Co-ordinated ¢ convex function and related integral inequalities.

Hira Ashraf Baig®*, Naveed Ahmad?®, Qurat-ul-Ain Ahmad?, M. Atif Idrees?

“Department of Mathematical Sciences, Institute of Business Administration (IBA), Karachi, Pakistan
bDepartment of Electrical Engineering, Muhammad Ali Jinnah university (MAJU), Karachi, Pakistan.

Abstract

An advanced class of convexity has been introduced in this article, named as co-ordinated o —convexity.
This variant holds some other types of two variable convex functions on co-ordinates as it’s special
cases. We also constituted integral inequalities enmeshed with the Hermite-Hadamard type for
co-ordinated o —convex functions, as an application.
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1. Introduction:

A function ¥ : B — R is known as convex in classical sense when B C R is a convex set, and

the given inequality is true V x,y € Band t € [0,1]
B(0x + (1 —0)y) < 08(x) + (1—60)d(y).

The ideology of convexity plays a significant role in various fields of applied and pure sciences.
That is the reason why the classical notion of convex sets as well as convex functions have been
generalized in numerous ways. For further details, reader may refer [2] - [4]. One more perspective
for which the theory of convex functions has captivated a large number of researchers is its compact
relationship with theory of inequalities. There are so many renowned inequalities which have been
obtained using the concept of convexity. For more information, see [5] - [15]. Hermite-Hadamard’s
inequality is the most eminent name among these inequalities, which actually yields a necessary
and sufficient condition for a function to be convex. This famous result of Hadamard and Hermite

knows as follows:

Theorem 1.1. Assume a convex function 9 : [es, ep] C R — R which is integrable on it’s domain. Then

9 eq+ep < 1 /Eh B(x)dx < O(eq) + 19(eb).
2 ey —eq Je, 2
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S. S. Dragomir presented the concept of "co-ordinated convex functions" in 1999 in [1]. He
defined a function from a bi-dimensional interval A := [e,, e5] X [ec, 4] € R? with e, < e, and e, <
egtoR,ie"®: A — Ris called convex on co-ordinates if the partial mappings ¢y : [es, 5] — R,
Oy (u) := 9(u,y), and Oy := [ec,eq] — R, 0x(v) = d(x,v), are convex which are defined for all
Y € [ec,eg] and x € [eg, €,]". He also proved that "Every convex mapping ¢ : A — R is convex on
the co-ordinates, but the converse is not generally true". He also furnished the Hermite-Hadamard

inequality for co-ordinated convex functions.

Theorem 1.2. For co-ordinated convex function ¢ : A — R on A, the given inequalities are true:

<ea—|—eb ec+ed)

1 ec+ ey 1 /ed e, +eyp
< = - ¢ a0
-2 —e[, ea x, 2 >dx+edec e 19< 2 Y ay
< / / (x,y) dydx
= (ep—ea)(eq —ec) y) dy
< 1 d  8(x,eq)d
- E ey — €q 8,1 x eC) r ey, —€g ~/e,1 (Xl ed) *

S [ stemay+ —— [ o,y
€a, €p,
en —ec Jo asly)ay e —ec Jo b y)ay
< Deq, ec) + O(ea, eq) + ey, ec) + O(ep, eq)
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These inequalities are sharp.

Furthermore an analytical definition of two variable convex functions on co-ordinates has been

presented in [16]

Definition 1.3. "A function ¢ : A — R will be called co-ordinated convex on A, for all 6,¢ € [0,1] and
(x,y), (u,v) € A, if the following inequality holds:

8(0x+ (1-0)y, pu+(1—-¢)v) < 0¢9(x,u) + ¢(1-0)8(y,u)
+ 0(1=¢)d(x,0) + (1-60)(1—9)8(y,0)".

Moreover a new class of convexity has been introduced in [17] named as o—convexity which
comprises various other classes of convexities.

The aim of the present article is to combine o—convexity with convex functions of two vari-
ables on co-ordinates, which emerged the notions of coordinated o-convex sets and coordinated

o-convex functions. Thus we define the coordinated o-convex functions through the formula



M[Uz]((xlfyl), (x2,12)) =
(0100 (x1) + (1 — 0)o(y1)), o (go(x2) + (1 — $)o(y2))

which has a relationship with the strictly monotonic continuous function o, where M, is the quasi-
aritheoremetic mean for p € R, which binds all the power means together.

Additionally, as applications of the coordinated o-convex functions, we acquire some new
Hermite-Hadamard type inequalities. Simultaneously we also discuss some important special

cases in detail.

