —1)/8(2 —~), if

B2 -7) ,1}

(N=B+Bv)+ )

and ||ug || zrse (myy is sufficiently small, then u exists globally.
In the case of a single equation

1 / ' - —1 N

— | (t—s) P u(s)ds zeRY, t>0, (L.7)
I'(1—7) Jo

Cazenave et al. [1] addressed (with suitable change of variables) the local existence,
global existence and blow-up questions while in the paper of Fino and Kirane [9], one
can find the blow-up rate of solutions and the necessary conditions for local or global
existence.

It was proven in [4], for u € C([0, Tiax), Co(RY)),0 <~ < 1,p > 1 with

p<1l+

p > max{l +

u(z,t) — Au(x,t) =

P PP ks
U ) VY
and
1
Dy = max{;,pv} € (0, 00),
that

(i) : If p < ps, and uy € Co(RY), 1wy > 0,ug # 0, ,then u blows up in finite time.

(#4) : If p > p., and ug € L% (RY) (where gsc = N(p—1)/(4—27)) and |[uo||poee
is sufficiently small, then u exists globally.

We also note that integro-differential diffusion equations of type (3.1) were studied
in [2, 5, 11, 12, 20, 16, 19, 23)].

The method used to prove the blow-up theorem is the test function method of
Mitidieri and Pohozaev [21], Kirane et al. [14], [18].
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2. PRELIMINARIES

Definition 2.1. [15] The left and right Riemann-Liouville fractional integrals I§, f(t)

and Iy f(t) of order a € R (o > 0), for all f(¢) € L%(0,T))(1 < g < 00), we defined

as
I5,0(t) = ﬁ [a-9r)as
0
and
]‘ / a—1
() = e / (s — )" f(s)ds,
respectively.

Definition 2.2. [15] If f(t) € C([0,T]) the left-handed and right-handed Riemann-
Liouville fractional derivatives Df, f(t) and Dfj,.f(t) of order a € (0, 1) are defined
by

11—« _ 1 / —a
D§uf(1) = DI () = =y P / (1= 5)7f (s) ds

and

Dl (1) = ~DI" ) =~ D [ (5= 070 (5) s

d
for all f(t) € [0,T], where D := 7 is the usual time derivative.

Definition 2.3. [15] The left and right Caputo fractional derivatives of order o € R
(0 < a < 1), for an absolute continuous function f are defined, respectively, by

:litf(t) B m;_a)/(tﬂ)‘“f’ (s)ds, Vte (0,T],

0

Oltf( ) = ]é\ta

and

Dl () = ~Ii" 50 = ~pr—y [ (=07 () ds. Ve e 0.7).

t

Property 2.4. Let a« > 0,p > 1,¢ > 1 and 1/p+1/q < 1+ a. If f(t) €
LP(0,T),g(t) € L90,T), then we have the formula of integration by parts (see [15],

Lemma 2.7. page 76)
T T
[ sl = [ szl
0 0
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Property 2.5. For any f(t) € AC?[0;T], we have (see (2.2.30) in [15] )
—D - Dijpf(t) = Dy f(#),

¢
where
AC?[0;T) :={f(t) : [0;T] — R such that Df(t) € AC[0;T]}.
Property 2.6. If f(t) € L4(0,7) (1 < g < o0), then the following equality (see [15],
Lemma 2.4 p.74)
oelof(t) = f(b),
holds almost everywhere on [0, T7.

Later on, we will use the following results (see [13]).
If 4 (t) = (1— %)t >0,T7 > 0,0 > 1, then

—a - (Oé + O')F(O' + 1) o ¢ o+a—1
Dyt (t) = Ftato) 7ot (1 — ?) : (2.1)
—a (Oé +0— 1)(@ + O')F(O' + ]_) o ¢ ota—2
Dir"n(®) = Il—a+to) T (1 - T) . (22
- —1nr -1 otaty—2
Dtl|;aDtl|T7w1(t) _ (U ‘;'(Ya - C)r —EO"Y—}‘_'Vl) )TOH*’Y*Q <1 _ %) : (23)
for all a € (0,1); so
(Di&%) (T) =0, (D§|;w1) (0) = CT**, (2.4)
_(a+o)l(c+1)
where C' = Tltato)

