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1 | INTRODUCTION

In recent years much about the modeling and understanding of various types of disease spreading and epidemic behavior have
been studied. In principle, one can distinguish two types of models for disease spread. On the one hand, there is the classical
SIR model from Kermack and McKendrick (48) which describes the time evolution of the number of susceptible (S), infected
(D and recovered (R) individuals by a system of ordinary differential equations. This model has been developed and extended
exhaustively in the last 90 years. Among those extensions are the introduction of new compartments to model vector-bourne
diseases, see e.g. (60, 53)), delay equations to model incubation time, e.g. (52), models considering the age and wealth structure
etc. A main drawback of the models described above is that they do not provide any information about the spatial spread of
a disease. Nevertheless, there have been various approaches to link many different SIR areas to obtain spatial behavior. In the
SIR model case, an advection-diffusion equation has been identified as the limiting equation, see e.g. (15). Another approach in
incorporating spatial information for the SIR model may also be found in (59). A series of different models for vector-bourne
diseases such as Dengue fever including stochastic and deterministic models, fractional differential equations or the effect of
climate on the mosquito have been proposed, see e.g. (51} 153} 130} 136} 134, 135} 140, 1551 133} 14} 15, 2| [14) and references therein.
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Of course, there are also many models and far too many to have a comprehensive list, for other arboviruses like Malaria and
Chikungunya which are comparable, see e.g. (1} 13} [12}13)).

Although the SIR-model and all its extensions are very flexible in describing the different aspects of disease dynamics, the
modeling assumptions of the disease spread are purely on the macroscopic level. However, for many different diseases, the
infection mechanism is only known on the microscopic, i.e., particle-to-particle or agent-to-agent level. Especially in disease
spread, it is known how in principle the dynamics looks like on the agent-to-agent level. On the other side, the dynamics of case
numbers like the SIR or SIRUV or SISUV model are very well studied and can be fitted to data at least on a small time scale.
The modeling of spatial disease spread from a microscopic agent-to-agent model has been already done in a cancer model by
(19) and in (8} 9) for a disease with no movement. Partial differential equation (PDE) models for a spatial dynamics have been
proposed, however, up to the authors knowledge, there has not been shown yet, that these PDE models are well-defined scaling
limits arising from a particle system model on the agent-to-agent-interaction, hence the microscopic level. Understanding the
mechanism of disease transmission is one of the core ingredients in fighting diseases and epidemia. For a good forecast of the
outbreak of a disease a sound and profound modeling of different aspects of the disease dynamics has to be done.

One way to consider both microscopical modeling and spatial resolution is to describe the disease dynamics by means of an
interacting particle system on a proper state space with suitable interaction potentials. Fundamental in this area are dynamics
in so-called marked configuration spaces (26, 29). The classical configuration spaces and their application have been studied
by (39). On the note (18) an introduction into the geometry of configuration spaces is provided. The emphasis is given to the
"lifting" procedure which turns out to coincide with the direct approach introduced in (7). The analysis and the geometry for a
class of infinite dimensional manifolds, namely, compound configuration spaces have been exhibited (43)). The paper (42)) deals
with Poisson measure on configuration spaces. The geometry on configuration spaces with marked Poisson measures used in
statistical physics has been developed by (46). Before, Poisson spaces have been studied by e.g. (44). In (41) Gibbs measures
on configuration spaces are investigated.

