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Abstract

In this paper, we investigate the decay properties of suspension bridge with mem-
ories in one dimension. To prove our results, we use the energy method to build some
very delicate Lyapunov functionals that give the desired results.
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1 Introduction

Many suspension bridges manifested aerodynamic instability and uncontrolled oscilla-
tions leading to collapses, see ([2], [8], [21], [26], [27], [31]). These accidents are due to
several different causes like the one mentioned in caused [4] by torsional oscillations.

The instability of suspension bridges raised some fundamental questions for both engi-
neers and mathematicians. To explain such instability issues in the suspension bridges many
models were introduced in the literature see ([3], [16], [6], [4], [L9]). Our objective in this pa-
per is to get the stability of the suspension bridge model by introducing a memory damping.
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Mainly, our interest is the get the behavior of the solution of the following coupled nonlinear
system with memories in one dimensional space:

Ut + Uggzs — fg g1 (t — 8) Upaas (5) ds + (fol (u? + 6%) dx) u+ 2 (fol u@dx) 0 =0, in (0,1) x Ry,

O — Ous + [ g0 (t — 5) 00 () ds + 2 (fO’ u@dx) ut (fO’ (u? + 67) d:v) 6=0 in (0,0) xR,,
(1.1)
with the initial data
(u’utueuet) (:C,O) = <u07u1790791)a (1'2>

Since the plate is hinged between the two towers and the cross sections between the towers
cannot rotate, the boundary conditions to be associated

uw(0,t) = u(l,t) = uge(0,t) = uye(l,t) = 60(0,¢) = 6(1,t) = 0; Vt > 0. (1.3)

The given system models a one-dimensional suspension bridge, where u is the vertical
displacement, # is the torsional angle, The integral term represents a history terms with
kernel g;, for i = 1,2 and satisfying the following hypotheses:

(A1) ¢g; : R, — R, is a nonincreasing C! function satisfying.

g (0) > 0; 1—/ gi(s)ds=1;>0.
0

(Ay) There exists a C* function H; : R, — R, ; which is linear or it is an strictly
increasing and strictly convex function of class C? on (0,7], r < g; (0),with H; (0) = H/ (0) =
0 such that,

g (t) < =& (t) Hi(g; (1)); Vt>0,
where &, (t) is a C! function satisfying: &; () > 0 and &, (t) < 0; V¢ > 0.

The analysis and the stability of various nonlinear suspension bridge models has been at-
tracted many researchers (see: [1], [13], [9], [10], [18], [22]) and the references therein. For
the suspension bridge models with viscoelastic or with memory, we can mention the works
of [I1] where the authors proved the asymptotic behavior of the solutions of the viscoelas-
tic suspension bridge model, Kang in [23] where he proved the long-time behavior to the
suspension bridge equation under the memory term. Also, Kang in [24] provide a result on
the global attractor to a thermoelastic suspension bridge equation with past history, and
recently Mukiawa in [28] proved the asymptotic behavior of the solutions of the suspension
bridges with viscoelastic damping.

In this paper, we establish a general decay result under the conditions (A1 — A2) on the
relaxation functions g; and gs. Our proof is based on the multipliers techniques and the
construction of the appropriate Lyapunov functional.

We point out here that our argument is close to the one in ([14]), with the necessary
modifications required by the nature of our model.

The outline of this paper is as follow: In Section 2, we state and prove the general stability
result for system (1.1)). In Section 3, we give conclusion and open question.



2 General stability result

In this section, we state and prove a general stability result for (1.1)) with boundary and

initial conditions given by (1.3) and (1.2)).
We state without proof a global existence result. Throughout this paper, ¢ is used to
denote a generic positive constant.

The well-posedness of ([1.1)) is stated in the following proposition.

Theorem 2.1. Supposing that (A1)-(A2) hold and that ((ug,u1), (00,01)) € ((HZ(0,1) X
H(0,1)) x (H3(0,1) x L*(0,1)), then there exits T > 0 and a unique solution (u,0) (t) of
problem such that

(u,0) (t) € C ([0,T]; HF(0,1) x Hy(0,1)) nC* ([0,T7]; Hy(0,1) x L*(0,1)).