3. LOCAL EXISTENCE

Definition 3.1. (Mild solution). Let ug,vg € Co(RY),T > 0 and p,q > 1 .
We say that u,v € Co(RY,C([0,T]) x Co(RY,C([0,T]) is a mild solution of the
system (3.1)-(1.2), if u and v satisfy the following integral equations [see[3], Th. 2.5]

t
wwt) = [ Gyt [ [ G-t 0l (o oy

t
vt = [ Ga-nuGdi+ [ [ G vt= R G dyar

(3.1)
for ¢ € [0, T], where

1 .
G (z,t) = L /R ) e By (—€7tY) dé.

Theorem 3.2. (Local existence). Given ug,vy € Co(RY) and p,q > 1, there ex-
ist a mazimal time T > 0 and a unique mild solution (u,v) € Co(RY,C[0,T)) x
Co(RN, C10,T)) to the system (3.1)-(1.2).
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Proof. For arbitrary T' > 0, we define the Banach space
By = {(u,v) € Co(RY,C[0,T)) x Co(RY,C[0,T));
[1(w, 0)llBr < 2(]| wo [|ze@yy + 1| vo @)}, (3.2)

where || - || = || - [~y and || - || 5, is the norm of By defined by
[(w, 0)|[Br =l wlli + [ v 1= w [|zoo @ zocfory) + 1| 0 Lo @ Locfor)) -
Next, for every (u,v) € By, we introduce the map ¥ defined on By by
qj(“’a U) = (\Ijl(uvv)7 \IJQ(UW 'U))a

where

Uy (u,v) = /RN G (r —y,t)uo (y) dy

¢
+ / / G(x—y,t— T)Ié|;7(|v|p_1v)dydr, t € 10,77,
0 JRN
and

Uy (u,v) = G(x—y,t)v (y)dy

RN
t

—l—/ / G(r—y,t— T)[é|;5(|u]q_1u)dyd7, t € 0,7).
0 JRN

We will prove the local existence by the Banach fixed point theorem.
e Let ¥ : Br — By and (u,v) € By, according to Lemma 2.2 in [3], we obtain

1 t S
N < o+ =——m—m —7)7 P drds|| e
190}l < ool + =1 [ [ (6 = 7o) etrdslimn
1 t s 5
o — — ) 1 drds|
sl + gzl [ [ =) sl
1 t t
< gl + ———— _ ) P dsdr| pe
< ol + gl [ [ (6= 7o) sl

1 t t B
+lwle+ gl [ [ 6= ) dsdrlimn
0 Jr
< Jutolloo + T ol + llglloc + CT

where o ) ) .
T 0-y)@2-T(1-9) TB-9)

1 1
(1-86)(2-0I(1—46) T(3-90)

CQ =

As (u,v) € By, we get
1 (u, 0)] | < Nlolloo + CrT2 0]} + [Jolloo + CoT°[Jull{
< [uolloo + [lvo]loo + max{ CYT* o7~ CaT?~°ull T }([[ollr + [full:)
< (lJuolloo + llvolloe) + 27 (uo, vo) ([|uollse + f[volloc),
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where

T(uo, vo) = max{CLT*72" " (||uoloo + [[olloe)” ™ CoT* 7277 ([fuuoloc + [lwollc) ™™}
If we choose T' small enough such that
2T(U0,U0) S 1, (33)

we conclude that ||[U(u)|; < 2(]|uol|co + ||v0||oo) and hence ¥(u,v) € Br.
e Let W is a contraction map: For (u,v), (@,0) € By , we have the estimate

Sl e

V(a,0)||p, < =7

el fro

1
I'(1—7)

e A

= 7 [Jo~ o = (o710 + CoT* [l ™M — @l

19 (u,v) =

NP~ o(r) = (81 0(7) loodrds | oo,

|l u(r) — |@]" a(7) || sedrds|| oo,y

(s — 7)o~ to(r) — |T)|p_117(7—)||OodeT||Loo[07T]