2. Co-ordinated o-convex functions:
This section is devoted to formulate co-ordinated o-convexity.

Definition 2.1. A bi-dimensional set Ay, C R? is known as bi-dimensional o-convex set related to a strictly

monotonic continuous function o if:

Mg, ((x1, 1), (x2,2)) =
(@ (00 (x1) + (1= 0)a(y1)), 0 (po(x2) + (1 =)o (y2)) € Ar, (1)
forall (x1,y1), (x2,y2) € Agpand 6,¢ € [0,1].

Definition 2.2. A function ® : Ay, — R is said to be co-ordinated o-convex on A, if:

(Mo ((x1, 1), (x2,¥2))
< 098 (x1, x2) + ¢(1 = 0)8(y1, x2) +0(1 = ¢)8(x1,42) + (1= 0)(1 = 9)0(y1,y2) ()
forall (x1,y1), (x2,¥2) € Dg2 := [ea, €] X [ec, 4] and 6,¢ € [0,1].
Now we can extract various other types of co-ordinated convex function as special case of co-
ordinated o-convex function by assuming different mappings in place of ¢ in definition 2.2.
Case I: If we take 0(x1) = In(x1), then (2) becomes

1-6 1-
o0y, 28 ")

<09 8(x1,x2) + ¢(1-0) I(y1,x2) + 0(1—¢) ¥(x1,52) + (1-60)(1—¢) d(y1,42)

for all (x1,y1), (x2,¥2) € Apa := [ea, €] X [ec, e4] C (0,00) X (0, 00)

and 6, ¢ € [0,1], this is the concept of co-ordinated geometric convexity.



Case II: If we take 0(x) = %, then (2) becomes

9 ( X1y X2Y2 )
(1=0)x1+6y1" (1= )x2+ Py2
< 0¢9(x1,x2) + (1=0)@B8(y1,x2) + 6(1—¢)d(x1,y2) + (1—6)(1—¢)B(y1,¥2)
forall (x1,y1), (x2,y2) € Aga := [ea, €] X [ec, e4] C (0,00) x (0,00)
and 6, ¢ € [0,1], this is the concept of co-ordinated harmonic convexity.

Case III: If we take o(x1) = xf , then (2) becomes

==

)

< 0¢0(x1,x2) + ¢(1—0)0(y1,x2) + 0(1 —P)O(x1,y2) + (1 —0)(1 — ¢)O(y1,42)

ﬂ((exf =07, (93 + (1-9)yh)

for all (xl,yl), (XZ,yz) €Ay = [ea,eb] X [ec,ed] C (0,00) X (0,00)

and 0, ¢ € [0,1], this is the concept of co-ordinated p-convexity.

Case IV: If we take 0(x1) = €1, then (2) becomes

ﬂ(ln(@exl + (1 —0)e¥), In(pe*? + (1 — cp)eyz))
<098 (x1,x2) + (1= 0)pd(y1,x2) + 0(1—P)d(x1,y2) + (1—0)(1— )0 (y1,¥2)

forall (x1,y1), (x2,y2) € Aga := [ea, €] X [ec, e4]

and 6, ¢ € [0,1], this is the concept of co-ordinated log-exponential convexity.

3. Applications of co-ordinated o-convex functions to integral inequalities:

Lemma 3.1. Every o-convex mapping 9 : Ay, := [eq, €p] X [ec, 5] — R is co-ordinated o-convex, although

the converse is not true in general.

Proof. Suppose that ¢ : Ay, — R is g-convex in Ag,.
Consider 9y : [ec, e5] — R, 9x(y) := 19((7’1 (6o (x) + (1 — 6)0(x)),y>.
Then for all 6 € [0,1] and 1,y € [ec, e4] one has:

B (a—l (00 (y1) + (1 — 9)0(3/2)))



— 19(0*1 (60 (x) + (1= 0)o(x)), 0 (B (y1) + (1 — 9)0(312)))
< 00(x,y1) + (1 —6)9(x,y2)

—08(c o) ) + (1~ 08¢~ (01,12

= 00:(y1) + (1 —0)0x(y2)

which shows the o-convexity of ¢y. The fact that
8y : leaey] = R, 8y (x) = z9<x, o (60 (y) + (1 — G)J(y))),
is also convex on [eg, €] goes likewise.

Now, consider the mapping ¢ : [0,1]> — [0,00) defined as ¢(x,y) = xy. Clearly, ¢ is co-
ordinated o-convex but it is not o-convex on [0, 1]2.

