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Abstract

An advanced class of convexity has been introduced in this article, named as co-ordinated σ−convexity.

This variant holds some other types of two variable convex functions on co-ordinates as it’s special

cases. We also constituted integral inequalities enmeshed with the Hermite-Hadamard type for

co-ordinated σ−convex functions, as an application.
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1. Introduction:

A function ϑ : B −→ R is known as convex in classical sense when B ⊂ R is a convex set, and

the given inequality is true ∀ x, y ∈ B and t ∈ [0, 1]

ϑ(θx + (1− θ)y) ≤ θϑ(x) + (1− θ)ϑ(y).

The ideology of convexity plays a significant role in various fields of applied and pure sciences.

That is the reason why the classical notion of convex sets as well as convex functions have been

generalized in numerous ways. For further details, reader may refer [2] - [4]. One more perspective

for which the theory of convex functions has captivated a large number of researchers is its compact

relationship with theory of inequalities. There are so many renowned inequalities which have been

obtained using the concept of convexity. For more information, see [5] - [15]. Hermite–Hadamard’s

inequality is the most eminent name among these inequalities, which actually yields a necessary

and sufficient condition for a function to be convex. This famous result of Hadamard and Hermite

knows as follows:

Theorem 1.1. Assume a convex function ϑ : [ea, eb] ⊂ R −→ R which is integrable on it’s domain. Then

ϑ

(
ea + eb

2

)
≤ 1

eb − ea

∫ eb

ea
ϑ(x)dx ≤ ϑ(ea) + ϑ(eb)

2
.
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S. S. Dragomir presented the concept of "co-ordinated convex functions" in 1999 in [1]. He

defined a function from a bi-dimensional interval ∆ := [ea, eb]× [ec, ed] ∈ R2 with ea < eb and ec <

ed to R, i.e "ϑ : ∆ −→ R is called convex on co-ordinates if the partial mappings ϑy : [ea, eb] −→ R,

ϑy(u) := ϑ(u, y), and ϑx := [ec, ed] −→ R, ϑx(v) = ϑ(x, v), are convex which are defined for all

y ∈ [ec, ed] and x ∈ [ea, eb]". He also proved that "Every convex mapping ϑ : ∆ −→ R is convex on

the co-ordinates, but the converse is not generally true". He also furnished the Hermite-Hadamard

inequality for co-ordinated convex functions.

Theorem 1.2. For co-ordinated convex function ϑ : ∆→ R on ∆, the given inequalities are true:

ϑ

(
ea + eb

2
,

ec + ed
2

)
≤ 1

2

[
1

eb − ea

∫ eb

ea
ϑ

(
x,

ec + ed
2

)
dx +

1
ed − ec

∫ ed

ec
ϑ

(
ea + eb

2
, y
)

dy

]

≤ 1
(eb − ea)(ed − ec)

∫ eb

ea

∫ ed

ec
ϑ(x, y) dydx

≤ 1
4

[
1

eb − ea

∫ eb

ea
ϑ(x, ec)dx +

1
eb − ea

∫ eb

ea
ϑ(x, ed)dx

+
1

ed − ec

∫ ed

ec
ϑ(ea, y)dy +

1
ed − ec

∫ ed

ec
ϑ(eb, y)dy

]

≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
.

These inequalities are sharp.

Furthermore an analytical definition of two variable convex functions on co-ordinates has been

presented in [16]

Definition 1.3. "A function ϑ : ∆ → R will be called co-ordinated convex on ∆, for all θ, φ ∈ [0, 1] and

(x, y), (u, v) ∈ ∆, if the following inequality holds:

ϑ(θx + (1− θ)y , φu + (1− φ)v) ≤ θφϑ(x, u) + φ(1− θ)ϑ(y, u)

+ θ(1− φ)ϑ(x, v) + (1− θ)(1− φ)ϑ(y, v)”.

Moreover a new class of convexity has been introduced in [17] named as σ−convexity which

comprises various other classes of convexities.

The aim of the present article is to combine σ−convexity with convex functions of two vari-

ables on co-ordinates, which emerged the notions of coordinated σ-convex sets and coordinated

σ-convex functions. Thus we define the coordinated σ-convex functions through the formula
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M[σ2]
((x1, y1), (x2, y2)) :=

(σ−1(θσ(x1) + (1− θ)σ(y1)), σ−1(φσ(x2) + (1− φ)σ(y2))

which has a relationship with the strictly monotonic continuous function σ, whereMp is the quasi-

aritheoremetic mean for p ∈ R, which binds all the power means together.

Additionally, as applications of the coordinated σ-convex functions, we acquire some new

Hermite-Hadamard type inequalities. Simultaneously we also discuss some important special

cases in detail.

