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1 | INTRODUCTION

Abstract

In this paper, we would like to consider the Cauchy problem for semi-linear o-
evolution equations with time-dependent damping for any ¢ > 1. Motivated strongly
by the classification of damping terms in the paper=%, the first main goal of the present
work is to make some generalizations from ¢ = 1 to o > 1 and simultaneously to
investigate decay estimates for solutions to the corresponding linear equations in the
so-called effective damping cases. For the next main goals, we are going not only to
prove the global well-posedness property of small data solutions but also to indicate
blow-up results for solutions to the semi-linear problem. In this concern, the novelty
which should be recognized is that the application of a modified test function com-
bined with a judicious choice of test functions gives blow-up phenomena and upper
bound estimates for lifespan in both the subcritical case and the critical case, where
o is assumed to be any fractional number. Finally, lower bound estimates for lifespan

in some spatial dimensions are also established to find out their sharp results.

KEYWORDS:
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estimates

1.1 | Background of the damped wave equations

Let us sketch out some historical background of the damped wave equations with constant and time-dependent coefficients. We
start with the following Cauchy problem for the semi-linear classical damped wave equation:

with p > 1. At first, recalling the two pioneering papers

u, — Au+u, = |ul?,
u(0,x) = ug(x), u,(0,x) =u;(x), xe€R",

9 0? Rn’
(t,x) € [0,00) X 0

2728 since 1976, which devotes to the study of decay estimates for

solutions to the corresponding linear equation of (IJ), one recognizes that the author also established the asymptotic behavior of
solutions to (1) thanks to the presence of the damping term u,. By denoting the so-called Fujita exponent

2
(n) :=1+-,
pFuJ(n) n

which is the critical exponent of the corresponding semi-linear heat equations (see’® and references therein), the authors in
proved a global (in time) existence result for energy solutions to (I) by assuming compactly supported small, data when p >
Pryi(1) and p < # if n > 3. Moreover, the authors also established a blow-up result for 1 < p < Pryi(1) by assuming that the
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small initial data satisfy some integral sign conditions. Later in“?, the author showed that the critical case p = Pryj(n) belongs
to the blow-up region by applying the so-called test function method, which was originally developed in''. This method bases
on a contradiction argument and yields sharp exponents for models with a parabolic like decay for solutions. When the blow-up
phenomenon in finite time occurs, the sharp lifespan estimates, i.e. the maximal existence time of solutions, for (I)) in all spatial
dimensions have been investigated in numerous papers 2122220 namely,

2(p=1)

Ce -1 if l<p< PFuj(”)’
exp (Ce~®™D) if p = pg,(n).

LifeSpan(u) ~ {

Here the positive constant € presents the size of initial data and C = C(n, p, u,, u,) is a positive constant independent of €. For
this reason, we can say that in some sense the study of (I)) seems to be completed in 2019.
A further problem of interest is the Cauchy problem for the linear wave equation with time-dependent dissipation

u, — Au+ b(t)u, =0, (t,x) € [0, 0) X R", o)
u(0, x) = ug(x), u,(0,x) =u;(x), xe€R".

The term b(t)u, is called the damping term, which prevents the motion of the wave and reduces its energy, in addition, the

coefficient b = b(f) represents the strength of the damping. Asymptotic behavior of solutions and their wave energy change

according to the positive coefficient b = b(¢) in the damping term. In“#3#  the author proposed a classification of the time-

dependent dissipation terms in the following ways:

e Scattering producing to the free wave equation,
e Non-effective dissipation,

e Effective dissipation,

e Over-damping producing.

If the solution behaves asymptotically like that of the wave equation, then the solution scatters to that of the free wave equation
ast — oo. This case is called a scattering producing case. If the L? — L4 estimates, with 1 < p < ¢ < oo, for the solution to
(@) are closely related to those for the solution to the free wave equation, then the damping term is called non-effective. If the
solution to (2) has the same decay behavior as that to the corresponding parabolic Cauchy problem

1 "
v, = %Av, (t,x) € 10,00) X R",

v(0,x) = vy(x), x € R”,

where v, = vy(x) depending on uy, u, is suitably chosen, then the damping term is called effective. Finally, if the energy of
solutions has no any decay estimate, then the damping term is called over-damping producing.
Next, we consider the following Cauchy problem for semi-linear time-dependent damped wave equation:

{un—Au+mnW:|ma (t,x) € [0, 0) X R",

(3)
u(0, x) = ug(x), u,(0,x) =u;(x), xeR".

In%, the authors proved that the critical exponent for solutions to (B) with the special effective damping term
b(Hu, = u(1 +t)Pu,

for a constant 4 > 0 and # € (—1, 1) remains the same as that to (T)), provided that the small initial data have compact support.
This means that the authors have obtained a blow-up resultif 1 < p < pg,;(n) and a global (in time) existence one if p > pg,;(n).
Later, a global (in time) existence result for (3)) was extended in® to more general cases of b(f) satisfying a monotonicity condition
and a polynomial-like behavior. Moreover, the authors relaxed the assumption of compactly supported data by considering
exponentially weighted energy spaces. In particular, the global (in time) existence holds for p > pg,j(n) and p < # with
n > 3, where the initial data are assumed to be small in exponentially weighted energy spaces. The authors in® treated both the
subcritical case 1 < p < pg,j(n) and the critical case p = pg;(n) by developing a modified test function method. They showed
that there is no global (in time) existence of small data solutions under a suitable sign assumption of the initial data Regarding
the so-called scale-invariant damping, i.e. § = 1, on the one hand we want to underline that a blow-up result was given in
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whenl < p<pg(n+p)and u € (O, %) Here pg(n) stands for the well-known Strauss exponent, which is the positive root

of the quadratic equation (n — 1)p> — (n + 1)p — 2 = 0. On the other hand, the authors in”” succeeded in both proving global
existence of solutions and determining the critical exponent in the very special situation of ¢ = 2. For the so-called scattering
damping § > 1, we refer the interested readers to* for a blow-up result, provided that the condition 1 < p < p s(n) holds.
Speaking more about the critical exponent when f < —1, one should recognize that this situation is completely different from
these previous ones. More precisely, the authors in“? indicated that the small data solution always exists globally for any p > 1,
i.e., the critical exponent really disappears in the mentioned case. Among other things, sharp lifespan estimates for solutions to
(@) in the critical case p = Pryj(n) were reported in'®, where b(¢) = (1 + t)™? with p € [—1, 1). Quite recently, the authors in“!
investigated blow-up results together with sharp lifespan estimates for (3)) in both the subcritical case and the critical case when
more general damping coefficients are considered including

bty=1+1, b =(1+1)(1+logl+1) andsoon.

1.2 | Main purpose of this paper

This paper is concerned with studying the following semi-linear o-evolution equations with general time-dependent damping

in the whole space:

{un(t, x) + (=A)u(t, x) + b()u,(t, x) = |u(t, x)|?, (t,x) €[0,00) X R", @
u(0, x) = ug(x), u,(0,x) =u(x), x € R",

where ¢ > 1 is assumed to be any fractional number and p > 1. In the present manuscript, we suppose that the dissipation term

b(t)u, satisfies the so-called effective assumptions in the following definition according to the classification given in“%,

Definition 1 (Effective dissipation). If the strictly positive function b = b(t) satisfies

B1) b e ([0, ), (B4) % ¢ L'([0,)),

(B2) /(1) does not change its sign and th(f) = oo ast — oo, B5) (1+ t)2b(t))“ € L'([0, ).
(k)

@y Ol 1 oot

bt) T (1+1)k
then the damping term b(¢)u, is called effective. These assumptions will be helpful in Sections Additionally, we would like
to propose one more assumption for b = b(t), which plays a significant role in the blow-up result and the estimates for lifespan
in Sections [5]and [f] later, as follows:

/
(B-L) B, :=limsup b @)
t—o0 bz(t)

Example 1.1. Let us give several typical examples of b = b(r) enjoying the conditions (B1)-(B5) of Definition [I}

e« b()=(1+07F withp €[-1,1),

« b(0) = u(1 +1)~P(log(e + 1) with u > 0, f € (=1,1) and y # 0.
Moreover, the following functions fulfill the assumption (B-L):

o b()=u(1 +1)P withu >0and g € [-1,1).

o b(t) = pu(1 + 1)~ with u > 1.

e b(t) = ka(t) withm >2,¢,(t()=1+tand ¢, =1+ log (fk(t)) fork=1,2,---,m—1.
k=1
To the best of authors’ knowledge, it seems that there are not so many papers in terms of the study of (@) for any fractional
number ¢ > 1 at present. Let us mention briefly several recent contributions related to @), namely, the following linear model
is of our attention:

{u,,(t, x) + (=A)°u(t, x) + b(1)(=A)°u,(t,x) =0, (t,x) € [0,00) X R", 5)

u(0, x) = ug(x), u,(0,x) =u;(x), x € R",
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withe > 1and § € (0, o). The authors in"#!°17 succeeded in deriving some L? — L9 estimates for the energies of higher order by
applying WKB analysis associated with the theory of modified Bessel functions and Faa di Bruno’s formula when the dissipation
coefficient b = b(z) is considered to be monotonous functions. Coming back the special case of b(t) = u(1 +1)~# with a constant
u > 0and g € (-1, 1), one can see that a classification between effective damping and noneffective damping, which strongly
depends on parameters ¢, § and f3, is introduced in“. Their main work is to study the asymptotic profile of solutions to (3) and
simultaneously to clarify that a diffusion phenomenon occurs in the situation of effective one. For this purpose, the point worth
noticing is that the case of 6 = 0 is not treated completely because the presence of the structural damping (—A)°u, with § > 0
generates a smoothing effect, which disappears for the classical damping u, (see more® when b(f) = 1). Among other things, we
recognize that the information about lifespan of solutions to @) has not ever been appeared in these papers even if 5 > 0.

