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1 Introduction

The singularity theory of curves and surfaces is an active area of research in
different branches of mathematics and physics. In the view of differential ge-
ometry, curves and surfaces are represented by functions with one variable and
two variables, respectively. In recent years, singularity theory for the curves and
surfaces became important tools for various interesting fields such as medical
imaging and computer vision. (see e.g. [1-4]).

As we know, sweeping surface is the surface generated by the motion of a
plane curve (the profile curve or generatrix) whilst the plane is moved through
space in such away that the movement of the plane is always in the direction of
the normal to the plane. Sweeping is a very important, powerful, and widespread
method in geometric modelling. The basic idea is to choose some geometrical
object (generator), which is then swept along a spine curve (trajectory) in the
space. The result of such evolution, consisting of motion through space and
intrinsic shape deformation, is a sweep object. The sweep object type is defined



by the choice of the generator and the trajectory. Then, sweeping a curve along
the other curve generates a sweeping surface. There are several different names
of sweeping surface that we are familiar with, such as tubular surface, pipe
surface, string, and canal surface [5-9].

One of the most appropriate methods to study curves and surfaces from the
view differential geometry, Serret—Frenet frame, but not unique, there is another
frame fields as the rotation minimizing frame (RMF) or Bishop frame [10]. Some
applications of the Bishop frame can be found in [11-14]. Corresponding to
Bishop frame in Euclidean space, there is a Minkowski version’s frame which is
named a Minkowski Bishop frame as applied to Minkowski geometry. By the
investigation of the space curve, it is easier to use the Minkowski Bishop frame
among the curve as an essential tool more than the Serret—Frenet frame type
frame in Lorentzian space. Several papers focus on Minkowski Bishop frame,
for example [15-17].

In this paper, we present the notion of timelike sweeping surfaces with ro-
tation minimizing frames in Minkowski 3-Space E$. By applying singularity
theory we classify the generic properties, and present new invariant connected
to the singularity of this timelike sweeping surface. It is leads to the main
generic singularity of this sweeping surface are the well known cuspidal edge
and swallowtail, and the kind of them are characterized by this new invariant,
respectively. Finally, to illustrate the principle results some examples are given
and investigated in details.

2 Preliminaries

At this section, some notations on Minkowski 3-space are introduced. More
concepts and properties are in [18, 19].

Suppose R? = {(a1,az,a3) |, a; € R (i=1, 2, 3)} be a 3-dimensional Carte-
sian space. For all a = (a1, az,a3), and b = (b1, by, b3) € R3, the pseudo scalar
product of a, and b is denoted by

<a,b>=—a1by + asby + azbs. (2.1)

(R?, <, >) is called Minkowski 3-space. In fact, we use E rather than (R?, <, >).
We say that the non-zero vector a €E$ is spacelike, lightlike or timelike in case
< a,a>>0, <a,a> =0 or < a,a><0 in the same order. The norm of the
vector a €E$ is denoted to be ||a]| = y/|< a,a >|. For any two vectors a, ¢ € E3,
we determine the vector a x c as

—€e; ey e3
axc=| a1 ax a3z |=(—(azscs —azca),(azer — aics), (a1ca — asey)),
C1 Co C3
(2.2)
where e, eg, es is the canonical basis of Ei’ . We can easily check that

det(a,c,b) =<axc,b>, (2.3)



so that a x c is pseudo orthogonal to any b = (by, ba, b3) € E3. The Lorentzian
unit sphere with center in the origin of E$ is given as

ST ={x €k} |<x,x>=1}. (2.4)

Let 8 = B(s) is the unit speed timelike curve; by k(s) and 7(s) we define
the natural curvature and torsion of 5(s), in the same order. Let {T(s), N(s),
B(s)} be the Serret—Frenet frame related to S(s). For all points on 3(s), the
corresponding Serret-Frenet frame is:

T 0 k(s) O T T
N | =1 &) 0 7(8) N |=wx| N |, (2.5)
B 0 —71(s) 0 B B

where w(s) = 7T 4 kB is Darboux vector of the Serret—Frenet formula. At this
paper, dash indicats to the derivation with respect to the arc-length parameter
s. It seems clear that

TxN=B, TxB=-N,NxB=-T. (2.6)

Definition 2.1. A pseudo orthogonal moving frame {1, &3, &3}, along a non
null space curve «(s), is rotation minimizing frame (RMF) respecting to &; in
case the derivatives of & and &3 are both parallel to &1, or its angular velocity
w satisfies < w, &, >= 0. Similarly, characterization stays hold in case & or &3
is selected as a reference direction.

