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ABSTRACT. We study the existence of global bounded smooth solutions to the one-dimensional
nonisentropic Euler system with large initial data. We find a sufficient condition on the initial data to
obtain the existence of global bounded classical solution to the Cauchy problem.

1. Introduction

We consider the one-dimensional Euler system

pt+ (pu)m =0,
(1.1) (pu): + (pu® 4 p)z = 0,
(PE)t + (pull + up)z =0,

where the variables u, p, p, £ = “2—2 + €, and e are the velocity, the density, the pressure, the specific
total energy, and the specific inner energy, respectively. For polytropic gases, we have the equations

of state
p

(v = Dp’
where the variable s represents the specific entropy and + is a constant between 1 and 5/3.

It is well known that the solutions of the Cauchy problem for system (1.1) may blow up in finite
time, no matter how smooth and small the initial data are, see [1, 3, 4, 5, 20, 21]. It is natural to
consider what type of initial data are possible to guarantee the existence of global classical solution.
If the flow is isentropic, i.e., s = Const., then the system (1.1) can be reduced to a 2 x 2 reducible
system, and the existence of global bounded classical solutions to the Cauchy problem was obtained
in [15]. For the nonisentropic Euler system, Zhao [22] and Liu [19] studied the existence of global
classical solutions. Zhu [23] obtained the existence of global classical solution to the nonisentropic
Euler system with a special equation of state. Lin and Liu and Yang [17] obtained the existence
of global bounded continuous solutions, provided that the initial data satisfy a set of conditions.
In a recent paper, Chen [2] studied the structure of shock-free solutions of the compressible Euler
equations with large data. In [18], the authors pointed out that it is difficult to impose general
conditions on the initial data to obtain globally bounded classical solution for the nonisentropic
compressible Euler system.

p=¢e’p?’ and e=
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In this paper, we find a sufficient condition on the initial data to obtain the existence of global
bounded classical solution. We consider system (1.1) with the initial data
(6 a,5)(x), € [a,b];

vacuum, otherwise.

(1.2) (c,u,s)(0,z) = {

where ¢ = /p,(p, s) = \/vesp7~1L is the speed of sound, (¢, 4, 5)(x) € C'[a,b], &(a) = &(b) = 0,
and ¢(x) > 0 as z € (a,b). The main result of the paper can be stated as the following theorem.

THEOREM 1.1. (Main theorem) Assume the initial data (1.2) satisfies

29(v—-1) . 1 (v-1_, |, ¢s ‘
R i S Rl s R L R

et
Then the Cauchy problem (1.1), (1.2) admits a global in time bounded classical solution.

g
(1.3) sup
z€(a,b)

2
cr-1

REMARK 1.1. Actually, we can find a bounded initial data (¢, @, §)(x) (—oo < & < +00) with
lim ¢ = 0, such that for any d > 0,
.
)}
2y

T—>00
2 -1 1 -1
<0 L L V=1
Y+1  we(=dd) | gi1 2
see Figure 1. When the initial data satisfy this condition, we can still construct a global bounded
smooth solution of the nonisentropic Euler system (1.1).

§/
2
cr—t

sup
ze(—d,d)

FIGURE 1. Initial data without vacuum.

We will use the method of characteristic decomposition to prove the main theorem. This method
was introduced by Li and Zhang and Zheng [11] in investigating interactions of two-dimensional
rarefaction simple waves of the compressible Euler equations; see also [6, 7, 8, 9, 10, 12, 13]. The
rest of the paper is organized as follows. In Section 2, we derive a group of first order and second
order characteristic equations of (1.1). Using these characteristic equations, we can establish the
C' norm estimates of the solution. The existence of global classical solution to the problem (1.1),
(1.2) is obtained in Section 3.

2. Characteristics equations and decompositions

By the relation de = T'ds — pdr, we know that for smooth flow, system (1.1) can be written as
pt + puy + upy =0,
2.1 ug + uty + 7Py = 0,
st +us; = 0.