Proof. This theorem can be established using standard method such as Galerkin method. [
The first-order energy associated with (1.1]) is given by:

(o (1 o) ds)ut + (1= [y g2 () ds) 62) do

2 +910sz(t)+9209m(t)+(fol(u2+92)d3:)2+2<f01u9dm>2 o (2D

g0 (®)= [ 9lt=5) 1o ()= ¢ (lxan ds

Our objective is to prove the general decay using the energy method.

Theorem 2.2. Let ((uo,u1), (6o, 61)) € ((Hg(0,1) x Hg(0,1)) x (Hg(0,1) x L*(0,1)) be given
and assume that (A1) and (A2) are satisfied. Then, there exist two positive constants Cy
and C; <1 such that

E(t)<CyH,! (01 /ttf(s) ds) ; vt > to, (2.2)

where

Hu0) = [ sds, Hu(o) = min{Hi(0) 10,

and §(t) = min{&, (1), &;(8)}, to = max ({1, t2) with g1 (t1) = r and g (2) = -

The proof of this Theorem will be established through several lemmas.
Here, we will deduce some remarks.



Remark 2.1. 1. From (A;) we infer that tliin g; (t) = 0; i € {1,2}. Then there exists

some t; > 0 large enough such that
gi(t;) <r=g;(t) <r, Vt > t;. (2.3)

Since H; is a positive continuous function and g;, &; are positive nonincreasing contin-
uous functions, with ty = max (t1,ts), we can get for every t € [0, to]

0 <gi(to) <gi(t) <gi(0) and 0 <&; (o) <& (1) <& (0),
which implies for some positive constants a; and b;,
a; <& (1) H; (gi (1) < bs,

this shows that for every t € [0, o],

610 <~ 1) Hi (00 (1) <~ (0) €~ 1) 24)
2. 1f is given
git) < =& () g (), 1<p<l2i=12

Then there exist positive constants k, ki and ks such that

kexp (<ki [y € (5) €2 (s) ds),  ifp=1,
1

ks (1+f0t§(s) d5>*p—1, if1<p<2.

E(t) =

Lemma 2.3. Let (u,0) be the solution of , then the energy functional F, defined by
satisfies

1 2 1
E'(t) = =501 () tazllr20p) —

1 1
592 (1) 1621720, + 59/1 0 Ugg (1) + 595 00, (t).  (25)

Proof. Multiplying the first equation of (L.1)) by u, , the second by 0,, integrating by parts
over (0,[) and using the boundary conditions (1.3)), then summing up, we obtain the result.
]

Lemma 2.4. Let (u,0) be the solution of (1.1). Then the functional

! !
Il(t):/uutdx—i-/ 00,dx,
0 0



satisfies, for all €1 > 0, the following estimate

2 2 2 2
L) < lu HLQ(O,Z) + Hel‘/HLQ(O,l) — (1= ¢1) [|uss HL?(O,Z) —(1=e1) HGCL“HLQ(O,Z) (2.6)

— (/Ol (u2+92)dx)2—4(/0lu8dx>2

S5 (hy 0 g (1)) + 22 (hy 00, (1)),

€1 €1

forany 0 <a; <1 and 0 < as < 1 where

fo 91 () ds,

191 (5) — g1 (s) and (t) = (a1g1 (t) — 91
f 9% (s) ds ho (t) = (o292 (t) — g5 (1)) -
O gy (s) —gh(s)

Proof. Using (L.1)), , (1.1),, integrating by parts over (0,) and using the boundary conditions
(1.3) , we obtain

2 2 2 2
() = Nuellzen + 10200 — ues 72000 = 0ol 201 (2.7)

— (/Ol (u2+92)dx)2—4(/0lu9d:c)2

! t

+/0 Uy (t) /0 g1 (t — 5) (Upe (t) — Ugs (5)) ds
! t

+/0 e (”/0 4o (t— ) (0, (1) 0, (5))ds

First by Holder’s inequality, we get

[ ([ et =necto ds)de 29
B / (/ \/a1g1 t__sgl Vg (s) = g1 () |tae (t) = Uaa (s)|ds)2dx

/Oozlgl 91(8 / / a101 (5) — g1 (8)] |taw (t) — tgs (5)|? dsdw
= Co (hloum (1)),

IN

also, with the same approach, we get

2

/Ol (/Ot g2 (t = 5) |0, () — 0, (s)] ds) dr < Cy, (ha o0, (1)) . (2.9)