According to the Definition 2.1, it is observed that the Serret—Frenet frame
is RMF respecting to the principal normal N, but not respecting to the tangent
T and the binormal B. Despite the fact that Serret—Frenet frame is not RMF
respecting to T, it is not difficult to derive such a RMF from it. New normal
plane vectors (N1,N3) are particular among the rotation of (N,B) as following

Ty 1 0 0 T
N; |=( 0 cosv¥ sin9 N |, (2.7)
Ny 0 —sin?d cos? B

with a certain spacelike angle ¥(s) > 0. Here, we will call the set {T;, N1, N2}
as RMF or Bishop frame. The RMF vector satisfy the relations

T1 XN1:N2,T1 X NQZ—Nl,Nl XNQZ—Tl. (28)

As a result, the alternative frame equations are

T% 0 nl(s) —KQ(S) T1 T1
Nl = Kl(S) 0 0 N1 =W X N1 s (2 9)
N/2 —/QQ(S) 0 0 N, Ny



where w(s) = koN7 + k1N is RMF Darboux vector. Here, the Bishop cur-
vatures are defined by k1(s) = kcos¥, and ka(s) = ksind. One can show

that
wls) = /AT 3, and 0 = tanh ™! (52) 5 5y £0,
I(s) = — [Tds + Do, ¥ =V(0).

S0

By the comparison of Eq. (2.4) and Eq. (2.8), it is observed that the relative
velocity is

(2.10)

w(s) —w(s)="T. (2.11)

Consequently, the Serre-Frenet frame and the RMF are identical iff 5(s) is a
planar, i.e. 7(s) = 0. Now we define the spacelike Bishop spherical Darboux
image e : [ — S2, by

o(s) = 28 _ M <“2N1+N2>. (2.12)

REOIRNCET A

. . . . ’ ’
Therefore, we consider a new geometric invariant p(s) = K14 — Kok, .

Definition 2.2. A sweeping surface along §(s) is a surface defined by

M :X(s,u) = B(s) + T(s)x(u) = a(s) + z1(u)N1(s) + x2(u)Na(s), (2.13)

where ((s) is called the (at least C''-continuos). x(u) is planar profile (cross-
section) curve defined as he parametric representation x(u) = (0, z1(u), za(u))?,
't” as a symbol indicates to the transposition, in addition to another parameter
u € I C R. The semi orthogonal matrix T'(s) = {T1, N1, N} specifies the
RMF along fS(s).

3 Timelike sweeping surface
In this section, we present timelike sweeping surface in Minkowski 3-space E3 .
Consider the planar profile curve given by x(u) = (0, cos u, sinu). By using Eq.
(2.11), it follows that

M : X(s,u) = B(s) + cosuN; + sinuNj. (3.1

By the formulae expressed in Eq. (2.8), we can calculate

Xs(s,u) = (14 k1 cosu — ko sinu) Ty, (3.2)
Xu(s,u) = cosulN7j + sinuNy, ’
where X,; = %—’f. The unit normal vector of M is
X, x X
U(s,u) : =————"— = —sinulN; + cos uNy. (3.3)
([ X x X |
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Note that |N(s,u)||> = 1 means that M is a timelike surface. Our aim of this
work is the following theorem:

Theorem 3.1. Suppose 3: I — E$ is the unit speed timelike curve with
1 > 0. Then, for any fixed x €S?, one has the following:
A- (1) e(s) is locally diffeomorphic to the line {0} xR at sq iff p(sg) # 0;

(2) e(s) is locally diffeomorphic to the cusp C' x R at sq iff p(sg) = 0, and
P (50) # 0.
B- (1).M is locally diffeomorphic to Cuspidal edge CE at (so, up) iff x = t-e(sp),
and p(sg) # 0.

(2) M is locally diffeomorphic to Swallowtail SW at (so,ug) iff x = +e(so),
p(so) =0, and p'(s) = 0.

The proof will appear later. Her,

CxR = {(z1,72)|a] = 25} xR,
CE = {(z1,22,23)[x1=1, x,=v°, x3=v*},
W = {(xl,xg,m3)|m1 =u, To = 30? +wv?, 3 :4v3+2uv}.