If (1,0), (0,w) € [0,1]?> and t € [0, 1], we get:

1

0(t(u,0) + (1 —£)(0 ( (to(1,0) + (1—t)a(o,w))) 3)
Leto(x,y) = (x7,y?) and o~ (x,y) = (M%

). Equation (3) implies that

19(0—1 (to(1,0) + (1 £)or (0, w))) 9 (0_1 (Uurz,o) 10,1 t)wp)> )

19((7 (tuf,(1— t)w”))
=(

= (t1-1)7u

(tuP)7, (1 1) wf’)?)

N\'—'

and
t9(u,0) + (1 —)9(0,w) =0

Thus, Vt e (0,1), u,w € (0,1), we get

B(t(u,0) 4+ (1 —1)(0,w)) > t8(u,0) + (1 — £)3(0, w)

hence, it proves that ¢ is not convex on [0, 1]2.
O

Theorem 3.2. Suppose that © : Ay, = [eq, €] X [ec,e4] — R is co-ordinated o-convex on Ag,. Then the

given inequalities are true:

9 (a—1 <W> ol <‘W)>
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(x, o1 (W)) a’(x)dx]

[ ST (W)v%’ww}

< ep Cd dd
_[(eb)—aeu o(eq) —o(ec)] / / (xy)e Jdydx

1

o
1
2

1 1 € , 1 el ,
< ooy L e @i ot [ ]
1 1 €d / ]- cd /
i [Ta [ e s gy [ e o]
< (e ec) + B(ea eq) + B(ep ec) + B(en, €q)
i 4 °

+

4)

Proof. Since @ : Ay, = [eq, 5] X [ec, 4] — R is co-ordinated o-convex on Ay, it follows that the

mapping g : [ec, ea] = R, go(y) := (0" (80 (eq) + (1 - 0)o(ep)), y)

is o-convex on [e., e4] for all 6 € [0, 1]. Then by Hadamard'’s inequality we have:

o (7 (9T ) < ey [ s < ST 0c o,

That is,

1 eq B
e e eetan) + (= o)ote)) )
19(0'_1 (90’(6’11) + (1 — 9)0’(6;7), ec) + 19(0'_ (90’(6,1) + (1 _ G)U(Eh),ed)
2

) (al(()a(ea) + (1 —=0)a(e)), o ( ))
y)e

<

, 6€]0,1].

Integarting this inequality on [0, 1] by substituting, o1 (60 (es) + (1 — 0)c(ep)) = x

and df = o (x) dx, we have

o(ey)—c(eq)

o) / "o (50 (‘W”(G‘i))) o (x)dx
: [o(ep) — o (ea)] /e:b /ec y)dxdy

1 eb
= 2oley) = olea)] / [19(X,ec) +8(x, e4)]0” (x)dx. -

By the similar argument applied for the mapping gy : [ea, 5] = R; gg(x) 1= 8(x, 0L (po(ec) + (1 —
¢)o(eq))), we get




1 e req o
= (@) —o(en)otea) —o(ee)] /eﬂ /ec 8(x,y)0’ (x)o’ (y)dxdy
1 eq ,
= W/e [8(ea,y) + 8(es, y)lo” (y)dy. ©)

By adding the above inequalities (5) and (6), we get the second and the third inequalities in (4).

From the Hadamard’s inequality, we also have:

and

19(01< ) oo (2L +o<ed>)>
NCECIA

o(eq) —olec) C Yo (o ( (%))/y) o' (y)dy

by addition, it gives the first inequality in (4). Finally, we can also write by the same inequality:

1 o / O(eq, ec) + Ve, ec)
o) /ﬂ (x,ec)o’ (x)dx < 5 brre)

=
: (eq) /:b B(x,eq)0” (x)dx < 8 (eq, €q) ;ﬁ(eb,ed),

o(ey) — olea) Je
: (ec) /jd ﬂ(ea/y)ﬂ'/(y)dy < 19(ealec) —;ﬁ(ea/ ed),

o(eg) —o(ec) Je
19(ebr ec) + ﬂ(eb,ed)

1 ey /
s | e way < 2t i

which give, by addition, the last inequality in (4). O

Theorem 3.3. . Let ¢ : Ay, C ]R2 — R? be a partial differentiable mapping on A = [ea, €3] X [ec, e4] in
R? with e, < ey and e < eq. If 2 39347 L(A), then:

19(€g, €c) + ﬁ(ea,ed) + 19(6;,,6,;) + ﬁ(ebl ed) 1 e res , ,
4 T (o) — olea)]o(eq) — (o)) /e /e 8(x, y)o (x)o (y)dydx