By exploiting the properties of g;, and using Cauchy—Schwarz and Young’s inequalities and



(2.8), we obtain, for any ¢; > 0

/0 o (1) /0 G (= 5) (s (1) — s (5)) ds (2.10)

1 l t
S 61 ||U1-x ||L2(0 l) + 45 / |:/0 91 (t — S) ’Uxx (t) — u:}::p (S)’ dS

Co,
(h1 0 g (1)),
€1

2
< e [uas 7200y

also, with the same approach and by using (2.9)), we get
l t O
/ 0. (t)/ g2 (t = 5) (0a (t) = 02 (s)) dsdz < 1|0, ||L2(Ol)+ (h209 (1)), (2.11)
0 0
by (2.7)), (2.10) and (2.11)), we deduce the result. O
Lemma 2.5. Let (u,0) be the solution of (1.1). Then the functional
! t
L — —/ s (1) / g0 (t—s) (ult) —u(s)) dsda
0 0
! t
—/ 0, (t) / ga(t—15) (0(t) —0(s))dsdz.
0 0

satisfies, for all €3,¢€5,e7,69 > 0, the following estimate

t t
1 <t>s—( [ <s>ds—eg) o oo — ( [ o <s>ds—sg) 10y (212)

2 2

+er/E (0) (/ qum) +erV/E(0) (/Ul (u® +6?) d:v)
((1 + ;;1]2 ;3) Co, + % (o1 (1= 1)+ a1 (0) + af0a1)> (h1 0 Uy (1))

<<1+ » [ ;;2] ;3) Cos +2% (a2 (1~ 1) + g2 (0) —i—ang)) (hs 00, (1))
+ (3 + €5) ko |1 7201y + (€3 + €5) 102 720, -
Proof. We have
L) - —/Olutt(t) /Otgl(t—s) (u(t)—u(s))dsdx—/olut(t) /Otg;(t—s) (u(t) - u(s)) dsda
([ ) By = ([ 02615) 111 (213

l t l t
- / O (1 / g2 (t—5) (6(t) — 0 (s)) dsda — / 6, (1) / gy (t = s) (0(t) — 0 (s)) dsda.

6



By using (1.1),, (L.1)),, integrating by parts over (0,!) and using the boundary conditions
(1.3) , we deduce from ([2.13])

IL(t) = / | Ugy () / t g1 (t — 5) (Ugg (t) — Ugg (5)) dsdz: (2.14)
/ / g1 (t — 8) ugy (8) ds /Otgl(t—s) (Ugy (1) — Ugy (8)) dsdx

+/0 ((/0 (u* +6%) do )”@)) /Otgl(t—s) (u(t) — u(s)) dsdz
*/ol (2 ( / “9d$> f <t>) / g1 (0= 9) (u(t) — u(s)) dsda
_/Olut (t) /Otgi (t—s) (u(t) —u(s))dsde — (/Otgl () ds) [

1. Asin (2.10) and (2.11)), we have for any €3 > 0

l t
/0 Uy (t)/o 91 (t = 8) (Uaz (t) — gz (5)) dsdz < &5 ||ug, HL2 oyt 03 (h1 0 ugy (1)) ,

(2.15)
and

/o 0, (t)/0 g2 (t—8) (0, (t) — 0, (s))dsdr < &30, HiQ(O’l) + Cg—? (he 00, (t)). (2.16)

By exploiting the properties of gz, and using Cauchy—Schwarz and Young s inequalities
and the fact that (1 — [;° g; (s) ds) = l;; i € {1,2} and (2.8) and (2.15)), we obtain, for



any €5 > 0

— i /o g1 (t — 8) Uy (9) ds/o g1 (t — 8) (U (t) — Uz (8)) dsdz  (2.17)

_ /0 l { /0 1 (t = 5) (e (1) — 1 (s))rdsdx

_ |:/0t91 (t—S)ds} /Olum(t)/otgl (t = 8) (Ugs (£) — Ugo (5)) dsd

5

1-4L]*C,
S 55 ”U/mx Hi2(0,l) + ([;# + Coq) (hl o Ug:x (t)) 9
and with the same approach and (2.9) and ({2.16]), we have
l t t
_ / / 0 (t — )0, (s) ds / G (t—5) (0. (1) — 0, (s)) dsdz (2.18)
0o Jo 0

1—1,]>C,,
S 55 Hex ”12(071) + (% + Caz) (h2 o 9:5 (t)) .

