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1 | INTRODUCTION

1.1 | Background and motivation

The magnetic-thermal coupling system commonly arises from induction hardening of steel” , large power transformers”, and
magnetohydrodynamics (MHD) " etc. Such devices consist of excitation coils applied source current, which generates the varying
magnetic field. Then the eddy current is induced in the conductive domain and generates the Joule heating and changes the
temperature. Meanwhile, the electric conductivity depends on the thermal field, thus the change of temperature impacts the
magnetic field vice versa.

There are many papers dealing with electromagnetic-thermal problems. The early results are on the electrostatic and time
dependent thermal equations coupled by the gradient of electric potential*>*". The both diffusion equations of electric poten-
tial and thermal distributions are studied, and convergence of approximate solution is achieved®. The Maxwell’s equations with
temperature dependent conductivity were investigated, and some theoretical results including global existence of solution and
regularities are established *™™, Authors provided mathematical analysis of the magneto-thermal coupling model of large power
transformers, which consists of a magnetic field coupled with the thermal convection-diffusion”. In a magnetohydrodynami-
cal dynamo with turbulent convection zone, authors obtain the solvability and well-posedness of a magneto-thermal coupling
model®.

The works mention above focus on the both linear mathematical models of the magnetic and thermal field. Since nonlinear
material is commonly used in the industry, it will better reflect reality that the nonlinear dependency is taken into account. In the
series of papers ™™, the authors dedicated to the mathematical models considering the nonlinear relation between the magnetic
field and the flux, and cut off the Joule heating to be bounded. Although the cut-off function avoids the unbounded solution, the
uniqueness still remains an open problem". Furthermore, without applying the cut-off function, the thermal equation with the
uncontrolled Joule heating needs stronger regularity assumptions on the magnetic field, which could not be satisfied, and leaves
the existence and uniqueness of the problem to be an open task™. This paper is to fulfil the task. There are some totally new

theoretical work as follow.
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e introduce a regularization model to deal with the uncontrolled Joule heating term y(u)|V x H|?.
e prove solution of the regularization model converges to the magneto-thermal problem.

The mathematical analysis provide a routine to establish the well-posedness of the magneto-thermal problems and gives an
answer to the open question from the previous work.

1.2 | Magnetic-thermal problem

Set the bounded domain Q C R? is occupied by nonlinear electromagnetic material. Its boundary 9 is Lipschitz continuous,
with n is the outer normal unit vector. The equations for eddy current field is deduced from Maxwell’s equations neglecting the

14,[05,[06,0°4, %

displacement current term ,
VXH+H)=J°+J,

VX E =-0,B(H + H®), (1)
V-B=0,
where B is the magnetic flux density depended on the total field, which includes H as the induced field, and H* as the source
field generated by the source current J*, and J is the induced current depended on the electric field by the Ohm’s law,

J=0cwE, inQ, 2)

where the conductivity is thermal dependent. For o(u) > 0 in Q, denote the electric resistivity y(u) = 1/o(u).

The relationship between magnetic field and flux in the ferromagnetic material is based on the magnetization phenomena.
Hysteresis curve shows monotone character of the relation between magnetic strength and the magnetization. In general, we
denote the constitutive law for the magnetic induction as

B :=B(H + H®), inQ. 3)
Using the ([)-(8), we have a nonlinear parabolic equation for the magnetic field,
O,BH +H)+VX(yw)VxH)=0, (x,1)eQx(0,T),
Hxn=0, (x,1) € 0Q % (0,T), (€))
H(x,0)= H,, xeQ.

The varying magnetic field will induce eddy current in the conductor and generate heat, which is called the Joule heating
described as
q=J-E=|J*/ow) =yW)|V x H|*. (5)

Let u be the thermal field in the conductor, and it is governed by the following nonlinear parabolic equation ™™=,

0,fu) =V -(AVu)=¢q, (x,1)eQx(0,T),

- /1‘;—: 0, (x.1) € 9Q X (0,T), ©)
u(x,0) = u, xeQ.

where A is the thermal conductivity, and f(u) is nonlinear function.

The remainder of the paper is organized as follows. In Section [, we introduce some function spaces and establish the vari-
ational problem and the regularization. In Section B, the time discretization scheme to the regularized problem is given, the
existence and uniqueness, boundedness and convergence as the time step size 7 — 0 are discussed. In Section B, passing limit
for the regularization parameter ¢ — 0, the regularized solution converges the original.

2 | VARIATIONAL PROBLEM

In this section, we introduce some function spaces related to solutions of the problem, and derive the variational. Since the
Joule heating source contains |V x H|?> € L'(Q), this term brings the main difficulty to the analysis. An regularization model
is introduced to overcome this problem. And Some assumptions for the material laws are proposed for later analysis.



Tao Chen ET AL 3

2.1 | Function spaces

The LP(€2) denote as the Lebesgue integrable function space with norm

1/p
</ |u(x)|”dx> , 1<p<oo,
Q

ess sup |u(x)|, p = co.
xeQ

ull Loy =

Throughout the paper, the vector valued functions and function spaces are denoted in bold (e.g. u, L?) while the scalar ones
are in normal (e.g. u, LP). Norm ||-|| := ||| ;2(q, for short.
The curl space for the magnetic field H ™,

H(curl,Q) :={ue L*(Q) : Vxue L*(Q)},

Hy(curl,Q) :={u € H(curl,Q) : uxn=0o0ndQ},
2 2 %

il curiy = (Nl + IV Xl )

and the H~!(curl, Q) is the dual space consisted of all bounded linear functionals on Hy(curl, Q).
The H'(Q) space for thermal field u,

H' Q) :={uel*Q): Vue L*(Q},

1/2
. 2 2
lall @y 3= (1l + 1Vl )

and the H~'(Q) is the dual space.
Let X* denote the dual space of X, then the dual norm could be defined as

(u, v)
llullx. = sup .
ooex NVl x

where the dual product (u, v) denotes the value of the linear functional u € X* at the point v € X.
The C ([0, T, X ) denotes for the space of abstract functions continuous in time, i.e.,

C([O, T];X) = {u(x, D) 10, T] = X, lullcqoryx) = trEI[l()a)T('] [[u(x, )]y < oo} .