1 ey

1 €b , 1 /
! [U(b)_a()/ (B(x,00) + 0(x,e0)0" (W)dx + s [ (0leny) + 0ler, 1)’ (v)dy

“te

_ lo(en) = a(ea)][o(eq) — ofec)]
4

2
x /O1 /01 {(1-2¢)(1~ 29)6%35(01(90(@) +(1=0)c(ep)), o gpolec) + (1 —¢p)o(es))) }dodg.
8)



Proof. Using integration by parts, we have

[ [a-2p0 ¢< (00 (ea) + (1= 0)a(er)) , o (polec) + (1= @)a(ea))) dodep
A / - z4>>{<1 = 20) 52 (0 Bo(en) + (1= 0)o(er)) , o~ (go(er) + (1= 9)oes)) | Jag

ot et a2 { [ Sale 6ot + (= 0)aten) o gotec) + (1 - g)een))ide b

1 -1 o9 _
— [[0=20) (=7 ) 5 e H00(e) + (- platea)dy
1
- e s (=205 (0 (poled) + (1= g)o(en))g

o(ea) —(ep)

b -2 { [ S 0oten) + (- 0)0ten)), o (o(e) + (1= ghoea))ao | d,

ER - /1(1—2¢)<*(e o (goler) + (1 - $)o(en)) + 2 en,o~ (o(ec) + (1 olea))) )
o(ep) —o(eq) Jo " ‘ C

9
e o @205 @ oten) + (1= 0)oten)), o goler) + (1~ glotea)dodg.
)

Again using integration by parts on the right hand side of (9), we get

[a-20 (5 a*1<¢a<ec>+<1—¢>a<ed>>> S e o gated) + (1= 9)olen)) ) do

%
2 [ 120022 (0 00tea) + (1~ )0t o (o) + (1~ P o

B(eq, 0 1(CPU( )+ (1 =p)a(eq)) +8(ep, o (poec) + (1= ¢)o(eq))) ‘1
olec) —o(eq) 0
2

+ o) —oleq) ./Oll {19(&, o N go(ec) + (1 —¢)o(eq))) + (8(b, o (po(ec) + (1 — gb)a(ed)))} d¢

o(ec) —
19(0_1(90(6»1) + (1 =0)a(ep)), o (Po(ec) + (1 = ¢p)o(eq))) ‘1d9
0

= (1-29)

—2/1 (1-2¢)

o b e o) + (1= 0)eten), o gotec) + (1~ lolea))dgeo,

 Y(ea, ec) +19(eb ec)  B(ea eq) +V(ep eq)
oec) = olea) 7lec) — olea)
1
+ M || [Blaoe goter) + (1= 9)o(ea)) + 86,0 (golec) + (1= 9)o(en)))] do

2/ { _1(90 ffa + (1 —0)o(e)),c) 19(‘7_1(90'(311)+(1_9)‘7(eb))red)}d9

)= led) olec) — o)
1 1
= h { /0 B0 Bolen) + (1= 6)a(e) o (poer) + (1~ p)oea)) g do

_19(eu ec) + 0(eq, eq) + Oep, ec) + B(ep, eq)
(ed) A

(ec)
e e (e + (1= 0)ote) o golec) + (1= g)olen)) g




_:2{‘Al[ﬂahorl(¢a@c)+(l-—¢)U@dﬂ)%—0@LU_W¢0(Q)+»U-—¢)a@a)»}d¢

o(eq) —o(ec)

+ /01 [19((7*1(9(7(@”) + (1 —0)c(ep),c) + (o (0o (eq) + (1 — G)U(eb),ed)}de}. (10)

Writing (10) in (9), using the change of the variable
x =0 1 (B0(e) + (1-0)o(e,) and v = o (@olec) + (1 - P)oley))
for 6, ¢ € [0,1]2, and multiplying the both sides by [Z@)=0lealloled)=0lec)] '\ye ghtain (8),which
O

completes the proof.