The eigenvalues of system (1.1) are

Ay =u+c¢, A =u-—c

The left eigenvectors corresponding to Ay are I+ = (¢, £p, \/% p%ﬂ) Multiplying (2.1) on the
left by I+ we get the characteristic equations

(2.2) cOrp + pOru + ple’s, =0,

where

0+ = O + (u =% ¢)0,.
LEMMA 2.1. We have the commutator relation

1
(23) 8+0, — 878+ = —W(&rc + 670)(8+ — 8,)

PROOF. From ¢? = ve®p?’~! we have

P 2¢01c — yp ' 10re®
+0 = -
Y(y = 1espr—2

Combining this with d1+s = +cs,., we get

2p0+c Ted
P - P

Caip:*y—l 7_1533.
Inserting this into (2.2), we get
2
o otu = 7_16+c+7(2_1)s$,
O_u= La_c + Sy
v-1 1y =1
Therefore, using (2.4) and 0, = a*;C = , we have
04+0_ — 0_04
= (0 + A102)(0r + A=0z) — (O + A-0) (0 + A4 O)
= (042 = 0-A4) 0
— Oiu—Bic— O u—0-)0 = -1 (B et 0 )0, — D).
2c(y—1)
We then complete the proof of this lemma. U

LEMMA 2.2. For smooth flows, we have

25) a0 ( a: > =0,
cr-1
where 9y = 9 + u0;.

PROOF. By (2.4), we have
80615 = (8083; — 8;,;80)8

26 e
( ) = (at + Uax)axS - ax(at + uaﬂ?)s = = xuaxs - W
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Thus, by 0y = % we have

80 ( Sg > = 80858 — 2 S 800 =0.

A+
cr—1

-1 Y~ 1l

We then get this lemma.

PROPOSITION 2.1.

2 2

c 1 c
o cO_ (8+c - %sx) = ﬁ(8+c +0_c)0yc — m(ﬁ+c + 0_¢)sg,
' c? 1 2
08+ (6_0 + asw) = ﬁ(6+0 + 8_0)6_0 + m(@+c + 8_6)837,
where > = %
PROOF. From (2.3) and (2.4) we have
1 v+1 2
(9+3_u — 8_8+U = —w(8+c + 8_0)(8+u — 8_U) = m(a_i'_c + a_C) .
Inserting (2.4) into this, we get
2040_c s, 20_04c s, v+1 9
(2.8) + —0_ = Oyc+ 0_c)”.
-1 +[7(7—1)} v-1 {’Y(V—l)} (7—1)26( " )
Using the commutator relation for the variable c, we have
1
(2.9) 04+0_c— 0_04c = —W(&rc + 0-¢)(0yc — 0—c).
Combining with (2.8) and (2.9), we get
2 1 c 25, 25,
(2.10) 0 (Dyc - asgc) = 53O +0-00c— g [a+( )0 (7)
By a direction computation and using (2.6), we have
s s 2c 2¢? 2c
0 ) +0_ ) = Z(04c+0_¢)sy + —0psy = Oyrc+ 0_c)sy.
()40 (52) = Eoncr 0s+ Lt = 2ot o)

Inserting this into (2.10) we can get the first equation of (2.7).
The second equation of (2.7) can be proved similarly. We then have this proposition.

Let
c? c?
Ry =0i¢c— —sz, R_=0_c+ —s;.
2y 2y
Then (2.7) can be written as
1 2
d-Ry = — (R4 + R_)Ry — —(Ry + R_)s,,
2u 4ry
(2.11) ) )
c
C8+R_ = 27/,L2(R+ + R_)R_ + E(R_i_ + R_)S;E.
Let

- R, ~ R - sy
Ry=—3, R.=—p, and §=-"2.

ch-1 cH-1 cr—1




Then we have

o (1~ o~ o~ 1~ o~
DR, =c14 - (Ry + B.)Rs — —(R+ + R_)S Y,
242 4y
(2.12) ) )
4y ~ ~ ~ ~ ~  ~
cOyR_ =71 {QMQ(RJr +R_)R_+ B(RJ,_ + R_)S}
and
(1 owmBR RS 1. -
O_R, = ¢ {M(R++R_)R+— Tt Bt RIS
(2.13) ~
- (1~ <~ ~ o29R.R RS -
cO4R_ = c¢7-1 {M(RJF-I—R—)RJF— Y1 - +4(R++R—)S}
REMARK 2.1. From (2.4) we can see R, = —77_18+u and R_ = 7T_lﬁ,u

3. Global bounded classical solutions to the Cauchy problem (1.1), (1.2)
We first consider system (1.1) with the data
(3.1) (c,u,5)(0,2) = (¢,u,5)(x), x€la+d,b-4],

where § > 0 is an arbitrary small number.

