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In magnetic resonance imaging of the human brain, the diffusion process of tissue water is
considered in the complex tissue environment of cells, membranes and connective tissue.
Models based on fractional order Bloch-Torrey equations can provide a new insights into
further investigations of tissue structures and the microenvironment.

In this paper, we consider new two-dimensional multi-term time and space fractional
Bloch-Torrey equations with variable coefficients on irregular convex domains, which
involves the Caputo time fractional derivative and the Riemann-Liouville space fractional
derivative. An unstructured-mesh Galerkin finite element method is used to discretise
the spatial fractional derivative, while for each time fractional derivative we use a novel
L1 scheme on a temporal graded mesh. The stability and convergence of the fully discrete
scheme are proved. Numerical examples are given to verify the efficiency of our method.
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1. Introduction

Fractional calculus has attracted considerable interest in recent years because of
their ability to model temporal memory, non-local properties, anomalous diffusion
and spatial heterogeneity. Over the past two decades, fractional differential equa-
tions have been used in physics, biology, chemistry, hydrology, finance, and the
related theory of fractional calculus is growing rapidly.t> > 617, 21,24,29,30,32,33

Fractional diffusion equations (FDEs) form one of the most important classes
of mathematical models for description of the anomalous diffusion transport pro-
cess.20,23,26728,49 Recently, some authors have developed a new class of fractional
diffusion models called the time and space fractional Bloch-Torrey equations to
accommodate sub- and super-diffusion processes in biological tissues. It has been
shown that these models are more appropriate than the classical diffusion models to
fit experimental data. The fractional version of the Bloch-Torrey equation is given
by

o YO DO My, (r,t) = MM,y (r,t) + DY ~2RY M,y (r, 1), (1.1)

where My, (r,t) is the transverse component of the magnetisation: My, (r,t) =
My (r,t) + iMy(r,t) with i = /=1, A = —ip(r- G), p is the gyromagnetic ratio,
G is the magnetic field gradient, r = (x,y) is the coordinate, D is the diffusion
coefficient, o and p are parameters needed to preserve the units, COD,?‘ is the Caputo
time fractional derivative of order a(0 < o < 1) defined as

1 L ou(z,y, s)
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and the v -order (1 < v < 2) two-dimensional Riesz fractional order operator

R = a‘f’;w + 6|a1j|v with a\a;h (similar for %) being defined as

oY
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Wherea<x<b,cvzm(77él)and

1 0% " wu(w,y,t)
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«Dju(z,y,t) = Te—70:2 ). Goa)p T ds.

These models have been successfully applied to analyse diffusion images of human
brain tissue and presents a way to simulate diffusion in the ventricles.?: 2%:34-36,42,43
However, researchers have found that the single-term time fractional derivative

cannot adequately describe many complex physical or biological processes.?! In
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MRI, varying values of model parameters have been used to characterize the human
brain through voxel-level fittings® and these parameters are associated with the
tissue microstructure features, which vary on a scale much smaller than the image
voxel size.** The existence of different fractional orders within a voxel indicate a
potential use of the multi-term time fractional derivative.?* This motivates us to
extend the system (1.1) into the following coupled system involving M, and M, by
extracting the real and imaginary parts of M, :

Poyas,.. ,ow( ODt) ( ) = )‘My(ra t) + D/ﬂ_2R7Mm(r,t),
Pai s (0D) My (r,£) = =AM, (r,t) + Dy ~*RY M, (r, 1),

T
where Po, ay....0,(9D:) = 3 1; QD with the weighted coefficients I; € RT and
i=1

0<oy <...<as <a <1. Asin the work of Yu et al.,*3 the above equation can
be equivalently transformed into the following time and space fractional differential
equations to allow analysis of the numerical scheme:

aY a7
RCERET
where M can be either M, or My, and f = AM, if M = M,, f = =AM, if M = M,,
ky = Du 2.

In fact, the ventricles (see the blue part in Fig. 1. ) are structures that contain
cerebrospinal fluid and provide a cavity for its transportation in the brain. But
the cavity contains the choroid plexus, which restricts and hinders diffusion leading
to the potential of fast and slow diffusion processes within the cranial cavity. So
the diffusion process is often heterogeneous, the diffusion coefficient may be space-
dependent and can vary over the solution domain. Therefore, in this paper, we focus
on the following more generalised model with variable diffusion coefficients:

Pa1,a2,---,aq~(%Dt)M(rvt) = M(r,t) + f(r,t),

Pa e (SDe (@, y.1) = Do (k(w,y) DF, ulw,y, 1)) = Dy (k(w,y)Dfula, y.1))

= f(z,y,t), (z,y,t) € Qx(0,T], (1.2)
with the initial condition
u(@,y,0) = d(z,y), (v.y) €Q, (1.3)
and boundary condition
u(z,y,t) =0, (a: y,t) € 00 x [O,T], (1.4)

where 91,92 € [0,1) and D = 61 oy DS = (1= 61), D, D, = ba gy D5 — (1 -
02) yD m(z), k(xz,y) > 0 is the dlffuswlty coefficient satisfying the conditions in the
following parts, f(z,y,t) and ¢(x,y) are smooth functions.