2. Co-ordinated σ-convex functions:

This section is devoted to formulate co-ordinated σ-convexity.

Definition 2.1. A bi-dimensional set ∆σ2 ⊂ R2 is known as bi-dimensional σ-convex set related to a strictly

monotonic continuous function σ if:

M[σ2]
((x1, y1), (x2, y2)) :=

(σ−1(θσ(x1) + (1− θ)σ(y1)), σ−1(φσ(x2) + (1− φ)σ(y2)) ∈ ∆σ2 (1)

for all (x1, y1), (x2, y2) ∈ ∆σ2 and θ, φ ∈ [0, 1].

Definition 2.2. A function ϑ : ∆σ2 → R is said to be co-ordinated σ-convex on ∆σ2 if:

ϑ(M[σ2]
((x1, y1), (x2, y2))

≤ θφϑ(x1, x2) + φ(1− θ)ϑ(y1, x2) + θ(1− φ)ϑ(x1, y2) + (1− θ)(1− φ)ϑ(y1, y2) (2)

for all (x1, y1), (x2, y2) ∈ ∆σ2 := [ea, eb]× [ec, ed] and θ, φ ∈ [0, 1].

Now we can extract various other types of co-ordinated convex function as special case of co-

ordinated σ-convex function by assuming different mappings in place of σ in definition 2.2.

Case I: If we take σ(x1) = ln(x1), then (2) becomes

ϑ
(

xθ
1 y(1−θ)

1 , xφ
2 y(1−φ)

2
)

≤ θφ ϑ(x1, x2) + φ(1− θ) ϑ(y1, x2) + θ(1− φ) ϑ(x1, y2) + (1− θ)(1− φ) ϑ(y1, y2)

for all (x1, y1), (x2, y2) ∈ ∆σ2 := [ea, eb]× [ec, ed] ⊂ (0, ∞)× (0, ∞)

and θ, φ ∈ [0, 1], this is the concept of co-ordinated geometric convexity.
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Case II: If we take σ(x1) =
1
x1

, then (2) becomes

ϑ

(
x1y1

(1− θ)x1 + θy1
,

x2y2

(1− φ)x2 + φy2

)
≤ θφϑ(x1, x2) + (1− θ)φϑ(y1, x2) + θ(1− φ)ϑ(x1, y2) + (1− θ)(1− φ)ϑ(y1, y2)

for all (x1, y1), (x2, y2) ∈ ∆σ2 := [ea, eb]× [ec, ed] ⊂ (0, ∞)× (0, ∞)

and θ, φ ∈ [0, 1], this is the concept of co-ordinated harmonic convexity.

Case III: If we take σ(x1) = xp
1 , then (2) becomes

ϑ

((
θxp

1 + (1− θ)yp
1
) 1

p ,
(
φxp

2 + (1− φ)yp
2
) 1

p

)

≤ θφϑ(x1, x2) + φ(1− θ)ϑ(y1, x2) + θ(1− φ)ϑ(x1, y2) + (1− θ)(1− φ)ϑ(y1, y2)

for all (x1, y1), (x2, y2) ∈ ∆σ2 := [ea, eb]× [ec, ed] ⊂ (0, ∞)× (0, ∞)

and θ, φ ∈ [0, 1], this is the concept of co-ordinated p-convexity.

Case IV: If we take σ(x1) = ex1 , then (2) becomes

ϑ

(
ln
(
θex1 + (1− θ)ey1

)
, ln
(
φex2 + (1− φ)ey2

))
≤ θφϑ(x1, x2) + (1− θ)φϑ(y1, x2) + θ(1− φ)ϑ(x1, y2) + (1− θ)(1− φ)ϑ(y1, y2)

for all (x1, y1), (x2, y2) ∈ ∆σ2 := [ea, eb]× [ec, ed]

and θ, φ ∈ [0, 1], this is the concept of co-ordinated log-exponential convexity.

3. Applications of co-ordinated σ-convex functions to integral inequalities:

Lemma 3.1. Every σ-convex mapping ϑ : ∆σ2 := [ea, eb]× [ec, ed]→ R is co-ordinated σ-convex, although

the converse is not true in general.

Proof. Suppose that ϑ : ∆σ2 → R is σ-convex in ∆σ2 .

Consider ϑx : [ec, ed]→ R, ϑx(y) := ϑ
(

σ−1(θσ(x) + (1− θ)σ(x)
)
, y
)

.