Jul " u(r) — |@| A7) sodsdr]| oofory

Now, by the same computations as above, we obtain
19w, v) = (@, )5, < Tl — [5,
+ CoT? [ Jul ™ — [a] "y
< CE)CT (0"l + [0 ) v = 9]l
+C(Q)CoT ([ la + llal ™) lJu — all
< 2C(p, )T (uo, vo)|[(u, v) — (@, )|

1 -
< Sl v) = (@ o),
thanks to the following inequality
[|ulP~u — [oP~to| < Clp)|u — ] (Juf~" + [v~") (3.4)

T is chosen such that

max{2C(p, q), VT (uo, vo) < % (3.5)

According to the Banach fixed point theorem, the system (3.1)-(1.2) admits a
unique mild solution (u,v) € Br .
We can reiterate the process until we reach a maximal time T, for which we have

the alternatives.

4. GLOBAL NONEXISTENCE

Definition 4.1. (Weak solution).
Let up,vo € LSS (RY), and T' > 0. Then, we say that

(u,v) € L2 (RN, L9(0,T)) x L2 (RY, L9(0,T))

loc loc
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is a weak solution of the system (3.1)-(1.2) if

/uogp z,0) dm+/ / o T(vP)pdxdt
RN
T T
—/ / DtlT"‘Agpdxdt—/ / wpdzdt, (4.1)
o Jry 0o JrN
and

/vozp z,0) da;+/ / Ly, (ut)pdadt
T
/ / UD§|T5A¢dxdt— / / vipydxdt, (4.2)
RN 0 RN

for any function ¢, € C*(RY, C1[0,T]) such that o(z,T) = ¥ (z,T) = 0.

Lemma 4.2. (Mild — Weak solution)
Assume ug, vy € Co(RY), let u,v € Co(RYN, C[0,T)) be a mild solution of (3.1)-(1.2),
then (u,v) is also a weak solution to the system (3.1)-(1.2).

For the proof of Lemma (4.2), see [[10], Lemma 4.2].

Theorem 4.3. Let p > 1, ¢ > 1. Suppose that

ﬂSmax{(2—5)p+(1—v)pq+17(2—7)q+(1—5)pq+1}.
pg—1 pg—1

2

Then, the system (3.1)-(1.2) does not admit nontrivial global nonnegative weak solu-
tions.

Proof. The proof is by contradiction. Suppose that (u,v) is a global mild solution
o (3.1)-(1.2), then (u,v) is a solution of (3.1)-(1.2) where u,v € Co(RY,C|0;T]),
such that u(t),v(t) > 0 for all t € [0;T], T > 1.

Let us choose as in [10]

p(x,t) = Dy @, 1) = Dy (@1 (2)pa(t))

and
Y(z,t) = Dt|T P(z,t) = Dt1|T(S (901(37)902(t)) 5
with
|z
pi(z) =0 (m ;
and
t n
(,02(15) = (1 — T) y
where [ > %,n > 1 and the function ® is a smooth nonnegative non-
p— g —

increasing function such that

ifo<z<1
O(2) = ?O_Z_’
0, if 2> 2
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and 0 < P(2) <1, z | P'(2) |< C4, for all z > 0.
Using (2.4), we obtain

/ uo Dy ¢ (, 0) + / Ly (W) Dy d = — / uAD " Dy G — / uDD,;"3, (4.3)

Q QT QT QT
and
/ v Dy’ @, 0) + / L (u) D’ = — / vAD "Dy’ % - / vDDy 3, (44)
Q QT QT QT
where
Qr=[0,T]| xQ for Q={xe RN |z < 2T1/2}7 /: /dacdt,/ = /dx.
Qr Qr Q Q