The pictures of C x R, CE, and SW will be seen in Figs 1, 2, 3.

Figure 1: CxR Figure 2: CE.



Figure 3: SW

3.1 Lorentzian height functions

Next, let us present two different families of Lorentzian height functions that
will be used to study the singularties of M as follows [1-3]: H : I x S? — R, by
H(s,x) =< f(s),x >. We call it Lorentzian height function. We use the nota-
tion hy(s) = H(s,x) for any fixed x € S2. We also define H : I xS2 xR — R, by
fNI(s, x,w) =< f,x > —w that is called the extended Lorentzian height function
of B(s). We denote that hy(s) = H(s,x). From now on, we shall often not write
the parameter s. Then, we give the next proposition:

Proposition 3.1. Suppose 3: I — E? is the unit speed timelike curve with
k1 # 0. Then the following holds:

A).
( )(1)— h;{(s) =0 iff x = a;N; + a2Ny, and a?+a3=1.
(2)- hls) = () = 0 iff x = e(s);
(3)- hy(8) = h (s) = hy (s) =0 iff x = £e(s), and p(s) = 0.
L) = hel) = Ao ) = 1 (s) = 0 ff x = Ze(s), and p(s) = p'(s) =

(5)- hi(s) = hi(s) = ' (s) = h(s) = P (s) = 0 iff x = +e(s), and

(1)- hx(s) = 0 iff there exist < 8,x >= w;
(2)- hy(s) = h, »(s) = 0 iff there is a1, az € R that is x =cosulNy + sin uNa,
and < 3,x >=w. . .

(3)- hx(s) = hi(s) = ho(s) = h.(s) = 0 iff x = +e(s), < 8,x >= w, and
p(s) = 0;

(4)- x(s) = Ti(s) = by (s) = Ty (s) = By (5) = 0iff x = e(s), < f,x >=
w, and p(s) = p'(s) = 0.



~ ~r >~ ~1 ~ ~(4)

(5)_ hX(S) = hx(s) = hz (S) = hm(s) = hz (S) = ha: (S) =0iff x = ie(8)7
< B,x >=w and p(s) = p'(s) = p (s) = 0. Proof. (A). (1) Since h (s) =<
T,x >, and {Ty, Ny, N»} is RMF along f(s), then there exists a1, as € R
such that x = a1N; + asNy. Moreover, in combination with x € S?, we get
af + a3 = 1, it follows that h,(s) = 0 iff x = a1N1 + asN2, and af + a3 = 1.

(2)- When hy(s) = 0, the assertion (2) follows from the fact that hy(s) =<
Tll,x >=< K1N7 — koNg,x > = 0. Thus, we have that a;k; — agke = 0.
It follows from the fact a3 + a3 = 1 that a; = +ko/\/K? + K3, and ay =

+k1/y/K3 + k3. Thereby, we have that

x = (T (“Nl n N2) (s) = +e(s). (*
VK] + Ky \K1
Thus, we get that h. (s) = h, (s) = 0 iff x = +e(s).
(3)- Under the condition that h.(s) = h..(s) = 0, h, (s) =< T, ,x >=<
(k2 + #3) T1 + K1 N1 — #yNa, x > = 0, and by Eq. (*), we have that

~—

K1 ,‘iglill—/*ﬂ/ﬁ; K1 P
+ §)=t———= 1| — | (s)=0.
\/F&%‘i"‘@%( f1 ><> VL + k) <”1>()

Since k1 # 0, we get that h;/ (s) =0 iff x = +e(s), and p(s) = 0.
(4)- Since

(4) "

hy (s) =<T, ,x >=< 3(kik| + kaky)T1 + (Hl + k1 (K3 + H%)) N,
- (,«u; ¥ ko (@mg)) N, x > = 0.

Thus, making use of Eq. (*) in the above, we have that

’ ’

2 2
VK] + K3 K1

This is equivalent to the condition p(s) = p (s) = 0.
)

+

(s)=0.

®)
(5)- Since hy (s) =< T; ,x > 0, we have:
< ((m% + K%)Q +4 (mgm; + Iilfﬁlll> +3 (Iil12 + /1,22)) T+

’ ’ ’
K1 +5K1 (kiK1 + KoKa ) + Ky (KJ% + n%) N,—
1"

Ko + Bk (Roka + kiRt ) + kg (K + K3) ) No,x >= 0.