Then for all θ ∈ [0, 1] and y1, y2 ∈ [ec, ed] one has:

ϑx

(
σ−1(θσ(y1) + (1− θ)σ(y2)

))
4



= ϑ
(

σ−1(θσ(x) + (1− θ)σ(x)
)
, σ−1(θσ(y1) + (1− θ)σ(y2)

))
≤ θϑ(x, y1) + (1− θ)ϑ(x, y2)

= θϑ

(
σ−1(σ(x)

)
, y1

)
+ (1− θ)ϑ

(
σ−1(σ(x)

)
, y2

)
= θϑx(y1) + (1− θ)ϑx(y2)

which shows the σ-convexity of ϑx. The fact that

ϑy : [ea, eb]→ R, ϑy(x) := ϑ
(

x, σ−1(θσ(y) + (1− θ)σ(y)
))

,

is also convex on [ea, eb] goes likewise.

Now, consider the mapping ϑ : [0, 1]2 → [0, ∞) defined as ϑ(x, y) = xy. Clearly, ϑ is co-

ordinated σ-convex but it is not σ-convex on [0, 1]2.

If (u, 0), (0, w) ∈ [0, 1]2 and t ∈ [0, 1], we get:

ϑ
(
t(u, 0) + (1− t)(0, w)

)
= ϑ

(
σ−1(tσ(u, 0) + (1− t)σ(0, w)

))
(3)

Let σ(x, y) = (xp, yp) and σ−1(x, y) =
(
x

1
p , y

1
p
)
. Equation (3) implies that

ϑ
(

σ−1(tσ(u, 0) + (1− t)σ(0, w)
))

= ϑ

(
σ−1

(
(tup, 0) +

(
0, (1− t)wp)))

= ϑ
(

σ−1(tup, (1− t)wp))
= ϑ

((
tup) 1

p ,
(
(1− t)wp) 1

p
)

=
(
t(1− t)

) 1
p uw

and

tϑ(u, 0) + (1− t)ϑ(0, w) = 0

Thus, ∀ t ∈ (0, 1), u, w ∈ (0, 1), we get

ϑ
(
t(u, 0) + (1− t)(0, w)

)
> tϑ(u, 0) + (1− t)ϑ(0, w)

hence, it proves that ϑ is not convex on [0, 1]2.

Theorem 3.2. Suppose that ϑ : ∆σ2 = [ea, eb]× [ec, ed] → R is co-ordinated σ-convex on ∆σ2 . Then the

given inequalities are true:

ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, σ−1

(
σ(ec) + σ(ed)

2

))
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≤ 1
2

[
1

σ(eb)− σ(ea)

∫ eb

ea
ϑ

(
x, σ−1

(
σ(ec) + σ(ed)

2

))
σ′(x)dx

]
+

1
2

[
1

σ(ed)− σ(ec)

∫ ed

ec
ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, y
)

σ′(y)dy
]

≤ 1
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx

≤ 1
4

[
1

σ(eb)− σ(ea)

∫ eb

ea
ϑ(x, ec)σ

′(x)dx +
1

σ(eb)− σ(ea)

∫ eb

ea
ϑ(x, ed)σ

′(x)dx
]

+
1
4

[
1

σ(ed)− σ(ec)

∫ ed

ec
ϑ(ea, y)σ′(y)dy +

1
σ(ed)− σ(ec)

∫ ed

ec
ϑ(eb, y)σ′(y)dy

]
≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
. (4)

Proof. Since ϑ : ∆σ2 = [ea, eb] × [ec, ed] → R is co-ordinated σ-convex on ∆σ2, it follows that the

mapping gθ : [ec, ed]→ R, gθ(y) := ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), y)

is σ-convex on [ec, ed] for all θ ∈ [0, 1]. Then by Hadamard’s inequality we have:

gθ

(
σ−1

(
σ(ec) + σ(ed)

2

))
≤ 1

σ(ed)− σ(ec)

∫ ed

ec
gθ(y)σ′(y)dy ≤ gθ(ec) + gθ(ed)

2
, θ ∈ [0, 1].

That is,

ϑ

(
σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1

(
σ(ec) + σ(ed)

2

))
≤ 1

σ(ed)− σ(ec)

∫ ed

ec
ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), y)σ′(y)dy

≤ ϑ(σ−1(θσ(ea) + (1− θ)σ(eb), ec) + ϑ(σ−1(θσ(ea) + (1− θ)σ(eb), ed)

2
, θ ∈ [0, 1].

Integarting this inequality on [0, 1] by substituting, σ−1(θσ(ea) + (1− θ)σ(eb)) = x

and dθ = σ′(x)
σ(eb)−σ(ea)

dx, we have

1
σ(eb)− σ(ea)

∫ eb

ea
ϑ

(
x, σ−1

(
σ(ec) + σ(ed)

2

))
σ′(x)dx

≤ 1
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dxdy

≤ 1
2[σ(eb)− σ(ea)]

∫ eb

ea
[ϑ(x, ec) + ϑ(x, ed)]σ

′(x)dx. (5)

By the similar argument applied for the mapping gφ : [ea, eb]→ R; gφ(x) := ϑ(x, σ−1(φσ(ec) + (1−

φ)σ(ed))), we get

1
σ(ed)− σ(ec)

∫ ed

ec
ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, y
)

σ′(y)dy
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≤ 1
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dxdy

≤ 1
2[σ(ed)− σ(ec)]

∫ ed

ec
[ϑ(ea, y) + ϑ(eb, y)]σ′(y)dy. (6)

By adding the above inequalities (5) and (6), we get the second and the third inequalities in (4).

