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Abstract

The paper investigates exact solutions of the resonant nonlinear Shrodinger’s equation (R-
NLSE) with Kerr law nonlinearity by using the extended direct algebraic method. Graphs

of some obtained solutions are presented with different values of parameters to describe their
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propagation. In order to understand the bifurcation structure of nonlinear and super-nonlinear
travelling wave solutions of the considered equation, bifurcation analysis has been practiced.
Moreover, a set of non-trivial and first-order conserved quantities are computed by multiplier

approach.
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1 Introduction

The nonlinear Shrodinger’s equation (NLSE) plays an important role in different branches of science.
Nonlinear optics, plasma physics, quantum mechanics and fluid dynamics are one of the fields where
NLSE is appeared. The R-NLSE is utilized in the study of dynamics of solitons and Madelung fluids

in many nonlinear systems ([3] and references therein):
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In Eq. (1), non-dimensional distance along the fiber and temporal variable is described by independent
variables z and ¢ respectively. The complex valued dependent variable ®(¢, x) represents wave profile
while constants «, 8 and 7 are the coefficients of group-velocity dispersion, non-Kerr nonlinearity
and resonant nonlinearity respectively.

In Eq. (1), real valued and n-times differentiable function (2 is defined as:
Q@ )P :C— C.

where C represents the complex plane as a two dimensional linear space of R?. Here we are assuming
Q(y) = y which arises in nonlinear fiber optics or water waves when refractive index is proportional
to intensity [6].

The R-NLSE equation has been discussed by many means in literature. In recent past, researchers
computed the exact solutions of Eq. (1) by using different approaches. In [8], authors compute the
exact solutions of Eq. (1) by using Jacobi elliptic approach and simplest equation technique. Baleanu
et. al. [3] investigated the soliton solutions of the considered equation by using Ricatti-Bernoulli
sub-ODE method. One of the objectives of this research is to find a new set of exact solutions. For
this, the extended direct algebraic method is used to find the exact solutions of Eq. (1). In recent
years, study of differential equations by means of bifurcation analysis is a hot topic of research.

Dubinov et. al. in [10] characterized a new class of nonlinear and super-nonlinear waves. In [20],



a class of solutions is obtained for Klein-Gordon-Zakharov equations by using bifurcation theory.
More recently, Sharma-Tasso-Olver (STO) equation is dealt by means of bifurcation theory [1] and
a complete classification of waves is presented. By the best of our knowledge, any study related to
behaviour of nonlinear and super-nonlinear travelling waves for R-NLSE equation is not done before.
Thus a depth analysis of Eq. (1) along these lines is interesting and is presented here.

Conservation laws have a vital role to play in solving differential equations and in many applica-
tions. The idea of conservation laws came from the conception of physical laws like mass, energy, and
momentum. The use of Noether’s theorem [5] proved by German mathematician Emmy Noether is a
systematic method for finding conservation laws. Noether theorem states that each Euler - Lagrange
equation’s Noether symmetry corresponds to a difference equation’s conservation law. Noether’s
theorem works only for variational differential equation, yet there are differential equations which
have no Lagrangian equations which can be dealt with different approaches available in literature,
some of them are [2, 11, 12] while computer package for construction of conserved quantities by using
[2] is also developed [9] and utilized in this research. Here we search out the first order nontrivial
conserved quantities of Eq. (1) by using multiplier approach [2]. Some latest works related to exact
solutions and conservation laws are given in [4, 7, 13, 14, 16]

Paper is organized as: Section 2 is devoted for the exact solutions of Eq. (1) by using the extended
direct algebraic method. Bifurcation analysis of Eq. (1) is presented in Section 3. Section 4 is devoted

for conserved quantities, while conclusion is stated at the end.