Similarly, by Eq. (*) in the above, we have that:

" "

’ ’ 2 2
1 KoKy — K1Kg —+ (mgﬁl — 111,%2) (Iil + sz)

+
N K1

=0.



This is equivalent to the condition p(s) = p'(s) = pu(s) = 0. (B). Similar to
the proof of (A), we have (B) I

Proposition 3.2. Suppose 8: I — E$ is the unit speed timelike curve with
k1 # 0. Then , we have p(s) = 0 iff

e(s) = % (le + Ng)
K1+ Ky \ A1

is a constant vector.
Proof. Let k1 # 0, using simple calculations, we have

e/ (S) = ﬂg (Klel + I{,QNQ) .

(ViE+#3)
Thus € (s) = 0 iff p(s) = Kok, — K1ky = OM.

Proposition 3.3. Let 3: I — E? is the unit speed timelike curve with x; # 0.
Then we state the the following.

(a) B is a slant helix iff k3/k7 is constant.

(b) Ny is a part of a circle on S? whose center is the spacelike constant vector
eo. Proof. (a) Suppose that p(s) = kak] — K1y = 0. Hence, we can write

(/{2) B Fiky — Kok, ~ —p(s) _q

K1

This means that :—f:constant, that is, 3 is a slant helix.
(b) Suppose that k1 # 0. Since

K1 K2 1
<eNg>= — < (Nl + Ng) ,Ng >= —————— = const.
VK2 + K3 K1 1+ k3 /K3

This means that Ny is a part of a circle on S whose center is the constant
spacelike vector eg(s) W

3.2 Unfolding of functions by one-variable

Now, some general results will be used on the singularity theory for families of
function germs [1-3]. suppose F: (R x R", (s9,%0)) — R is the smooth function,
and f(s) = Fy,(s,%0). Then F' is called an r-parameter unfolding of f(s).
We say that f(s) has Aj-singulaity at so if f(P)(so) =0 for all 1 < p < k, and
fEHD(50) # 0. In addition, it is said that f has As-singulaity (k > 1) at s. Let

the (k — 1)-jet of the partial derivative g—i at so be j+—1) (g—i (s,xo)) (s0) =

Z?;&Lﬁ (s — s0)” (without the constant term), for i = 1, ...,7. Therefore, F(s)
is named an p-versal unfolding in case the k x r matrix of coefficients (Lj;) of



the rank k (k <r). So, we write important set about the unfolding relative to
the above notations. The discriminant set of F' is the set

Dp = {XERT there is s with F' (s,x) = g—i (s,x) =0 at (s,x)} . (3.4)

The bifurcation set of F' is the set

r : ., OF 0’F
Bp = {XGR | there is s with s (s,x) = ez (s,x) =0 at (s,x)} . (3.5)

Then similar to [1-3], we state the following theorem:

Theorem 3.2. suppose F: (R x R",(sp,%0)) — R is an r-parameter unfold-
ing of f(s), that has the A singularity at so.

Let F' is a p-versal unfolding.

(a) If k =1, so D is locally diffeomorphic to {0} xR"~1, and By = &;

(b) If k = 2, so D is locally diffeomorphic to CxR"~2, and By is locally
diffeomorphic to {0} xR"~1;

(c) If k = 3, so D is locally diffeomorphic to SWxR" 3, and B is locally
diffeomorphic to CxR" 2.

Hence, we give the following fundamental proposition:

Proposition 3.4. Suppose 3: I — E$ is the unit speed timelike curve x1 # 0.
(1). If hx(s) = H(s,x) has an Ag-singularity (k = 2, 3) at sp € R, therefore
H is a p—versal unfolding of hx,(so). (2). If hx(s) = H(s,x,w) has an Ay-
singularity (k =2, 3) at so € R, then H is a p—versal unfolding of Exo(so)

Proof. (1) Because of x = (zg,21,22) € S}, and 5(s)= (Bo(s),51(s), Ba2(s)) € E}
and Without loss of generality, Let 2 # 0. So by zo = /1 + 2% — z%, we have

H(s,x) = —x0B0(s) + z161(s) + mﬁg(s). (3.6)

Thus, we have that

OH __ z0B2(s) OH __ 7182(s)

8wO - _ﬁO(S) + 1153790%’ 8111 - Bl(s) - A /li‘r;%*w%a
2 / zoBy(s 2 ’ 18 (s
9°H __60(5)+ 0B>(8) 9°H :ﬁl(s)_ 185(s)

0sdxg \/l+wg—w%’ 0s0x1 /71+93%—$§ .