Configuration space analysis is a tool to give mathematical rigor to dynamics of particles interacting with each other. There

are definitely more tools than that, see e.g. (32) and the references therein. The framework has, however, an advantage if one has
interactions, which can not be expressed by Newton’s law of motion. Typical examples are spin-flip processes, like magnetization
in the Ising model (31), the voter model (16} [38)), the contact process (37), or a model for a lattice gas (56). Further examples
of such a type may be found e.g. in (49, 50, 58). From the modeling point of view, the systems can be compared to cellular
automata but continuous in space. The rules are described by linear operators acting on functions or observables on subsets of a
metric space. A refinement of the models can in many cases be achieved by introducing new aspects of the dynamics due to the
incorporation of new Markov pre-generators. Since this can often be done by just adding the corresponding linear operators, the
systems can be seen as modular. The configuration space techniques together with a proper scaling of the microscopic system,
a so-called Vlasov type scaling, have been recently used to model the dynamics of cancer cells (19).
In our approach, the components of particle configurations consist of susceptible and infected/infectious particles that interact
with one another. One may also easily incorporate other types of particles to model recovery or short time immunity. The
microscopic dynamics then results from suitable "spin-flip"-processes (particle changes the type). The methods to construct
dynamics on multi-component configuration spaces have been extensively developed in (29). One may also consider dynamics
with birth, death, and mobility of particles. It is straightforward to include these parts by adding suitable Markov pre-generators
in the evolution equations. In these models, disease transmission represents the contact between host individuals in directly
transmitted diseases and between host and vector individuals in host-vector diseases.

The intent of this work is to apply a strategy to link suitable microscopic disease models with the classical disease models
on the kinetic level via a scaling limit. Dynamical processes in large interacting systems are often approximately described by
kinetic equations, see e.g. (57, 158). There is definitely a large number of scaling limit methods, such as diffusive scaling limit
(27), Vlasov type scaling limits (28), hydrodynamic limits (47)), etc. The proper choice of the method of scaling depends on the
desired macro-, or mesoscopic quantity one wants to observe. A famous scaling limit method is the Vlasov scaling which is a
proper scaling limit for infinite particle system of Hamiltonian motion. The convergence in the Vlasov scaling limit was shown
by (10) for the Hamiltonian dynamics and by (17) for more general deterministic dynamical systems. A general strategy for the
derivation of Vlasov type equations in the framework of continuous particle systems is described in (20). It is based on a proper
scaling of the hierarchical equations for the evolution of correlation functions and can be interpreted in terms of the rescaled
Markov generators. This scaling is actually of mean-field type which is adapted to preserve the spatial structure. A Vlasov type
scaling for such a dynamics leads to a generalized Boltzmann nonlinear equation for the particle density (28). The existence of
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the rescaled and limiting evolution of correlation functions and the convergence to the limiting evolution have been studied, see
e.g. (211251 24).

Our aim is to apply this approach to the framework of a host-vector disease dynamics with birth-death mechanism in the vector
component and mobility in the host component. A Vlasov type scaling leads on to a time evolution of the underlying correlation
functions. Considering correlation functional of a particular type and under a prescribed structure of initial distributions of the
underlying interacting particle system, we obtain the corresponding kinetic equations. A kinetic description of disease spread
dynamics is widely used and often a starting point of theoretical studies in epidemiology.

We first provide the basic notions that are necessary in order to develop the underlying setting. We give a brief overview of
analysis in one-component configuration spaces. In particular, we describe the configuration space,

Ir:= {y C R? : #(y N A) < oo for every compact A C IRZ},

and the finite configuration space Iy := {y € " : #(y) < oo}. For fixed Radon measure ¢ on (R?, B(R?)), we derive the corre-
sponding Lebesgue-Poisson measure ﬂgz on (I'y, B(I'y)) and the Poisson measure T, on (I, B(I")). Furthermore, we define and
present some properties of the K-transform, a mapping which maps functions defined on I’y into functions defined on I'. The
main feature of this transform is its purely combinatorial property. We provide the dual operator of the K-transform, denoted by
K*. The mapping K* maps probability measures y on I' into measures p,, on I',. Following the terminology used in statistical
mechanics, we call the measures p, correlation measures. For the special case, p, being a measure on I, absolutely contin-
uous with respect to the Lebesgue-Poisson measure, the corresponding Radon-Nykodym derivative yields the corresponding
correlation functional k,. After introducing the concept of correlation measures and functionals, we use those to derive the
time evolution of a particular type of correlation functionals from the corresponding Markov pre-generators representing our
model for host-vector disease dynamics with birth-death mechanism in vector and mobility in host on the microscopic level.
An approach to the study of such a dynamics is based on combinatorial harmonic analysis on configuration spaces. The use
of the K-transform provides the relations between observables and states to quasi-observables and correlation measures. The
starting point for this approach is the Markov pre-generator of the dynamics, denoted by L, related to the forward Kolmogorov
(or Fokker Planck) equation for observables