Moreover, using Property (2.4) and (2.4) in the left-hand side of (4.3) and (4.4),
and Property (2.5) in the right-hand side, we get

cT" l/uoapl /D0|t O‘t /UADtﬁTO‘DﬂT go—i—/th'T &,

QT QT
and
Tt / vl + / Dg‘f Igl,f ul)p = / UADtl‘TBDt'T @+ / uDﬂT P.
Q Qr Qp

Furthermore, from Property (2.6) we obtain

/vpg5+C’T7_1/uogol1 /uADtlTO‘Dt?gp—I—/thT P,
Qr Q Qr Qr
and
/qu5+C’T51/vogoll(1:) /UAD;TBD;'T‘S@jL/thT Q.
Q Qr Qr
The inequality (—A)(¢}) < Ipl71(=A)yp; allows us to write:
/ v'g+CT / uoph < C / (= A)p1 Dy Dy o
QT Q QT
+/u§01Dt|T Y2

G (4.5)
<c / w161 (—A)p Dl Dl
Qp
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and

/ W5+ 0T / e / vt (=AY D Dlds)
Q

Qp

+/U<P1DtT P2

Qr

<C / v PE PO (= A) 1 Dy DY

+ / v@ PE PG D,

Hence, as ug, vy > 0, using Holder’s inequality, we obtain

1/q
/vp(a:,t)gé(x,t) < /uq(x,t)gé(x,t) - A,
Qr Qp
and
1/p
/ w9 (2, )3z, 1) < / P et | - B

where we have set

1/¢'

1/¢

!

g
/80 Py ‘AQDIDE\TaDﬂT ol

1/p'

/ P1|Dt‘T902|l

Qp
1/p'

/90 0y 71|A901Dt|T Dt\T 902|p

e o
and (
|
:

with p’:= p/(p—1) and ¢’ := ¢/(q — 1).

(4.6)

(4.8)
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Now, combining the terms in (4.5) and (4.6), we obtain

1-1/pq
[z < BV A,
Qr
1 1/pg (4.9)
/ (2, )3z, ) < A B.
Qr

At this stage, we introduce the scaled variables: 7 = T, & = T~Y2z; then, we have

A = 0TI 0-20+0+ D) | opl-itaty=2)d+0+ 3]

(4.10)

1
',

B .= cTI0-2P+1+ Dy | orpl-1+B+5-2p'+5)]

It can easily seen that
y=2>-14+a+~v—2
and
0—2>—-14+840d—2,

for 0 < a, 3,7, < 1.
Using (2.1) and (2.2) in the right-hand side of the terms in (4.7), we obtain the

estimates

1-1/pq
JEEe <o,
Qp
. (4.11)
[tz <cr*,
Qp
where
N 1 N 1
— ((5—2) Vs (=2 +(1+=))= 4.12
" ((5 Q)IML(le?))p’qu((7 Q)Q+( +2))CJ” (4.12)
and

0y = ((7 —-2)¢ + (1 + g))piq, + ((5 —2)p' + (1 + g))% (4.13)

We have to consider three cases:
e The case 0; < 0 (resp., # < 0): we pass to the limit in (4.8), as T — oo; we
obtain

T
lim / / VP (x,t)@(z, t)dzdt = 0,
0

T—o0
|z|<2T1/2

T
resp., Tlgn / / u(x, t)p(x, t)dzdt = 0.
> Jo

|z|<2Tt/2
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According to the Lebesgue dominated convergence theorem, the continuity in time
and space of v (resp., u) and using the fact that ¢(x,t) — 1 as T' — oo, we obtain

/ /vpxtdwdt—Oév:O

resp.,/ /uq(x,t)dxdt =0=u=0.
0

RN
Contradiction.
e The case 0; = 0 (resp., O = 0): using inequality (4.8) as T' — oo, we infer that

v € LP((0;00); LP(RY)),
resp., u € L((0;00); LY(RY)).
Then, we follow the idea of [10]. So, we take
pi(x) = D(|j|/(B72T2))
instead of the one chosen above, where 1 < B < T is large enough such that when
T — oo we do not have B — oo at the same time.