As shown in Fig. 1, the ventricles have irregular shapes in the brain, which can
be represented by using irregular domains with unstructured meshes. So in this
work, we consider the problem on irregular convex domains. The boundaries of the
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irregular convex domain 2 are defined as: Q = {(z,y)|c(y) <z <r(y),a1 <y < b1}

or @ = {(z,9)|9(x) < y < m(x),c1 < x < dr1}, where a3 = (mi)nﬂg(x), by =
x,y)E

max m(z), c; = min c¢(y) and d; = max r(y). The left and right fractional

(z,y)€Q (z,y)€Q (z,y)eQ

derivatives of Riemann-Liouville form of order 8 (0 < 8 < 1) on irregular domains
are defined as

1 o [*
c Dgu% it) = —/ x —s) Pu(s,y, t)ds
wPeul ) = s 55, C(y)( ) Pu(s, y,t)

-1 8 [W B
me(y)u(:E)yvt) = T(1—3) %A (s — ) Pu(s,y, t)ds

Dyu(z,y,t) = ! E/y (y — s) Pu(a, s, t)ds

g(z) My Y 1‘\(1 _B) 5y o(x) Y ’ 9 )

—1 o [m@) B
yDi(m)u(:z:,y,t) = ma—y/y (s —y) 511(:1:, s, t)ds.
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Fig. 1. Ventricles of the brain. (Source: [Marieb 2006]).

Many numerical methods have been proposed to deal with the problems involv-
ing fractional order derivatives.?* Such as finite difference method,?!:4% 50 finite vol-
ume methods,?? the finite element method,? '° spectral methods,*6:?! and meshfree
methods.'® Among them, the finite element method (FEM) is an efficient numerical
method widely used in engineering design and analysis. Ervin and Roop”® were the
first to investigate the theoretical framework for the Galerkin finite element approx-
imation to the fractional advection-dispersion equation. Subsequently, many works
have been undertaken in this area, such as.2~% 11:12,16,18,35,45,47,48 Hare we men-
tion some papers considering the FEM on unstructured meshes. Yang et al.*! estab-
lished the unstructured mesh FEM for the nonlinear Riesz space FDE on irregular
convex domains. Fan et al. discussed the FEM for the two-dimensional time-space
fractional wave equation'® and two-dimensional multi-term time-space fractional
diffusion-wave equation® on irregular convex domains. In,'? Feng et al. investigated
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the unstructured mesh FEM for a two-dimensional time-space Riesz FDE on irreg-
ular arbitrarily shaped convex domains and a multiply-connected domains. Liu et
al.?> presented an unstructured-mesh Galerkin FEM for the two-dimensional multi-
term time-space fractional Bloch-Torrey equations on irregular convex domains.
In,*? Yang et al. proposed an unstructured mesh FEM for the three-dimensional
time-space fractional Bloch-Torrey equations on irregular domains.

In this paper, we pay attention to FEM for FDEs due to its flexibility in hand-
ing problems with irregular domains.?®> Wang et al.3” showed that the bilinear for-
m of the Galerkin weak formulation may lose coercivity for a variable-coefficient
space-fractional diffusion equation. To circumvent the difficulty, they proposed a
discontinuous Petrov-Galerkin method?® 3% and indirect method*® 52 to established
its well-posedness. Recently, Hao et al.'* investigated the Galerkin approach to dis-
cretize two-sided FDEs with variable coefficients by deriving a required condition
for the well-posedness of the equations, discretize the equations and provide its er-
ror estimates. We extended the ideas of!'* to two-dimensional fractional diffusion
equations.

The main contributions of this work are as follows. We consider the FEM for the
two-dimensional multi-term time and space fractional Bloch-Torrey equations with
variable diffusivity coefficients on irregular domains. To the authors’ knowledge,
this topic has not been covered in the published works. For the multi-term time
fractional derivative, we approximate it by the well-known L; scheme on a graded
temporal mesh, which takes into account the weak singularity near the initial time
t = 0 under some proper regularity and compatibility assumptions. For the space
fractional derivative, we utilize FEM and unstructured triangular meshes on an
irregular convex domain, which is very flexible because our considered solution
domain can be arbitrarily convex and need fewer grid nodes to generate the meshes.
Furthermore, we present the implementation of FEM using an unstructured mesh
on an arbitrarily convex domains. In addition, the stability and convergence of the
fully discrete scheme is analyzed.

The rest of the paper is organized as follows. In Section 2, we present some
notations on irregular domains and the relevant fractional calculus definitions. In
Section 3, we derive the fully discrete scheme for the problem (1.2)-(1.4) and describe
how the FEM is implemented using unstructured mesh on an arbitrarily convex
domain. In Section 4, we establish the stability and convergence of the method. In
Section 5, we give some numerical examples to validate theoretical results. Finally,
some conclusions are drawn in Section 6.

2. Preliminaries

In this section, we introduce some definitions and lemmas on the fractional deriva-
tive spaces established by Ervin and Roop.,”® we denote

b1 pr(y) dv  pm(zx)
(u,v) = / / u(z, y)o(z, y)dedy = / / w(z,y)o(e, y)dyda,
al (&

(y) a1 Jg(z)
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and [[ul| 2 = (u, u)?.

In the following part, the positive constant C' will be used as a generic constant,
which is independent of n, 7,, h and N. It may have different values in different
places.

Definition 2.1. (Left Fractional Derivative Space). Let > 0, we define the semi-
norm and the norm respectively as

1 1

2

2
ful g = (et Dsull, + g Dyul3,) s Nl g = (llull3, + 1l )

and denote J;'(Q)(Jf ((£2)) as the closure of C*(Q)(C§°(§2)) with respect to |[- || yu-

Definition 2.2. (Right Fractional Derivative Space). Let p > 0, we define the
semi-norm and the norm respectively as

1 1

2 2
fulsg = (e Dl uld, + 1Dk uld,) sl = (el + ol )
and denote J(22)(Jg ((£2)) as the closure of C*°(Q)(C§°($2)) with respect to ||| yu.

Definition 2.3. (Symmetric Fractional Derivative Space). Let u > 0, u # n—%, n e
N, we define the semi-norm and the norm respectively as

3 3
ful sz = (e D, 2 D2 W+ ooy Dttty D)) el = (el +ul3e )7
and denote Jg(22)(J5 ((£2)) as the closure of C>°(92)(Cg°(2)) with respect to || -[| yu.