Theorem 3.4. Let 0 : Ay, C R?> — R? be a partial differentiable mapping on Ay, = [eq, ep] X [ec, 4]

. . 2 . . .
in R? with e, < e, and e. < eg. If )B%T%‘ is coordinated o-convex function on A,,, then one has the

inequalities:

O(eq, ec) + O(eq, eq) + Oep, ec) + ey, eq)
4

1 ! K 'x ! X —
! (o(ep) —olea)) (o (eq) — o(ec)) /eﬂ /EC 8(x,y)o’ (x)o’ (y)dydx — A

2 2 2 2
_ (o(er) —o(ea)) (or(ea) — o(ec) (!a@»gé(earecﬂ + | 3ag (eas ea) | + | o (ewrec) | + \aaq;e%(@bfed)!)
= 16 2 ’

(11

where

1
oleg) — 0o

. : o) [ 18 e0) + 80,0l () + o [ t0Gen, )+ Bl )1 ) .

ﬁW

Proof. From Theorem 3.3, we have

O(eq, ec) + (eq eq) + 8(ep, ec) + ey, e4)
4

1 "€ cd / /
o) e ] i 2O 0 )y = 4

(o(ep) — o (ea)) (o (eq) — o (ec))

+

<

= 1
x/ol/ol‘(l—ZG)(l—Zcp)‘

920
9009

d0d¢.

<¢71 (00(@7) +(1- 6)0(«3;,)),(7*1 ((])a(ec) +(1- cp)a(ed)>>

Since ¢ : Ay, — R is coordinated o-convex function on A,7, then one has:



1.9(6,1,66) + 19(611/ ed) + 19(617, ec) + l9(€b, ed)
4

€p
y)dydx —
" (0’(6;,) -0 eu ec /ea /C y X

§ (a(ewfa(ea))( (ed> <ec>)
- 4

x/ol [/01‘(1—29)(1—2@‘{9

2
aagalib (eb,a_l (¢po(ec) +(1— 47)‘7(311))) ‘ }d@

2

ai)alzb (Eu, o1 (po(ec) + (1 — (P)(T(ed))> |

+(1-0) de.

Firstly, by calculating the integral in above inequality, we have

/Ol|1—29\{9

+(1-9)

2
82)8125 (611, o1 (470'(&) + (1 - (/))a(ed))) ‘

bao

o (gotec) + (1- 9)oea)) ) |

2

8898131) (eb,(fl (po(ec) + (1 — 4’)“(@1)))

/02(1—29){9

2
i3 (e (9o(e) + (1= )ote))) ‘ }de

+/ 29—1{

2
_1
4

-0
g (007 (90 (ee) + (1= 9)oea)) ‘ }df’
Thus, we obtain

-

0%0 (e
209¢p \'"

+(1-90)

898¢ 1(4"7(eC) +(1- <P)‘7(ed))) |

+(1-9)

020 (
900¢ \

o (golec) + (1 - 9)oea)))

2
" aaealip (e0 0™ (p0lee) + (1= 9)oen)) ) |>

19(61116(3> + 19(611, Ed) + 19(81,, Ec) + ﬁ(eb,ed)
4

Eb é‘d d d
+ / / (x, x—A
[(eb)—ffeu o(eq) —o(ec)] y)o )dy

< loten) —ofed)llo(ea) — ofec)]

< [- 24>{6

2
aagalfp - (¢po(ec) + (1 — 4’)‘7(€d)>) ‘

10



2
+ aaealip (eb,a—l (¢a(ec) +(1- qb)a(ed))) ‘ }d(p. (12)

Similarly for other integral, since @ : A, — R is coordinated o-convex on A, we have

/!rp\{

2699 <€b, o (¢po(ec) + (1 — ‘P)‘T(ed))) | }d(i’

900 (eﬂ"T_l (gpo(ec) +(1- 4>)a(ed))) ‘

+

—/%(1290) ¢ 6ﬁ(e ec)|+(1—¢) i(e eq)| pdg
= 0 89847 artc 8984) ar€d
+/ 1_24’{ aea¢(eb’e“) =9 898q> (ev-a }d"’
+/ (2¢ — { aga¢ (e“’ec) +(1-9) 898¢) eﬂled }d‘P
+/ ch { aea¢ (eb' ) +(1 (P 8984) eb/ed }d(f)
’aaaq: (easec)| + ‘aea(p (eaea) ‘+ ‘aga(p ey, ec)| + ‘3934, eb/ed)‘ i
4 (13)
By (12) and (13) , we get (11). O

Theorem 3.5. Let 0 : A,, C R? — R? be a partial differentiable mapping on Ay, := [eq, ep] X [ec, eq] in

. 29 |1 . . .
R? with e, < e, and e, < e. If ‘ a%—a‘ip ,q > 1, 1s a coordinated o-convex function on Ay,, then one has the

inequalities:
‘ O(eq, ec) + Oea, eq) + O(ep, ec) + ey, 4)
4
1 € [ed / /
* e =P —e] L ., 97 @ @ydx— 4
o lo(ey) —ofea)llo(eq) — alec)]
- 4(p+1)7
‘a%al;(eu,ec +|§;lep(€a/ed)’q+’%<eb’ec) q—'—‘%(eb,ed)‘q %
x I , (14)
where