Our main goal in this paper is on the one hand to prove global (in time) existence of small data Sobolev solutions to the Cauchy
problem (@) by using some achieved estimates for solutions from the corresponding linear equation. The crux of getting such
estimates with the fractional power operator comes from WKB analysis associated with diagonalization procedures effectively.
On the other hand, we would like to indicate blow-up phenomenon and sharp lifespan estimates for solutions to (@) as well, where
o > 11in () is assumed to be any fractional number. More precisely, to deal with the fractional Laplacian (—A)?, well-known as
a non-local operator, a modified test function method with a judicious choice of test functions will be applied to give blow-up
results in both the subcritical exponent and the critical exponent. Speaking about sharp estimates for lifespan of solutions, one
of new contributions in this paper, we not only catch upper bound ones by utilizing a suitable test function method linked to
nonlinear differential inequalities but also establish lower bound ones by constructing polynomial type time-weighted Sobolev
spaces. Throughout this work, we can understand clearly how the dissipation coefficient b(¢) and the fractional power ¢ influence
on the above-mentioned results.

Notations

e We write f < g when there exists a constant C > O such that f < Cg,and f ~ gwheng S f S g.

e As usual, the spaces H? and H? with a > 0 stand for Bessel and Riesz potential spaces based on the L? spaces. Here
<D>a and | D|* denote the pseudo-differential operator with symbol (é)a and the fractional Laplace operator with symbol
|€]¢, respectively.

e For a given number s € R, we denote [s]* := max{s,0} and [s] := max {k eZ k< s}.

e For later convenience, with s € [0, ] we denote by J3(s, t) the primitive of ﬁ which vanishes at # = s, namely,

t

HB(s,1) :=/$dr.

N

Main results
Let us now state the main results which will be proved in the present paper. To get started, we obtain the global existence of
small data solutions to (@) from the Sobolev space.

Theorem 1 (Global existence). Let us assume that the conditions (B1)-(BS) are satisfied. Let ¢ > 1 and (uy,u;) € D% =
(H” N L'") X (L2 N L’") with m € [1,2) and a € (0, o]. Moreover, we suppose that the exponent p satisfies

2 .
p>1+2m0' and §SP ) %f n < 2a, .
n ZSps if 2a<n<—

n—2a = 2-m’

Then, there exists a sufficiently small constant € > 0 such that for any data (u,, u;) € D satisfying the assumption
g u)lipe 2= lltgll g + Ntigll L + Netyll 2 + Nty [l 1 < e,
there is a uniquely determined global (in time) Sobolev solution

u € C([0,00), H)
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to {@). Furthermore, the solution satisfies the following decay estimates:

hute, e < (1+30,0) 5 g, )l

11

DI, e < (14 B0.0) 575 gl
The next main result is concerned with indicating the sharpness of the exponent p to ().

Theorem 2 (Blow-up). Let ¢ > 1 and n > 1. Assume that we choose the initial data 4, € L' and u; € L' satisfying the
following relations:

/ (uo(x) + Boul(x))dx >0, (6)

Rn
t

where B, := / exp( - / b(r)d ‘L'> dt. Moreover, we suppose that the following conditions hold:
0 0

p<1l+ 2o if o is an integer number,
" (7N

200 . . .
p<1l+ = if o isafractional number.
n

Then, there is no global (in time) Sobolev solution u € C ([O, 00), L2) to (@).

Remark 1. Obviously, it follows from Theorems|I|and 2] that the critical exponent p; , which classifies between global (in time)
existence of small data solutions and finite time blow-up of (even) small data solutions, is
Perit = 1+ 2_0-
n
The final main result involves the lifespan estimates for solutions to @]) To demonstrate this, let us consider the initial data
(guo(x), o (x)) in place of (uo(x), u (x)) for (d)), where ¢ is a small positive constant which presents the size of initial data.

Theorem 3 (Upper bound of lifespan). Under the same assumptions as in Theorem [2] together with the condition (7) for the
exponent p, there exists a positive constant €, > 0 such that for any € € (0, ] the following upper bound estimates for the
lifespan of solutions to (@) hold:

en 20
Cg 20-16-D if p<l1+ =,
. n
% (0, LifeSpan(u)) < e (8)

exp (Ce=PV) if p=1+=,
n
where C is a positive constant independent of €.

Theorem 4 (Lower bound of lifespan). Let ¢ > 1, n < 4a and (ug,u;) € (H*n L') x (L n L") with a € (0, 0]. Assume
that the exponent p > 2 fulfills (7) together with the condition p < n/(n — 2a) if n > 2a. Then, there exists a positive constant
€, such that for any £ € (0, g,] the following lower bound estimates for the lifespan of solutions to (@) hold:

- el . 20
cE 20-n-D if p<1l+—,
n

20

B (0, LifeSpan(u)) >
exp (ce=@ D) if p=1+=,
n

®

where ¢ = c(n, uy, u,;) is a positive constant independent of .

Remark 2. Summarizing the derived results (8) and (9) in Theorems [3] and [f] we claim that the sharp lifespan estimates for
solutions to the Cauchy problem (@) in both the subcritical case and the critical case are given by the following (implicit) relation:

20(p=1)
Cg 20-n6-D if p<1+ 2—6,
B (0, LifeSpan(u)) ~ 2”
c

exp (C&‘(l"l)) if p=14=,
n
with a positive constant C independent of €.

Example 1.2. Let us give several typical examples of b = b(¢) to find out the (explicit) sharp estimates for lifespan as follows:
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o I (1) = (1 + 1)~ with g > 0 and f € (=1, 1), then

Cg_zji(np(;l)u'ﬁﬂ if p<l1+ 2—0-’
LifeSpan(u) ~ 27,

exp (Ce=?=D) if p=1+=.
n

o If b(#) = u(1 +t) with u > 0, then

20(p—1) 20-

exp (Cs_za—nw—n) if p<1+22,
n

20

LifeSpan(u) ~
exp (exp (Cs‘“"”)) if p=1+=.
n

- 1£b(0) = [[ £u) withm > 2. £,(t) = 1 + tand £, = 1 +log (£,,(t)) for k = 1,2, .m — 1, then
k=1

20(p—1)
eXp[m] (Cf_ 20'771(1!*1)) if p<l1l+ 2_6,
LifeSpan(u) ~ 2n
(o}

exp™ (Ce==D) if p=1+ =,
n
where exp!!l(r) = exp(r) and exp!“*11(1) = exp (exp!*l(t)) for k = 1,2, -+, m.

The structure of this paper is organized as follows: In Sections [2{and |3} we devote the study of the corresponding linear
equation of @) to conclude some decay estimates for solutions. Next, we give the proofs of the global (in time) existence of
small data Sobolev solutions and the blow-up results for @) in Sections[dand[5] respectively. Finally, Section[6]is to present the
estimates for upper bound and lower bound of lifespan when the finite time blow-up phenomena of solutions to @) occur.

2 | THE STUDY OF THE CORRESPONDING LINEAR EQUATION

Our starting point in this paper is to the study the corresponding linear Cauchy problem for (@), namely,

u,(t,x) + (=A)%u(t, x) + b(u,(t,x) =0, (t,x) € (0, 0) X R", (10)
u(0, x) = up(x), u,(0,x) =u;(x), x eR”,
where c > 1 and n > 1.
We apply the partial Fourier transformation with respect to spatial variables to (T0) with & = u(r,&) = F,._, ¢ (u(t, x))(1,$) to
get

i, + |E*°u+ b(Ha, =0, (t, &) € (0,+c0) X R", an
u(0,¢) = euy(&), u 0,8 = eu (§), £eR"
By applying the transformation
t
(1, &) = exp ( -3 / b(r)dr)ﬁ(z, o),
0
one transfers the Cauchy problem (TT) into
/U\tt +m(t,Ev =0, (t,€) €[0,00) X R, (12)
0(0,8) =0y(8), 1,(0,8) =0,(8), &eR,
where 0,y(€) = ty(€) and 0, (&) = @ﬁo(é) + 1, (&) and the coefficient m = m(z, &) of the mass term is defined by
1 1
m(t, &) 1= &% = 260 =SB @), (13)

We see that b'(¢) is a negligible term in (T3), that is, it holds |5'(r)| = o(b*(?)) as t — co. Then, the term |£|?° — b*(¢)/4 can be
considered as the principal part of the term m(z, £). Hence, we introduce

ri={oelwxRr: 18 =150
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which divides the extended phase space into two regions as follows:

m,, = {(t,.f) €10,00) X R" : |&]° > %b(z)} and Tl = {(z,.»:) €10,00) X R" : |&]° < %b(t)}.

b2
(e 1=\ 1o - 2| (14)

- b)Y (1)
4 >b(t) '

Let us define the auxiliary weight function

Remark 3. It holds

at<§>b(t) =

where the upper sign is taken in the hyperbolic region.

Now we will divide both regions of the extended phase space into some zones. The zones are defined as follows:
" b(®)
Ziyy(N) = { (1.8) €[0,00) X R" & () 2 N2 4 (Tl
n. b b(1)
Z,y(N,¢e) = {(t, E)e[0,0)xR" : 57 <&y < NT} N 1Ly,
n b(1)
Zea(€) =4 1,8 €[0,00) X R" 1 (&) < £ (>

b
Z (e, 1) = {(Lé’) € [0,00) X R" 1 (&)yp) 2 5%} NIy N {r > 1y}

Here in general, N and ¢, are large positive constants and € is a small positive constant, which will be chosen later. Let us
introduce separating lines between these zones as follows (see Fig[I):

e by t,; = t.;(|&]), we denote the separating line between the zones Z (e, t;) and Z,4(€);
® by f,.q = t..q(|£]), we denote the separating line between the zones Z,4(e) and Z,y(N, e);

e by 7,4 = 1,4(|¢]), we denote the separating line between the zones Z4(N, €) and Z,,(N).