5

Using Cauchy—Schwarz, Young and Poincaré’s inequalities and ([2.8)), for any 7 > 0

/Ol (</Ol (u* +67) d“’) u <t>> /Ot g1 (t —s) (u(t) —u(s)) dsdz (2.19)

2

l
Co,
< e </ (u? + 6°) dq:) ||u||ig(0’l)+—87 (hiowu(t))
0

. 2
C,C.,
< & </ (u® + 6%) d:c) ||lu ||i2(0,l) + p€7 (h1 0 ugg (1)),
0

and with the same approach and ([2.9)), we have

/Ol <( /Ol («+ ) dw)‘)(t)) /0 (=) 0) () dsds (220

2

: 2 2 2 CpOocz
< o[ 00 r) 1010y + L (ot ().
0

where C,, is the Poincaré constant. From (2.19) and (2.20)), we deduce

/Ol ((/Ol (u* +67) dﬂf) “(t)) /Ot g (t—s) (u(t) —u(s))dsdr  (2.21)
([ e emya)ow) [ae-900-06) i

3

l
< oo ([ 00 ee)ar) + S0 o )+ = (aos ),
0 7 7

8



also, by using (2.1) and (2.5)), we have

</Ol (u? + 6%) dx)
using in ([2:21), we get
/ol ((/ol (2 +6) d”’) ! (t)) /Ot g1 (t =) (u(t) —u(s)) dsde (2.23)
+/0l ((/Ol (u* +6°) da:) 9(75)) /Otgz(t—s) (0 (1) =6 (s)) dsdx

2
C,Co, C,Chq,
L= (hy oty (1) + —2—2 (hy 00, (1)) .

< o E(O)(/Ol(u2+02)dx) + 22 -

2 2

+2 ( /0 | u@dx) < E(0), (2.22)

Using Cauchy—Schwarz, Young and Poincaré’s inequalities, we have, for any ; > 0

/0 l (2 ( /0 lu@dm)e (t)) /0 (- 8) () —u(s) dsdr  (2.24)

2

: C,Ch,
S g7 (/ u@dx) HH ||iQ(0,l) + p€7 (hl O Ugpry (t)) ,
0

/Ol ((/Ol uedg;> u (t)) /Ot 292 (t — ) (0(t) — 0 (s)) dsdw (2.25)

2

l
C,C.,
< er ([ i) ol + S22 o),
0 7

then by adding (2.24)) and (2.25)) and using (2.22)), we obtain

/ol <2 (/ol uedm> ’ <t>> /Ot g1(t = s) (u(t) —u(s))dsd (2.26)
L (o)) [Fnt— 0oy

1 2
< er/E(0) (/0 ueda:) +%(h1oum(t))+%(hzoex(t))-

€7 Ev

and

Using Cauchy—Schwarz, Young and Poincaré’s inequalities and by using hy () = (191 (t) — ¢} (¢))



and 0 < oy < 1, we have, for any g9 > 0

[ [ a5 @ - uisasie

(2.27)

- —/Olut(t) /Othl(t—s) (u(t)—u(s))dsdm—i—/olut(t) /Utozlgl(t—s) (u(t) — u(s)) dsdx

2

59||ut||§2(071)+2—;/01 (/Othl (t—s) (u(t)—u(s))ds) dx

0[2 l t 2
+—+ (/ g(t—3s) (u(t)—u(s)) ds) dx
259 0
I b (t—s)ds a2Cy,
+ 20, hyow(t) + 20, hy o w(t)

C
2_p ((1 — ll) + g1 (0) + Cozl) hl O Ugy (t) 5
&9

IN

2

< e llue [0
2

< e llue 2 +

and also, we have

[0t [ ah= ) 00— 0 () dsde < a0t (1= ) + 90 0) + o) s 1)

(2.28)

Using ([2.15)), (2.16)), (2.17), (2.18)), (2.23)), (2.26)), (2.27), (2.28), in (2.25)), then, we get
the result.

O

Applying the same arguments as in [I4], we can get the following lemma.