Definition 2.4. (Fractional Sobolve Space). Let p > 0, we define the semi-norm
and the norm respectively as

1

- 2
fulsn = NP F @ oy Nullan = (I, + luff ),

where £ (u)(§) is the Fourier transform of @, u is the zero extension of u outside
2, and we denote H*(Q2)(H} (2)) as the closure of C*°(Q2)(C§°(€2)) with respect to

(RN VTS

Lemma 2.1.7 If p > 0, p # n—1/2,n € N, then J} ;(Q), Ji 4(Q), J§,(Q) and
H{'(Q) are equivalent with equivalent norms and semi-norms. The following inequal-
ity holds:

|U|J;10(Q), |U|J;MU(Q) < fulge @)
Lemma 2.2.7 (Fractional Poincaré-Friedrichs). For any u € HY(Q),we have

ull2) < Clulms s

where C' = 1/T'(14 u), and for 0 < s < p,s #n—1/2,n € N

|U|Hg(sz) < C|U|H{;(Q)~
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Lemma 2.3.7 Let p > 0, u € J/' () N J& (), then

(c(y)Dﬁu(xvy),sz(y)U(x,y)) = COS( )
(pr)

(g0 Dyl ), , Dl () ) = cos(ur) | e Dyi(a,
(p)

where U is the extension of u by zero outside ).

3. Fully discrete scheme

In this section, we present the fully discrete scheme for the problem(1.2)-(1.4). The
time fractional derivative operator is approximated by the L; scheme on a temporal
graded mesh and the space fractional derivative is discretized by the finite element
method.

3.1. Temporal graded mesh and truncation error

Firstly, we discretise Eq. (1.2) in the time direction. Generally, the convergence rates
of numerical Caputo derivatives are always limited by the non-smoothness near the
initial time. To handle the weak singularity in n at ¢ = 0, we use a graded mesh.
Let N be a positive integer. Set t,, = T(%)‘s forn =0,1,..., N, where the constant
mesh grading § > 1 is chosen by the user. If § = 1, then the mesh is uniform. Set
Tp =tn —tn_1 forn=1,2,..., N. We note that

186 5
TnH:T(";\; ) —T(%) <OTN=%n% ! forn=1,2,...,N — 1.

For each a; and n > 1, we approximate the Caputo fractional derivative
CDYu(x,y,t,) by the well known L; formula:

1 n—1 uktl — ok /tk+1
C o o, n —a;
D, t,) = DY u™ = t, —s)” “ds
0~ ( n) N 1—\(1 _ 041') P Tht1 " ( n )
1 [t YL R
= > ty — i) T — (b, — t 1—%‘)
F(Q — Ozi) =0 Tk+1 (( " k) ( " k+1)
di | 1= . di
= - u” — u” k( :I,k - dil,]i}-‘rl) - I\(2 Tna‘)uoa
3

F(Q - ai) 1—‘(2 - ai) el

where d;,k = ((tn S L () —tn_k“)l_‘“)/m_kﬂ fork=1,2,...,n. The
mean value theorem shows that

diyppr < dip g, for0<k<n—-1<N-1.
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Deﬁningtherealnumbersnfkk fori=1,2,...,r,n=1,2,...,.Nandk=1,2,...,N
Lid?,
by nnk (—k) then

r r n—1
ZZZD?\;U Znn lu _ZZ nnk 77nk+1 Znnn . (31)
=1 =1 k=1

The temporal truncation error is bound by the following lemma.

Lemma 3.1.7° Let the function u(x,y,t) satisfy |07 u(-,t)]| < C(1 + t*1=P) for
p=0,1,2 and allt € (0,T]. Then fori=1,2,...,7r andn € 1,2,..., N, one has

| S5 Ul ta) — D3l ta)| < Cnminenson),

3.2. The fully discrete finite element scheme

Now, we discretise Eq. (1.2) in the space direction by using the Galerkin finite
element method. We divide € into some triangular regions. Let {T},} denote some
triangulation, Q5 = {Uep|en, € Ty} and h represents the maximum diameter of the
triangulation. We define the finite element subspace as

Vi = {unlon € C(Q) N H72(Q), vp | is linear for all E € T}, }.

The following analysis is standard,'* but is given in two dimensions here. For
01,02 € (0,1), we consider the space variable with Dirichlet boundary condition

=D, (kw,y) D, u(w,y)) = Dy (kw,9) D u(w.p)) = fl.y).  (3:2)
Assume that k(z,y) € C*(Q), and k(z,y) is bounded:

0 < kmin S k(iv,y) S kmaxu (xuy) € Q

By using the product rule and dividing by k(z,y), Eq. (3.2) can be transformed
into the following equivalent form:

~D,(Dju) = Dy (Df,u) + K1 Dju+ K2Dju =g, (3.3)
where K| = kk((;f)) € L>® Ky = kk((; y)) € L>® g= E ,u; We denote v =

(14+8)/2 € (1/2,1), which represents the order of the equatlon Here we additionally
introduce the extra fractional low-order terms K- 1D o, U and KQD g, U

Multiplying Eq. (3.3) by v € HJ () and taking integral by parts, we obtain the
variational formulation of Eq. (3.3) as: find u € H (), such that

A(u,v) = (g,v),
where the bilinear form A(u,v) : Hj (Q) x HJ(Q) — R is

A(u,v) = (D u, D v) + (DgQU,Dyv) + (Knglu,v) + (Kngzu,v).
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Let up be the solution of the finite-dimensional variational problem: find u; €
H{J(9) such that

A(up,v) = (g,v), for any v € Vj,.