0 H 0 H

a. The case that b(¢) is decreasing b. The case that b(¢) is increasing

Figure 1 Division of extended phase space into zones

In the consideration of the zones, we will omit the details and sketch only the main steps of the estimates for the corresponding
fundamental solutions since the desired estimates can be proved in the same way as those in'©32:34,
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2.1 | Considerations in the hyperbolic zone Z; (N)

In the hyperbolic zone Z,,,(N) it holds (&), ~ |£]°. We consider the micro-energy V' = ((5) by D» D,ﬁ)T. Then, it holds

D(&) )
0 (&)
DV = ( o ) vel G v (15)
<§ >b(t) 0 - 0
2(E) by
We are interested in the fundamental solution EY = EY (t,s,¢&) to the system @I) At first, we consider the first matrix as

hyp hyp
principal part and the second one as remainder. Then, we carry out two steps of diagonalization procedure to make the remainder

integrable over the hyperbolic zone Zy ,(N). Summarizing, asymptotic behavior of the fundamental solution E}‘I/y » = E}“/y p(t, s, &)
is given by the following statement.

Lemma 1. The following estimate holds for the fundamental solution El}"y > = E}I]’y p(t, s, &) with (s, 6), (1, &) € Zhyp andt > s:

11
(E] 05,0 S <1 1).

For the proof of Lemma we may follow the approach of Section 7.1 in®

2.2 | Considerations in the elliptic zone Z (¢, 1,)

In the elliptic zone we introduce the micro-energy V' = ((5) b(,)ﬁ, D,i?)T forallt > s and (7,¢), (s, &) € Zy (e, 1y). Then, the
corresponding first-order system of the Cauchy problem (I2) is stated as

D (&)
0 t
D,V _ ( <§>b() > vV + <§b>,b((3 V.
o 0 G
b(t)

Step 1. Diagonalization procedure: Our aim is to prove estimates and structural properties for the fundamental solution Eg] =
Egl(t, s, &) corresponding to the micro-energy V. Performing the diagonalization procedure, we get after the second step of the
diagonalization that the entries of the remainder matrix are uniformly integrable over the elliptic zone.

Lemma 2. The fundamental solution EeVIl = Eg](t, s, &) can be estimated by

(&b ) 11
(lEeI;](t? S, é)l) S <§>:S)) €Xp </<§>b(r)d7> <1 1> >

with (1, ), (5.€) € Zy(e. 1) N {t > ()} and 0 < s < 1.

For the proof on Lemma 2| we may follow Section 4.2.2 in"2.
Step 2. Transforming back to the original Cauchy problem: After obtaining estimates for Egl = Egl(t, s, &) it is sufficient
to apply the backward transformation to the original Cauchy problem. This means that we transform back Egl = Egl(t, s5,&) to
estimate the fundamental solution E; = E,(t, s, &) which is related to a first-order system for the micro-energy (|§|"ﬁ, D,it\)T
and gives the representation

Eg(1,5,8) = T(t, O E (1, 5,6)T ' (s,8), (16)
where the matrix T'(¢, ) and its inverse matrix T~ (z, &) are given in the following way:
PO " R A E)
€7@\ _| a@ha, o) h(t, &) e =| JE°
pa) |0 |\ b3 ) R B GXGR |
2A0A(@, &) 4O 2[El°

T(.8)
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/ b(r)dr). (17)
0

where the auxiliary function 4 = A(¢) is given by

N —

AMr) :=exp <

Lemma 3. The following inequalities hold:

b _ &1

1. in the elliptic zone it holds (&), — 2 STy

t

A(s) o 1
2. me P</<§>b(r)d7> SCXP<—|§|2 /md“t')

where A = A(¢) is defined in (T7).

Proof. Using the elementary inequality

TSPV

for any x > 0 and y > —x, the first statement is valid by plugging x = ) and y = —|&|?. The second statement follows
directly from the first one together with the definition of A = A(¢). O

(

Step 3. A refined estimate for the fundamental solution in the elliptic zone: From Lemmawe getfor (¢,£), (s, &) € Zy (e, 1y)

the estimate
(lEell(t’ S, §)| < mexp (/(5)1,(7)(17) < > .

This yields in combination with (T6)) the estimate
1

t
ll” 0 b(z) 11|z ©
(lEell(L S, g)l) S ( b(t) b(t)) </ <<§>b(‘r) 5 )dT) < 11 > 1 L
1€l b(s)
' €17
< ex |§|20’ 1 ! b(S)
~ P o 'T)| b b0 |
s 1€l b(s)
where we used Lemmal[3
Lemma 4. The fundamental solution E; = E(t, 5, &) satisfies the following estimate:
! 1 1° )
2 1 b(s) A(s) (00
(|Eell(t,s,§)|) SGXP< 14 / b(z) ) E |E|2° + 20) <0 1 >
g b(t) b(s)b(?)

forall t > s and (¢, ), (s, &) € Z, (¢, ty).

For the proof of Lemma@] we can follow the idea of the proof of Lemma 4.19 in"2

2.3 | Considerations in the reduced zone Z, ,(¢) and pseudo-differential zone Z (N, ¢)

In the reduced zone Z,.4(e) we introduce the micro-energy V = (e (t)v D u) . Then, by the function V" satisfies the
following system:

D,b(t) b(1)
b(1) )
DV = &2 — in(t) _ %b’(t) V. (18)
0

AV (t.0)



10 | Aslan and Dao

We want to estimate the fundamental solution Erz 4= Erz d(t, s, &) to @I), that is, the solution to

D,E! (1.5,8) = AV (t,)E! (1, 5,¢),
EY (s.5,8)=1.

The norm of the coefficient matrix of (I8)) can be estimated by eb(¢) for sufficiently large 7.

Lemma 5. The fundamental solution Er‘:: q= Er‘; (58,8 to (T8) satisfies the following estimate:

t

(1EV (1,5.8)]) S exp <e/b(r)d1> <i })

for all t > s > t, with sufficiently large ¢, = t,(¢) and (¢, £), (5, &) € Z,4(e).

For the proof of Lemmal3] we see Section 2.3 in®%.
On the other hand, in Z4(N, €) we introduce the micro-energy V' = ((&) 0, D,ﬁ)T. Then, by it holds

Dz(é)b(z)

0 ———- 0
DV = < <§>b(t) ) v+ <§>b(r) V. (19)

oy 0 Bt
b 2&) s

Lemma 6. The fundamental solution E;/d = E:)/d(t, 5, &) to (19) satisfies the following estimate:

% 1+1\ (11
(|Epd(”s’§)|)5<1_+s> <1 1>

forall 7 > s > 1, with sufficiently large 7, = 7y(¢) and (#,£), (s, &) € Z,4(N, ¢).

For the proof of Lemmal6| we see Section 2.4 in%,

3 | ENERGY ESTIMATES OF HIGHER ORDER

The main goal of this section is to prove on the one hand higher order energy estimates to solutions to (I0). On the other hand, we
want to derive higher order energy estimates for solutions to the corresponding family of (I0) for parameter-dependent Cauchy
problems with suitable initial data (O, g(s,x)). The representation of the fundamental solutions obtained so far allows us to
conclude estimates for solutions and their derivatives to these Cauchy problems.

3.1 | A family of parameter-dependent linear Cauchy problems

Let us consider the following family of parameter-dependent Cauchy problem:

{u,, + (=AU + b(Hu, =0, (t,x) € [s,00) X R", 530, 0,

u(s,x) = f(s,x), u(s,x)=g(s,x), xe€R"

We apply the partial Fourier transformation to (20) with respect to the spatial variables. Denoting by u = u(t, &) the partial
Fourier transformation F, _; (u(t, x))(t, &) we obtain

{ﬁ,, + [0 + b(1)d, = 0, (t.&) € [5,00) X R", s3>0, on

(s, &) = f(5,8), 05,8 =58(s,8), £€R"

Now we make the change of variables

RUOP : |
v, &) = ) u(t, &) with A1) :=exp (2 / b(r)dr).
0
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Then, we obtain the Cauchy problem

ytt + m(t7 f)y = 07 (t9 5) € [Ss 00) X Rn’ N Z 09

¥(s,8) = f(s,€, EER”, 22)

bo) n
1.0 = 25,0 +26.0, Eew,

where m(t,§) is defined as in (I3). Furthermore, we introduce the function (£),, as in (I4). In the same manner as in Section
[2] we divide the extended phase space [s, o) X R" into the following zones:

Z = b(t
hyp(N) {(t’ §) € ls, 00 X R : <§)b(t) > N- > } thp,
Zpd(N, €) {(1, &) e[s,0)xR" : _(21) < <§>b(t) <N (21)} I -
Z = e b
red(€) {(t, &) € [s,0) X R" : (§)b(t) < g_(zt) } ,
4 = n b(1)
(e {(t’ €) €[5, 00) XR" <§)b(t) 2 € 2 } gy N {r > 10}

Let s > 0 and ¢ # 0. Let us distinguish between two cases with b, := lim b(¢):
=00

e b(t) is decreasing with b € [0, o0) and (s, &) € Z (¢, ty),

e b(?) is increasing with b, € (0, 0] and (s,&) € Zyyp(N).

G (En
h = hit,&) = ;(( - )e% + <1 - x( ,,f;)>><af>b(r), (23)
ey 2

for our model 22). Here y € C°°([0, oo)) is a localizing function with y({) = 1 for0 < ¢ < % and y() =0for ¢ > 1. We
define Y (t,&) = (h(t,)y(t, &), D,y(1, Zj))T. Then, from (22) we have

Let us introduce the function

D,h(,8)
ThiE) h(z.&)
DY®.O=| i ¥ Y (o). (24)

h(1,£)

(. J/

AY(1.5)

We denote by EY = EY(t,1,, &) the fundamental solution to (24) for any 7 > ¢, > s, i.e., the solution to

DtEY(tv tlvé) = AY(I9 é)EY(t9 t1»§)7
EY(t,,1,,&6) = 1.