2 Travelling wave solutions

2.1 Description of method

Suppose that a nonlinear partial differential equation:
Q(¢)®t7¢x7¢ya®tt7¢$$7"') :Oa (2)

can be reduced into nonlinear ordinary differential equation:

using the complex transformation



where £ = K(z + st) and v(t, ) = —kz + wt + 6 and here prime in Eq. (3) shows the derivative with

respect to &.
Suppose that Eq. (3) has the solution of the form

where

W'(&) = In(p) (n+vW(E) + (W), p#0,1,

where 1, v and ( are real constants.
The general solutions of Eq. (6) with respect to parameters u, v and (¢ are given below [18]:

1): When v? —4u¢ < 0 and ¢ # 0,

(o) = -2+ —(V2—4u4)tanp( —<u2—4uc>£>’

2 2 2

(12 _ 4 (12 _ 4
WZ(@:_%_ (V2C MQCOtP< (V2 MC)£>7

Wi(6) = — e+ Y (v, (V=02 = 00 vimmsee, (V= (02— 4ice) )

Wi(e) = g+ Y= (con, (VIO =0 Vi ese, (V07— 10006) )

v —(v* — 4pQ) —(v? — 4pQ) —(v? — 4pQ)
Ws5(€) = 3¢ + i (tanp ( 1 f) — cot,, ( 1 5)) .

2): When v? — 4u¢ > 0 and ¢ # 0,

We(E) = v Mtanhp <—\”/2_4NC§> :

2 2C 2

Wo(E) = _r M coth,, <—VV2_4“C€> ’

2C 2C 2
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Ws(€) = 2 VIV g (— tanh, <\/m5> + iy/mnsech, (M{)) :

2¢ 2¢

Wy (&) = 4 VIV A (— coth, (M&) + v/mncsch, (M&)) :

20 2(

Wio(€) = _r M (tanhp <—VV2_4“C§> + coth,, <—Vl/2_4ucg)> )

2( AC 4 4

3): When p¢ > 0 and v =0,

Wis(€) = \/g tan, (Vice)

Wia(€) = —\F cot,, (V/i¢)
Wis(€) = \/% (tam, (2/1Ce) + Vimmsee, (2v/uc¢) ).
Wia(6) = \/? (= coty (2/1CE) + Vimmese, (2v/uc¢) ).

Wis(€) = % % (tan,, (@g) — cot, (@5)) .

4): When pu¢ < 0 and v =0,

Wie(€) = —\/jtanh (ﬁﬁ)
Wl?(f)z—\/j cothy, (/=€)

Wis(€) = H (—tanhp (2\/—7@ + jy/mnsech, (2\/—7@)) ,

Wig(€) = \/—7% (— coth, (2\/—_,11(5) + /mn csch, (2\/—_LLC§>> :
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5): When v =0 and p = (,

W21 (§) = tan, (ug) ,
Waa(§) = — coty, (u€) ,

Wa3(§) = tan, (2uf) £ \/msecp (2u€)

Waa(§) = — cot, (2u€) £ vV/mn csc, (2uf)

- o () - (5)
6): When v =0 and ( = —p,

Wi(€) = —tanh,, (ug) ,
War(§) = — coth,, (u€) ,
Was(€) = — tanh, (2u€) £ iv/mn sech, (2€) ,
Wag(€) = — cot,, (2u€) £ v/mn eschy, (20) ,

Wi (€) = —% tanh, (gg) + cot, (gg) .

7): When 2 = 4u(,

Wi (€) = _QME;?I?IT 2)
8): When v = p, = pq, (¢ # 0) and ¢ =0,

Was(€) = o™ —q.
9): When v = ¢ =0,

Ws3(§) = p€ln p.
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10): When v = pu = 0,

—1
Wl = ey
11): When g =0 and v # 0,
my
Was(&) - ¢ (coshy, (v€) — sinh, (V&) +m)’
Win(€) = — v (sinh, (v€) + cosh, (v€))

12): When v = p,¢ = pg, (¢ # 0 and p = 0),

Wiz (&) = —
sinh,(¢) = "
sech,(§) = m7
siny (€) = %@W‘&

tan,(£) = — mp’t —np it

=
mplg + np_zf7

2
Secp(§) = W,

where m and n are arbitrary constants greater than zero and called deformation parameters.