A=3 L(eb)la(e) [ o) + o eale it ot [ o) + o] Wl
and % + % =1

11



Proof. From Theorem 3.3, we have

O(eq, ec) + O(eq e4) + O(ep, ec) + ey, e4)
4

+ [7(es) = 7 (ea)] / / (x,y)o y)dydx — A
< (o(ep) —(ea)) (U(ed) - U(Ec))
- 4

[ a0 -2)
88925;2) (0’1 (90(611) +(1- 9)0’(65)),0*1 ((pa(ec) +(1- (p)a(ed)))

dfd¢p

Using Holder’s inequality for double integrals,

¢ : Ao, — R is coordinated o-convex on A,, then one has:

O(eq, ec) + O(eq eq) + 8(ep, ec) + ey, e4)

4
+[ (eb)—Uea o(ey) —olec)] / / (x,y)o y)dydx — A
< lol@) - U'(f?a)]4[0'(€d) —o(e) ( 12 20) d9d¢> L

1

1 q
d9d¢> .

a{;zaz; (0—1 (60 (eq) + (1 — 9)0’(61,)),0-_1 (po(ec) + (1 — G”)‘T(ed)))

(L

q .
Since ‘ f;—afp ‘ is coordinated o-convex function on A,,, we know that for 6 € [0, 1]

q

;Qzalib (071 (B0 (eq) + (1 — G)U(eh)),gfl (po(ec) + (1 — ¢)U(€d)))

q

2

< 0|50 (e0r ™ (lec) + (1 = 9)oca))

2 q

+(1-0) gt (o007 (oe) + (1 =)o) |

and

2 q
a%alfp (¢ (Boten) + (1~ 8)c(er)), o (goer) + (1 - p)e(en)))

q

2 q

m (ea,ec)

2

< ¢ W(EW eq)

+6(1—9¢)

12



q q

2

020 020
+(1-0)(1-¢) m(eb/ed)

+(1-0)0 | 35 (e

7

hence, it follows that

19(311/ ec) + 19(312/ ed) + ﬁ(eb/ ec) + 1,9(€b, ed)

4
1 € [ed / ’
R s e e s A MR L OL L
_ lotey) — oen)lioen) — o(eo)]
B A(p+1)7
2 q 2 q
X (/01 /01 {9([) ;Gal;(ea,ec) +6(1—9¢) aaeal;(ea,ed)
2 1 2 q i
+ (1= 0)¢ | gz (ened)| +(1=0)(1 = 9)| (e ) }dedcp)
_ [oley) — olen)][ole) — ole)
4(p+1)7

2 q 2 q 2 q 2 1 i
. (\a%s;@,ea [t -+ iy eveo| |+ )] )
: .

O

Theorem 3.6. Let 0 : A,, C R? — R? be a partial differentiable mapping on Ay, := [eq, ep] X [ec, e4] in

q
R? with e, < epand e. < eg. If ;;—a% ,q > 1, is coordinated o-convex function on Ay,, then one has the
inequalities:
O(eq, ec) + V(eq, eq) + Oep, ec) + Oep, eq)
4
- - [ [ ety e (ayax - a
x,y)o (x)o X —
[o(ey) — o(ea)l[o(eq) — o(ec)] Jog Jeo 7Y "
< [o(ep) — o(eq)][o(eq) —o(ec)]
- 16
2 q 2 q 2 q 2 q.1
|y eared)| + | ity )| + | i (enred)| + | Sty (enea)| ) 0
X . (15)
4
where

A= [1<> [ 800 + 00z e0))e’ (o +

o(ey) — 0 : (ec) /:d [0(ea,y) + B(en, )]0’ (y>dy1

oleg) — o

13



Proof. From Theorem 3.3, we have

O(eq, ec) + O(eq,eq) + Bep, ec) + B(ep, eq)
4

+ [7(es) — 7 (e)] / / (x,y)o y)dydx —
< (o(ep) — o(ea)) (O'(ed) - (T(ec))
- 4

1,1
< [ [T|a-200-29)]
aa;;; (al (Ha(ea) +(1- G)U(eb)>,g*1 <¢a(ec) +(1— 4>)a(ed))>