3.1.1 | Representation of the solutions

Let us turn now to the Cauchy problem (20). We introduce K, = K,(z,s,&) as the solution to (ZI) with initial conditions
f(s,&) = 0and 8(s, &) = 1. Following the approach of® in Section 7.4, we have

A«(S) Elz(t S, 5)

DR (t,5,6) = A((t)) (Ene.s.0- 2h((:)§) EL.5.9). 26)
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In the same way we consider I/(\O = I/<\0(t, 0, &) as the solution to (ZI)) with s = 0 and initial conditions f (0,£) =1and 2(0,£) =0
Then, it holds

A h(0,
Ryft.0.8) = 2 S B 10.9),
~ h(, b
DRy(1,0.8) = T2 (BN 0.0.0)~ 700 Y 0.0.0))

where h = h(t, &) is defined in 23) and EY := EY (1, 5,£) is the fundamental solution to the system @]) These above relations
allow us to transfer properties of EY = EY(t,s5,&) to K, = K,(t,5,&) and EY = EY(1,0, &) to K, = K,(1,0,&).

3.1.2 | Estimates for the multipliers and their time derivatives
In order to estimate the norm of the solution to our original Cauchy problem, we need to estimate our multipliers |I/<\ 1(,8,8)|
and |I/(\0(t, 0, )| in each zone of the extended phase space. Similarly, we can derive estimates for |J, K 1(t,s,8)] and |a,I/<\0(t, 0,8)]
as well.

Let us consider the following estimate for |I?1 ,s,8)| in Z,4(¢):

A~ 1 A(s) 1-2p
R0 s —(55) @)
! €7\ A(n)
where we choose € > 0 such that f§ := Ce < % Then, we can see easily that we can estimate |I/<\1 (t,s,8)] in Zyyp(N) and

Z,4(N, ) by (7). Thus, we can glue Z,,(¢) to the hyperbolic region and we define new region by
o (N, €) = Z,q(e) U Z4(N,€) U Zyy (N).
We denote by 7 = £ (|£]) the separating line between Z(¢, 1y) and I, (N, €). This curve is given by

(¢ bA(t 4
(e“) T L reu=b‘1<‘/—2|§| >
4 1—g2

3.2 | Estimates for the multiplier K,
Now we distinguish between two cases related to the setting of the zones in the extended phase space for a general s > 0.
Small frequencies |£|° < ? V1 — £2. We have the following two cases:

o Case I: 0 < s <t < ty. In this case (7,£) and (s, &) belong to Z (g, ty). It holds A(z,&) ~ b(¢). Then, we have the
following estimates from Lemmad]for all 7 € [s,1]:
A 1 .
1K, (1,5, 6] S ﬂeXp(—Clélz B(s.1)),
67 o
b(s)b(1)

o Case2: 0 < s <ty <t Inthis case we glue the estimates in Z (g, t,) from Lernma and in Il (N, €) from (27).
Hence, we arrive at the following estimates for all (s, &) € Z (g, 1)) and t > 1

10,K,(1,5,8)| S ~ CIEI B(s,1)).

1K\ (t.5.9)] S mexp(—aaz“@(s,t)),

L
b(s)b(0) P

Large frequencies |£]|° > ? V1 — £2. We have the following two cases:

|alﬁ1(t9 S, é)l S

— CIEI* B(s,1)).

e Casel: 0 <s <t <ty.If b= b(r)is increasing, then (¢, £) and (s, &) belong to Il (N, €). Taking h(#, &) ~ |£|” we have

. 1/ A(s)\ =2
Riesols z(5) 28)
. A(s)\1-28

oR sl 5 (50) 29)
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where these estimates are derived by using the representations (23] and (26) and the estimate in I, (N, €). Indeed, the
representation (26) implies the estimate

M), .y b(t)

10,K, (2,5, < o | ER5. 01+ 5o B (0.5,
M) f AN As)\ 12
$iotiw) *Gw)
where we used the estimates of EY (¢, s, &) and EJ (1, 5, &) from Lemma@

We remark that the estimates (28) and (29) remain true for large frequencies in the case that b = b(z) is decreasing. If
b = b(t) is decreasing, then we have only Z, (N) for large frequencies.

e Case2: 0 < s <ty <t Weremark that this case comes into play only if b = b(¢) is increasing and there is no separating
line if |€] > b, V1 — €2. Then, we have the following estimates for all 7, < #:

> 1 / o
1K, (1,5, 6] S @exp(—c |E> B(s.1)),
£

|61Kl(t’ S, é)l 5 b(S)b(t)

exp (— C'|E|* B(s.1)).

3.3 | Final estimates
For any t > s and s € [0, o) let us define

Qs, 1) 1= <max {b(s), b(t)}—”12_£2> ;.

Remark 4. We distinguish between small and large frequencies as follows: Small frequencies satisfy the condition |&| < Q(s, £),
while, large frequencies satisfy the condition |&| > Q(s, 1).

Summarizing we arrived at the following statements for the estimates of |I/<\ 1@, 5,8)| and |0,1/(\ 1@, 5,8)| witht > s > 0.

Corollary 1. If |£] > Q(s, 1), then we have the following estimates:

- 1 [ As)\!2
Riesol s = (50) (30)
N A(s)\ 128
ok ol s (35) (3D
If [€] < Q(s, 1), then we have the following estimates:
1K\ (t,5.9)| S 505 &P (= CIEPB(5.0), (32)
20
10,K,(t,5.6)] S o exp (= C'IE1*° B(s.1)). (33)

b(s)b(t)
We have similar results for the estimates of |f0(t, 0,¢)| and |0, fo(t, 0,8)]|.

Corollary 2. If |£| > ©(0, 1), then we have the following estimates:

. 1-2p
Ro(t0.01's (55)

~ 1-2p
0R,.0.01 5 187 (75)

If [£] < Q(0,1), then we have the following estimates:

1Ko(1,0,8)] S exp (= C'|E1**B(0,1)),

&%

10,Ko(2,0, 9| 5 b

exp (= C'[€]*B(0,1)).
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3.4 | Matsumura-type estimates with additional regularity of the data

In this section, let us consider the following two linear Cauchy problems:

{vn + (=AY v + b(t)v, =0, (t,%) € [5,00) X R", 5> 0, o
(s, x)=0, ov,(s,x)=g(s,x), x€R",
and
{wn + (-A)°w + b(Hw, =0, (t,x) € [0, 00) X R", 35)
w@0,x) = f(x), w,(0,x)=0, xe&R"

We denoted the solutions to (34) and (33) by K; = K,(t,s,x) and K, = K,(#,0, x) with initial data g = , and f = §,
respectively, where &, is the Dirac distribution with respect to spatial variables in x = 0. Thus, we may conclude the following
estimates for the solutions v = v(¢, x) and w = w(t, x):

oG, 2 = 18, )l 2 < 11K, (@, 5, )85, E)l 20
(@, 2 = 10 2 < 1Ko, 0,0 F 12

In order to estimate the L? norm of afagKl (1,5, X) * g(s,x) and 6f6f:K0(t, 0,x) *(, f(x) for Z =0, 1 and for any a > 0, we
can follow the techniques used in® and“Z. More precisely, we assume additional L™ regularity for the data, with m € [1,2) to
prove Matsumura-type estimates for solutions and their first partial derivatives to (34) and (33).

Lemma 7. We have the following estimates for large frequencies |£| > Q(s, ?):

A(s)

1-28
) lg (s, )l rare-vos

ayl Y .

with @ > 0 and # € {0, 1} provided that @ + (£ — 1)6 > 0, and f = Ce < % was given in (27). Moreover, when « € [0, ¢), the
following estimate holds:
1 o—a /1(3) 1-2p
() () P e
L2{|£12Q(s.0)} max{b(s), b(t)} At)

Proof. At first, one derives the following estimate for a + (£ — 1)o > 0:
11707 Ryt 5,80, ) < [1e10=70r K ct.5.0)| 11+ =185,

The second term on the right-hand side can be estimated by ||g(s, -)|| gra+«-1-. Now let us control the L* norm of K, (t, s, &) and
its derivatives with respect to ¢. Indeed, by using the estimates from (30) and (3T)) we get

A(s)\1-28
A1) ) '

11Kyt 5.8, )

L2{|¢]>Q(s.0} Le{]g12Q(s.0} L2{(j29(s.0)

£10-0710f R 0.5, 01 5 (5

to obtain

In the case of a € [0, o), we want to utilize the relation E <3 ( 3

E1IR (1, 5,8)] < (Q(i’t))”_“(%)l‘”.

Finally, we arrive at

H|§|0121(t, 5,805, )” [L21£129(s.0) S (Q(l t))g_a(%)l_w”g(s, M e

This completes the proof. O

Lemma 8. The following estimates hold for small frequencies |£| < Q(s, ?):
1

A~ 1 _n(l_L)_a_p
ayt Neo(s. - < - 2rr<m 2) 2% .
[161707 o098 2 oo S w7 (B0 lgCs Ml o

witha >0,t>s>0and 2 =0, 1, where m € [1,2).

Prodf. Wlth the assumption m € [1,2), let us choose m1 and m, such that - —+—=1 and — + — = % Therefore, it holds

m mny
L=1_ 5. Then, applying Holder’s inequality with = + 2 =1 we obtam the followmg estimate:
my my

my m

161707 Ryt 5. 9805, )

< ||ieteof Ry ct.5.)

||§(S, ')”L"‘l {1€1<Q(s,0)} -

L2{]1<Q(s.0)} L™ {|€]<Q(s.0)}
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We can estimate [|g(s, )| ;= by ||g(s, )|l .» due to the Hausdorff-Young inequality. For this reason, we have only to control the
L™ norm of the multiplier. Thanks to (32)) and (33 one achieves the following estimate:

1

1 m
< my(a+20) ( — CplE B(s. t )d
L {lg|<Qes.n) < b(s)bf(t)< / il *p PleI™ B (s.1) )d&
{1€1<Q(s.0}

[1e1°07 Kyct.5.)