¢ (sinh, (v€) 4 cosh, (v€) +n)

mpPs
3 -
mp> + np
cosh, (&) = —
3 -
mp> + np
cothy(§) = ————,
mps —np
2
h =
CSC P(f) mpg - np_ga
73 —i€
mp*= +np
cos, (€) =~
73 —i¢
.mp*= +np
coty(§) = i——r,
mp np
21
csep(§) = W’

(40)



2.2 Application to Eq. (1)

The R-NLSE with Kerr law nonlinearity is considered for the calculation of the exact solutions
via method purposed in [18]. For this let us substitute a complex envelope (4) in Eq. (1). After

separating into real and imaginary parts, we get the following equations:
K2 (y+o)u’ — (Ka+wu+pu® =0, s=2ka. (44)

After balancing the highest order derivative terms with the highest power of nonlinear terms in

Eq. (44), one can take the solution of the form:
u=ap+ aW(§), (45)

where W (&) satisfies Eq. (6).
After substituting (45) in Eq. (44) and equating the coefficients of different powers of W (), leads

to a system of following algebraic equations.
0
<W(§)> : —K*aag — wag + Bag + K pvaa; log(p)® + K uvya, log(p)? = 0,
1
(W(§)> : —k?aa; — way + 3Baka; + K*v*aa; log(p)? + 2K uCaay log(p)?
+ K% yay log(p)? + 2K u¢vyay log(p)® = 0,

2
(W(£)> 1 3Bagar + 3K*vCaay log(p)® + 3K*v(ya; log(p)? = 0,

3
<W(§)> . Ba? + 2K*Paay log(p)? + 2K2(%yay log(p)? = 0.

Solving above algebraic equations with the help of Mathematica, following set of solution is obtained:

_ WO Ve 29
DY RV & K_i\/H(aJr'y)log(p)Q’ 10)

Qo

where
O=FKa+w, II=v>—4u

Case 1. If II < 0 and ¢ # 0, then
After substituting the values of ag and a; from (46) in Eq. (45) we get:
T (7

tan, | ——¢ |,

u1+(§) = :FT 5



where w14 (§) with the complex transformation (4) yields the following solution of Eq. (1):

Q4 (t,x) = :I:%@ tan, (_V;rlg) ei(—kat+wi+0)

Thus working on the same line following solutions are obtained.

v g@ COtp ( \ _Hg) 6i(—k:v+wt+9).
2

QDQ:I:(tv I’) =*

Dy (t, ) = i? <tanp (\/ﬁf) + /mnsec, (\/—_H£>> el hatwitd)

(I)4i(t7 iL‘) ==

(cotp <\/—_H§> + /mncsc, (\/—_H£)> i —katwitt)

et =5 o (1) e, (1)

Case 2. If Il > 0 and ¢ # 0, then

e (t,7) = :F\/TF tanh,, (\/Tﬁ£> pi(—hatwt+6)

Vo

II
®ry(t,r) = F— coth, <\/_

_f ei(—kx-i—wt-‘r@) )
B 2

Py (t, ) = jF? (— tanh,, (\/ﬁ£> + iy/mnsech, <\/ﬁ§)> i —katwttd)

g (t, ) = jF? (— coth, (\/ﬁé) + /mn csch,, <\/ﬁ§)> el —katwttd)

q)l():t(t,l') = :Fg <tanhp (?g) + COthp (?5)) ei(—ka:-‘rwt—l—G)‘

Case 3. If u¢ > 0 and v = 0, then

Oy (t,x) = iﬁ\/\/@ﬁ (V + 2\/Etanp <\/E§> )ei(—k:c+wt+0).
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5\/¢@ﬁ (y—z G coty (v/uC g)) ket i)

(I)12(t7 ZE) =+

O3t z) = ﬁ\f/__ |:V + 2\/_ {tanp (2\/_5) + vmnsec, <2\/_§> }} —kztwi+6)
Piy(t,x) = iﬂx/\/@ﬁ |:V +2¢/uC {— cot, <2\/—§> +v/mncsc, <2\/_5> }] —ka-twt+6)

D5t x) = izg/\?ﬁ [u + 2/ {tanp (@g) — cot,, (@g) } ] el (Thatwt+0)

Case 4. If u¢ < 0 and v = 0, then

(I)lﬁ(t, ZL') \/—

\/_{1/ — 2\/_tanh (ﬁg) } —ha-wt+)
Py7(t, ) = B\{/_ﬁ{y — 2¢/—pC coth, <\/Ig> } —katwt+0)

b5(t,x) = :I:B\{/_@ﬁ |:I/ + 2@ {—tanhp <2\/—_p(§> + iy/mnsech, (2”5) }} —hztwt+6)

(blg(t, ZE) =

:l:B\{/_Gﬁ {u 42/l {— coth, (2 \/—_ugg) + \/mncsch, (2@ 5) } } —ha-+t+0)

Boo(t, ) = 12;\% {y o/~ {tanhp (\/?g) } coth, (Q g) } } hatwt+0).