Then, by repeating the same calculation as above and taking into account the
support of Ay, and if we let

Sp=[0,T] x {z € RV;|2| < 2B 272}
Ap = [0,T] x {x € RN; BT/?TY2 < |z| < 2B7/27Y/2} .
We obtain as in (4.3)-(4.4)

/vpgbd:z:dt < C/ucpl/qu 1/qg01|Dt|T poldxdt

(4.14)

3B

(4.15)
+€ [ ughag (- A)g Dl Dl paldad,
and
/u%ﬁdwdt < C’/vg?)l/pgp 1/pc,01|D s gogldxdt
»p s (4.16)
+C [ ughrg (-8 Dl Dl gl
Ap

On the other hand, as (u,v) is a global solution, then w and v satisfies (4.1)-(4.2)
locally and in particular on Apg:

/vpgbdxdtg C’/u@l/qgo 1/qg01|Dt|T poldxdt

o (4.17)

—I—C/u@l/qSO 1/q I— 1|( )901|Dt|TaDtl\T’Y(p2|dIdt7
Ap
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and

/uqéda:dt < C/vgbl/pgéUpgpll\DfT‘sgog]dxdt
An Ao (4.18)
+C [ ugtrg (-8 Dl Dl
Ap

At this stage, we set

U, = / ulpdxdt,
2n

Uy = /qubdasdt,
Ap

and

V= / vPodrdt,
2B

Vy 1= /'Upgédxdt.
Ap

Then, using Holders inequality in (37)(38) and (39)(40), we obtain
Vi SUMIA + UVC,

(4.19)
Uy < WVVPB M0,
and
Vo < U1 Ay + UM C,
{ (4.20)
Us < VoM PBy + VM0,

where we have set

1/q'
__1_ _ ’
P12 71Dy gl dxdt) ;

_ 1 _ ’
o T | Dyl dwdt)

1/¢
b
/v’
)

~— b P

1
1 _ /
o102 | Dir pal? dwdt)

1 /
1 —%1 D275 p/d d v
P1p2 1 | tT 902| xdt )
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and
1 / 1 1 1 / l/q/
C = C’( /gpl 1 gpfﬁ|(—A)g01]Dt‘}“Dt|ngo2|q dxdt) )
Ap
I-p' -1 1 1-5 ! v
Cy = C( /gpl Pt |(—A)¢1|Dt|}O‘Dt|} a? dmdt) .
Ap
Combining the terms in (4.19) and (4.20), we get
Vi < VIMPIBMIAL - VP, VMBI, 4 Ve, (4.21)
and
U, < Z/{ll/zoq‘All/zDB1 +u21/pqcll/p31 +U21/qu21/pCQ —1—7/121/’”1611/”02. (4.22)

To estimate the first term in the right-hand side of (4.21) and (4.22), we apply
Young’s inequality

1 - 1 pq
abg—a”q+pq bra=1 p>1, q¢>1,
pq pq
with
a= yll/pq7
b=B"1A,,
and
a = ull/pq’
b= All/pBl.

This leads us

1 -1
(1 - p_q) Vl S pqpq Bl pqzll .A1 p531 + VQl/pq[C21/qA1 + 821/qC1 + Cgl/qu],

and

1 —1
<1 - p_q)ul S pqpq Alpq(illgl% +u21/pq[cll/p81 +A21/pc2 —|—Cll/p02].

Taking into account the definition of ¢ and applying the following change of vari-
ables 7 = T~ 't,& = T~Y2B"Y27 in the integrals in A;, B; and C;(i = 1,2), we get

V) < CT"5a 1 BMs 1 4 VP [CT% B  CT% B + CT" B™),

and
Uy < CT"5 1 BM3t 4 Uy /P CT" B* + CT B* + CT% B™],

(

_ N[ 1
771-——3(17(]4-?),
—1_N( 1 4 1

2 =4 2(p’q+q’

where

nz:=1-—

—— 1_N( L1 4 1
N = 1+ q 2 <p’q q/))

\
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and

\

Let us recall that 6; = 0 (resp., #2 = 0) implies that

V) < CB™w1 £ V,M/M[CB™ 1 CB™ + CB™),
resp., Uy < CBM51 4+ Uy /P[CB* + CB* + CB*]. (4.23)
Now, as v € LP(0, 00; LP(RY)), (resp., u € L4(0, 0o; LY(RY))), we have

Tlg](f)lo Vo, =0 (resp.,qlggoug =0).