The problem (1.1), (3.1) is a standard initial value problem. Existence and uniqueness of a local
C! solution is known by the method of characteristics, see for example [16]. In order to extend the
local solution to a whole domain of determinacy, we need to establish a priori C'! norm estimate of
the solution.

It follows from ¢? = ve*p?~! and s; = —us, that

_ 2ce + ’yup”‘lessx _2ceq — 'ypV_lessx
PTG e T S — e
Inserting these into the first equation of (2.1), we get

Y
Ct = —UCy — ?cux.

Thus, on ¢ = 0 we have

I, 7—-1_ ~ 1 ((v—1)_ ., «c§
(3.2) Otc=2¢ iCl—Tu,}, R+:—W+1< 5 u':F(c'——).

&1 2y
Let
1 -1 cs’
mgs =  min o 4 )ﬂ/ g -E
z€la+db—0] | z7=1 2 27y
and
5/
ns =  max 3
z€[a+6,b—0] | g7=1
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Then by assumption (1.3) we have

2v(y - 1)
3.3 ng < —————=ms.
(3.3) 5 Y1 e
LEMMA 3.1. The classical solution of the problem (1.1), (3.1) satisfies
(3.4) c>0 and Ry < —ms.

PROOF. The proof for this lemma proceeds in three steps.
Step 1. From Lemma 2.2 we have

(3.5) 15| < ns.

Step 2. In this step we shall show that if vacuum does not appear then Ri < —mg.
If there exists a point such that R+ = —myg and R_< —mys at this point. Then by the first
equation of (2.13) we have
~ = [ 1 =~ o =~ 29R.R. RS 1
O_Ry =cv-1<¢ —(R ROR, —

~ (R +R_ )s}

2 [~ < R.S 1.~ ~ ~
< {—R+R_ + BeS —(Ry + R_)S} <0
vy—1 4y

at this point. That is because if S < 0 then

cO_R <c% -R.R +(L—i>}§§ <c% —m2+<i—i)mn < 0;
Lty L Gv s Wy D v R AL ;

if S > 0 then

~ 2y ~ ~ ]_ ~ o~ 2y ~ 1
cO_Ry < ¢v1{—R,R_——R_S}; < ¢ TR_qms——ng, < 0.
2y 2y

Similarly, if there exists a point such that R_ = —mg and }Nﬁ < —my at this point then we have
cO0+R_ < 0 at this point.
By the definition of m;s we get

Ri<-my on {(z,y)|t=0a+d6<z<b—34}

Therefore, by an argument of continuity we can get ﬁi < —my if vacuum does not appear.
Step 3. In this step, we shall show that vacuum will not appear.
By (3.5) and R+ < —mg we know that if ¢ > 0 then

Dr, = o (w—m+s> S o2 <<3—v>m_w)

-1 2y -1 2y
(3.6) "
o emms(3-)0+7) - (= 1)?)
- (y-Dr+1)
as 1 <~ < 5/3. Similarly, if we have that if ¢ > 0 then

(3.7) d_\_ <O.




X, () X5 ()
FIGURE 2. Convex characteristic curves.

Suppose there is a (g, tp) such that c¢(zg,tp) = 0 and ¢(z,t) > 0 ast < tg. Denote the
backward Cy (C_, resp.) characteristic curve through (zg,%y) by * = x1(t) (x = x_(t), resp.).
Therefore, by (3.6) and (3.7) we have 2, (t) > z_(t) as t < to. Through (z_(0),0) ((z+(0),0),
resp.) draw a C characteristic curve z = z (t) (z = 2§ (t), resp.). Obviously, by Ay > Ag > A_
we have x5 (t) > z_(t) and 24 (t) > 2 (t) as 0 < t < t. Therefore, there exists a t; € (0, o]
such that z§ (t1) = x, (1), which leads to a contradiction by the conservation of mass. So, vacuum
will not appear.