And the L?((0,T); X) is defined with the norm

1/p

T
(/ ||u<x,t>||§dz> L 1<p<oo,
llu(x, t)”LP((()’T);X) = 0

ess sup ||u(x, )|y » p = oo.
1€[0,T]

2.2 | Variational problem and regularization

With the above function spaces statement, we now establish the Galerkin variational problem for (&) and (B).
Weak form for magnetic field: Given H(0) = H,,, find H € L2((0,T); H(curl, Q)), such that

(0,B(H + H*),H) + (yw)Vx H,Vx H)=0, VH € Hy(curl,Q). (7)
Weak form for the thermal field: Given u(0) = u,, findu € L2((0,T); H(Q)), such that
(0,8(w), &) + (AVu, Vi) = (q,i1), Vi€ H'(Q)n L2(Q). (8)

Since the Joule heating g contains |Vx H|*> € L'(L), which requires the test function # € L®(Q). To overcome this difficulty,

we introduce a truncation as follows 22
q

1+elq| ’
Then the Joule heating source term becomes a essentially bounded, i.e. [g], € L*(£2). The more critical point is that for any

g € L'(Q), passing to the limit for ¢ — 0, we have ||[g], — q||Ll,2(m - 0.
In another word, the Joule heating g could be replace by [¢]. and we obtain a series of solution {(H¢,u¢)}, then by passing
to the limit for ¢ — 0, we will achieve the solution of the origin problem (H), i.e. (H¢,u¢) — (H,u). We call this process

[q], = e>0. ©)]
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the regularization, and the number e plays the role as the regularization parameter. Therefore, we turn to solve the regularized
problem (I)-(B): Given H(0) = H,,, find H € L*((0,T); H(curl, Q)), such that

(0,B(H + H*),H) + (yw)Vx H,Vx H)=0, VH € Hy(curl,Q). (10)
Given u(0) = uy, find u € L*((0,T); H'(RQ)), such that
(0,8w), &) + (AVu, Vi) = (Iql..@), Vi€ H'(Q). (11)

In deed, the solution of (IM)-(I) should be denoted by (H*¢, u¢), without confusion, we reuse the same symbol (H, u).

2.3 | Assumptions

For a better representation of the paper, all the assumptions are listed here.

Hy(x) € Hy(curl,Q), (12)
H'(x,t) € H'((0,T); Hy(curl,Q)), (13)
V- B(H, + H;)) =0, fora.e. x € Q, (14)
0<7, <y(x1)<y* <o, Y(x,1) € Qx(0,T), (15)
ly(up) =y @)l < L, [[uy = s 1510 Yu,,u, € H(Q), (16)
0< A, <Ax,1) < A < o0, V(x,1) € Q% (0,T), 17)
|A(x, 15) — A(x, 1) < Lty — 1], Vx € Q,Vt,,1, € (0,T), (18)
B(0) =0, (19)
|B(x) — B(y)| < Lglx—yl, Ly >0,Yx,y € R, (20)
(B(x)— B(y)) - (x —y) > mplx — y|*, mg > 0,¥x, y € R’ Q1)
p0) =0, (22)
0<p <P, Yu € R, (23)
|B(u) — p)]| < Lylu— o], L;>0,Vu,v€R, (24)
(Bw) = B)) - (u—v) = mylu—vl?, my > 0,Vu, v € R. (25)

Suppose the magnetic induction B(-) to be potential, i.e., there exists a functional @ : Hj(curl, 2) = R, such that for all
H € Hy(curl,Q),

Grad ®z(H) = B(H),

where Grad @y is called the gradient of the functional @ z. By the (1) and according to the theorem of the monotone potential
operator 7 Theerem 3-1 ' the potential @ is convex, i.e., for any x, y € Hy(curl, Q) and any 1 € (0, 1),

Op(Ax + (1 = A)y) < ADx(x) + (1 — DD p(y).

Lemma 1. Let f(x) be a convex functional and twice Gateaux-differential on a convex set E in a normed space then its twice
Gateaux-differential is non-negative, i.e.

D?f(x;h,h) >0, x€E.
The proof of the Lemma [ is trivial, and we omit it here. By Lemma [, for the convexity of potential @ g, we have
D*® (x; h, h) > 0. (26)
Using generalized Lagrange formula™ twice and by (Z8), for &, &, € (0, 1), we have

Dp(y) — Pp(x) — DOp(x,y — x) = DPp(x + & (y — X),y — x) = DPp(x,y — x)
=D’®p(x+ &y — %)y —x,&(y—x)) 20.
Hence, ®5(y) — Pp(x) > DPpg(x,y — x) = B(x) - (y — x), i.e.,

B(x) - (x — y) 2 @ p(x) — Pp(y). @7
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By ([9)-(Z),
1 1
2 1 mp. o
Op(x) = B(px) - xdp > mpg |px|” —dp = — |x|”. (28)
0 0 p 2
1 1 1 L
_ 2 _ LB,
R A R (29)
0 0 p 2
Thus, we obtain the boundedness of the potential @,
L
0< Z2IxP < @p(x) < 2P (30)