Taking the limit as 7' — oo in (4.23) and using the Lebesgue dominated convergence
theorem, we conclude that

T
/ / vP(z, t)dadt < CBMpa1
o Jry

T
(resp.,/ / uwl(z, t)dedt < C’B‘“szl).
o Jrw

Finally, as 71 < 0 and uy < 0, taking the limit as B — oo in (4.24), and using the
continuity of u and v, we conclude that v = 0 or v = 0, and (4.19)-(4.20) implies
that u = v = 0, which is a contradiction.

e For the case p < 1/v and ¢ < 1/, we repeat the same argument as in the case
01 < 0 or 03 < 0 by choosing this time the test function as follows:

Pz, 1) = (a(2)) (1),
where ¢1(x) = ®(|z|/R), p2(t) = (1 —t/T)",r > 1 and R € (0,T) large enough such
that when T' — oo we do not have R — oo at the same time; the function ® is the
same as above.
After that, similar as in (4.9), we can get

(4.24)

1-1/pq
/vp(x,t)@(a:,t)dxdt < EYaD,
C
! . (4.25)
/uq(x,t)gé(x,t)dxdt < D'’E,
Cr

where
Cr:=[0;T] x {x € RY;|z| < 2R},
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1/¢'

D:=C /cpl<p2 ot |Dt|T o7 dadt
Cr
) 1/q
+C /@V¢?1M%WﬁD%@ﬁ®w :
Cr
and
1/p
E:=C /901902 ot |Dt|T 902‘p/d$dt
Cr
1 1/
+C /@V%?”M%@fQWWVMﬁ
Cr
Then, the scaled variables ¢ = R™'z, 7 = Tt and (2.2)-(2.4) allow us to write:
1-1/pq
/vp(x t)p(x, t)dxdt < C(T,R),
Cr
and (4.26)
1-1/pq
/uq(x t)p(x, t)dxdt < (T, R),
Cr
where
C\(T,R) = CTY R*" + CTR" + CT® R + CT“R™,
and
Co(T,R) = CT** R + CT*2R% 4+ CT**R% + CT*“*R™,
with
(( (1=
Ca:
G
( Ca:

(

L+ d—2+ L +v-2;
FHO—2]+ 5+ —2+al;
F+ 0 =248+ [ +7—2;
70 —=24 8]+ [5+7 -2+
Y—2+ 2]+ [ -2+ ]
v=2+ g+ ety =2+ 7
5+5_x+]+w—2+ﬁ
B+6—2+ Lwa+7—2+ =1

A\

ST S T R T N e N e N el Ll L
SAECA S

w1 .

Wy

Wi

———— T

Wy
and

P1 =
P2 "= g .
P33:—/+5[
P4 = y_
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‘913 %4‘%7
02 :F+F_2’
. ngq’ N7

Taking the limit as T"— oo and using the fact that

1 1

<—-&-=-<1-90
p 5 %

and

1 1

§<-e=<1-79,
v q

/ / vP@(x, t)dxdt =0
0 |z|<2R

/ / wip(x, t)dxdt = 0.
0 |z|<2R

Finally, by letting R — oo, we get a contradiction with the fact that u(z,t) > 0
and v(z,t) > 0 for all z € RN, ¢ > 0. This leads to u(x,t) = v(x,t) = 0.
The requirement ¢, < 0 in (4.12)

N 2—90 1— 1 (2— 1—96 1

—gmax{( )p+ (1 = 7)pg + ,( 7)g+ (1 —d)pg + }
2 pq—1 pg—1

provides us with a critical exponent which coincides with the well-known Fujita ex-

ponent in case d =2,7v=1,gq=1and v=2,0 = 1,p = 1, respectively.

from (4.26) implies

and
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