From the Hadamard’s inequality, we also have:

ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, σ−1

(
σ(ec) + σ(ed)

2

))
≤ 1

σ(eb)− σ(ea)

∫ eb

ea
ϑ

(
x, σ−1

(
σ(ec) + σ(ed)

2

))
σ′(x)dx

and

ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, σ−1

(
σ(ec) + σ(ed)

2

))
≤ 1

σ(ed)− σ(ec)

∫ ed

ec
ϑ

(
σ−1

(
σ(ea) + σ(eb)

2

)
, y
)

σ′(y)dy

by addition, it gives the first inequality in (4). Finally, we can also write by the same inequality:

1
σ(eb)− σ(ea)

∫ eb

ea
ϑ(x, ec)σ

′(x)dx ≤ ϑ(ea, ec) + ϑ(eb, ec)

2
,

1
σ(eb)− σ(ea)

∫ eb

ea
ϑ(x, ed)σ

′(x)dx ≤ ϑ(ea, ed) + ϑ(eb, ed)

2
,

1
σ(ed)− σ(ec)

∫ ed

ec
ϑ(ea, y)σ′(y)dy ≤ ϑ(ea, ec) + ϑ(ea, ed)

2
,

1
σ(ed)− σ(ec)

∫ ed

ec
ϑ(eb, y)σ′(y)dy ≤ ϑ(eb, ec) + ϑ(eb, ed)

2
(7)

which give, by addition, the last inequality in (4).

Theorem 3.3. . Let ϑ : ∆σ2 ⊂ R2 → R2 be a partial differentiable mapping on ∆ := [ea, eb]× [ec, ed] in

R2 with ea < eb and ec < ed. If ∂2ϑ
∂θ∂φ ∈ L(∆), then:

ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
+

1
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx

− 1
2

[
1

σ(eb)− σ(ea)

∫ eb

ea
(ϑ(x, ec) + ϑ(x, ed))σ

′(x)dx +
1

σ(ed)− σ(ec)

∫ ed

ec
(ϑ(ea, y) + ϑ(eb, y))σ′(y)dy

]

=
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4

×
∫ 1

0

∫ 1

0

{
(1− 2φ)(1− 2θ)

∂2ϑ

∂θ∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))

}
dθdφ.

(8)
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Proof. Using integration by parts, we have

∫ 1

0

∫ 1

0
(1− 2φ)(1− 2θ)

∂2ϑ

∂θ∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)) , σ−1(φσ(ec) + (1− φ)σ(ed))) dθdφ

=
1

σ(ea)− σ(eb)

∫ 1

0
(1− 2φ)

{
(1− 2θ)

∂ϑ

∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)) , σ−1(φσ(ec) + (1− φ)σ(ed)))

∣∣∣1
0

}
dφ

+
2

σ(ea)− σ(eb)

∫ 1

0
(1− 2φ)

{∫ 1

0

∂ϑ

∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb), σ−1(φσ(ec) + (1− φ)σ(ed)))dθ

}
dφ,

=
∫ 1

0
(1− 2φ)

(
−1

σ(ea)− σ(eb)

)
∂ϑ

∂φ
(ea, σ−1(φσ(ec) + (1− φ)σ(ed)))dφ

− 1
σ(ea)− σ(eb)

∫ 1

0
(1− 2φ)

∂ϑ

∂φ
(eb, σ−1(φσ(ec) + (1− φ)σ(ed)))dφ

+
2

σ(ea)− σ(eb)

∫ 1

0
(1− 2φ)

{∫ 1

0

∂ϑ

∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φ(σ(ec) + (1− φ)σ(ed)))dθ

}
dφ,

=
1

σ(eb)− σ(ea)

∫ 1

0
(1− 2φ)

( ∂ϑ

∂φ
(ea, σ−1(φσ(ec) + (1− φ)σ(ed))) +

∂ϑ

∂φ
(eb, σ−1(φσ(ec) + (1− φ)σ(ed)))

)
dφ

− 2
σ(eb)− σ(ea)

∫ 1

0

∫ 1

0
(1− 2φ)

∂ϑ

∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))dθdφ.