Since B is strongly monotone, we have
|B(x) = By)| - |x = y| > (B(x) = B(y).x = y) > mg|x - y|*.
together with Lipschitz continuity of B in (Z0), we have,
Lplx —y| > |B(x) — B(y)| 2 mg|x —y|,
thus, we have
Ly'lx =yl < |B7'(x) = B'(p)| <mjl|x —y| := Ly |x -y,
which concludes that the inverse B! is also Lipschitz continuous. By (I9), we have
B '(0)=0. 3D
Since B is strongly monotone, we have B~! is also strongly monotone,
(B ()~ B'(y).x—y) = (B ()~ B (). B(B™'() - B(B"' (7))
> mg|B~'(x) = B D)I* 2 mp(Ly' Y |x = yI? 1= mp|x - yI%,

then the potential ® 5, of B~! is also convex. Similar in (Z8)-(B0), we have

B'(x) (x = y) > @pi(x) — Py (y), (32)
0< %mz < Dpa(x) < %MZ, 33)
0 < cplx|* < @pi (B(x)) < Cplx/|. (34)

3 | TIME DISCRETIZATION

In this section, the regularized problem is discretized in time using backwards Euler method. First, the existence and uniqueness
of the discrete problem is proved based on the theorem of monotone operators . Second, the boundedness of the solution is
guaranteed. Third, the convergence of the solution are discussed in the framework of the Rothe’s method.

3.1 | Time discretization scheme

Let the time interval [0, T'] is partitioned into » equidistant subintervals by time step size z, i.e.,

0,71 = | Jlt,,,1,], where t, = iz, fori =0,1,+,n, and 7 =T/n.

i=1
For a general function f(#) with respect to time, denote f; := f(¢;). Approximate the time derivative of f(¢) at ¢, by backward
Euler method,

0f(t) =5, f 1=

where 6, denotes the divided difference operator in time with step size .

fi_fi—l
—T .
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By shifting the resistivity on the right hand side of (Bf) to be y(u;_,), we obtain a decoupled system of the time discrete
problem for (I0)-(IT): Given H,, and u, fori = 1,2, -+, n, find H; € H(curl,Q) and u; € H'(Q), such that
(6,B(H;+ H’),H) + (y(u;_))Vx H,,V x H) =0,VH € Hy(curl,Q), (35)
(8.B(u), @) + (4, Vuy, Vi) = <[y(ui_1)|V x H,.|2] ,a),va e H'Q). (36)
Based on the theorem of monotone operator™, we prove the existence and uniqueness of the solution to discrete problem
(B3)-(B8) in the following lemma.

Lemma 2. Assume that (I2)-(T9) holds. Then, for any i = 1,2, -, n, there exist a uniquely determined couple (H,,u;) €
H(curl, Q) x H'(Q) solving the system (B3)-(B8).
Proof. Define operator ¥, : H(curl,Q) — H'(curl, Q),
(F,(H),H) := 1 (B(H),H) + (yVxH,VxH).
T
Define operator G : HY(Q) - H™(Q),
_ 1 _ _
(G, @) = —(pGw), &) + (AVu, Vi)
Then (B3)-(38) could be rewritten as the following operator equations

(F o (Hy+ ), HY = 2 (B(H,, + HY,), H), G7)

_ 1 _ _
(G, @) = — (). ) + ([rwnIV x B @), (38)
Then the strictly monotone of F, follows from (I3) and (). For any H,, H, € H,(curl, ),
2 2
(F,(H)) = F,(H,), H, = Hy) > mg/7||H) = Hy |} + 7. ||V X (H, = H))|[ 12,

>min(mg/7,7,) - | H, > 0.

2
- HZ”H(eurl,g)
Strictly monotone of G follows from (1) and (E3). For any u;, u, € H Q),
2 2 . 2
(Guy) = Gluy), uy — uy) 2 my /7 ||uy - “2”L2(g) + 4. ||V, - “2)”1_2(9) > min(my /7, 4,) - Ju; = ”2”111(9) > 0.
Coercivity of F, follows from () and (Z1). For any H € H,(curl,Q),
(F,(H),H) 2 mp/7 | Hll 20, + 7. IV X Hll720) 2 CI1H e -
Coercivity of G follows from (Z2) and (23). For any u € H'(Q),
<g(u)’ Ll> P mﬂ/T ”u”i}(g) + A* ”Vu”i}(g) 2 Cc ”ullfql(ﬂ) .

Hemi-continuity of 7, follows from (1),

(F,(H +eh) = F,(H), A) <Lge /7 |(h )| +er” (VX1 Vx H) < Ce Il gcuriy - 1A | mieursey = 0 € = 0
Hemi-continuity of G follows from (24),

(G, (u+ev) = G (u),ii) <Lge/t|(v,d)| +€A* (Vu, VD) < Ce ||vll giqy - llEll g1y = 0, € = 0.

We have shown the strict monotonicity, coercivity and hemi-continuity of operators 7, and G,. Furthermore, for every time
step i = 1,2, ---, n, the right hand side of (B17) is a bounded linear functionals on H(curl, Q),

%(B(H,._l +H’ ). H)<C,

B(H,_, + His—l)”Hq(cuﬂ!g) ”E”Ho(curl,Q) <C ”E”Ho(curl,fl)’

and the right hand side of (BR) is also a bounded linear functionals on H'(Q),

1 _ _ 1 _ 1, _ _
;(ﬁ(u,-_l),u) + <[7(M,-_1)|V X Hi|2] Jl) < . 18Ga_ D] g1 Nl 10y + - lall o) < Coe il gy -

Therefore, we obtain the existence and uniqueness of the solution to (B3) and (B8) at every time step "> Theorem 182 O
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3.2 | Boundedness of discrete solution

In this subsection, we establish some bounded estimates of the solution, which will play a key role in the convergence of the
solution.