The application of the change of variables
r=Cmy|E|** B(s,t), dr=2Cmyc|E|*° 'd|E|B(s,1).

leads to

©
mz(u+2fo)+n m (a+2/¢r)+n
/ |§|m2(a+2f0') exp( Cm2|§|26<%(s t))df < (%(S t) / mylat2to)tn —1e—rdr.
{1€1<Q(s.0)} ’

The integral on the right-hand side is bounded and we get the function

1 rat-a A ~£(51)-5
o ) o D) |

This completes the proof. O
The main result for the family of one-parameter dependent Cauchy problems (34), which follows from the statements of the
Lemmas[7]and[8] reads as follows:

Proposition 1. The Sobolev solution v = v(t, x) to (34) satisfies the following Matsumura-type estimates for t > s > 0,
me [1,2)and a > 0:

o0, Mo S b(l)(l + B.0) = g, Y g
1 —
0yt Mz $ e (14 B5.0) =85 g, M o

We know that the solution u = u(t, x) to the linear Cauchy problem can be represented as
u(t, x) = Ky(1,0, x) .,y up(x) + K, (2,0, x) ) uy(x),
so we obtain the following statement.

Corollary 3. The Sobolev solution to (I0) satisfies the following estimates with m € [1,2) and a > 0:

llu(t, )l g« S (1+ B0, 1)) > w(5m3)- %(”uollenﬂu"'||u1||L»an[a—rr]+),

1 z 1_ly_«_
(8, M g S —= (1 + BO,1)) 2 ()5 (ol pogoss + Mt oz

b(1)

4 | GLOBAL (IN TIME) EXISTENCE OF SOLUTIONS

We denote by K,(t, 0, x) and K| (%, 0, x) the fundamental solutions to the corresponding linear equation of (@), namely,
Wi i= Ko(1,0, %) %y Uo(x) + K (1,0, %) s 1y (x).
is the solution to the linear Cauchy problem (I0). For T > 0, we define the operator N such that
N :ue X(T)— Nu= Nu(t,x) :=u"™(t,x) + u""(, x),

where X (T') is an evolution space to be determined later and u™" (¢, x) is written by the following integral operator:

u™"(, x) 1= /Kl(t, $,X) *(py |u(s, x)|” ds
0
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thanks to Duhamel’s principle. Then, we will prove global (in time) Sobolev solution to the semi-linear Cauchy problem (@) as
a fixed point of the operator N. To demonstrate this, we will show that the mapping N satisfies the following two estimates:

”Nu”X(T) S ||(u0,u1)||D3" + ||u”1;((7-), (36)
—1 —1
INu=Nollxq) S llu=llxq (el g + Mol q): (37

where the data space Dy is fixed in the statement of Theorem Providing that ||(u, ul)”Dﬁ, = ¢ is sufficiently small, then the
estimates (36) and result the existence of a unique local (in time) large data solution and a unique global (in time) small
data solution in X (T") by using Banach’s fixed point theorem.

To show the proof of Theorem [} the following ingredients are useful.

Proposition 2 (Fractional Gagliardo-Nirenberg inequalityl®). Let ¢,¢qy,q; € (1,00) and k¥ € [0, r) with r > 0. Then, the
following inequality holds for all f € L%(R") N H;] (R™):

1-6 4
A W pe S 1L N o IIfIIH(;I,

where 0 = 0, (. 4. q1.m) = (= = 2 +%) /(= =~ +Z) and 0 € [x/r. 1].
1 n

1

90 q n L)

Lemma 9 (see®). From the conditions in Deﬁnition we may conclude that %(0, 7) is positive, strictly increasing and (0, ) —
o0 as t — oo0. In addition, the primitive 93 (s, t) satisfies the following properties:

t S
RB(s, 1) ¥ — — —— forall 0,1t
(s,1) 50 ) orall se€][0,1],

B(s,1) ~ B(0,1) forall se[0,1/2],
B(0,5) ~ B0,1) forall se€ [t/2,1].

Proof of Theorem([Il] We define the evolution space of solutions X (T') by
X(T) :=c(0,T], H*)

with its corresponding norm

11

lllxer, = sup. [(1+ 20, 0)E G e, )l + (14 80.0) 56 Djeg, ez

The application of the fractional Gagliardo-Nirenberg inequality from Proposition 2] and the definition of the evolution space
leads to

Hu(z, P12 = llute, I, S (1+BO, 1) (38)
= (p-1)
(e, I e = e, Y, + @, N, S (14 BO,0) 7 ully s (39)

provided that

pe[z,oo> if n<2a, or pe[z, ] if 2a<n<
m m

n—_.a —m

First let us prove the inequality (36). From the estimates for solutions to (I0), which are shown in Corollary [3| one may derive

n (1 1

™, )l 2 S (1 + BO, t))_%<;_z)”(u()’ul)”1)ﬁ,
. _a(l_1)_«
VDIl < (1+B0.0) 5 G2 g, ul
This means that the linear part fulfills
£(1-1) i L(L-1)+s a lin
(1+<%(0,T))2” m 2 |u (1,‘)||L2+(1+=%’(0J))2” m 2w D ™ ) e S ||(u0,ul)||D:'.
For this reason, we immediately claim '™ € X (T'). Therefore, it remains to prove

non p
”u ”X(T) S ”u”X(T)
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We may proceed | D|*u"(z, -) in the L? norm by applying (L*> n L™) — L? estimates in [0,7/2] and L? — L? estimates in [¢/2, 7]
from Proposition [T]as follows:

t

t

mmwmmﬂms/Qw*o+%mn¥ﬂrﬂ%mmkwmmpw+/ﬁm*u+%um¥%mmﬂwyw.

0 1

On the one hand, we have the following estimates for the first integral:

t

/b(s)—l(l +93(s,t))‘i(ﬁ’%>_%IIIu(s,-)I”IILanz ds

0

11

5
< Ml / b (1+80.0) 5 7 (14 50,9) 55 0
0

swmmu+@mﬁyiﬁﬁ%%/mﬁ4@+@@@yﬁwﬁds
0

a

_n(l_l\_«
S Nullfy ) (1 + B(0,1)) L(3-3)-%

il

where we used inequality (39), Lemma|§|and I xS - N forany 0 < 7 < T. Since p > 1 + Z'"T” it follows immediately
———p+ == < —1. On the other hand, for the second integral using (38) and Lemma|§|we have
2om 2om

t t

/b(s)—1(1+99(s,t))‘i|||u(s, MWl ads < ||u||’;((r)/b(s)—1(1+,@(s,t))‘i(1+99(o, 5)) =i g

L L
2 2

t
Sl (1+80.0) 7% [ o007 (1+-865.0)

t
2
n

S ||u||l;((T)(1 + AB(0, t))_ﬁﬁﬁ(l + B, t))l—i

_a(l_1)_«
s ”u“I;((T)(l'i'«%(O,t)) Zﬂ(m 2) 26

forp>1+ 2’"76 Summarizing, we arrive at the estimate

_n(l_1)_«
DIl 5 (1+BO,0) F =S e

In the same way one can derive
a(Ll_1
e, Ol 5 (14 0.0) 5
From the definition of the norm X (T') we obtain immediately inequality (36).
Next let us prove inequality (37). We have that
t

INu= Nollyer, = /Kxu&maMUM&mv—w@xWﬁw
0

X(T)
Thanks to the estimates for the solutions from Proposition [T] we can estimate

|1D1 Kt 5.0 ) (luts. 0 = oG, 2)17)

L2
1

b(s)! (1 + B, t))_£<;_%)_%

lu(s, x)|? — lU(S’x)lp”Lanz if s € [O, t/2],

. (40)
b(s)™' (1 + B(s,1) >

lu(s, x)|7 = [v(s, 0)|P

if s € [t/2.1].

12
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So, by the fact that

[luts. )17 = o5 017 | $ lucs. ) = oG, )] (luCs. P + oG, 2™
and Holder’s inequality we obtain
[tuts. 217 = 1ots, 91|, S NG, ) = s M o (s, M+ Nes )
1. 17 = 10,217, s, ) = 06, 9l (1, L) + Do, DI,

In a similar way to the proof of (36) we use again the fractional Gagliardo-Nirenberg inequality from Proposition [2] to the

following terms:
lluCs, ) —v(s, pns  Nuls, Hllpn and lods, )l

with A = mp and h = 2p. After deriving and plugging these estimates in (@0), we follow the same ideas as we did in estimation
for || |D|*u""(t, -)|| ;> to conclude the inequality (37). Hence, from the definition of X (T') we may conclude the proof of the
inequality (37). In this way the proof of Theorem [I]is completed. O

S | BLOW-UP RESULT

Before giving the proof of Theorem[2] we would like to recall the following useful lemma which will be utilized in the sequel.