(9)

Again using integration by parts on the right hand side of (9), we get∫ 1

0
(1− 2φ)

(
∂ϑ

∂φ
(ea, σ−1(φσ(ec) + (1− φ)σ(ed))) +

∂ϑ

∂φ
(eb, σ−1(φσ(ec) + (1− φ)σ(ed)))

)
dφ

− 2
∫ 1

0

∫ 1

0
(1− 2φ)

∂ϑ

∂φ
(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))dθdφ

= (1− 2φ)
ϑ(ea, σ−1(φσ(ec) + (1− φ)σ(ed))) + ϑ(eb, σ−1(φσ(ec) + (1− φ)σ(ed)))

σ(ec)− σ(ed)

∣∣∣1
0

+
2

σ(ec)− σ(ed)

∫ 1

0

{
ϑ(a, σ−1(φσ(ec) + (1− φ)σ(ed))) + (ϑ(b, σ−1(φσ(ec) + (1− φ)σ(ed)))

}
dφ

− 2
∫ 1

0
(1− 2φ)

ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))

σ(ec)− σ(ed)))

∣∣∣1
0
dθ

− 4
σ(ec)− σ(ed)

∫ 1

0

∫ 1

0
ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))dφdθ,

=− ϑ(ea, ec) + ϑ(eb, ec)

σ(ec)− σ(ed)
− ϑ(ea, ed) + ϑ(eb, ed)

σ(ec)− σ(ed)

+
2

σ(ec)− σ(ed)

∫ 1

0

[
ϑ(a, σ−1(φσ(ec) + (1− φ)σ(ed))) + ϑ(b, σ−1(φσ(ec) + (1− φ)σ(ed)))

]
dφ

− 2
∫ 1

0

{
−ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), c)

σ(ec)− σ(ed)
− ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), ed)

σ(ec)− σ(ed)

}
dθ

− 4
σ(ec)− σ(ed)

∫ 1

0

{∫ 1

0
ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))dφ

}
dθ

=
ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

σ(ed)− σ(ec)

+
4

σ(ed)− σ(ec)

∫ 1

0

∫ 1

0
ϑ(σ−1(θσ(ea) + (1− θ)σ(eb)), σ−1(φσ(ec) + (1− φ)σ(ed)))dφdθ

8



− 2
σ(ed)− σ(ec)

{ ∫ 1

0

[
ϑ(a, σ−1(φσ(ec) + (1− φ)σ(ed))) + ϑ(b, σ−1(φσ(ec) + (1− φ)σ(ed)))

]
dφ

+
∫ 1

0

[
ϑ(σ−1(θσ(ea) + (1− θ)σ(eb), c) + ϑ(σ−1(θσ(ea) + (1− θ)σ(eb), ed)

]
dθ

}
. (10)

Writing (10) in (9), using the change of the variable

x = σ−1(θσ(ea) + (1− θ)σ(eb)) and y = σ−1(φ(σ(ec) + (1− φ)σ(ed))

for θ, φ ∈ [0, 1]2, and multiplying the both sides by [σ(eb)−σ(ea)][σ(ed)−σ(ec)]
4 , we obtain (8),which

completes the proof.

Theorem 3.4. Let ϑ : ∆σ2 ⊂ R2 → R2 be a partial differentiable mapping on ∆σ2 := [ea, eb] × [ec, ed]

in R2 with ea < eb and ec < ed. If
∣∣∣ ∂2ϑ

∂θ∂φ

∣∣∣ is coordinated σ-convex function on ∆σ2 , then one has the

inequalities:

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1(

σ(eb)− σ(ea)
)(

σ(ed)− σ(ec)
) ∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤
(
σ(eb)− σ(ea)

)(
σ(ed)− σ(ec)

)
16

∣∣ ∂2ϑ
∂φ∂θ (ea, ec)

∣∣+ ∣∣ ∂2ϑ
∂φ∂θ (ea, ed)

∣∣+ ∣∣ ∂2ϑ
∂φ∂θ (eb, ec)

∣∣+ ∣∣ ∂2ϑ
∂φ∂θ (eb, ed)

∣∣
4

 ,

(11)

where

A =
1
2

{ 1
σ(eb)− σ(ea)

∫ eb

ea
[ϑ(x, ec) + ϑ(x, ed)]σ

′(x)dx +
1

σ(ed)− σ(ec)

∫ ed

ec
[ϑ(ea, y) + ϑ(eb, y)]σ′(y)dy

}
.

Proof. From Theorem 3.3, we have

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1(

σ(eb)− σ(ea)
)(

σ(ed)− σ(ec)
) ∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤
(
σ(eb)− σ(ea)

)(
σ(ed)− σ(ec)

)
4

×
∫ 1

0

∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1

(
θσ(ea) + (1− θ)σ(eb)

)
, σ−1

(
φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣dθdφ.

Since ϑ : ∆σ2 → R is coordinated σ-convex function on ∆σ2, then one has:

9



∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1(

σ(eb)− σ(ea)
)(

σ(ed)− σ(ec)
) ∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤

(
σ(eb)− σ(ea)

)(
σ(ed)− σ(ec)

)
4

×
∫ 1

0

[ ∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣{θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dθ

]
dφ.

Firstly, by calculating the integral in above inequality, we have

∫ 1

0

∣∣1− 2θ
∣∣{θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dθ

=
∫ 1

2

0
(1− 2θ)

{
θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dθ

+
∫ 1

1
2

(2θ − 1)

{
θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dθ

=
1
4

(∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣+
∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
)

.

Thus, we obtain

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

16

×
∫ 1

0

∣∣1− 2φ
∣∣{∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
10



+

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dφ. (12)

Similarly for other integral, since ϑ : ∆σ2 → R is coordinated σ-convex on ∆σ2, we have

∫ 1

0

∣∣1− 2φ
∣∣{∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
+

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
}

dφ

=
∫ 1

2

0
(1− 2φ)

{
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, ec

)∣∣∣∣∣+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, ed

)∣∣∣∣∣
}

dφ

+
∫ 1

2

0
(1− 2φ)

{
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, ec

)∣∣∣∣∣+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, ed

)∣∣∣∣∣
}

dφ

+
∫ 1

1
2

(2φ− 1)

{
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, ec

)∣∣∣∣∣+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, ed

)∣∣∣∣∣
}

dφ

+
∫ 1

1
2

(2φ− 1)

{
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, ec

)∣∣∣∣∣+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, ed

)∣∣∣∣∣
}

dφ

=

∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣+ ∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣+ ∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣+ ∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣
4

(13)

By (12) and (13) , we get (11).

Theorem 3.5. Let ϑ : ∆σ2 ⊂ R2 → R2 be a partial differentiable mapping on ∆σ2 := [ea, eb]× [ec, ed] in

R2 with ea < eb and ec < ed. If
∣∣∣ ∂2ϑ

∂θ∂φ

∣∣∣q, q > 1, is a coordinated σ-convex function on ∆σ2 , then one has the

inequalities:

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4(p + 1)
2
p

×
(∣∣∣ ∂2ϑ

∂θ∂φ (ea, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (ea, ed)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ed)
∣∣∣q

4

) 1
q

, (14)

where

A =
1
2

[
1

σ(eb)− σ(ea)

∫ eb

ea

[
ϑ(x, ec) + ϑ(x, ed)

]
σ′(x)dx +

1
σ(ed)− σ(ec)

∫ ed

ec

[
ϑ(ea, y) + ϑ(eb, y)

]
σ′(y)dy

]

and 1
p + 1

q = 1.
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Proof. From Theorem 3.3, we have

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤
(
σ(eb)− σ(ea)

)(
σ(ed)− σ(ec)

)
4

×
∫ 1

0

∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1

(
θσ(ea) + (1− θ)σ(eb)

)
, σ−1

(
φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣dθdφ

Using Holder’s inequality for double integrals,

ϑ : ∆σ2 → R is coordinated σ-convex on ∆σ2 , then one has:

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4

( ∫ 1

0

∫ 1

0

∣∣∣∣(1− 2θ)(1− 2φ)

∣∣∣∣pdθdφ

) 1
p

×
( ∫ 1

0

∫ 1

0

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

dθdφ

) 1
q

.

Since
∣∣∣ ∂2ϑ

∂θ∂φ

∣∣∣q is coordinated σ-convex function on ∆σ2 , we know that for θ ∈ [0, 1]

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

≤ θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

,

and ∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

≤ θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

12



+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q

,

hence, it follows that∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4(p + 1)
2
p

×
( ∫ 1

0

∫ 1

0

{
θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q}

dθdφ

) 1
q

=
[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4(p + 1)
2
p

×
(∣∣∣ ∂2ϑ

∂θ∂φ (ea, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (ea, ed)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ed)
∣∣∣q

4

) 1
q

.

Theorem 3.6. Let ϑ : ∆σ2 ⊂ R2 → R2 be a partial differentiable mapping on ∆σ2 := [ea, eb]× [ec, ed] in

R2 with ea < eb and ec < ed. If
∣∣∣ ∂2ϑ

∂θ∂φ

∣∣∣q, q ≥ 1, is coordinated σ-convex function on ∆σ2 , then one has the

inequalities:

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

16

×
(∣∣∣ ∂2ϑ

∂θ∂φ (ea, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (ea, ed)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ec)
∣∣∣q + ∣∣∣ ∂2ϑ

∂θ∂φ (eb, ed)
∣∣∣q

4

) 1
q

. (15)

where

A =
1
2

[
1

σ(eb)− σ(ea)

∫ eb

ea

[
ϑ(x, ec) + ϑ(x, ed)