Lemma 3. Assume () - (I9). Then for any j = 1,2, -+, n, there exists a positive constant C, such that

(@) zj: 7 ||8,u;]” + zj; V@, —u_ | + max [V |* < €, (39)
(b) max ]| < C. (40)
(¢) max ||, pu)|| -1y < € @0
(d) max 164l 1) < C- (42)

Proof. (a) Set it = v6, u; in (BA),
(6.8(uy). 76,u;) + (A Vu, TV6,u;) = ([y(u,._l)w x H,.|2] ,‘L'(Srui>.
€

Lower bound for the first term in the left hand side:

mp
(6.8u,), T6.u;) z/ 7|ui —uy > =1my||6.u ||
Q
For the second term, combine the Abel’s summation law as follows

(A,Vu,tVé u) = = / (A Vi 1* = Ay lui_y 1P = (4 = APl I + 4V = ui_)I?)
Q
Upper bound for the right hand side,

T 2
([re-nv < 8P| sar) <% / 16.]dx < C,C,1Q17 + 7€C, |5, 20
€
Q
where C, is a big number with respect to €71, and € denotes an suitable small number, C, denotes a big number related to el
according to the Young’s inequality.
Sumup fori=1,2,---,j <n,

J J J
Y C.ClQlr+ Y 1eC, |64 = C.C.IQlj +€C, Y 7 ||6.u|
i i i=1
4 2 /1* 2 A’O 2 /1» 4 2 Li : 2
2my Y o |8+ SV 1 = Sl + 5 Y IV, = I = 52 Y elluy |
i=1 i=1 i=1

Thus,

J /1* J
(my —€C,) Y 7 ||6, + 5 DIV —u )| + ” <C+ —* ZT Ve 1 |32 -
i=1 i=1

By fixing a small & < mj/C, and using the Gronwall’s inequality, the result in (a) is concluded.
(b) By (a), forany j = 1,2, -+, n,

1=

J J
uo+ Y St < uol| + X 7|6, < C.
i=1 i=1

(c) From (B8),

| (5.8, 8)| < |3, Vu, V)] + ‘([y(u,._l)w x H,-I2Lﬁ>

< A ||Va|| - Ivall + é/ laldx < C llall 1.q)
Q
which concludes that
”51:6(”1')”[.[—1(9) < C, Vi = ]’2’ e n
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(d) By the mean value theorem and the assumption (3), we have
||5Tﬂ(ui)“H’l(Q) = ||T_lﬁ,(5i) |”i - ”i—llny_l(m > p, ”(Srul‘”H*l(Q)'

Thus, by the result of (c), we have
||5Tu,-||H_,(Q) <C, Vi=1,2,n.

O
Remark 1. Foranyi = 1,2, ,n, by the weak Lipschitz continuous (If) of the y and the result (d) of Lemma B, we have
|7’(”i) - J/(”i—l)| <L ””z - ui—lllH-'(Q) =L, ”5r”i”H—'(9) 7<Cr. (43)
Lemma 4. Assume () - (Id). Then for any j = 1,2, ---, n, there exists a positive constant C such that,
J J
2 2 2
(@) ; t||6.(H, + H)||" + ; IV x (H, = H_)||" + max |V x H || < €, (44)
J
O s | 1+ e |V < @s)
() (ljlsllaé ||5TB(Hi + His)||§1*1(curl;£2) <C, (46)
J
(d) ) |BH, + H)|*z < C. (47)

i=1
Proof. (a) Set H = 76_H, in (B9),
(6.B(H, + H}),©6,(H; + H’)) + (y(u;_))V X H;,V x (6 _H,)) = (5,B(H, + H}),75_H}).
By the monotonicity () of the B(H'), we have the lower bound for the first term of the left hand side,
(8,B(H, + H}),75,(H, + H)) > tmy ||5,(H, + H)|,

For the second term, using the Abel’s summation law, we have

1

1
(r(u;_)V X H,,V x (H; = H,_))) =3 / <y(ui)|V X H,|* = y(u,_D|V x H_,|* + y(u,_)|V X (H, — H,_))|?
Q
+ () = @) IV x HI?).
By (£0) and Cauchy’s and Young’s inequalities, we have the upper bound for the right hand side,
(5,B(H, + H)),75,H?) < Lyet ||8.(H, + H))||” + LyC.7 ||5.H}|.
Sumup fori = 1,2, -+, j < n, and by the result (E3) in the Remark [,

my X7 |5 CH, + HOP+ 2|V x || = S v x B[P+ 2 Y v x (i, - B
i=1 i=1

J J J
<Lge Y 7||8,(H, + H)|* + LpC, Y 7|5, HS||*+C Y 7 ||V x H,|>.
i=1 i=1 i=1

Therefore,

; j
2 I 2 Ve 2
(mp — Lge) i=§1 t|6.(H, + H)||” + > VxHjH o i=§1 |V x(H, - H_)|

J j
Vs 2 5112 2
<SSV X Hol" + CoLy ; |6 H: || +C Z‘ |V x H|.
By fixing a small € < mp/ Lz and assumptions (I2), (I3), and the Gronwall’s inequality, we concludes the result of (a).
(b) Set H = 7H, in (B9),