Lemma 10 (see?!2#), Let us consider the initial value problem for the ordinary differential equation

g +bt)gH)=1, t>0,
g (1) +b()eg) @1
where the constant By, is defined in Theorem [2] Then, the solutions to (#I)) enjoy the following properties:
1) There exist positive constants Tj,, B; and B, such that it holds for any # > T},
B, < b(t)g(t) < B,.
ii) There exists a positive constant T;, such that it holds for any ¢ > T},
0] < o
ST B,
Now, we are ready to present the proof of Theorem [2]
5.1 | The case that ¢ is an integer number
Proof. At first, we introduce the test functions # = 5(t) and @ = @(x) having the following properties (see, for example,%):
1 if 0<1<1/2,
1. ne C(‘;"([O, oo)) and 5(¢) = 4 decreasing if 1/2 <7<,
0 if t>1,
1 if |x| <1/2,
2. @€ C(‘)"’([R{") and @(x) = qdecreasing if 1/2<|x| <1,
0 if |x|>1,
3. n‘”?(t)(m'(t)v” +7"®I”) < C  foranyr e [1/2,1], (42)
and (p_pT(x)|A"(p(x)|"/ < C forany x € R” such that |x| € [1/2, 1], 43)

where p’ is the conjugate of p and C is a suitable positive constant. In addition, we suppose that ¢ = ¢(|x|) is a radial function
satistfying @(|x]) < @(|y]) for any |x| > |y|.
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Let R be a large parameter in [0, o). Because of the assumption (B4), let us choose a large parameter T € [0, oo) fulfilling
the relation

T
w_ [ 1
R —/b(s)ds. ()
0

$r gt X) = np(D@g(x),

We define the following test function:

where

nr@ =@ and  @g(x) 1= @(R'xX).
Assume that g(7) is the solution to (&I)). After multiplying the first equation in (@) by g(¢) and performing a direct calculation,
one achieves

lgu(, 0], + (=A) [gOu@, x)] = [(g'®) = 1)u@, x)], = g®lu, )|, (44)

Now we define the functionals

1R=//g(t)lu(t,X)I”¢r,R(t,X)dxdt= /g(t)lu(hX)I”¢T,R(t,x)d(x,t),
0 Re

QT.R
where
Orp :=[0,T]x By with B :={x€R":|x| <R}
Let us assume that u = u(t, x) is a global (in time) Sobolev solution from C ([0, 00), Lz) to @) Multiplying the equation by
ér r = 7 r(t, x), we carry out integration by parts to obtain

1R+/(MO(X)+g(0)u1(X))(pR(X)dx= /g(t)u(t,X)ng(t)(pR(X)d(x,t)+/g(t)u(t,X)nR(t)(—A)"(pR(X)d(x,t)

BR QT<R QT.R
+ / (8'(®) = V)ut, ) (D (x)d(x, 1)
QT.R
=: II,R+IZ,R+I3,R' (45)

Employing Holder’s inequality with i + ﬁ = 1 we can proceed as follows:

IIl,Rls/g(t)Iu(t’x)l
QTAR

10| @rx)d(x,0)

P

< < / \gmiu(r,x>¢;R(¢,x>\”d<x,t>>"( / 67 byt 0 0| d(x,o)

T.R T,R

1
7

S ( / gOn,” OO @r(0)d(x, t))
T.R
After performing the change of variables 7 := T~!t and X := R™'x, we derive
T

1 )
gl STRT™? R7</g(t)dt>p ;

T/2

where we have utilized the relation

() =T 0" (@)
and the assumption @b To estimate the above integral, the application of Lemmaplays akey role. The behavior g() ~ b(t)™!
from the assertion i) of Lemma[I0]leads to

T
1 V4 n+2c

1 . A 2o
|1 gl SI;T?RY </ %dt> SINT?RV . (46)
T/2
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Analogously, we may arrive at the following estimate:

T 1
v Do
Lhal SILR 2“*"(/31— > I R @7)
0

(=AY @r(x) = R°(=A) p(X)
since ¢ is an integer number. Here the assumption (@3)) is also used in the previous inequality. Next, in order to handle the

estimation for I g, first one recognizes from Lemmathat the term |g’(¢) — 1] is bounded. Combining this and the assertion
i) of Lemmal[I0] we deduce

:Uhl—-

by noticing that it holds

lg'(t) = 1] ~ b(1)g(n).
Thus, it follows immediately
REFIRS / b()g(®|u(t, x)| In:(O]@r(x)d(x, 1).

Orr
In an analogous procedure as we have estimated I, z, we may conclude that

T . T

1 " , I 1 " v

|5l SIZT'RY < / g(b(t)? dt> SIpT'RY Jmax ]b(t)< / g(t)dt> ,
T/2 T/2

where we have used the relation
() =T"'n' (@)

and the assumption (@2)). For any ¢ € [T /2, T, one rewrites

t

g(n =g0)+ / g'(s)ds ~ g(0)+ Ct ~ 1,
0
thanks to the assertion ii) of Lemma whenever T is chosen to be sufficiently large. This means that b(t) ~ t~' ~ T~! for any
t € [T /2,T] with a sufficiently large number T'. From this observation, we obtain
1 r s
|l ST T RV < / g(t)dt) ' < 1 T2R"". (48)
T/2

So, combining the estimates from (@3)) to (@8) we have shown that

~,

n+2(x

Ix+ / (up(x) + g(0)uy(x)) @p(x)dx S 1" T2 R + I" R, (49)

By

For any ¢ € [0, T'], recalling (%) one may verify

t t

g(0)2+2/g(S)g'(S)ds BS+2llg'||Lm/g(S)dS

g(t)? < 0 < 0 < max{[EBz, 2(1+B,) }’
R20 t t 0 1= B,
+ /g(s)ds 1+ / g(s)ds
0 0
which is equivalent to
g SR (50

Obviously, the previous estimate leads to
T

R¥ =1+ / gdt < TI[I(}%)](g(t) STR°, thatis, R°<ST.
/ )
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As a result, both the above verification and the estimate @) give

n+2o

Ix + / (up(x) + g(0)u;(x)) @ r(x)dx < I;'g RV, 6))

By

Due to the assumption (6)), there exists a sufficiently large constant R, > 0 so that it holds

/ (up(x) + Byu; (x)) @ g(x)dx > 0,
BR
that is,
/ (uo(x) + g(O)ul(x))qu(x)dx >0, 52)
BR
for any R > R,. From (1)) and (52)), one gets
-1

I, SR

n+2c

v (53)

—20+

It is clear that the assumption (7) is equivalent to —2¢ + ":ﬁ < 0. For this reason, we shall split our consideration into two

/
subcases as follows:

e Case 1: If
n+ 2o

p/

//g(t)lu(t,x)V’dxdt =0.
0 Rn

This implies u = 0, which is a contradiction to the assumption (6). Therefore, there is no global (in time) Sobolev solution
to @) in the subcritical case.

p<1+2—6,i.e.—20'+ <0,
n

then passing R — oo in (53)) we obtain

e Case2: If
n+ 2o

pl

p=1+2—6,i.e.—20'+ =0,
n

then from (53)) there exists a positive constant C, such that

I = / gD)|u, x)|" P, x)d(x,1) < C,
QT,R
for a sufficiently large R. Thus, it follows

/ g®)|ult, x)|PPpr(t, x)d(x,t) - 0 as R - oo, 54
aT.R

where we introduce the notation
Orr =07\ ([0.T/21X Bgj,) with Bg, :={x€R": |x| < R/2}.
Since
0 pr(t.x) = 0,pr(t,X) = (=A) dpp(t,x) = 0in (R, XR") \ Or g,
we may repeat several steps of the proofs from (@3) to (51)) to conclude the following estimates:

n+2o

Tt [ () + 80 0) a5 ( [ ool e »)" R
- O

=(/g(t)lu(t,x)Ip¢R(t,X)d(x,t)> (35)

ET.R
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because —2¢ + 22 = 0. By using , we let R — oo in 1| to derive

I

/ / g®|u(t, x)|Pdxdt + / (up(x) + g(0)u;(x))dx = 0.
0 R R

This is again a contradiction to the assumption (6)), that is, there is no global (in time) Sobolev solution to (@) in the critical
case.

Hence, our proof of Theorem 2]in the case that o is an integer number is completed. O

5.2 | The case that ¢ is a fractional number
At first, let us recall some auxiliary knowledge of the modified test function y = y(x) := <x>_r for any r > 0.

Lemma 11 (Lemma 3 in?). Let 6 > 1 be a fractional number. We denote s := ¢ — [5]. Then, the following estimates hold for
all x e R™:

(x)"7 if 0<r+2[c] <n,
Ay S (x) " logle+Ixl) if r+2[0] =n,
<x>_”_25 if r+2[c] > n.

Lemma 12 (Lemma 3.3 in'l%). Let & > 1 be a fractional number. For any R > 0, let y, be a function defined by
wr(x) = I//(R_lx) for all x € R".
Then, (—=A)°(yg) satisfies the following scaling properties for all x € R":
(—=A)(wp)(x) = R ((-A)w) (R 'x).
Lemma 13 (Lemma 7 in?). Let s € R. We assume that y; = p,(x) € H® and p, = p,(x) € H™*. Then, the following relation
holds:
/Ml(x) Hy(X)dx = / 1(&) i (&)dé.

Rn R7

Proof. At first, we denote the constant ¢ := o — [o]. Since ¢ is a fractional number, it follows that o € (0, 1). We introduce, on
the one hand, the function n = #(¢) satisfying the same properties as in Section[5.1} On the other hand, we define the function

—n—20
@ =p(x])=(x)"
Let R and T be two large parameters in [0, co) enjoying the relation (). We introduce the following test function:

¢T,R(t’ x) = nr(O@r(x),
where 77(1) 1= n(T~'1) and @g(x) := @(R~'x). We define the functionals
e T
Iz = / /g(t)|u(t, )| pr(t, x)dxdt = / /g(t)|u(t, )P, x) dxdt.
0 Rr 0 Rr

Let us assume that u = u(t, x) is a global (in time) Sobolev solution from C ([O, ), Lz) to . After multiplying the equation
by ¢r g = ¢ (1, X), we perform partial integration to obtain

T [+
Ip+ / (1o(x) + g(O)u; (%)) @ (x)dx = / / gu(t, ) ()@ p(x) dxdt + / / g (D)@ (x) (—A) u(t, x) dxdt
0

R" T/2 R R"

T
+ / / (&' = 1) (O er(x) u(t, x) dxdt
T/2 R"
=t Lg+ Lg+1Iip (56)
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Applying Holder’s inequality with % + ﬁ = 1 we may deal with I,  as follows
T
1) gl < //g(t)| n;f(t)‘(pR(x)dxdt
T/2 R

T 1
S < / / gO]utt. by, 1t x>|pdxdr> < / / 2Oyt 0 0| dxdt)

< fi(//g(t)nTp(t)ln (t)’ Q,R(x)dxdt> ‘

T/2 R

By using the change of variables 7 := T~'t and ¥ := R~'x, we compute directly to give

gl ST} T—2R7'7</g(z)dt> </<x g )
T

~2’'(f) and the assumption (42). After repeating the same argument as we did in Section 5.1} one finds

|IIR|<I”T R7 (/()'"2" >

(57
Rn
In an analogous way, we may conclude the following estimate for I5

Here we used 11 ") =

|I3R|<IT R (/()”2" ) (58)

Now let us focus our attention on estimating I, g. In the first step, since pr € H 20 andu € C ([O 00) L2) we apply Lemma.
to derive the following identities:

/(PR(X)( A)u(t, X)dx—/lé‘lz" R©)(t,8)dé = /u(t x) (=A)° @r(x)dx.
Rn

Therefore, we get

Iz,R=//g(t)ﬂr(t)wk(X)(—A)"u(t,X)dxdf=//g(t)nr(f)u(t x) (=A)° pr(x) dxdt
0 R

0 R
The application of Holder’s inequality again as we estimated I, , gives

\Lgl <1} < / / g (D@ " () (=8 @R(x)|” dxdt)”.
0 Rr

In the second step, to control the above integral we shall apply results from Lemmas[TT] and [T2] as the key tools. In particular
carrying out the change of variables ¥ := R~'x we get the following relation from Lemma.