Lemma 2.6. Assume (Al) and (A1) hold, the function x (t) defined by

//alt—s]um \dsdl‘—{—//azt—sw )| dsdx,

where o1 (t) = fg (s)ds and o5 ( f92 )ds, satisfies

t

1 1
X (£) < =5 910tz ()= 59200, (1)+3 (1 = h) [[taa (8) |20 +3 (1 = b2) |6 (D720, (2:29)

To complete the proof of our main result, we will introduce the following Lyapunov
functional £

L(t)=NE )+ NI (t) + Noly (1), (2.30)

where N, N; and N, are positive constants to be fixed later.

10



Lemma 2.7. For N large enough, there exist two positive constants oy and oo such that

WE(t) < L(1) < asE (1) (2.31)

Proof. Let’s define the following functional
£1 (t) == Nljl (t) —+ NQIQ (t) .

Using Cauchy—Schwarz,Young’s and Poincaré’s inequalities, we obtain

N 1

L@ < S lullzzen + 5
Nl 1

5 1012200 + 5

2
NC’
22 (1 —=11) g1 0 Uy (1) + ——

2
N1+ NoJ [|uy HL?(O,Z)

[N1 + N ||6; ||i2(o,l)

N>C,,

5 P(1—1y)ga00,(t).

Then by (2.1) and the properties of the functions ¢g; and go, we get
L1 ()] < cE(t).

Consequently
|IL(t)— NE(t) <cE(t),
which implies that
(N—c)E(t)<L{Ht)<(N+c)E().

Choosing N large enough, then we have (2.31)). O

Proof of Theorem 2.2: Let go1 = fo g1(s)ds and gpo = fo g2 (s) ds, dlfferentlatlng ,

exploiting ([2.6) and ( -, and applylng Pomcare s inequality and by using ¢ = a;g; — hy;
ie{1,2}, we obtain the following estimates:

N N N« Nay
L) < =20 () luwellfoon — 592 () 1072000 + —5—91 0 e (£) + g2 00, (t)
2 ) 2 2 ) 2
8- M+(1+&+—[H”2+i+§—p>Ng C
€1 5 d €5 €3 €9 o1
- N,C i (h1 0 Ugy (1))
5% (14 g 0)
€9
% _ | M + (1 + 2Cp 4 [1—-12] + 1 + 2C_p> Nz_ C
€1 €7 €5 €3 €9 a2
- NQC i (h2 ° (935 (t))

289
— (901 — €9) No = N1) [[us 7200y — ((90.2 = €9) N2 = N1) [160ll 720,
—((1 —&1) N1 — (e3 + &5) Na) ||t Hi2(o,l) — (T —e1) Ny — (3 +5) Na) [|0, H%?(o,l)

- <N1 — ;N /E (0)) (/Ol (u? + 6?) da:)2 - (41\[1 — esNo/E (0)) (/Ol u9dx>2.

11



Now, we will choose carefully the constants, first we choose

€3 =¢ o € M de M
= = -, = " an = -
T T 2T T (N + ) ’ 2N/ E (0)
2 g2
Clearly 0 < dii <S), < algl, () ;1 € {1,2}. Then for every s € [0, 00)
@;gi (s) — g; (s) —g; (s)
02
L (5), o,
ai—00;g; () — g; (8)
. . ;g2 (s) . .
which, noting S < ¢; (s) and using the Lebesque dominated convergence the-
_ @;g; (s) — g; (s)
orem, gives us
lim o;C,,, = lim agi(s) 4oy
a;—0 oai—0 o g (s) — gl (s)
Hence there exists some oy (0 < g < 1) such that if «; < oy then
1
a;Cy. < )
o N 2C 1 1 Cp
8[ Ly <1+—p+—+—+ )NQ}
€1 g7 €5 £3 269

At last, we take N large enough and choose Ny, Na, g9, a1 and «y satisfying
1 N>C), 1
ZN - 2259 (1 4 max(ly,l2) + max(g1 (0),92(0))) >0, a1 = ap = N < o
2N, go = min (go,1, go,2)

_ _ _ = 1
Ny =10(1—=13), Ny P €9 = 790 where { Iy — min (Iy, 1)

1
((901 — €9) Ng — Np) > §N1 and ((go2 — €9) No — Nyp) > §N1-

)

Consequently, using inequality and (2.1)), we get, Vt > tqo

L) < —5(1—1y) </Ol (u2—|—92)dx>2—5(1—13) </Olu0d:c)