We apply the nonuniform L; scheme (3.1) to discretise Eq. (1.2) in the time
direction. The fully discrete scheme for problem (1.2)-(1.4) is: for each t = t,(n =
1,2,...,N), find u} € V4 such that

1« v
(E ZliDR‘;uZ,vh) + A(up,vp) = (", vp), Yop € Wy,
i=1

uy = ugp. (3.4)

3.3. The implementation of FEM with an unstructured mesh

We present the detailed computation process for piecewise linear polynomials on the
triangular element e,, p =1,2,..., N, where N, is the total number of triangles.
Similar to0,%° we rewrite uf in the following form:

Np

i=1

where N, is the total number of vertices on the convex domain €, uj* are the
coefficients which need to be solved. Substituting Eq. (3.5) into Eq. (3.4) with
vy =li(z,y), j=1,2,..., N, gives

T Np Np
p 2 )+ DA )

p n—1
:_ZZZ nnk nnk—i-l) ll?l annnZu ll?l l)
s=11i=1 k=1
(3.6)
Eq. (3.6) can be expressed in the matrix form
r r n—1
s=1 s=1 k= 1 s=1
where M is the mass matrix with elements M;; = (l;,l;), B is the stiffness
matrix with elements B;; = k- A(l;,0;), U" = [u?,u?,...,u}(,p]T and F" =

[(f™, ), (f™,12), ..., (f™In,)]". Due to the non-local property of the fractional
operator, the matrix B is the most difficult part to calculate. The (i, j) entry of the
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matrix B is given by

Bij = k- Al 1) = = k01 (o) D2 Ly s DYy i) = k(= 00) (2D Lis ey D2 1)
—k@g(q(m)D l,,D (z)l) 1—92( ) Lo D li)
— ka1 (o D2 Ly 1) + k(1= 00) (DL s 1)
— k2 (g0 Df s 1) + ey (1= 02)(, Dy 1 L), (38)

Noticing the similarity of the right hand side of Eq. (3.8), we will illustrate the
computation of k(c(y)Dz lj,zD;Y(y) ll-) and kz(c(y)Df L, li) as examples. By
applying Gauss quadrature, we obtain

k( DY 1Dl )_kZ/ ey DY 1y D,y lidxdy

e

~Y W o) DAl @0.5) * 2 D7 lil @o.50) - #(Zg, Ug)
p=1(Z4,yq)€EGK
Ne
ki(c(y)Dg ljv lz) = kzZ/ c(y)DgljlidXdy
p=1"¢p
Ne
~ Wq c(y)Dgljl(Eq,ﬂq) ’ li'(iqvfy\q) ’ k$(§q7 /y\q)u

where Gy, is the set of all Gauss points in element e, and w, are the weights asso-
ciated with the Gauss point p(Zy, y,). Finally, we present the whole computation
process in the following algorithm (see Algorithm 3.3). For details on how to calcu-
lation the fractional derivatives of the basis function I;(x,y), please see.?®

4. Stability and convergence of the fully discrete scheme

In this section, we consider the stability and convergence of the fully discrete scheme
(3.4). First, we prove the continuity and coercivity of the bilinear form A(u,v). For
the convenience of proof, we divide it into the following two parts:

A(u,v) = Ay (u,v) + As(u,v),
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Algorithm 3.3. Compiling fractional derivative using FEM on an unstructured
mesh

1: Partition the convex domain Q with unstructured triangular elements e, and

save the element information (node number, coordinates, and element number);

2: for each element p=1,2,..., N, do

3:  Find the Gauss point (Z4,y,) and weights w; on each triangles element e;

4:  for each Gauss point j =1,2,...,N, do

5: Find the points of intersection by y = 7, with Q. , compute e(y)Dals |Z4,50)5

D) lil@,5, and o) DLlil@,,5.) lil@,.5.);

6: Find the points of intersection by x = z; with €2.,, compute o) Dyls |Z4,50)5
v Prolil @00 804 ) Dyl @ )5 lil @9

7. end for

8 Form stiffness matrix A;

9: end for

10: Calculate (I}, 1;)c, on each triangle element e, to form the mass matrix M;
11: Calculate (f™,lx)e,, K =1,2,..., N, and obtain F'";
12: Solve the linear system (3.7) , then obtain U™.

where
Az (u,v) :(Dglu,va) + (DgQU,Dyv)

:—91(c<y>D¥u )V ) (1—91)(1 r()¥ <y>D¥”)
_92( 1Dty Doy ) ( <m>“vg<x>Dlv)=
As(u, v) :(KlDelu, v) n (szgzu,v)
—0, (Kl oy D2, v) —(1-6y) (K1 D2, v)

+ 05 (K2 g(m)Dgu,v) —(1- 92)(K2yD7Bn(m)u,v>.

Lemma 4.1. Let 6 = max{6y,0,(1 — 61),(1 — 62)} and K1, Ky € L®(Q), K =
max{|K1l|,|K2|}. Then for any u,v € HJ () and Q being a convexr domain, there
exists a constant C such that

A(u,v) < Cllullgy @)llvll gy @)-

Proof. According to the definition of A;(u,v) and the Cauchy-Schwarz inequality,
we have

A (u,0) <61y DTl 12 D7 vl + 02l Dy ull s D, 0
(1= 00) D7 ulllley D20+ (1= 02)1ly D2yl Dl
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By using the inequality aib; + asbe < /a? + a3+/b? + b3, a1,a2,b1,b2 > 0, we
obtain

Ax(u,0) /01|y DI + oy Dyl 011D 01 + 11,7 0]

+\/(1 = 00)ll2D]yull? + (1 = 02) ]|y D7,y ull?