LF=LF, Flo=F

We assume that the linear operator L determines a Markov process on I with initial distribution u. The relations between
observables, states, quasi-observables, correlation measures and correlation functionals yield a description of the underlying
dynamics in terms of those elements, through the corresponding forward Kolmogorov or Fokker-Planck equations. We con-
struct the multi-component configuration space needed in the modeling of host-vector disease transmission. The definition of
configuration spaces can be extended to multi-component configuration spaces. For host-vector diseases a fundamental model
in terms of ordinary differential equations is the SISUV model. Encoding the basic mechanisms of this model in a correspond-
ing interacting particle system, we have four types of particles (compartments) that are susceptible host (S), infected host (1),
susceptible vector (U), and infected vector (V). This results in the four-component configuration space,

™= {y: (r5. 7" V") eI XTI XTY XTIV @ yiny/ =@, fori#j, i,j € {S,T,U,V}}-

We use the structure of the multi-component configuration spaces to model the disease spread. The interactions in the particle
systems modeling a disease dynamics are described via interaction potentials. Therefore, we have a look at possible potentials
and then on rates which indicate the influence of the surrounding configuration on an infection transition. In our model, we
provide infection, recovery, birth, death, and jump dynamics of particles. A Vlasov type scaling limit is performed in terms of the
stochastic evolution to the full system. This Vlasov type scaling yields the corresponding kinetic equations which provide a space-
dependent mean-field-like approximate description of the evolution of large particle systems. The Vlasov type scaling leads on
to an evolution of the underlying correlation functionals of particular type which reflects with the right choice of the potentials a
classical kinetic description of the disease dynamics. Thereby, we explain the scaling for direct contact and host-vector disease
transmission. The scaling of dynamics includes infection, recovery, birth, death, and jump transition. The Markov pre-generators
are defined on a proper space of functions on the multi-component configuration space. Some numerical simulations of the host-
vector disease dynamics are provided. We simulate and analyze the particle dynamics in spatial simulation. A comparison of
the particle model and the kinetic model is shown. Both models are in good agreement for a large number of simulations and
particles.
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2 | PRELIMINARIES IN CONFIGURATION SPACE ANALYSIS

Configuration space analysis is a tool to give mathematical rigor to dynamics of agents interacting with each other. There are
definitely more tools than that, see e.g. (32). The framework has however an advantage if one has interactions, which can not be
expressed by Newton’s law of motion. Typical examples are spin-flip processes, like magnetization in the Ising model or birth
and death processes (27). From the modeling point of view the systems can be compared to cellular automata but continuous
in space. The rules are described by linear operators acting on a proper space functions defined on configuration space, also
called observables. A refinement of the models can in many cases be achieved by introducing new aspects of the dynamics due
to the incorporation of new Markov pre-generators. Since this can often be done by just adding the corresponding operators,
the systems can be seen as modular. We will give a brief introduction to (one-component) configuration spaces in this section.
However we will not exceed the theory needed throughout this paper. For details we refer the interested reader to (7)), (39), (45)
and the references therein.

2.1 | One-component configuration space

In configuration space analysis one is dealing with locally finite subsets of an underlying metric space. Here the choice of the
underlying metric space is the real plane, which is appropriate to model the spread of a disease. The metric is induced by the
norm coming from the euclidean scalar product. This leads us to the following first definition.

Definition 1 (Configuration space). The configuration space I" over R? is defined by

' =Tg = {y C R? : #(y n A) < oo for every compact A C Rz},
where #(-) denotes the cardinality of a set.