Therefore, the 2-jets of % at so (i=0, 1) are: Let xo= (200,210, Z20) € S?, and
assume o9 # 0, then

7t (L (s %0)) = (—Aals) + x"‘;ii‘s)) (s = o),

/ (3.7)
7 (2 (s.x0)) = (Bi(s) - ﬂ“) (s — s0),



and

7 (G o)) = (~ols) + 2520 ) (5 = s0)
#4 (= + 2 ) (s o),

3.8

72 (311(5 Xo)) = <B _ a0 S)> 5 — 80) (38)

20
4 (59 - 22 (s - o)

(i) If hx,(so) has the Ag-singularity at sg, then h;o (s0) =0. So the (2—1) x 2
matrix of coefficients (Lj;) is:

A= ( _B)(s) + Tfale) gl () _ i08a(s) ) , (3.9)

20 20

Suppose that the rank of the matrix A is zero, then we have:

i) = 020 gy - T0fale) (310)
Since Hﬁ/(SO)H = I T1(s0)|| = 1, we have f,(sg) # 0, so that we have the
contradiction as follows:
0 = < (5&(50),51(50),@(50)) s (200,210, T20) > (3.11)
= —By(s0)T00 + B (50)10 + Ba(s0)720
— 71.(2)052(50) + x%OBQ(SO) +,Bé(50)1’20 (312)
Z20 20
= BZ(SO) (=250 + 23 + 23)
20
_ 52(50)
= A0

Therefore rank(A) = 1, and H is the (p) versal unfolding of hy, at so.
(i) In case hx, (so) has the As-singularity at so € R, thus hy (s0) = hy,(s0) = 0,
and by Proposition 3.1:

e(s0)= ——nl <:jN1+N2>, (3.13)

/-2 2
K] + K3

where p'(s9) = 0, and p” (s0) # 0. So the (3 — 1) x 2 matrix of the coefficients
(ng) is

B— < Ly Ly ) _ _ﬁ/( ) 1001:220(5) 6/1(8) - wl(ivi;(S) (3 14)
L L z s " x s ' '
21 22 _B + 0015220( ) By (s) — 105220( )
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For this purpose, we also require the 2 x 2 matrix B to be non-singular, which
always holds true. In fact, the determinate of this matrix at sg is

’

By By B
det (B) = P By By B (3.15)
Too Ti0 T20
= — <B8x8",eq>
Z20
= 7 ”12 2<5’><¢3",<’”N1+N2)> (3.16)
To0N/ K] + K3 K1

Since ,6’, = T, we have B” = k1IN7 — kaNo. Substituting these relations to the
above equality, we have that

VRIHRS (3.17)

det (B) =
(B)=+F o~

This means that rank(B) = 2.
(2) Under similar notations as in (1), we have

H(s,x,x2) = —x0f0(s) + x161(s) + /1 + x§ — 23fa(s) — z2. (3.18)

We require the 2 x 3 matrix

_ﬁ(’)(s) + zo0f2(s) 5’1(8) _ z10B5(8) 1

G = Zpo T2
=By + 7;1:005220(5) B (s) — wmf;o(s) 0

to get the maximal rank. Using case (1) in Eq. (3.14), the second raw of G is
not equal zero, so rank(G) =2 H.

Proof of Theorem 3.1. (1) Using Proposition 3.1, the bifurcation set of
H(s,x) is

By = m(leJer) seR[seR . (3.19)
\/m K1

The assertion (1) of Theorem 3.1 follows from Proposition 3.1, Proposition 3.4,
and Theorem 3.2. The discriminant set of H(s,x) is given as follows:

D = {x0 = B+ cosulN; +sinuNs|s € R}. (3.20)

The assertion (1) of Theorem 3.1 follows from Proposition 3.1, and Proposition
3.4, and Theorem 3.2 K.

Example 3.1. Given the timelike helix:
B(s) = (v3sinhs,v/2s,v/3coshs), —1<s<1,

11



Clearly
T(s) = (\ﬁcosh $,v/2,1/3sinh 8),
N(s) = (sinh s, 0, cosh s),
B(s) = (—v2cosh s, —/3, —/2sinh 5),
rk(s) = /3, and 7(s) = —/2.