V(U= 00l D202 + (1= 0)llg() D2

§9(|U|J2,O(Q)|U|J}’O(Q) + |U|J;§’0(Q)|U|JZ’O(Q))'
Combining with Lemma 2.1, we have
Ax(u,v) < 20ul gy o)lvlag @) < 200wl gy @ vl a2y ©)-

According to the definition of As(u,v) and the Cauchy-Schwarz inequality, we
obtain

As(u,0) O ||z lleg DEulll[ol] + (1 = 00)| K[l | Dyl
+0|| K o | gy Dy ull 0] + (1 = 02) | Kol = |1, DL, 0]

m(x)

<B11K| < 0] (1ot DEull + gy Dfull + 1 DLyl + 1y D5yl ).

Utilising the inequality a; + a2 < \/2(a? + a3), ai1,az > 0, we have

As(u,v) <O K=o <\/2(||c<y>D§Zu|2 + gy Dy ull?)

2107 01 + 1Dl l))

<V o< lloll(ll oy + 5z )

According to Lemma 2.1 and Lemma 2.2 we get
As(u,0) < 2V20) K| o= [v]l[ul 15 0y < CIE L= llull gy V] a7 0)-

Thus, A(u,v) < CH“HH§(Q)H“”H§(Q)- O

Lemma 4.2. Let 6 = max{0y,0, (1 — 61),(1 — 62)} and K1, Ky € L®(Q), K =
max{| K|, | K2|}satisfy

cos(Bm/2) (4.1)

T p— _
\/59(1+ (1/T((3+ 8)/2)) )

Then there exists a positive constant C(8, K,0) such that for any u € Hj (),

Alu,u) > C(B, K, 5)”“”%{3(9)-
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Proof. According to the definition of A;(u,u) and Lemma 2.3, we have

Ay (uvu) == (c(y)D;’U‘?tz(y)u) - (Q(I)D u’UDm( ) )
> — COS(W)(HC@DZUHQ + llg@@) Dy ull ) = —cos(ymlul3y ()
Using Lemma 2.1, we obtain
A (u,u) 2 = cos(ym)|ul iy ) = cos(B7/2) ulz o)-

By the fractional Poincaré-Friedrichs inequality, Lemma 2.2,

1
lullz2(0) < mmm(}(ﬂ)

It then holds that

Il = Nl + ligen < (14 () )l
Therefore,
cos(fBm/2)
14+ (1/T(1+7)

According to the definition of As(u,u) and the Cauchy-Schwarz inequality, we
obtain

Ag(u,u) > = 01| K || o ey Dl [[ull = (1 = )| Kil| o< | DYy ull ]
— 6o K| < [l ga) Dy ull[[ul] = (1= 62)| Kl < ly DL, oy ul [l

Ay (u,u) > COS(/B/]T/2)|U|§—[E)V(Q) > )2 ||U||§Jg(sz)'

>~ 0Kl el (ot D2l + oy Dl + 1Dyl + 1,50y
Utilising the inequality a; + as < \/2(a? + a3), ai,az > 0, we have
Aa(u,u) = = VK~ ul (jul @) + Il sz o)
Using Lemma 2.1 and inequality a? 4+ b2 > 2ab, a, b > 0, yields
Aa(u,u) > =2V20]| K| o l[ull[ul s ) = — V201 K| o= ([l 2y + [l
= V20| K[ 1=llull? s ) = —V2O1 K| o[l 3730

HB (Q) )
HE(Q)
Therefore the bilinear form is bounded below as

- cos(Bm/2) 7T w2,
A, ) > <1+(1/m+w>2 VAL )n .

(4.1) implies that

C(B, K, 0) =

OsOT2) 3K e > 0.
L+ (1/T(1 +7)) )

We also need the following two lemmas for the theoretical analysis.
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Lemma 4.3.7° Let the functions vi = v(-,t7) be in L*(Q) for j =0,1,...,N. Then
the discrete L1 scheme satisfies

(ZZDNU o) (gliD%

Lemma 4.4.7% Assume that the sequences {£"}N_, and {o"}_, are non-negative,
that VO >0, and that the sequence {V"}_, satisfies

PN forn=1,2,..., N,

V”ZliD‘]"\;’V" <EV 4 (6™)? forn=1,2,...,N.
=1

Then
V< VO4T(1- al) max {to‘léj}—i-\/ (1—oy) ;D {t 1/203} forn=1,2,... N.

..........

Theorem 4.1. (Stability) The fully discrete scheme (3.4) is unconditionally stable,
and it holds that

gl < ]l + T T = @)k ;max Il forn=1,2,...,N.
where k = kmax/Kmin -
Proof. In the fully discrete scheme (3.4), letting v = uj, we have
(3 DS tDR g u) + Al up) = (6", )
i=1
According to Lemma 4.2, discarding the non-negative term A(uj, u}’), we obtain

(% ZliDj‘\‘;uZ,uZ) < (g",up). (4.2)
i=1

Letting uj, = UT%;’ by Lemma 4.3, the left-hand-side of (4.2) can be estimated as

=1 ; ,

( T Zl D?«nuhn)nuhn (13)

By using the Cauchy-Schwarz inequality, we obtain the following estimate for the
right-hand-side of (4.2):

o) = (k) < |5

Substituting (4.3) and (4.4) into (4.2) yields

(+ ZlD?«Huhn)nuhn el LA LTS
max i—1

AN A

1" k]l (4.4)

lurll <

kmm
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Using Lemma 4.4, we obtain

[[upl <Huh|\+F(1—a1)k _max {51713

.....

<lJubll + T 0(1 ~ al)k _max || f7].
j=1,2,...,n
The proof is completed. O
We define the projection operator Pj, as the orthogonal projection with respect
to the inner product A(u,v) such that
A(Pyu,v) = A(u,v),Yv € Vy, for u € HJ ().
We assume there is an interpolation operator I, from H? to Vj, such that
Hu — IhuHHs(Q) < Chu_S”’U/”H;L(Q),V’U, S HH(Q), 0<s<pu<2

Lemma 4.5.7 Assuming that the solution u of the variational form A(u,v) = (f,v)
satisfies
lull 27 ) < Cllfllz2)s

then we have

lu — Prullr20) < OhQHuHHz(Q)v v # 3/4.