Using power mean inequality for double integrals,

d0d¢

¢ : Aoy — R is coordinated o-convex on A.,, then we have:

19(311/ ec) + ﬁ(ea, 6’d) + l9(6b, ec) + 19(eb,ed)

4
+ [o(ep) — (eu) o(eg) —o(ec)] /ea /eC y)dydx — A
< [U(Eb)_a(ea)]f(ed)_a ec) ( (120 (1—2q>)‘d6d<p> ]
X (/01/01‘(1—29)(1—2@‘
o (70 1-6 B 1 "4 %
m((f (B0 (ea) + (1 —0)a(ep)), o (po(ec) + ( —4))0’(ed))> ¢

q .
Since ‘ aa;—a’z) ‘ is coordinated o-convex function on A,,, we know that for 6 € [0, 1]

020 ( !

9009

071 (B0 (en) + (1= 0)0(er), 0 (go(ec) + (1= p)o(ea)) )

q

2

< 0|35 (e0r ™ (90lec) + (1= 9)oc)

2 q

+(1=6) g (en 0™ (poter) + (1= o))

and
q

20
9009 (

071 (00(ea) + (1= 0)o(er)), 0 (por(ec) + (1= ¢)o(ea)) )

q

) q

9009

2
095"

+0(1-¢)

(ea/ ec) €, ed)

< 09
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1= 0)9| e a—en-p) (e q
hence, it follows that
B(ea, ec) + B(ea, eq) + B(ep, ec) + V(ep, €a)
4
* e e o] . L 2 e wyax — 4
< loto) ~olelfen) - o) (1>1,,
’ q ) q
(/ [ a0~ \{&p S o) + 01— )| S (o)
929 ! 929 ! 7
+ (1= 0)¢ | g enec)| +(1=0)(1 = )| 5 (e ) }ded¢)

By calculating the integral in above inequality, we obtain

1 2 1 2 1
/O |1— 26| (94; 90

+60(1 —¢) J

8984) (ea/ec) m(é’ﬂ,ed)

2 q

0“1
+(1-0)¢ m(eb/ ec)

= (1—29)./(;% <9¢

2

0-1
+(1—-0)¢ W(%Ec)

+/ (260 <9<p
2

W(ebrec)
q

2

+(1=0)(1=9)| 5 (0,20

q
o
q

+0(1-¢)

2 q

00 0 ()
26a¢p . 1

9009 (ea c)

q

+(1-0)(1-9¢)

q

+0(1—¢)

2
W(%Ed)

q
)d@

q

2
m(emed)

q
o

9009 (ea ec)
q
+(1-0)(1-¢)

q

2

+(1-0)¢ m(ebred)

2
¢ aaea<p(eﬂ ec)

(1-9¢)
- 24 + 24

2
a%f,, (ea,eq)

2 2
50| gaag (evrec)| 51— )| s (ev€a)

* 24 t 7

q q
2 2

5¢ B%Tl?p(ea/€c) 5(1 —4)) a%Tl;(eufed)

" 24 * 24

q

q
2
(P % (eb/ eC)

e 2

(1-¢) |5

2
095 (Cbs €d)
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q q
2 2
9| s (earec) | + (1= @)| s (eas ea)
- 4
q q
2 2
9| o (e ec) | + (1= )| ety (e ea)
- 4

Thus, we obtain

O(eq, ec) + O(eq, eq) + 8(ep, ec) + ey, e4)
4

1 ey [req , ) B
e —eEr e e L L #ne (e ()dydx 4

[o(ep) — o(ea)][o(eq) — o (ec) !
= 16 l/ﬂ|1 ( aea¢(€”€5
2 q 2 q P2 q '
+(1-9) m(emed) +¢ m(%ec) +(1—-9) m(ebzed) )M’] (16)

Similarly for other integral, since ¢ : Ay, — R is coordinated o-convex on A,,, we have

[ -2l (o]

2
W(%ec)

q 5 9

m(ealed)

q
)

29
3099 "

q
)

2
W (ea,eq)

q
)

q

+(1-9¢)

eu/ ec)

209¢

1 2

F-g)|

+¢ 3690 (ep,eq)

q q

2

- /02(1—24»(4)‘"”9

=+ (1 _4)) eﬂ/ed)

(ea,ec)

2009
q

2
W(Ebrec)

«flar-n (e

82719(6 6)
agacp bs€c

2
m (ep,eq)
q

+¢ +(1-¢)

q

+(1-9)

(emerr)

2004

q 2

9
W (eb/ ed)
’q

+¢ +(1-¢)