]
σ′(x)dx +

1
σ(ed)− σ(ec)

∫ ed

ec

[
ϑ(ea, y) + ϑ(eb, y)

]
σ′(y)dy

]
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Proof. From Theorem 3.3, we have∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤
(
σ(eb)− σ(ea)

)(
σ(ed)− σ(ec)

)
4

×
∫ 1

0

∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1

(
θσ(ea) + (1− θ)σ(eb)

)
, σ−1

(
φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣dθdφ

Using power mean inequality for double integrals,

ϑ : ∆σ2 → R is coordinated σ-convex on ∆σ2 , then we have:

∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4

( ∫ 1

0

∫ 1

0

∣∣∣∣(1− 2θ)(1− 2φ)

∣∣∣∣dθdφ

)1− 1
q

×
( ∫ 1

0

∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

dθdφ

) 1
q

Since
∣∣∣ ∂2ϑ

∂θ∂φ

∣∣∣q is coordinated σ-convex function on ∆σ2 , we know that for θ ∈ [0, 1]∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

≤ θ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
ea, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

+ (1− θ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
eb, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

and ∣∣∣∣∣ ∂2ϑ

∂θ∂φ

(
σ−1(θσ(ea) + (1− θ)σ(eb)

)
, σ−1(φσ(ec) + (1− φ)σ(ed)

))∣∣∣∣∣
q

≤ θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q
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+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q

hence, it follows that∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

4

(
1
4

)1− 1
q

×
( ∫ 1

0

∫ 1

0

∣∣∣(1− 2θ)(1− 2φ)
∣∣∣{θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q}

dθdφ

) 1
q

By calculating the integral in above inequality, we obtain

∫ 1

0

∣∣1− 2θ
∣∣(θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+(1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dθ

= (1− 2θ)
∫ 1

2

0

(
θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dθ

+
∫ 1

1
2

(2θ − 1)

(
θφ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ θ(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ (1− θ)φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− θ)(1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dθ

=

φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣∣∣
q

24
+

(1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣∣∣
q

24

+

5φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣∣∣
q

24
+

5(1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣∣∣
q

24

+

5φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣∣∣
q

24
+

5(1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣∣∣
q

24

+

φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣∣∣
q

24
+

(1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣∣∣
q

24

15



=

φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣∣∣
q

4

+

φ

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣∣∣
q

4

Thus, we obtain∣∣∣∣∣ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4

+
1

[σ(eb)− σ(ea)][σ(ed)− σ(ec)]

∫ eb

ea

∫ ed

ec
ϑ(x, y)σ′(x)σ′(y)dydx− A

∣∣∣∣∣
≤ [σ(eb)− σ(ea)][σ(ed)− σ(ec)]

16

[ ∫ 1

0

∣∣1− 2φ
∣∣(φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dφ

] 1
q

(16)

Similarly for other integral, since ϑ : ∆σ2 → R is coordinated σ-convex on ∆σ2 , we have

∫ 1

0

∣∣1− 2φ
∣∣(φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dφ

=
∫ 1

2

0
(1− 2φ)

(
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dφ

+
∫ 1

1
2

(2φ− 1)

(
φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(ea, ed)

∣∣∣∣∣
q

+ φ

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ec)

∣∣∣∣∣
q

+ (1− φ)

∣∣∣∣∣ ∂2ϑ

∂θ∂φ
(eb, ed)

∣∣∣∣∣
q)

dφ

=

∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣q
24

+
5
∣∣∣ ∂2ϑ

∂θ∂φ (ea, ed)
∣∣∣q

24
+

∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣q
24

+
5
∣∣∣ ∂2ϑ

∂θ∂φ (eb, ed)
∣∣∣q

24

+
5
∣∣∣ ∂2ϑ

∂θ∂φ (ea, ec)
∣∣∣q

24
+

∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣q
24

+
5
∣∣∣ ∂2ϑ

∂θ∂φ (eb, ec)
∣∣∣q

24
+

∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣q
24

=

∣∣∣ ∂2ϑ
∂θ∂φ (ea, ec)

∣∣∣q + ∣∣∣ ∂2ϑ
∂θ∂φ (ea, ed)

∣∣∣q + ∣∣∣ ∂2ϑ
∂θ∂φ (eb, ec)

∣∣∣q + ∣∣∣ ∂2ϑ
∂θ∂φ (eb, ed)

∣∣∣q
4

. (17)

By (16) and (17), we get the inequality (15).
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Conclusion:

1. In this paper we introduced co-ordinated σ-convexity and we have shown that co-ordinated

σ-convexity implies co-ordinated convexity when we consider σ as an identity function.