[ — Puull2) < Ch*“llullg2-<), v =3/4, 0<e<1.
Theorem 4.2. (Convergence) Let K € L>™(Q) satisfy (4.1) and ||0Yu(-,t)| <
C(1+t*=P) for p = 0,1,2 and all t € (0,T). Suppose uj,u(ty,) are numeri-
cal solution and ezxact solution of problem (1.2)-(1.4) at t = t, respectively, and

w, ug,0 Du € L2(0,T; H?(2)). When we choose the triangular linear basis func-
tion, the error satisfies

Hun _ uZ” < C(h27€ + mein{Qfal,Jal})'

Here, € = 0 when v # 3/4 while 0 < € < 1/2 when v = 3/4.

Proof. According to Eq. (1.2) and fully discrete scheme (3.4), letting e™ = u(t,) —
up, we obtain

/N
| =

§ LD o) + A" o) = (87w,
=1

where ¢"(z) := 1 3 li(COD?iU(I, Yy, tn) — Dy u(, y,tn)). Defining p" = Pru(t,) —
i=1

( Zz DS on 9") A, 07) = ( Zz D% p" 9”) ~(¢"0").  (45)
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Clearly
Diyp" = Dip" = G0y o +§ Dyp"
= (§Dpu(, ta) = DY ulw,ta)) = Pu( GO ul, ta) = Dy (e, ta)) + D"
(4.6)
Substituting (4.6) into (4.5) yields
(% Z 1D 6", 9”) + A0, 0") = (% Z 1; QD o, 9n) — (Ppo™,0m). (4.7
=1 i=

Recalling Lemma 4.2 and Lemma 4.3, we can obtain the following estimate for the
left-hand-side of (4.7):

i=1 -

- 01107 + Call0" 3 (4:8)
According to the Cauchy-Schwarz inequality and the inequality ab < ea? + Z—z (e >
0), the first term on the right-hand-side of (4.7) can be estimated as

1 - a; N n 1 - a; . n n 1 1 . a; N n
(065D 0m) <l S LG 167 < ol Yol GD o2 + <o
=1 =1 =1

1,1 o n N
EHEZQ%D#P 12 + eCa||6™ 13- (4.9)

=1

<

By the Cauchy-Schwarz inequality and Lemma 4.5, the second term on the right-
hand-side of (4.7) can be estimated as

(Puo™,0m) <IPug” o™ < (1Pag™ = 6"l + 6" ) 10"
<(CHEeN6™ - + 10" 1) 10711 < Cllg™ "], (4.10)

Substituting (4.8), (4.9) and (4.10) into (4.7), and letting € = g—; gives

1 - . CQ 1 - C . 2
ziDalen)en < 2 1=57LSD 12 4 oo™ 167
(o 2 4DR I 1071 < 35 1 D1 G05 0" + Clo ")

kmax -
1=

Using Lemma 4.5 again and the assumed condition § D{u € L2(0,T; H?(Q)), we
obtain

(S unslen)en <cnt= 31 G ulla . + Cllo™ llo”|
=1

i=1
<CH*= + Cllo"[ll6"]
By Lemma 4.4 and [|0°|| = || Pyu® — u°|| = 0, we get

107 <[|6°]| + CT (L — an) max {t5 111} + Ch*~¢ /T T (1 — ay)
J=12,...,n
=CT(1 —a1) _max {t51 171} + Ch*=¢/TaD(1 — o). (4.11)
Jj=1, n

.....
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By Lemma 3.1, we have [|¢/[| < Cj~ mn2=en9e1d and

jor _ Tﬂtl(j )5&1 < o (,] )min{Q—al,éal}
i N - N '

Since j/N < 1, substituting this inequality into (4.11) yields
167 < CT(1 — a)To N~ min{2-evdan} 4 op2=¢, /ToaD(1 — a).
Then we have
HPhun _ UZ” < C(hQ—e +N™ min{2—o¢1,t5o¢1})'
It follows that
Hun _ ’U’Z” < O(h27€ + mein{Qfal,Jal})'

This completes the proof of the theorem. O

5. Numerical examples

In this section, we present three numerical examples to verify the effectiveness of
our theoretical analysis.

Example 5.1. Firstly, we consider the following time and space fractional diffusion
equation defined on a rectangular domain

b GDE e,y ) + b GO u(e, . 1) + s D u(w, y,t) — D (. y) Df u(z,y,1))

-D, (k(x,y)D(iu(x,y,t)) = f(z,y,t), (z,y,t) € Qx(0,T],
u(z,y,0) =0, (z,y) € ﬁu
u(z,y,t) =0, (x,y,t) € 0Q x (0,T],

where Q = (0,1) x (0,1), T =1,

_ (LD@# | LD@)Rer D(4)R e
o0 = (T ey * T-ay * M-

121—‘(1 + Oél)tal_a2 l3F(1 + Oél)tal_a?’ ) 2 2 9 2
1-— 1-—
F(l + a1 — QQ) F(l + a1 — 013) . ( J/') y ( y)

= (L )21 = )% [kalw,9) (O2p(2, B) — (1= 01)p(1 = 2, 3))
+ k(2 ) (Oup(z, 1 + B) + (1—&)1—x1+ﬂ}

(
= (14 )22 (1 = 2)° [y (2, 9) (8203, B) — (1 = B2)p(1 — 3, 8))
(

+ llI‘(l + 041)