(6,B(H, + H)),t(H, + H})) + (y(u,_)V x H,,V x (tH,)) = (6,B(H, + H}),7H}),
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For the first term of the left hand side, by the potential inequality (B2),
(6. BCH, + H)). o(H, + H))) =( B(H, + H)) ~ B(H,_, + H..), B (B(H, + H))) )

z/g (ch_l (B(H, + H?)) = @, (B(H,_, + Hf_l))).
By the boundedness (I3) of the y, the second term is bounded as
(yu_ DV X H,V X (tH)) 2 7,7 |V x H, ||’
For the right hand side, by Lipschitz continuity (20) of the B(H), Cauchy’s and Young’s inequalities,
(8,B(H, + HY),7H’) < tLy ||6.(H, + H)|| - | H!|| < C ||6.(H, + H))||” + C= || H}|]*.
Sumup fori = 1,2, -+, j < n, by the boundedness (B4) of the @, (B),

2
cg ||HJ +H| -y ||H0 +H;

5 J J J
+7, QT |[VXH|P <C Y t||6.(H,+ H)|?+C Y «||H|.
i=1 i=1 i=1

By the result of (a) and assumptions (I[2)-(I3), we conclude the result of (b).
(c) From (B3), by the dual norm definition and result of (a),

| (5. BCH,+ B, )| = [ (- )V x H, 9 5 )| < 7 [V x B[V % B S C -
Thus,
16:BH,; + H)|| 41 euri0) < C> Vi=1,2,+.n.
(d) From (a) and the Lipschitz continuity (Z0) and coercivity (I9) of the B,

J
2 BCH, + B\, 7 < 15 3 1 H; + HY [ 7 < C.

J
i=1

i=1

O
3.3 | Convergence of time discrete solution
In this subsection, we prove the convergence of the discrete solution based on the Rothe’s framework %,
Define the Rothe’s functions: piece-wise constant and piece-wise linear in time for ¢ € (t,_,¢;],i = 1,2, ,n,
B.() =B, B.()=B, ,+(—1,_,)5,B, B,(0) = B,(0) = B:
H.(1) = H,, H,(t)=H, | +(t—1,,)5,H, H,(0) = H,(0) = Hy;
(1) = Puy), B.() = plu;_y) + (= t,_)Pu,), B.(0) = 5,(0) = plup);
i () = u;, u () =u,_ + @ —t,_Du;, i.(0) = u,(0) = uy;
4.t = 4, 7.(0) = y(uy), V.(t—7) = y(u_p).
Rewrite (B3)-(BA) by the Rothe’s functions,
(0,B.,H)+ (7,6 -t)VxH,VXH)=0, VH € Hy(curl,Q), (48)
(0,8,.@) + (A, Vi,, Vii) = ([mt — )|V x HT|2L,L7), Vi e H'(Q). (49)

By setting H = V¢ in (B3), where ¢ € C*(Q), we have
(6,B(H, + H),Vo) =—(6,V-B(H, + H}), ) =0.
By the assumption (I4),
0= (V-BHy+H;),¢)=(V-BH, +H}),p) == (V-BH,+H)),0p),
for any ¢ € C*(Q). Since C°(Q) is dense in H|}(€), we have
(V-B(H,+ H),9) =0, Vo€ H)Q),Vi=0,1,..,n
which concludes that V - B(H; + H) = 0 in H Q).
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Proposition 1. Suppose (I2)-(T9). Then there exists a vector potential H € L? ((0, T); Hy(curl, Q)) and sub-sequence of H_
(denoted by the same symbol again) such that

(a) B, > B, in L*((0,T); H ' (curl,Q)), (50)
(b) H: > H?, in L?((0,T); L*(Q)), 51
(c)H: > H’, in L2((0, T); Hy(curl, Q)), (52)
(d)H, ~ H, in L*((0,T); L*(Q)), (53)
(e) B, —~ B(H + H"), in L2((0,T); LX), (54)
(f)9,B, = 0,B(H + H*), in L*((0,T7); H ' (curl,Q)), (55)
(¢) H, - H, in L*((0,T); L*(Q)), (56)
(hy H, -~ H, in L*((0,T); Hy(curl,Q)). (57)

Proof. (a) By (c) in Lemma B,

T
= 2 2
1B = Bel| 201 curty < /o 72 0B [l -1 curt. 0 4 < Cr* =0, 7-0.

(b) By the assumption (I3),

n t

— 2 !
1H: = Bl 2 = Z/ /Q |(t” 6. Hy)

i=1 i-1

(c) By (I3) and the mean value theorem,

n ti n ti
1 = H|[ 32 02200y = 2/ /|Hs(f;)—Hs(t)|2dt=Z/ /|0tHS(§,)|2-|ti—t|2dt (& € ltirot,])
i=1 J1i JQ i=1 J1 JQ

T
sﬂ/|MHm;mm§CﬂaQ £ 0.
0

T
ar < 72/ |10, H, ||, df <C2* >0, 7 0.
0

Similarly, by (I3) again, we have

- 2 T 5
”V x (H; - H') OIS = 12/0 IV % @ H) 20 47 < C? >0,

and concludes the result (B2).
(d) By (a) in Lemma B and the reflexivity of L2((0, T); L*(R2)), there exists a limit H,

H, —~ H, inL*(0,T); L*Q)).