29 q 2 2 20
aaea¢ (€asc) 5‘ aaelep(‘fm eq) aaeTlip(ehreﬁ N 5’ m(‘%@i)

24 24 24 24
2 q 2 q 2 q 2
5| g ened)| | dslened)|  5|aslene)| |ants(enea)
24 24 24 24
’q

‘ q

"1

%9 229 929
_ ooy (eaved)| + ’aea(p Ca, €d ’ + ‘m(ebfec) + ‘W(ebzed) )
I :

By (16) and (17), we get the inequality (15). O
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Conclusion:

1. In this paper we introduced co-ordinated c-convexity and we have shown that co-ordinated
o-convexity implies co-ordinated convexity when we consider ¢ as an identity function.
If we take o(x) = x and 0~ !(x) = x, then Theorems 3.2, 3.3, 3.4, 3.5 and 3.6 given in this
paper coincides with Theorem 1, Lemma 1, Theorems 2, 3 and 4 respectively given in [16].

2. Hermite-Hadamard inequality for co-ordinated geometric convexity: If we take o(x) =

In(x) and 0~ !(x) = exp(x), then (4) becomes
gy ecey
o(55)
1[, e, [e ecey /ed sy 1

< = -4 hiCh il
< z{lneb/ ﬂ(x, . ) Sdx + l"ed ﬂ( 5 ,y>ydy

<l—l—// xy—dydx
7]
(4
< 1lne”{/ ' (19(x,ec)+19(x,ed)) dx}
4 €p | Jea

1. e €d
+ ;Ll”a [/ec <l9(€a/y) +19(€b/y)> ydy}

< eq, ec) + O(ea,eq) + ey, ec) + ey, €q)
< 1 .

3. Hermite-Hadamard inequality for co-ordinated harmonic convexity: If we take o(x) = %

and ¢~ !(x) = 1, then (4) becomes
19( 2eqe,  2ecey >
e +ep e +ey
17 eqey /Eb ( 2ece; ) ecey [ed ( 2e,ep ) ]
<1 9 x, Inx dx + 4L / 9 v )Iny d
Z[ea—eb eq ec+ ey ec —eg Je. eu+eby yay

CaChCctd /gb /Edﬁ x,y)Inx Iny dydx
o (eﬂ _eb)(eC —Ed) ey Jec ( ,y) y y

< 1 ety [/: <19(x,ec) +19(x,ed)>lnx dx]

4e,—eyp

L eceq [ %
* 1 ec —e4 |:/gC (ﬁ(ea/y) + ﬁ(eb/y)) lny dyjl
< ﬂ(EuIEC) + 19((3[1,600 —+ ﬂ(eh/ eC) + ﬂ(eb/ ed)
> 1 .

4. Hermite-Hadamard inequality for co-ordinated p-convexity: If we take o(x) = x? and

o x) = x7, then (4) becomes
ea’ +ep? % ec? + eq” %
o (50 (5
= 2| e? —e Je, ’ 2
1 ¢ AN
1 e /dT9 G TS )y )yt
+2Ldp—ecri . 2 S L
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p2

L’b Ed
P=LyP=1 dyd
< e @ ey [, [, B dux
1

% [/e:b (19(x, ec)+ ﬁ(x,ed))x”*1 dx]

=4 epP — ey
1 p “ P
Faapta | L (o o)y ]

< O(eq, ec) + O(eq, eq) + O(ep, ec) + B(ep, eq)
—_ 4 .

5. Hermite-Hadamard inequality for co-ordinated log-exponential convexity: f we take o(x) =

exp(x) and 01 (x) = Inx, then (4) becomes

2

e PR [ a<x,1n(exp<ec> ;exp(ew))exp(x) dx}
+ % [exp(ed) iexp(ec) /jd l9<ln<exp(€a) erexp(eb) ),y) exp(y) dy}

IN

( (exp ea) +exp eb)),ln(exr’(ec)+exr1(ed))>

e
<
= (exp(ey) — exp(ea (6 (ed) —exp(ec)) / / (x, y)exp(x +y) dydx
1
< Z
= % expley) —exp(en) (x,ec) +9(x, ed))exp(x) dx]
1 1

+7 4 exp(ed) — EXP(EC) [/gcd (1.9(611/]/) + 19(eb,y))exp(y) dy:|

O(eq,ec) + O(eq,eq) + O(ep, ec) + F(ep, eq)
1 )

IN

6. Furthermore, in the same manner we can obtain all other inequalities established in section 3

for the above four types of co-ordinated convexity.
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