Case 5. If When v =0 and p = (, then

Do (t,2) = v+ 2 tan,, (u€) |e!Reteto)

VL)
el
Ve

\/_

(I)22(t7 I) =+

v — 2<— COtp (Mg) ei(fk:x+wt+0).
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Do3(t, ) = iﬁ% {V - 2({ tan, (2u) £ v/mnsec, (2uf) H pi(—ha+wt+)

Ve

DQoy(t, ) = iﬁ\/ﬁ {y + 2{{ — cot, (2€) £ vmn cse, (2p8) H i (—hatwt+0)

VO —
Dos(t, ) = i%\/ﬁ {V + QC{ tan, (gf) — cot, (gﬁ) H i —hatwt+),

Case 6. If v =0 and ¢ = —p, then

VO

Dog(t, ) = i?ﬁ\/ﬁ {y — 2( tanh, (uf) ] el(Thatwt+o)

2;3/\% [V — 2( coth, (ug)] ,

(I)27(t, x) =4

Dog(t, ) = ﬂ:%ﬁ\/ﬁ |:V + QC{ — tanh, (2u€) £ iv/mnsech, (2uf) }} il —ka+wt+6)
Doy (t, 1) = iggﬁ\/ﬁ |:V + QC{ — coth, (2u) £ v/mn csch, (2ué) H pi(—krtwt+0)

Dy (t, ) = 434% {V + 2C{ tanh, (gg) + coth,, <%£> H pil—katwit0)

Case 7. If v? = 4u(, then

O3 (t, ) = iﬁ [V + QC{ —2u(vélnp 4+ 2) }} pil—katwtt6)

26V v2¢In p
Case 8. If v =p, u = pq, (¢ # 0) and ¢ = 0, then

Do (t, ) = iwﬁ\/ﬁ [V + 2§{ppﬁ _ QH pi(—katwit)

Case 9. If v = ( =0, then

Dy3(t, ) = £

4] { .
+ 2 1 i(=krtwt+6)
XN v+ 20u np]e
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Case 10. If v = = 0, then

_ \/6 —1 i(—kz+wt+0)
%‘(t’x)_izﬁ—ﬁ[”%{@lnpﬂe o

Case 11. If p =0 and v # 0 then

mﬂﬁ [ " 24{ " C(cosh, (v) = :mhp (vE) + m) H :

—kx+wt+0)

(1)35<t7 JJ) ==

o \/@ v (Sinhp (VS) + COShp (Vf)) i(—kz+wt+0)
Baollot) = U [ ! 2§{ ~ C(sinh, (vE) + cosh, (v€) + 1) H T

Case 12. If v = p,( = pq, (¢ # 0 and p = 0) then

_ \/@ . mppf i(—kz+wt+0)
@37(75,1’) —iw—\/ﬁ [V"‘2C{ m——qnppg}:|e .

3D-graphics, 2D-graphics and contour plots of different solutions | ®; | of Eq. (1) for m = 2,n =
3,p=3I1I=1a=05~v=0506=1,0=1,5s = 0.2 are presented to describe their behaviour in
Fig (1-6).

3 Bifurcations behavior and phase portraits

By the theory of planar dynamical systems, equilibrium point (u,, 2,) is called saddle point if J < 0,
a center for J > 0 and Ty = 0, a node if J > 0 and T? — 4J > 0 while a zero point when J = 0 and
Poincaré index of (ug, 2,) is zero. Where J and T; represent the Jacobian and trace of the coefficient
matrix for the linearized system of (47).

For classification of different orbits in the phase portraits of dynamical system (47), following
notations will be used:
(1): Supernonlinear periodic orbit is presented by SNPO(e,s),
(2): Nonlinear homoclinic orbit is presented by NHO(e,s),
(3): Nonlinear heteroclinic orbit is presented by NHTO(e,s),
(4): Nonlinear periodic orbit is presented by NPO(e,s),
where ‘e’ is the number of equilibrium points and ‘s’ is the number of seperatix layers enveloped by
the orbit. It is well known that each phase orbit is a closed non-self intersecting curve on the phase

plane. Phase portrait of dynamical system is a set of such nested phase trajectories.