Latter we will show that H solves the ().
(e) Set H € H(curl,Q), by the Green theorem and result of (d),
T T

T T
lim [ (VxH, H)dt=lim [ (H.VxH) dt=/ (H,VxH)dt:/ (VxH,H)dt,
T 0 T 0 0 0

which concludes that V X I_IT — V x H in L*((0,T); L*(Q)). And with (d) together, we conclude the result.
(f) By (d) in Lemma B and the reflexivity of L*((0, T'); L*(Q)), there exists a limit B such that

B, — B, in L*((0,T); L*(Q)). (58)

Next, we show that B = B(H + H*). By Lemma 8, and the transient div-curl Lemma 3.1 in%?,

-0

T T
lim/ (B..(H, + H)p) di = / (B,(H + H)p)dt, Vo € CO(Q).
0 0
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Choose ¢ > 0 and any h € L?*((0, T); L*>(Q)), and by the monotonicity of B(-), we have

11
A
ld N\

T T
0< / (BT — B(h),(H, + Hs, - h)(p)dt = / (B.,(H, + H:)p)di
0 0

T T T
—/ (B,,goh)dt—/ (B(h),(IL+H;)¢)dt+/ (B(h), ph)dr .
0 0 0
I, i 1,

For the first term,

T T
11 =/0 <BT_BT’ (Hr+ﬁf_')(p>df+/0 <BT’ (HT+H§)¢>dt'

By Lemma B and assumption (I3), together with the result of (a),

T
/o <Br - B, (Hr + Hj)go)dt <C ”Br - BT||L2((O,T);H“(curl,9)) ’ ”Hr + H;”LZ((O,T);H(curl,Q)) =Cr -0,
Therefore,
T B B T
lim 7, =lim [ (B, (H, +H:)e)dt = / (B,(H + H")p)d.
T Kl 0 0
For the second term, by (R0), BT and B, converge to the same limit,
T T
lim 7, = lim i (B,.h)dt = /0 (B, @h)dr.
For the third term, by (83),
T B B T
lim 7 = lim / (B(h),(H, + H*)@)dt = / (B(h),(H + H*)p)dt.
T T 0 0
Sumup I, to I,,
T, B B T
lim (B, — B(h), (H, + H> — h)(p)dt - / (B — B(h),(H + H’ — h)(p)dt > 0.
T— 0 0

Seth=H + H® + €h, and lete — 0",
T
/ (B _ B(H + HY), i(ph)dt > 0.
0
Thus, for any 0 < ¢ € C° (Q), and for all h € L2((0, T); L3(Q)), we have

/T (B — B(H + H’), qoh)dt —0.
0

which concludes that B = B(H + H*) almost everywhere in Q X (0, 7).
Recall (BR), we have

B, — B(H + H*), inL*((0,T); L*(Q).
(g) By Lemma B, there exists a B, € L>((0,T); H™'(curl,Q)), such that for all H € L*((0,T); H(curl,Q)),
(B.(t),H) — (B.(0),H) = /Ot (0,B.(s), H)ds — /OI(B,, H)ds 7 -0.
Next we will show that B, = 9, B(H + H*). By Lemma 8 again, for all H € H(curl,Q),
| (B.(1), H) | = |(B,(0), H) + /Ot (0,B.(s), H)ds

< ”BT(O)” : ”I_I” + ”afBT(t)”Lz(((),T);H‘](curl,Q)) : ”H”LZ((O,T);H(curl,Q)) <C “H”H(curl,g) ’

which concludes {BT(I)} is equi-bounded in H~!(curl, Q).

(39)

7 — 0.

(60)



2z | Tao Chen ET AL

Furthermore, by Lemma B, for all H € H(curl,Q),
|<BT(12) ~B.()), H)| = '/ (9,B.(s), H) ds
41

< ”atBT(t)”LZ((tl,Q);H*l(curl,Q)) : ”H”LZ((tng);H(curl,Q)) <C \Y Ip—1h ”H”H(curl,Q) ’

which implies { B, (1)} is equi-continuous.
By the Arzela-Ascoli Theorem 2 Lemma 1.3.10,

B_(t) = B(?), in H '(curl,Q),vt € [0, T].
Recall (B0),

/Ot (0SB(S),fI>ds - (B(z) - B(O),H) = lim (B () - B,(0), /) = lim /Ot <(3SBT(s),I_{> - /Ol (B,(s),H>ds,

which concludes that B, = d, B(H + H®) a.e. in Q X (0, T"). Therefore,
0B, = 0,B(H + H*), in L*((0,T); H '(curl,Q)).
(h)Set0 <Vegp € cg°(s'2). By the strong monotonicity of B(-) in (),

T T
/ (B(H,+ H$)— B(H + H*),(H, + H: - H — H")p)dt > mB/ (@, |H, + Hs — H — H*|?)dr.
0 0

Follow the similar procedure in (g), we have

T T
mglim [ (@, |H,+ H; = H - H'|*)dt <lim | (B(H, + H;) - B(H + H"),(H, + H: = H - H")p)dt = 0.
(d 0 T O
Therefore,
T = 2
lim [ ||H, + H} - (H + H")||" dt =0,
T 0

which concludes the strong convergence of
H_+H:— H+H', inL*(0,7); L*Q).
By (&), we obain

H,— H, inL*((0,T); L*Q)).

O

Proposition 2. Suppose (IT2)-(I9). There exists u € C([0,T]; L*(Q)) () L*((0,T); H'(Q)) with o,u € L*((0,T); L*(Q)) and

a sub-sequence of u, (denoted by the same symbol) such that

(@) u, = u, in C([0,T]; L*(Q)),

(b) @, (1) — u(?), in H'(Q), vt € [0,T1],
(¢) i, — u, in L*((0,7); L(Q)),
d) 7. = y(w), in L*((0,T); L*(Q)),
(@) 7.t —7) = y(u), in L*((0,7); L*(Q)),
) B, = B, inC([0,T]; H'(Q)),
(8) B, = pw), in L*((0,T); L*(Q)).