Taking fy = 0 we have 6(s) = v/2s. Using the Eq. (2.7), we obtain
k1(s) = V3 cosV2s, and ka(s) = V/3sin v2s.
Hence, the geometric invariant is
p(s) = V6.

Therefore, the transformation matrix can be expressed as:

T, 10 0 T
N, = 0 cosv2s sin v/2s N |,
N, 0 —sinv2s cosv2s B

From this, we have

N1 sinh s cos v/2s — v/2 cosh s sin v/2s
N1 = N12 = —+/3sin \/§S 5
Ni3 cosh s cos v/2s — /2 sinh s sin v/2s
Nop sinh s sin v/2s — v/2 cosh s cos v/2s
Ny, = Nog = —v/3 cos \/§s
No3 cosh s cos v/2s — /2 sinh s cos /25

Hence, the spacelike sweeping surface is (Figure 4)

N1 Nai
M :R(s,u) = (\/§ sinh s, v/2s, v/3 cosh s) +cosu | Nig | +sinu| No
Ni3 No3
The Bishop spherical Darboux image is (Figure 5)
N1 Noy
e(s) = sin V2s | Nip | +cosv2s | No
Ni3 Naz

12



Figure 5: Bishop spherical Darboux im-
Figure 4: Timelike sweeping surface. age which has a cusp point.

3.3 Singularities of developable surfaces

Developable surfaces are considered as special cases of ruled surfaces. This kind
of surfaces are used in different fields as the manufacture of automobile body
parts, airplane wings, and ship hulls. Therefore, we analyze the case that the
profile curve x degenerates into a line. Then, we have the following two timelike
developable surfaces

R:Q(s,u) = B(s) + uNa(s), u € R, (3.21)

and
RY:Qt(s,u) = B(s) + uNy(s),u € R, (3.22)

Obviously, R(s,0) = a(s) (resp. R*(s,0) = a(s)), 0 < s < L, that is, the
surface R (resp. R') interpolate the curve a(s). We can also calculate that

R: Qs xQu=—(1—1ukry)Niq(s),

and
RY: Qf x QF = (1 +uky) Ny(s).

Then we have R (resp. R') is non-singular at (sg, ug) iff 1 —ugka(sg) # 0 (resp.
(1 4+ upk1(so) #0). Hence, by using ko we classify the singularities as in the
following.

Theorem 3.3. Let R be the timelike developable expressed by Eq. (3.21).
Then we have the following

(1) R is locally diffeomorphic to Cuspidal edge at (so,uo) iff k2(so) = 0, and
Ka(s0) # 0;

(2) R is locally diffeomorphic to Swallowtail at (so,ug) iff k2(sg) # 0, and
Ka(s0) £0

x3(s0)

Proof. If there exists a parameter so such that xs(sg) = 0, and ug = Z%E:g; #0
2
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(kin(s0) # 0), then R is locally diffeomorphic to Cuspidal edge at (sg, ug). So, as-
sertion (1) holds. Also, if there exists a parameter so such that ug = ﬁ #£0,

Uy = :ggzz; =0, and (ﬁ) # 0, then R is locally diffeomorphic to Swallow-

tail at (so,ug), assertion (2) holds W

Example 3.2. By making using of Example 3.1, we have the following:
(1) If 59 = 0, then ky(so) = 0, and ky(sg) # 0. The timelike developable surface

1 S : S o
5 cosh  cosh s — sinh § sinh s
M :Q(s,u) = ﬁsinhs,f,écoshs +u | —¥Bcoshs
2 27 2 22 s
5 cosh 3 sinh s — sinh $ cosh s

is locally diffeomorphic to the Cuspidal edge, u € R, see Figure 6.
(2) If 59 = 0, then k1(sg) # 0, and k4(sg) = 0. The timelike developable surface

cosh £ sinh s — 1 sinh £ cosh s
3 3 2 2 2

Mt Qt(s,u) = isinhs,f,icoshs +u | Bginhs
2 27 2 2 2

cosh £ cosh s — § sinh £ sinh s

is locally diffeomorphic to Swallowtail, u € R, see Figure 7.

Figure 6: CE timelike developale Figure 7: SW timelike developale
surface. surface.
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