12



Eq. (44) can be written as a system of nonlinear dynamical equations:

o 7
0z  (KPa+w)u N Bu (47)

% K(y+a)  KX(y+a)
The system (47) is a planar Hamiltonian system. Hamiltonian function can be obtained by integrating

th t 47):
e system ( ) H( ) B 52 - (lf2Oé +w)u2 B Bu4 —h (48)
u,z) =3 2K2(y+a) 4K2(y+a)

From (48), it can be verified that:

ou OH 0z oH

As system (47) is a planar Hamiltonian system and from (49), one can conclude that system (47) is
conservative and thus phase orbits defined by the vector fields of (47) will posses all travelling wave
solution of Eq. (44) (for detail see [15] and references therein).

Level curves Ly(u, z) with respect to energy level h can be defined in following fashion:
L, ={(u,z) e Rx R: H(u,z) = h},

where H (u, z) is defined in (48) and h is called the energy level. In the phase portraits against each
energy level h one can have an orbit. In order to investigate the relations between energy level and
closed orbits of system (47), let us define:

(Ko + w)u? But

FE =h .
W) = R 1 a) T AR+ )

(50)

From (48), one can easily find the following relation:

B (k2a 4+ w)u? Sut
Z_i\/%+ K+ a) K0+ a) o

which means % = Ej(u). Graphical illustration of (50) is given in Fig. 9(a-b).
Here all possible phase trajectories of dynamical system (47) are presented and classified.

System (47) has three equilibrium points:

(K2 + w) 0 (k20 + w)

u1:<070)7 u2:< 3 ) )7 U’3:(_ 3

,0).



The coefficient matrix of the linearized system (47) at an equilibrium point (u,, z,) is:

0 1
M= (2atw) e (52)

K?(y+a)

while Jacobian for the system (47) is:

B 0 1
J — (k2a+w) + 35u2 0 . (53)

K2(v+a) ' K2(y+a)

It yields the following cases:

3.0.1 K*vy+a)>0,(-ka—w)<0,C>00r K*)(y+a) <0, (-k*a—w)>0,8<0

For this case, the system (47) has three equilibrium points uy, us, and ug. For this J(uq) < 0, J(ug) >
0, J(uz) > 0 while 77 (M (ug)) = 0 and T7(M (u3)) = 0. Above information helps to claim that u; is
a saddle point and wug, us are center points (see Fig. 7(a)).

For this case, the phase portraits of nonlinear dynamical system (47) is presented in Fig. 10(a).
This phase portrait contains a family of SNPO(3,1), where family of SNPO(3,1) carries all three
equilibrium points of the considered dynamical system. It also carries two families of NPO(1,0),

which accommodates us and us. There is also a pair of NHO(1,0) at u; which carries uy and us.
3.0.2 K*y+a)<0,(—ka—-w)>03>0.

For this case, the system (47) has one equilibrium points w;, where J(u;) < 0 thus u; is a saddle
point. (see Fig. 7(b))

3.0.3 K*vy+a)>0,(—ka—-w)>0,C<0.or K*(y+a) <0,(—k*a—w)<0,3>0.

For this case, the system (47) has three equilibrium points u;, ug, and us. For this J(u;) > 0 and
T1(M(uy)) = 0, so uy is a center point, while J(ug) > 0 and J(uz) > 0 with Poincare index is zero
thus us, ug are cusp points, (see Fig. 8(a)). The phase portraits of the system of nonlinear ODEs (47)
is given in Fig. 11(a). This phase portrait carries a family of NPO(1,0) which envelops u;.

3.04 K y+a)>0,(—ka—-w)>03>0.

For this case, the system (47) has one equilibrium point u;. For which J(u;) > 0 and Ty (M (uy)) = 0,
thus u; is a center point. The phase portraits for this case is presented in Fig. 8(b), which shows

that there is a family of NPO(1,0) which carries u;.
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4 Conserved quantities

In this section, nontrivial conserved quantities are computed by using the method given by Anco and

Bluman [2]. They advocated a systematic approach to built non-trivial conservation laws.