Therefore, by an argument of continuity we can get this lemma. O

LEMMA 3.2. Let
/

— 1 ~q
ks := max E((’Y )a’— E'—E> )
z€[a+6,b—3] 2 2y
Then the classical solution of the problem (1.1), (3.1) satisfies
Ry > —ks.

PROOF. From (3.2) we have
Ry >—ks on {(x,y)|t=0,a+0<z<b-—0d}
By Lemma 3.1, (3.3), and (3.5) we have

o~ 1~ 1) 4~ o~
cO_Ry = 07411 (Ry +R_) {R+ — S} > 67411 (Ry+ R-) { . + né} >0

242 4y S22 T 4y
and
oR. = L L (R4 BB+ L(Ry + B8 >0
_=cr1q— _)R_+ — _ .
We then complete the proof of this lemma. ([
LEMMA 3.3. Let
= C = U d = S.
“m ze[clzl—l&-%,)l()—é] G Y ze[ﬂ%?é_a] [ul, and s, mG[(IlI—li-a(S,}g—(ﬂ s
Then the classical solution of the problem (1.1), (3.1) satisfies
2 3 2
0<c<ec,, —ks— ;—,‘;c}[l <01c<0, |ul<wu, + Cuu g o

y(y—-1) -1
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PROOF. By (3.3), (3.4), and (3.5) we have

0 -1
:;C < —mgs + 5 <—m5+Lm5<O.
=
ci-1 2ycr—T v+1
By Lemma 3.2 we have
2y 2y
—1
Orc > —ks — “ jw —ks — @c,l[l
2yer—1T 2y
From (2.4) we know that
2 0+ 2 0+ (cs) s04c
(3.8) oyu = ———04c+ ——— = ——04c¢ — .
v—1 vy —1) v-1 Try=1) (=1
Integrating this along the Cy characteristic curves and noticing 0_c < 0, we get
3c,, s 2c
U S u _"_ M~ M M .
jul < g =1 y-1
We then complete the proof of this lemma. (I

From Lemmas 3.1-3.3 and Remark 2.1 we get uniform a priori C'* norm estimates of the clas-
sical solution of the problem (1.1), (3.1). Therefore, by the local existence result and the standard
continuity extension method, we can obtain the global existence of a classical solution; see for
example [15].

LEMMA 3.4. The initial value problem (1.1), (3.1) admits a global classical solution in a domain
Q(8) bounded by C3, C%, and {(=,t) | t =0,a+6 < x < b— 3}, where C. is a C;. characteristic
curve through (a + 6,0) and C° is a C_ characteristic curve through (b — §,0); see Figure 3.

Q)

vacuum =, vacuum

a aty b5 b
FIGURE 3. Domain Q(6).

In what follows we are going to show that

Q) = Q:={(z,t) |t >0, a+ula)t <z <b+u(b)t} as J— 0.
From (3.8) and 0;.¢ < 0 we know that along c? ,
3c(a+0)s,, n 2¢(a + 5).

(3.9) ju—ala+ )| < Tt =




Assume that C’i can be represented by x = a:i(t), t > 0. Hence, by (3.9) and d+c < 0 we have

5
dx+_

3c(a+9)s,, = 2¢(a+9)
dt +

(@+c)(a+6)| < N Y1

+¢c(a+9)

ast > 0. Therefore, we get 7% (t) — a + (a)t as § — 0, since ¢(a + §) — 0 as § — 0.

Assume that C% can be represented by = = 2% (¢), t > 0. Similarly, we can get 2% () —

b+ u(b)tasd — 0. )
We then construct a global classical solution to the Cauchy problem (1.1), (1.2) by letting
0 — 0. The solution is vacuum outside the domain €.
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