5) (1 — 13) ||9x ||i2(0,l) =5 (1 - l3) ||ut ”?:,Z(O,l)

2

=5 (1 = Iy) lutz 720y — (2.32)

1 1
=51 = ) [0y + 210 1 (1) + 2200, 1)
using (2.5)) and ([2.4)) to conclude that for any ¢ > t,
¢ !
[ [ e @) == 9P dmds+/ 0 ( / 6. (
91 2 g2 (0 ! 2
/ / (U (1) — Uy (t — 8)|” dds — - / gs (s) / 0, (t) — 0, (t — s)|” dads
2 Jo 0

< —cE'(),

— 0, (t — s)|* duds

IN

12



which can be used in (2.32)) and then take F' (t) = L (t)+c E (t), which is clearly equivalent
to E (t), to get, for some constant m > 0 and for all ¢ > ¢,

£'(t)

IN

—mE(t) + Cg1 O Uygy (t) + Cg2 091’ (t)

“mE(t) - cE' (t) + ¢ / 61 (5) ttas (£) =tz (¢ — 8)]% ds

to

IA

+c/ g2 (8) |0z () — 0, (t—s)||2ds.

to

Then

F'(t) < —mE(t)+C/ 91 () Itz (1) = g (t = 8)|* ds

to

te / g2 (5) 162 (£) — 6, (¢ — 5)|2ds. (2.33)

to
At this stage, we consider two cases.
(I) H (t) is linear:
By multiplying (2.33)) by £(t) = min{¢,(¢),&,(t)}, and using (A2) and (2.5)), we obtain

EF (1) < —mﬁ(t)E(t)JrC&(t)/ 91(5) Ntz (8) =t (¢ = 5)|* ds

to

et () / g2 () 10 (t) — 0, (¢ — )| ds:

to

IN

—m&(t)E (1) +C/t £1(5)91 (5) lltas (8) = ta (t = 5)|” ds

te / £4(5)02 () [0 (1) — 0. (t — )| ds;

IN

—m&()E (t) — 0/ 91 (8) [tz (1) = e (t = 5)||* ds

to

- / g () 116, (8) — 0, (¢ — 5)|2 ds:

to
< —mE(E (1) — cE (1),
which gives, as £(t) is positive and nonincreasing
d
i
Hence, using the fact that £F + ¢ E ~ FE, we easily obtain

EOF () +cE®) < —mEWE () V>t

E(t) < Cye s, g >y (2.34)
Finally we get (12.2).

13



(IT) H (t) is nonlinear : First, by using (2.29)), (2.8)) and (2.9) we deduce that
L(t)=L(t)+x(t),

is nonnegative and satisfies, for all t > ¢

l 2
V(O < =0l (= )10y 50— ) [ (a4 67)d )
2

l
—6a—w@(/Vwm) 5 (1= 1) e ooy — 5(1 = 15) [0 2o
0

1 1
_z_lgl O Ugy () — 1g2 00, (t);
< —b3E(t),

where b3 is some positive constant. Therefore
t
bg/ B(s)ds < L(to) — L(t) < L (t),
to

this implies that

[e.e]

/E (s)ds < o0. (2.35)
Define K;(t) and Ks(t) by

1(t) = qfti fol |um um (t — s)|2 dzds,
5 (%) fto fo 10 ( 0, (t — s)|* dads,

where ([2.35)) allows for a constant 0 < ¢ < 1 chosen so that, for all ¢ > t,
K, (t) <1 and K, (t) < 1. (236)

Also, we define A\i(t) and Ay(t) by

A1(t)
Ao (t)

f /1 S fg |ua::r Uzm (t—8>’2d37d5
— Jio 95 () [ 100 (£) — 0, (t — )] davds.