4.1 Multiplier approach

A system containing two partial differential equations of second order with two dependent variables

U = (u,v) and three independent variables x = (¢, x) is denoted by

RV = Fi(x,V,¥,,..V,),

) XX

RV = F(x, U, ¥,....0,,), (54)

where ¥, and V¥, stand for the first and second order partial derivatives of dependent variables
with respect to independent variables, respectively. Let U = (U!, U?) represents the set of arbitrary
functions of independent variable x, U, and U,, etc.

A set of multipliers (factors, characteristics) A = (A, Ay) yields a divergence expression for the

system given in Eq. (54) if the identity
MIUR V] + A [U]Ry[¥] = D, CX[U] (55)

holds for arbitrary function U(x). In Eq. (55), TX are called the conserved densities (fluxes) while
D, is the total derivative:

0 0

D=2 g 9
T oy T,

+o (56)

If U = (U', U?) is the solution of Eq. (54), form Eq. (55), one can derive the local conserved quantity

by using the following equation
D, TX[W] = 0. (57)

System (54) contains the set of multipliers for the conserved quantities if and only if following identity
holds:

)

o (wime + R o (58)

where 2 is said to be Euler operators and defined as:

U
) 0 0
5_\11_8_\11_DX8_\IIX+
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Eq. (58) leads to a set of over-determined system of determining equations in terms of multipliers
A = (A1, As). Solution of the obtained determining equations with some computation further gives
the conserved quantities. In this section, first order nontrivial conserved quantities are computed by
using the method given by Anco and Bluman [2]. They advocated a systematic approach to built
non-trivial conservation laws. In this method, multipliers A of specific order for considered problem
is required, which is further used to get their corresponding fluxes Y. Each set of multipliers and
fluxes produces a local conservation law DY = 0 holding for all solution of the considered differential

equation.

4.2 Conserved quantities

In this section, conserved quantities of Eq. (1) are computed [2, 9].
Eq. (44) with complex envelope:

O(t,x) = u(t, z)e" (60)
converts into a complex partial differential equation, after splitting into real and imaginary parts it
yields:

Bu® — uvy — au(vy)? + (a0 4+ Y)tge = 0, Uy + 20040, + UV, = 0. (61)

Substituting system (61) in Eq. (58) gives:

)
50 A1 (Bu — uvy — au(vy)? + (@ + ) tgs) + Ao (us + 20u,v, + auv,,)| = 0. (62)
Equating the coefficients of the derivatives of dependent variables with respect to independent vari-
ables in Eq. (62), we get linear homogeneous over-determined system of partial differential equations.

After solving the obtained system of partial differential equations for
Ay = A (t o u, v, 0y, v, U, v;) and Ag = Ao(t, 2, u, v, Uy, Uy, Uy, V)
with the help of Maple we get the following results:
A = (ert + e3)uy + couy, Ay = <clvxt — % + CoUp + 30, + c4> u. (63)

Next step is to find the fluxes by using the multiplier given in (63). For instance, the multipliers Ay

and A, for the constants ¢; give the following conservation laws:

(1): Al =tuy, Aj = (vgt — 35)u

2

1
T! = Z—(Qoztvx —x), T!= 2 <Btu4 — 2tvu? + 20tuv? + 2atul + 2ytu’ — 2vzxu2>. (64)
o
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(ii): A2 =u;, A3=nmu

1
T} = 2 (5u4 — 20u*v? — 2ula — 2ui’y>, T} = auvv, + oty + Y. (65)
(iii): A3 =wu,, A3 =uv,u
vty 11 4 2 2,2 2 2
T; = 5 T, = 1 Bu” = 2vu” + 2auv; + 2uio + 2uLy ). (66)
(iv): A1=0, Aj=u ,
T! = %, T! = v.au’. (67)

4.3 Conclusion

To be brief, he extended direct algebraic method [18] is applied to find the exact solutions of the
resonant non-linear Schrodinger equation with Kerr law nonlinearity. The proposed method gave a
class of solutions which may be worthwhile for the explaining certain physical phenomena accurately.
Moreover, physical composition of these solutions are described via their graphical presentation. Four
portraits of dynamical system (47) are obtained and existence of the travelling wave solutions is dis-
cussed as well. Further, all possible cases of the system parameters are considered by using the phase
portraits and the effect of different situations are shown in detail. Moreover, nontrivial, first order

and new conserved quantities are given by using multiplier approach.
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