+ k(z,y) (2p(y, 1+ B) + (1 — 02)p(1 — y, 1+ B)) |,
L TB) M(4) NG
P =te_m  TTta-g°  TTe-5°

The exact solution is u(x,y,t) = (t* + ¢3)z2(1 — z)?y*(1 — y)*.
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We run the simulation by choosing a; = 0.6, g = 0.5, g = 0.4, [; = 1,15 =
1,l13=1,01 =04, 03 =0.6, k(x,y) = %0200 Fig 2 shows the rectangular do-
main partitioned by unstructured triangular meshes for different h. The convergence
orders both in time and in space are given in Table 1 and Table 2. For the space
direction, the convergence orders in the L? norm are shown in Table 1. As is shown
in the table, with different choices of the fractional orders, the order in the L? norm
is about 2, which agrees with the theoretical analysis. For the time direction, based
on the theoretical results, the convergence order should be N~ min{2—a1.de1}t - Ag ig
shown in Table 2, with different fractional orders, the numerical results coincide
with Theorem 4.2, indicating the validity of the proposed method.

Fig. 2. The rectangular domain partitioned by unstructured meshes used in the calculation for
h~3.1123 x 1071, 1.6759 x 10—, 8.6682 x 10~2 and 4.3719 x 10~2.

Table 1. The L2 error and convergence order of spatial direction for 8 = 0.3,0.8 at t = 1 with
6 =(2—ai)/oa1, N =1000.

h Lo error Order
3.1123e-1 2.8298¢-04 —
5=0.3 1.675%-1 8.0832¢-05 2.02
8.6682¢-2 1.8266¢e-05 2.25
4.3719e-2 4.8952¢-06 1.92
3.1123e-1 3.2978e-04 —
B8 =028 1.675%-1 9.8644¢-05 1.95
8.6682¢-2 2.4037¢-05 2.14
4.3719e-2 6.4715¢-06 1.92

Example 5.2. Next, we consider the following fractional Bloch-Torrey equation
on a circular domain

~ O " Bu(x,y,t)  ~0'"Pu(a,y,t)
C na C na A » Y
oDt (@, y,t) + e oD u(e, y,t) — k Olz|F Ay P

= f(z,y,1), (z,y,t) € Q x (0,77,
u(z,y,0) =0, (z,y) € Q,
u(z,y,t) =0, (2,y,t) € 9Q x (0,T7,
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Table 2. The Lo error and convergence order of temporal direction for 8 = 0.6 at ¢t = 1 with
h2 = N—min{2—a1,6a1}

N h Lo error Order
28 3.1123e-1 3.0379e-04 —
6= 22;0;1 165 1.675%-1 8.9439¢-05 0.69
1083 8.6682¢-2 2.1089¢-05 0.77
7652 4.3719e-2 5.7561e-06 0.67
10 3.1123e-1 3.0224e-04 —
0= all 36 1.675%-1 8.9517e-05 0.95
133 8.6682¢-2 2.1113e-05 1.10
523 4.3719e-2 5.7515e-06 0.96

where Q = {(z,y)|z? +y* <1}, T =1,

Kt
2cos(m(1+6)/2)

[(fl(iﬂ,ao,l-i-ﬁ) + g1(x,bo, 1 +ﬁ)) + (fl(y,co,l +0) +91(y,d071+5))

lgr(l + O[l)tal_az
M1+ o — o)

F@y.t) = (WL +ar) + )@ +y? -1+

+ 2% = 1) fa(w, 00,1+ B) + g2(,bo, 1+ 5))
+2(2% = 1)(faly, co, 1+ B) + 92y, do, 1+ B))
+ (2 = D (falw,a0, 1+ B) + ga(w bo, 1+ 5)
+ (2 = D (falys o, 1+ ) + g5 y,do,l—i-ﬁ))]

1= 42, bo=V1—42 co=—1—-a2, dy=\/1— 22,
fiw,a,8) =  DE(a), falw,a,8) = ,DI(2?), fa(x,a,8) = ,DI(1),
D(008) = DL, a0 8) = DY), gs(ars8) = D1,
The exact solution is u(z,y,t) = to‘l(a: +y? —1)2

In this example, we take o = 0.8, as = 0.7, 1y = 1, l» = 0.5, k = 1. Fig.3 shows
the circular domain partitioned by unstructured triangular meshes for different h.
The corresponding numerical results are given in Table 3 and Table 4. By choosing
different orders 3, Table 3 illustrates the Ly error and spatial convergence order
with respect to varying mesh size h when taking N = 1000 and 6 = (2 — a1)/aq.
We can see that the convergence is of second order in the spatial direction. Table
4 displays the Lo error and the convergence order of the temporal direction for
B =0.6 at t = 1 with k2 = N~ ™ir{2-an.de1} The orders of convergence displayed
indicate that the rate of convergence is N~ ™ir{2—a1.0a1} a5 predicted by Theorem
4.2. So the scheme and algorithm are also valid for the Bloch-Torrey equation with
constant diffusion coefficient.
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Fig. 3. The circular domain partitioned by unstructured meshes used in the calculation for h ~
2.8917 x 1071, 1.6444 x 10~1, 8.6550 x 102 and 7.1216 x 1072,

Table 3. The L2 error and convergence order of spatial direction for g = 0.3,0.8 at t = 1 with
0= (2-a1)/a1, N =1000.

h Loy error Order
2.8917e-1 1.4428e-02 —
5 =0.3 1.6444e-1 4.0928¢-03 2.23
8.6550e-2 1.0137¢-03 2.17
7.1216e-2 6.4538e-04 2.32
2.8917e-1 1.7611e-02 —
B8 =0.8 1.6444e-1 5.4727e-03 2.07
8.6550e-2 1.3908e-03 2.13
7.1216e-2 9.0772e-04 2.18