(61)
(62)
(63)
(64)
(65)
(66)
(67)

Proof. From Lemma B, d,u. € L*((0,T); L*(Q)) and . € C([0,T]; H'(Q)). By Lemma 1.3.13%, the compact embeddin
tUr z y p g

H'(Q) - L2(Q) concludes the results (a) and (b).
(c) It is equivalent to show that u_ and &, converge to the same limit in L2 ((0, T); LZ(Q)),

T n 1 n
/0 @, —u,||* dr = Z/ /Q 16,14(z =t +1;_)Pdxdr < 22 Y 16,4720y 7 S C72 >0, 70,
i=1 J i1 i=1
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(d) By (BI)) in (a) and ([6),

' : S " 2 2 T 2
/0 Lz(g)dxdtﬁgf/til/g;Ly-|u,(t)—u(t)| dxdtSC/O @ —ul|}2q dt =0, 7-0.

Thus, 7,(t) = y(t) in L*((0,T); L*(Q)).
(e) It is equivalent to show that 7,(t — 7) and 7,(¢) converge to the same limit in L2 ((0, T); LZ(Q)),

7.0 -7 (1)

n

T
_ - 2
/ 17.(8) = 7.t = D[y 4 < L2 Y 7ll6,4,113, ) < C7> > 0, 7 0.
0

i=1

(f) From the result of (c) in Lemma B,

Be = B )| < 70,8l -1 Nll ey < C7 Nl 1 -

which concludes that ||, = f, || -1 < C7 =0, 7= 0.
(2) By the Lipschitz continuous of £ in (Z4), and strong convergence of u, — u in L*((0,T); L*()),

T T
= 2 _ 2
/ 8. - ﬂ(”)”LZ(g) dr 51‘?}/ 2. - ”“LZ(Q) dt—0, 7-0.
0 0
O

Proposition 3. Suppose ([2)-(T). Then there exists a vector field H € LZ((O, T); Hy(curl, Q)) and sub-sequence of H,
(denoted by the same symbol) such that

H. - H, inL*((0,T); Hy(curl,Q)). (68)
Proof. By the Proposition [I, it is left to prove the strong convergence of V X H, — V x H in L*((0,T); L*(Q)). By the
convergence results in the Proposition [, Proposition @ and the equation (),

Vo [VX(H, + H) =V X (H + Hs)”iZ((O,T);LZ(Q))

T T
5/ /7,(t—r)-(Vx(H,+Hg))2dxdt+/ /7T(t—r)-(V><(H+H“))2dxdt
0 Q 0 Q

T
—2/ (7.t —7)- VX (H, + H?),Vx(H + H*))dt
T0 B B T
=—lim (a,B,,H,+H;)dt+/ (0,B,H + H’)dt
0

-0 0

n—oo 4

T [ d®,. (B(H + H® T
=_/ / 5o (BC ))dxdt+/ (0,B, H + H*)dt
0 Q 0

n T
< - lim Z/ (cDB_l (B(H, + H”)) — @y, (B(H,_, + His_l))>dx +/ (0,B, H + H*)dt
i=1 JQ 0

dt
T

T
= / (o,B(H + H*), H + H’)dt + / (o,B.H + H*)dt = 0.
0 0
Thus,
H +Hs - H+H’, inL*(0,T); Hy(curl,Q)).

By (B2) and (Bf), we conclude the result. L]

3.4 | Existence of the solution
In this subsection, we prove an important theorem on the existence of weak solution to the regularized problem (I[)- ().

Theorem 1. Suppose (I2A)-(I9). Then the limit (H, u) solves (I0)-(IT).
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Proof. (a)Set H € C;°(Q) in (ER), and integrate in time,

t t
/ (0,B,, H)dt + / (7.0 —=0)VxH,VxH)=0.
0 0

By the Proposition 0 and the Proposition B, passing the limit for 7 — 0,

t

/ (0,B(H + H*), H)ds + / (yw)Vx H,V x H)ds = 0.
0 0

Since C;°(€2) is dense in Hy(curl, Q), differentiating in time, (H , u) solves (IM).
(b) Set it € H'(Q), and integrate (E9) in time for any ¢ € [0, T'],

t t t
/ (0,8..i1)ds + / (A, Vii,_, Vi)ds = / ([770 —7)|V x H,|2] ,a)ds.
0 0 0 €
For the first term on the LHS, by the Proposition [,
/ (0,8..i)ds = (B,(t) — p,(0), i) — <ﬁ(u(t)) - ﬂ(uo),a), - 0.
0

For the second term, by (I¥) and (&2),

t t
/ (A.Vi,, Vayds — / (AVu,Vi)ds, 7 — 0.
0 0

For the RHS, by (B3) and (BS),

/OI/Q[ﬂ(t—r)leHTPLq/ot/sz[y(u)wXleL, .

Given e, [)‘@(t -7)|Vx H, Iz] is uniformly bounded with respect to z. Thus,
€

/Ol ([m _ 0|V x H,|2L,a)ds N /Ot ([y(u)W x H|2L,a)ds, £ = 0.

Then, we have

(ﬁ(u(l)) - ﬂ(uo),ﬁ> + /Ot(wu, Vi)ds = /Ot ([y(u)|V x H|2L,a>ds.