It is easy to verify that A\;(t) < —c E’ (t) and A\o(t) < —c E’ (t). Noting that H; (t); i € {1,2};
is strictly convex on (0,r] and H; (t) = 0, we can infer that

H; (vr) < vH; (),

provided 0 < v < 1 and x € (0,7]. We denote an extension of H; by H;; i € {1,2}; such that
H, is strictly increasing and strictly convex C? function on (0,00). By using Assumption
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(A2), (2.36) and Jensen’s inequality, we can obtain, in the case where K;(t), Ky(t) > 0 for
all t >ty

M0 = s [ KO A O] [ e (0= ¢ P s

> qu [ <>fl<>H1<gl<>>/Olq|um<t)—um<t—s>|2da:ds

> qu 0 [0 00D [ e (0= 0 )P

e aax [ a0 i = ) s

= glq(t ( 91 ( / |t (£) = U ( S)|2d$d8>,

this implies that
/91 /\um — gy (t — 8)[? dxds<;H1 (‘21(%)) (2.37)
and with the same approach, we have

[0 [0-0.0- 9P asas < L (20, (2.39)

We notice that (2.37)) is verified if K;(t) = 0 and that (2.38) is verified if K(t) = 0.
Then ([2.33) becomes

/ 1—1 (gAhi(t) 1—-1 (qha(?) .
F'(t) 2 —mE(t) + 5H1 (T(t)) + EHQ (62 ® ) ; vt > t. (2.39)

Denote

Ho(t) = min{H,, H,}.

For ¢y < r, using |D and the fact that £’ (t) < 0, o > 0, o' > 0,7 € {1,2}; we
find that the functional F} defined by

Fy (t) = Hy (505(%» F(t)+E(t),

is equivalent to £ and

F) = e g(%)) H (50 gfé))) F(t) + H, (50 ];E((é))) F(t) + E'(t)
(o) ™ (i)
! (‘?ji))) . (2.40)
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Let H; be the convex conjugate of H;, i € {1,2} in the sense of Young (see [[7] , pp.61-64])
then

()= (7))~ 1| (/) (0. (241)

and H; satisfied the following Young’s inequality
AB; < H; (A) + H; (B;). (2.42)
With A = Hy, <€0%) and B; = E_l (qf)\l((tg))’ using (2.40)), (2.41)) and ([2.42f), we arrive

at

i < e (0) 0o 54) 2

VAN
|
S
=
=
=
—
&
&
=
~
_l’_

o
=
—
8

=
N
|

(
s DL G S
—mE(t)H, (50%) + cH, <50% !
i o i)
< e gt (o) o (G rem) @9

Then, we multiply (2.43)) by £(t) = min{&,;, &,(t)} to get

IA

SOFI(0) < ~(mEO) — co(t) o) o () ) + ca (u(0)+ alt)
B, (B0
oy () 20

Consequently, with Fy, = £F) + c¢E, which satisfies, for some oy, ay > 0

< —(mE(0) — ceo)&(t)

CY1F2 (t) S E (t) S CYQFQ (t) (244)

and with a suitable choice of ¢y, we obtain, for some constant £ > 0 and for all ¢t > ¢,

Fy () < — ke () 5((8 H, <50 Zf((?)) = k(1) Hy ( Zf(?)) (2.45)

where
H3 (t) = tHo (60t) .

16



We know that, if 0 < gq E((t)) <r, forany t > 0

(k) = w7 (v5) T (om0
t t
= w1 (o) (59

Since H}(t) = Ho(eot) + et Hj(eot), then, using the strict convexity of Hy on (0, 7], we
know that Hj(t), H3(t) > 0 on (0,1]. Then

OélFQ (t)
R(t) =
taking in account ([2.44)) and ([2.45)), satisfies
R(t) ~ E(t), (2.46)

and, for some k; > 0,
R'(t) < —k&(t) H3 (R (1)), Vit > to.

Then, the integration over (to,t) yields

t _R/(S eoR(0) 1 t
ds>k/ )ds = dszk/ s)ds.
o By(R(s) ™2y SO [y sEm® )
R !
— R(t) < 6—H4 ki | &£(s)ds |, (2.47)
0 to
|
where Hy (t) = / H—()ds. Here, we have used, based on the properties of H; and
t Siip (S
Hs, e E((O)) < r,[2.44} the fact that Hy is strictly decreasing function on (0, 7] and 1ir%H4 (t) =
+00. By using (22.46]) and (2.47)) , estimate (2.2) is established. O

3 Conclusion and open question

In this paper we established a general decay for the nonlocal nonlinear suspension bridges
model in one dimensional space under two memories, our method of proof is mainly based on
multipliers techniques. It will be interesting to check the decay rates for both components
of the solutions if one of the memory terms g¢;(¢) is completely zero.
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