If we take σ(x) = x and σ−1(x) = x, then Theorems 3.2, 3.3, 3.4, 3.5 and 3.6 given in this

paper coincides with Theorem 1, Lemma 1, Theorems 2, 3 and 4 respectively given in [16].

2. Hermite-Hadamard inequality for co-ordinated geometric convexity: If we take σ(x) =

ln(x) and σ−1(x) = exp(x), then (4) becomes

ϑ

(
eaeb

2
,

eced
2

)
≤ 1

2

[
ln

ea

eb

∫ eb

ea
ϑ

(
x,

eced
2

)
1
x

dx + ln
ec

ed

∫ ed

ec
ϑ

(
eaeb

2
, y
)

1
y

dy
]

≤ ln
ea

eb
ln

ec

ed

∫ eb

ea

∫ ed

ec
ϑ(x, y)

1
xy

dydx

≤ 1
4

ln
ea

eb

[ ∫ eb

ea

(
ϑ(x, ec) + ϑ(x, ed)

)
1
x

dx
]

+
1
4

ln
ec

ed

[ ∫ ed

ec

(
ϑ(ea, y) + ϑ(eb, y)

)
1
y

dy
]

≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
.

3. Hermite-Hadamard inequality for co-ordinated harmonic convexity: If we take σ(x) = 1
x

and σ−1(x) = 1
x , then (4) becomes

ϑ

(
2eaeb

ea + eb
,

2eced
ec + ed

)
≤ 1

2

[
eaeb

ea − eb

∫ eb

ea
ϑ

(
x,

2eced
ec + ed

)
lnx dx +

eced
ec − ed

∫ ed

ec
ϑ

(
2eaeb

ea + eb
, y
)

lny dy
]

≤ eaebeced
(ea − eb)(ec − ed)

∫ eb

ea

∫ ed

ec
ϑ(x, y)lnx lny dydx

≤ 1
4

eaeb
ea − eb

[ ∫ eb

ea

(
ϑ(x, ec) + ϑ(x, ed)

)
lnx dx

]
+

1
4

eced
ec − ed

[ ∫ ed

ec

(
ϑ(ea, y) + ϑ(eb, y)

)
lny dy

]
≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
.

4. Hermite-Hadamard inequality for co-ordinated p-convexity: If we take σ(x) = xp and

σ−1(x) = x
1
p , then (4) becomes

ϑ

(( ea
p + eb

p

2

) 1
p
,
( ec

p + ed
p

2

) 1
p

)

≤ 1
2

[
p

eb
p − ea p

∫ eb

ea
ϑ

(
x,
(

ec
p + ed

P

2

) 1
p
)

xp−1 dx
]

+
1
2

[
p

ed
p − ec p

∫ ed

ec
ϑ

((
ea

p + eb
P

2

) 1
p

, y
)

yp−1 dy
]
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≤ p2

(eb
p − ea p) (ed

p − ec p)

∫ eb

ea

∫ ed

ec
ϑ(x, y)xp−1 yp−1 dydx

≤ 1
4

p
eb

p − ea p

[ ∫ eb

ea

(
ϑ(x, ec) + ϑ(x, ed)

)
xp−1 dx

]
+

1
4

p
ed

p − ec p

[ ∫ ed

ec

(
ϑ(ea, y) + ϑ(eb, y)

)
yp−1 dy

]
≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
.

5. Hermite-Hadamard inequality for co-ordinated log-exponential convexity: f we take σ(x) =

exp(x) and σ−1(x) = lnx, then (4) becomes

ϑ

(
ln
( exp(ea) + exp(eb)

2

)
, ln
( exp(ec) + exp(ed)

2

))

≤ 1
2

[
1

exp(eb)− exp(ea)

∫ eb

ea
ϑ

(
x, ln

( exp(ec) + exp(ed)

2

))
exp(x) dx

]
+

1
2

[
1

exp(ed)− exp(ec)

∫ ed

ec
ϑ

(
ln
( exp(ea) + exp(eb)

2

)
, y
)

exp(y) dy
]

≤ 1
(exp(eb)− exp(ea)) (exp(ed)− exp(ec))

∫ eb

ea

∫ ed

ec
ϑ(x, y)exp(x + y) dydx

≤ 1
4

1
exp(eb)− exp(ea)

[ ∫ eb

ea

(
ϑ(x, ec) + ϑ(x, ed)

)
exp(x) dx

]
+

1
4

1
exp(ed)− exp(ec)

[ ∫ ed

ec

(
ϑ(ea, y) + ϑ(eb, y)

)
exp(y) dy

]
≤ ϑ(ea, ec) + ϑ(ea, ed) + ϑ(eb, ec) + ϑ(eb, ed)

4
.

6. Furthermore, in the same manner we can obtain all other inequalities established in section 3

for the above four types of co-ordinated convexity.
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