Finally, differentiate with respect to time to conclude the result. O

4 | CONVERGENCE AND WELL-POSEDNESS

Given a series of e in ([[)-(I), we obtain a series of solution {(H¢,u¢)}. The critical point is whether (H¢, u¢) converges to
the solution of the original problem (I)-(B) as ¢ — 0. This section dedicates to the convergence and the well-posedness.
Rewrite solution in (IM)-(I) with the superscript € to emphasize the solution depends on €.
Given H(0) = H,,, find H¢ € L2((0,T); H(curl,Q)), such that

(o,B(H®+ H*),H) + (yw)Vx H*,Vx H)=0, VH € Hy(curl,Q). (69)
Given u(0) = uy, findu € L*((0,T); H'(Q)), such that
(0,Be), @) + (AVus, Vi) = (Iql,.@), Vie H'(Q), (70)

where ¢ = y(u€)|V x H¢|?, and [q], =

a for any € > 0.
1 +¢€lq]

4.1 | Boundedness

The following lemmas ensure the boundedness of the solution to (B9)-(IZ0), which are essential for the well-posedness of ()-(E).
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Lemma 5. Assume (I2)-(I9). Then there exists a positive constant C such that,

T
/ V x Hedt
0

Lemma 6. Assume (I2)-(I4). Then there exists a positive constant C such that,

T T
2
/ ||u€||L2(Q) dr + / Vudr
0 0

The proof of Lemma B-8 is similar to Lemma B-8.

T 2
2
/0 IH® + H |}, g, dt +

LX(Q)

2
<C.
LX(Q)

4.2 | Convergence

By Lemma B-B, we have the convergence results.

<C.

(71)

(72)

Corollary 1. By LemmaBH, there exists a subsequence of { H¢} (denoted by the same symbol) and H € L*((0, T); H,(curl,Q)),

(73)
(74)
(75)
(76)

(77)
(78)
(79)
(80)

such that
H¢ -~ H, in L2((0,T); Hy(curl,Q)),
H® - H, in L*((0,T); L*(Q)),
VxH¢ - VxH, in L*((0,T); L*()),
B(H® + H®) - B(H + HY), in L2((0,T); L*(Q)).
Corollary 2. By Lemma B, there exists a subsequence of {u¢} (denoted by the same symbol) and u € L? ((O, T); H! (Q)), such
that
ut — u, in L*((0,T); H'(Q)),
U - u, in L*((0,T); L*(Q)),
Vu¢ — Vu, in L2((0,7); L*(Q)),
Bw) = Plw), in L*((0,T); L*(Q)
yW) — y(u), in L((0,T); L*(Q)).

Now, we are in the position to prove the convergence of the solution.

(81)

Theorem 2. Suppose (I2A)-(I9). Let (H¢, u¢) be the solution to (B9)-(I[0), and (H, u) be to solution to (#)-(8). Then (H¢, u¢) —

(H,u)as e — 0.

Proof. (1)Set H € C;°(Q) in (B9), and integrate in time for any 7 € [0, T7],

(B(H*+ H*)— B(Hy+ H)),H) + / (y@w)Vx H,Vx H) =0,
0

By Lemma B and Lemma B, take the limit for ¢ — 0,

(B(H + H*) - B(H, + H)), H) + / (y@V x H,V x H) =0,
0

that is,

t

/ (0,B(H + H*), H)ds + / (rVxH,VxH)ds =0.
0 0

Since C(‘)"’(Q) is dense in H,(curl, 2), differentiating in time, we obtain (H, u) solves ().
(2) Set i € H'(Q), and integrate (1) in time for any ¢ € [0, T,

/Ot (0,8, ) +/0t(wa€,va) - /Ot ([7(uf)|v ><Hf|2]€,a).
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For the first term on the LHS, by (80), we have
/Ot (0,8, @) = (B) = Plug), &) — (B(w) = Pluy), @), €= 0.
For the second term, by ([Z2), we have
At(ﬂVue,Vﬁ) - /Ot(ﬂVu, Vi), e¢—0.
For the RHS, we need
/Ot /Q |r@OIV X H? =y @IV X HPP| > 0, € =0,

which could be deduced as follows. Setting both test functions H € C(‘]>o () in () and (RY), subtracting and integrating in time
for any t € [0, T'], and setting H = H¢ — H, we have

t t
(BH°+ H’)—B(H+H’),H — H) + / W)V X (H - H),Vx(H¢ - H)) = / ((r) —yw))Vx H,VX(H - H)).
0 0

For the first term on the LHS, by (0) and (IZ4), we have

(B(H*+ H*)- B(H+H*),H°—H) < Ly |[H* — H|> > 0, ¢ > 0.

VxR [ -y
0 Q

t t
/ (y@HVX(H* - H),VX(H* - H)) = / / Y|V (H¢ — H)|> >0, e > 0.
0 0 Q

For the RHS, by (4) and (IX), we have

/((V(M)—y(ue))VXH,VX(He—H))S/ /’Y(u)—y(ue)
0 0 JQ

Thus, the second term on the LHS should converge to zero, that is

S|V H¢? = 0.

Then we have

t t t
//\y(u€>|VxH€|2—y<u>|v><H|2]s/ /y(uf)-|Vx<H6—H)|2+/ /|y<uf)—y(u)|-|V><H|2ao,
0 JQ 0 JQ 0 JQ

that is
t B t
[ (aovxae] a)~ [ (rwiwxapa). e-o

0 € 0

Therefore,
t t
(B(uto)) - prug). ) + / (AVu, Vit) = / (r@IV x HP.a).
0 0

which concludes the result by differentiating respect to time. O

Finally, we state the main result of this paper.

Theorem 3. Suppose (I2)-(I9). Let (I_If, u¢) be the solution to (ER)-(29).

(1) Let (H¢, u®) be the solution to (B9)-(IZ0), then (I_If, u¢) — (H¢,u) as r — 0 given by (83)-(52).

(2) Let (H,u) be the solution to (@)-(R), then (H¢,u¢) — (H,u) as ¢ — 0 given by (I3)-(3&) and (2)-(79).
Furthermore, there exists a positive constant C, such that

T T T T
/ | H||*dr + / V x Hdt +/ lluel|? dr + / Vudt
0 0 0 0

where C depends only on the source magnetic field H* and the domain € and the time T" and the material parameters y, f, 4.

2 2

<C,
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