(=AY @r(x) = R(=0)(@)(%).
After using the change of variables 7 := T 't we achieve

1

1 ’ o

R =4 2 o ety 12 )?
|Lorl S 1R R (/(p QONCI VOO dx) :

R”
Next, the employment of Lemma [IT]leads to the following estimate

1
L gyt -n-25 v
|12,R|SI£R 20+ p, </<)~C> n 6d52>
R»

(59)
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Let us now link the derived estimates from (56)) to (59) and then repeat some steps in the proof of Section[5.1]to establish

1
1 _ - 1
y p—20+1 \—n-2c ,_\"” Y 20+
IgSI;R ’ (x) dx) SI;R 7.
Rn

This means
n+2o

-1 _
I, " SR7 . (60)

n+2o

P

IR://g(t)lu(t,x)l”dxdtzO,
0 R

which follows u = 0. This is a contradiction to the assumption @, that is, there is no global (in time) Sobolev solution to @) in
the subcritical case. Summarizing, the proof of Theorem [2)in the case that o is a fractional number is completed. O

We can see that the assumption (7) is equivalent to —2¢ + < 0. For this reason, passing R — oo in we get

6 | LIFESPAN ESTIMATES

6.1 | Upper bound of lifespan
To show Theorem [3] the following lemma is useful in our proof.

Lemma 14 (see®? at page 202). The following formula of derivative of composed function holds for any multi-index y:

7]

Ih(f©) =Y hP(f©) > (0 £ @) -~ (3 £ @) |,
k=1 Vit <y
[+ +lre|=lal. |7;121
k
where h = h(z) and h®(z) = &Z(kz)

Proof of Theorem[3] We assume that u = u(t, x) is a local solution to (@) in [0, T,) x R" with T, = LifeSpan(u). The proof of
Theorem [Blcan be divided into two cases as follows:

e Case 1: If 5
p<l+ il (subcritical case),
n

then we repeat some steps in the proof of Theorem 2]to obtain the following estimate:

n+20 n+20
20+ —;

1 1
Ip+ce <CILR" 7, ie. ce<CILR"7 — I, ©61)

where c is a suitable constant being subject to

/ (1o(x) + Oy (X)) @ (x)dx > ¢ > 0
BR

for any R > R,. Here R, > 0O stands for a sufficiently large constant. After applying the elementary inequality

1
Ay —y< A  foranyA>0,y>0and0<f <1,

to (61)), one may directly calculate to arrive at
€ S C R—(Zﬂp,—n—zo') — C %(0, T)_erp ;7—26 ’
provided that R?>* = (0, T) holds, which is reasonable from (). Therefore, letting T — T in the previous inequality

we may conclude
20(p—1)

B(0,T,) < Ce o0,
which is the first desired estimate in (8).
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o Case2: If
p=1+ 20 (critical case),
n

then we introduce another test function #* = 5*(s) given by
; 0 if s €[0,1/2),
n(s) 1= ,
n(s) if se[1/2, ),

where the test function # = #(s) is defined as in the proof of Theorem@ Moreover, for a large parameter R € (0, o0), we
denote yp = wg(t, x) and y = (7, x) as follows:

20 n+2c 2% n+26
l//R(t,x) = <}7 <M>) and W;(T,X) - (ﬂ, <=%(O,[)I:' |X| >> )

Obviously, one recognizes that

suppyy € { (%) (@, 1x) €10, T1x |0, R¥ | },

suppyrt <[0,T] x [0, R%]) \ {(r, X) 1 BO+|x < g}
where T is chosen to be a large number enjoying the relation
T
R = / Lds (%)
) ob(s)
0

By multiplying the equation by wr = wi(t, x), we perform integration by parts to derive

T
/ / g®)|ut, x)|Pyg(t, x)dxdt + / (uo(x) + g(O)ul(x))u/R(O, x)dx
0 R

R~

T T
=//g(t)u(t,x)atzu/R(t,x)dxdt+//g(t)u(t,x)(—A)"wR(t,x)dxdt
0 Rr 0 R

T
+//(g’(t)—1)u(t,x)0,u/R(t,x)dxdt
0 R

=. I],R+12,R+I3,R' (62)

Because of the assumption (6)), there exists a sufficiently large constant R, > 0 such that for any R > R,, we have

/ (uo(x) + g(O)ul(x))(pR(x)dx > ¢ >0 for a suitable constant c. (63)
Rn

At the first stage, we will verify the following auxiliary estimates:

lowr(t. )] S R g0 (wit.x) 7 (64)
|02wa(t, 0| £ R (wite,0) (65)
(=AY 1t )| S R (wht, x)) 7. (66)

Namely, by straightforward calculations one finds

(n+20) ( <93(0, )+ |x|% > )””"“ y (93(0, 1)+ |x|> >

Iy r(t:X) = =g R R
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and

’ 26 n+20—1 2%
Pylt,x) = (n+26)b(t)< <93(0,t)+|x| )) ”,<99(0,t)+|x| )

Rb(1) R R

L (n+20)(n+20 - 1) BO,0+ X2\ [, (BO,)+x17\ )
R2b(1)? 1 R g R

, (n+20) BO,0+ Ix22\\" (B0, + x|
R2bry2 \" R 1 R ‘

Since the properties

o <%(O,t)+ |x|*

R

20
> $0 and H<‘%(07t)+|x|

= >¢o for = <9§(Ot)+|x|2"<R

are valid, we may claim the estimates (64)) and (63) by using the assertion i) of Lemma[I10] the assumption (B-L) and
noticing the relations 0 < w7 (#,x) < 1 as well as g(1) < \/ﬁ Here we want to underline that the latter relation can be
verified in the same procedure as we did in (50} by the help of (). What’s more, to control (—A)°y (%, x), we shall apply
Lemma|I4]as a key tool. Particularly, we shall separate our computations into three steps as follows:

L. . BO,1) + z° . . .
Step 1:  The application of Lemmaw1th h(z) = # and z = f(x) = |x|? gives the following estimate for

R
ly| > 1

7]

SR 3 bt

o ((BOD+IxI
x R

k=1 [yyl+--+ly =17l
l7;1>1
& |x|26 2k 2 Y 2
<X X o] o ()
[yyl+=+lye=ly]
1<y =2
7l 262k
<y I x|l 2Tl
~ R
k=1 [yyl+-+ly[=l7]
1<]y;1<2

7] 26-2k 20—
|O' ||2k|y|<||o-|y|

|x _ x
<2 S =5

B(0,1) + |x|*

Step 2:  Applying Lemmawith h(z)=n(z)and z = f(x) = I

o (93(0, 0+ |x|2">
< |71|+";|7k|=|7|

one gets for all |y| > 1 the estimate

)

x R

l7]

<2l

® <9§(0 N+ |x|2“>

o <M>

o <%<o, 0+ |x|26>

R R
1<Iy,1<20
zy: ) M ¥ |x|Petnl ot
k= A=A
1<1y,1<26

l7]

k
|x|20' _ |x|20'—|}’| ) )
hS e x| Mg = (smce x|** < Rinsu - >
;:1( R | x| R [x|7 < PPWg
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B(0,t 20
Step 3:  After applying Lemmawith hz)=z""?and z = f(x) = ”(%W) we conclude

](—A)”nRa,x)ls Y. |olng(t. )|
7|=20

ot <93<o,r)+ |x|2">

)

20
o <93(0,t)+ |x| >

2% %(O t)+ |x|20_ n+2o—k
S n R R
k=1 |7y ]+ +|J’k| 20
lv:1>1
<3 < (93«) H+ |x|25>>n+26 k 2ol fxfocind
k=1 lyy |+ +|7k| 20 R R
lyi121
% B0, t)+ BO.0) + [x[7\ T |x 2o
S TR
k=1
A0, t 20
< R <’1* <+—|—|x|>> (Sjnce |x|2" <Rin suppk//;;),

which yields immediately the estimate (66).