Table 4. The Lo error and convergence order of temporal direction for 8 = 0.6 at ¢ = 1 with
h2 = N—min{2—a; 001}

N h Loy error Order
63 2.8917e-1 1.6039e-02 —
0= 22;0;1 410 1.6444e-1 4.7804e-03 0.64
3487 8.6550e-2 1.2127e-03 0.64
6662 7.1216e-2 7.8324e-04 0.67
8 2.8917e-1 1.6429¢-02 —
6= 2;% 20 1.6444e-1 4.8673¢e-03 1.32
59 8.6550e-2 1.2124e-03 1.28
82 7.1216e-2 7.8092e-04 1.34

Example 5.3. Finally, we consider the following fractional diffusion equation on
an elliptical domain

L GDM u(@, y, t) + b D u(, y,t) — Dy (k(:v, y) Dy ulz,y, t))

—Dy(k(;v,y)DgQU(:E,y,t)) = f(z,y,t), (z,y,t) € Qx(0,T],
u(z,y,0) = (42 +y* - 1)?, (2,9) € Q,
u(z,y,t) =0, (z,y,t) € 02 x (0,7,
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where Q = {(x,y)[42% + %2 < 1}, T =1,

LTG5y
Flay0) = ( TG—a1) | T(6—ad)

)a? +y? = 1) - (1+ tﬂ{km(x,y)

[91 (16£1(2, 00, 8) + 8(s* = 1) fa(w, 0, 8) + (5" = 24> + 1) fa(w, a0, B) )

— (1= 01) (1691 (x,bo. ) + 8(y* = Dga(w,bo. B) + (4" — 24> + )ga(a bo, ﬂ))]

+ k(z,y) [91 (16f1(:v, a0, 1+ B) +8(y> — 1) fo(x, a0, 14 B) + (y* —20% + 1)
falz,a0,1 + B)) r(1- 91)(1691(3: bo, 1+ B) + 8(y2 — 1)ga(z, bo, 1 + )+

(" =207 + Db, +8)) | + 8y )82 (190 ) + 2004° = 1)t )
+ (162 — 822 + 1) f3(y, co, B ) (1 62) (gl y, do, B) + 2(42% — 1)g2(y, do, B)

+ (162* — 822 + 1)g3(y, do, B) } + k(z,y [92 fi(y,co, 1+ B) +2(42% — 1)

Foly, co, 1+ B) + (163* = 822 + 1) fa(y, co, 1+ 8) ) + (1= 05) (91 (y,do, 1+ )
2(41}2 - 1)92(3/7 d07 1 + B) + (16.’[]4 - 81}2 + 1)93(y7 d07 1 + B)):| }7

\/1— bo— \/1— 2, Co = — \/1—4$2, dQZ\/1—4$2,
fl(x7a/76) ~a z( )7 fg(l’,a/,ﬁ) = aDg(x2)7 f3(x7a7ﬁ) = aDg(l)a
gl($,b7 ﬁ) = zD[I?(:LA)a 92($7b7 ﬁ) = sz(.’II2), 93($7b7 ﬁ) = me(l)
The exact solution is u(x,y,t) = (1 + t*)(42? + y* — 1)%

In this test, we take a; = 0.8, ap = 0.5, 11 = 2,15, = 1, 8y = 0.6, 65 = 0.7,
k(z,y) = z+y+100. Fig.4 shows the elliptical domain partitioned by unstructured
triangular meshes for different h. The time and space errors and convergence order
are computed by choosing different values as shown in Table 5 and Table 6. The
numerical results agree well with the convergence results in Theorem 4.2.

These numerical examples demonstrate that the proposed unstructured mesh
finite element method is efficient in dealing with two-dimensional multi-term time
and space fractional Bloch-Torrey equations with variable coefficients defined on a
convex domains.

6. Conclusions

In this paper, we proposed an unstructured-mesh Galerkin finite element method
for two-dimensional multi-term time and space fractional Bloch-Torrey equations
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Fig. 4. The elliptical domain partitioned by unstructured meshes used in the calculation for h &
3.0312 x 1071, 1.2558 x 10~1, 8.3913 x 102 and 6.9134 x 10~2.

Table 5. The Lo error and convergence order of spatial direction for 8 = 0.3,0.8 at t = 1 with
6= (2—a1)/a1, N =1000.

h Lo error Order
3.0312e-1 8.4999¢-02 —
5=0.3 1.2558e-1 1.4043e-02 2.04
8.3913e-2 5.2049¢-03 2.46
6.9134e-2 3.5241e-03 2.04
3.0312¢-1 9.1551e-02 —
B8 =028 1.2558e-1 1.5465e-02 2.02
8.3913e-2 5.8974¢-03 2.39
6.9134e-2 4.0081e-03 2.00

Table 6. The Lo error and convergence order of temporal direction for 8 = 0.6 at ¢ = 1 with
h2 =N— min{27a1,(5a1}.

N h Loy error Order
20 3.0312¢-1 8.5849¢-02 —
§=1 179 1.2558e-1 1.4496e-02 0.81
490 8.3913e-2 5.4420e-03 0.97
796 6.9134e-2 3.7046¢-03 0.87
11 3.0312¢-1 8.5824e-02 —
5= a% 63 1.2558e-1 1.4506e-02 1.02
142 8.3913e-2 5.4471e-03 1.20
209 6.9134e-2 3.7079¢-03 1.00

with variable diffusivity coefficient on irregular convex domains. The L; method on
graded meshes is used to approximate the temporal multi-term Caputo fractional
derivative and FEM is used to discretise the space Riemann-Liouville fractional
derivative. Also, the stability and convergence of the fully discrete scheme are dis-
cussed by presenting the error estimations with respect to the L? norm. Three
numerical results demonstrated the versatility and application of the techniques.
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