Let us now turn to estimate /; . By (63), the employment of Hélder’s inequality leads to

nt+20-2

I, gl < R” //g(t)lu(t )| (Wi, x)) ™ dxdt

(1420-2)p

<R‘1< / g(t)d(xn)) < / / gDu(t, 0)|” (Wi, x)) = dxdt>_

Supp yy, R”
1
(n+20-2)p

T
n 1 ?
SR(F”?‘I( / / gDt ) (yit, ) dxdr) :
0 R~

where we have utilized the estimate

(67)

1
T R

/ gnd(x,1) S / / |x|""'g(d|x|dt § R B(T) S Rx*!
0

suppy 0

thanks to the relation (). Repeating the same procedure as the above together with the help of (66) and (64) one has

T 1
n 1 _np P
|1, gl 5R(;“)p_f_l<//g(t)|u(t,x)|”(t//2(t,x))"+2°dxdt> (68)
0 R

and
(n+20-1)p

T 1

(£+1)5-1 P ' ’

|I; gl SR gOlut, )P (wit,x)) == dxdt) ,
0 Rr

respectively. For this reason, in (62) we link the derived estimates (63)) and (67)-(69) to establish

T T 1
n 1 e P
C”/ / g(t>|u(t,x>|"wR(r,x>dxdtsR(f”‘?_](/ / g(’)'”(”x””(wz(nx))”“""“”)
0 R~ 0 R»

T 1
_ < / / g(t)|u(t,x)|1’q/;;(z,x)dxdt>" (70)
0 R~

(69)
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by observing from the assumption p = 1

1 np
n 1)--1:0 d =
(26+ 24 an n+2c

In the next stage, let us introduce the following auxiliary functions:

wr) = / / gD u(t, )Py (t, x)dxdt  withr € (0, o)

and
R

Y(R) := / y(rrdr
0

. . BO0,1) + |x|* .
By using the change of variable s = w, we achieve
r

R T
26 n+2c
fﬂn=/(//ﬁmwmw(w<%9%#ﬁL>> dMOFWr

[c)

//g(t)lu(t x)|”? / (n*(s))nﬂgs_ldsdxdt

BON+x|20
R

//g(t)|u(t x)|P</(n*(s))””"s—‘ds)dxdt (since supp 7 C [1/2,1])

1/2

=//g(t)|u(t,x)|p</<n( )5 ‘lds>dxdt (since n*Enin[1/2,1]>
0 Re 172
z 2% n+20 !
S//g(t)lu(t,x)|p sup <77 <w>> </S_l ds) dxdt
re(0,R) r

1/2
2% n+2o
< logZ//g(t)lu(t x)|? < <g§(() D+ Ix] )) dxdt (since n is decreasing)

=logZ//g(t)lu(t,x)|”1//R(t,x)dxdt. (71)

In addition, it holds

Wmm=wm=//mmeWﬁmmww )
0 R
After combining from (70) to (72)), one has demonstrated the following estimate:

1
ce + ﬁ //g(t)|u(t X)|Pyg(t, x)dxdt S (Y'(R)R)7,
which is equivalent to )
R! (cs + @> < CY'(R).
log2
Thus, it follows that
. » , . -1 Y'(R)
(Y(R))" < C(log2)’Y'(R), ie. R'<C(log2yf——= (73)

(Y(R)"
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and
c’e?R™ < CY'(R). (74)
By putting r := R and taking account of R > RS, we integrate two sides of over [\/E, R] to get
1 C(log2)” ~p-n|r=R _ C(log2)” ~(p-1)
—logR<———(Y < —(Y(VR . 75
FlogR < ———==(v(n)""| _ =< p_l(m/_)) (75)

Again, denoting r := R and taking integration of over [R,, \/E] one gains
cp£p< log VR — log R0> <cC (Y(\/E) - Y(RO)),
which results 1
e’ og R<C Y(VR).
Finally, we plug the previous inequality in (73)) to catch the estimate
C(log2)r
p—1

1

log2 [ 22-1\7

logR S ¢ Og ZL g_(P_l).
cp-1 p—1

For this reason, letting R — 9%(0,7T,),ie. T — T, in the last estimate we may conclude that

Clog2 /221 \;
#0,T,) < exp< o8 (—2 )"e‘“"“)
e~ \p—1

-(-1)

%logR < (%c”&” 10gR> ,

that is,

what we wanted to prove.

Summarizing, the proof of Theorem 3]is complete. O

6.2 | Lower bound of lifespan

Proof of Theorem] First of all, let us define the evolution space of solutions X (T') together with its corresponding norm as in
the proof of Theorem [T] with m = 1. In the followings, we are going to use again some notations which are introduced before
from Section ] The main crux of our approach to indicate the desired lower bound estimates for the lifespan relies on a pair of
inequalities as follows:

C, log (e + B(0,0) llully;, ifp=1+2,
C, (1 +30,0) =" lullyey, i p<1+2,
for all ¥ € [0, T], where Cy = Cy(n,uy,u;) and C, is a positive constant independent of T'. Clearly, it entails immediately the
following estimate from the definition of the norm of X (T') and Theorem 3}

lull x(ry < €Co + { (76)

i
1™ x 7y < €Co(n, ug, uy).
For this reason, we need to establish

: 20
”unon”X(T) < {Cl IOg (e + ‘%(07 t)) ”ulll})((T) 1fp =1+ W

Cy(1+80.0) =" ully,, ifp<i+,

(77)

instead of (76)). Indeed, repeating the same procedure and analogous arguments as we did in the proof of Theorem|[I|one arrives
at

_n_ka M (p—
1D “u™ e, ]2 S (1+B0.0) 7 = [lull},y, / b(s)™ (1 + B0,9) *" " ds

0
t

+(1+B0.0) " ull / b 1+ B(s,0) = ds

X(T)
3
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with k = 0, 1. Concerning the second integral we use the change of variables r = 9B(s, 1), i.e. r = HB(0,1) — B(0, s), to achieve

t B(t/2.1)
/b(s)—‘ (1+ B(s,0) >ds = / (+n drs (1+B/2.0) 7> < (1+80,0) >
L 0

2
since 12‘—” < 1, which implies
(o}
< T,
To control I, let us now separate our considerations into two cases as follows:

e Casel:If

p=1+22 e Top-n=1,
n 20
then
/b(s)—l(l +B(0,5) """ ds < log (e + B(0,1/2)) < log (e + B0, 1)).
0
This yields that
ke
I, S (1+B0.0) 7% log (e + BO.0)llully . (79)
o Case2: If
p<1+42. ie Top-1<l,
n 20
then
2
/b(s)—l(l +20,9) " Vas 5 (1+20,1/2) 7= < (1+80,0) 7>,
0
This follows that .
LS (14 B©.0) % =2 gp (80)

Summarizing, we link the obtained estimates from (78) to (80) to conclude

n ka
1+ %0,0) * > log (e + RBO,0)||ull” ifp=1+%,
” |D|kaunon(t,')||L2 S ( ( )) o g( ( ))” “X(T) p n

—n ke (p-1 .
(1+B©.0) = =72 pp ifp<1+2,

for k = 0, 1. This completes the proof of (77).
What’s more, motivated by the approach in'” let us define
T* :=sup{T € (0,T,) suchthat F(T) := |jullx;) < Me}

with T, = LifeSpan(u), where M > 0 is a sufficiently large constant which will be determined later. From this definition and
(76), it is clear to see that

(COM—1 +C, log (e + B0, T)(Me)! )Me ifp=1+2,
F(T*) = llull gy < . .
(oM~ + €, (1+80.79) = (Mey ) Me ifp< 1+,

Now we take a large constant M > 0 such that CyM ! < i. Assume that the following estimates hold:

C, log (e + B0, T*))(Me)! ifp=1+2,
i>{lg( (0, 7)) (Me) if p . -

Ci(1+B0.7%) =" "(Meyp' ifp<i+Z,
Then, it follows immediately that
F(T*) < %Me < Me.
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Thanks to the continuity of the function F(T'), we claim that there exists Te (T*,T,) enjoying the relation F (T) < Mg, which
is a contradiction to the definition of T*. This means that the assumption (8T is not true, i.e.

1 {c1 log (e+%’(0,T*))(Ms)”‘1 ifp=1+2,

47 (1+80.79) =" (Mept ifp<i+
More precisely, this observation gives

exp (ce=@™D) ifp=1+ 27”,
‘%(0’ T*) > 26(p=1)

cg 20-n-D ifp<l+ 276

Therefore, the desired estimates for lifespan from the below (9) are established by the last inequality. O

7 | CONCLUDING REMARKS

Remark 5. It can be also expected to study the global (in time) existence of small data Sobolev solutions from suitable function
spaces to weakly coupled systems of semi-linear o-evolution models with time-dependent coefficients and different power non-
linearities. For this reason, it is interesting to consider the following Cauchy problem for weakly coupled systems of semi-linear
o-evolution equations with time-dependent damping:

Uy + (—A)u+ by(Hu, = |9]v]?, (t,x) € [0, 00) X R",
Uy + (=AY 0 + by, = |0kul, (t,x) € [0, 00) X R, (82)
(u7 uta v, U;)(07 x) = (u05 u17 U07 U])(x)a x € Rn7

with any fractional number ¢ > 1, j,k = 0, 1 and p, g > 1. Here the damping terms b, (*)u, and b, (¢)v, are assumed to be effective
(see Definition[I)). Using the derived estimates to the single equation from Proposition[I]and Corollary [3|for the corresponding
linear Cauchy problems of (82)), we may prove global (in time) existence of small data Sobolev solutions to the weakly coupled
systems of semi-linear -evolution model (82)) with suitable function spaces. On the other hand, by using the modified test
function method not only the blow-up of Sobolev solution, but also lifespans estimate can be studied to (82) when ¢ > 1 is any
fractional number.

Remark 6. Motivated by the quite recent paper't, where the authors investigated the equation

14¢ (83)

u, + (=AYu+ ——u =P, (1,x) € [0, 00) x R",
u(0,x) = ug(x), u,(0,x) =u;(x), x€R",

with g > 0,6 > 1and p > 1, we can see that another interesting problem is to study the Cauchy problem (82)) for weakly coupled
system of semi-linear o-evolution equations with with different scale-invariant time-dependent dissipation terms. Namely, the
following damping terms b, (t)u, and b,(f)v, are of interest:

Hy
T+1
Depending on the size of the parameter y; and p,, we expect to achieve blow-up results and lifespan estimates for solutions by
an application of the same approaches used in this paper. Moreover, the critical curve of p, g for the global (in time) existence of
small data solutions could be reasonable to conclude by the help of optimal L" — L* decay estimates, with 1 <r <2 < s < o0,
for solutions to the corresponding linear Cauchy problem of (83).

bl(t):1“—+‘t with p, >0 and  by(t) = with > 0.
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