The configurations are thus a union of singletons, which are of finite number if restricted to a compact set. However be aware

that there can be infinite many singletons in a configuration.
The local finiteness (on a compact set) now leads to the fact, that one can identify each y € I" with the positive, integer-valued
Radon measure

D6, € M(R?).

xX€y
Here 6, is the Dirac measure at x, Y, ., 6, is the zero measure, and M(R?) denotes the space of all non-negative Radon
measures on the Borel o-algebra B(R?). In terminology of interacting particle systems one can see this measure as unnormalized
empirical measure. Elements in R? are by this procedure identified with analytic objects one can deal with. Indeed in this way,
I" can be endowed with the vague topology on M(R?), i.e. the coarsest topology on I" with respect to which all mappings

x€y

T3y (fy) = / f@drx) =Y ) ER, feC®RY,
R2

are continuous. Here C,(R?) denotes the set of all continuous functions on R? having compact support. With respect to this
topology, we can define the Borel o-algebra over I which we will denote by B(T").

In order to provide more structure on I', we study at first configurations of a given number of particles, e.g. the 5 particle
configurations. To obtain such statements we consider the so called space of finite configurations.

Definition 2 (Space of finite configurations). We define

Ty :=| |T®, where T := {y €T : #() =n},neN and T := (g},
n=0

and call it the space of finite configurations.

For n € N there is a natural bijection between the spaces '™ and the symmetrization (Rz)n /S, of (Rz)n = {(x 1seeesX,) €
(IRZ)" ‘ x; # x;ifi # j} under the permutation group S, over {1, ...,n}. That means we can identify elements from both

spaces. As a direct consequence the particles in a configuration are considered as indistinguishable. To provide an analysis we
can use the fact that this bijection induces a metrizable topology on I'™. We endow I', with the metrizable topology of disjoint
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union of topological spaces. Again we can define Borel sets and denote the corresponding Borel-c-algebra on '™ and T, by
B(I'™) and B(I'y), respectively.
Let /B,(R?) denote the family of all bounded Borel sets of R? and for A € B,(R?) letT'y :={y €T | y € A}. Evidently,

Ty=| [T, where T :=T, nT™, neN, :=NU{0},
n=0

leading to a situation similar to the one of I'y, described above. We endow I', again with the topology of disjoint union of
topological spaces and with the corresponding Borel-c-algebra B(I", ). With the help of the measurable spaces (F A BT A)) we
are ready to define probability measures on the configuration space (I, B(I")).

Let o be a non-atomic Radon measure on (RZ,B(IR")) with 6(R?) = +oo. Consider e.g., the Lebesgue measure on
(R2, B(R?)). We equip ((R?)", B((R?)")) with the n-dimensional product measure 6 := ¢; ® - ® o,. For z € (0, 00) the
Lebesgue—Poisson measure on (I, B(I'y)) with intensity measure ¢, := z ¢ is given by

[s9)

Zn —~

= Z s

Jo 1= 2o
n=0 """

where 6™, n € N, is the image measure on ('™, B(I'™)) of the product measure ¢ under the mapping
sym™ : ([Rz)n/S,, 5 (xp,...x,) = {x},...x,} €T

For n = 0 one sets 0'/(5)({(3}) := 1. Taking into account that
< 2" o < Z" o(N)"
/162 (FA) = ;) EU( )(FA) = ;) T = exp(gz(/\))’

we define a probability measure 7 ;= exp(—o-z(A))/I(rz on (I'y, B(I')). Using for A € Bb(le) the projection

GZ

oy pp(y) i=ynNAET,,

and applying a version of Kolmogorov’s theorem for projective limit spaces we obtain a unique measure r,_as the limit of the

family {(T, B(T'y)) : A € B,(R*)}. Ty, is called Poisson measure on (I', B(I")) with respect to the intensity measure o,.
Dealing with dynamics of configurations, hence Radon measures, a very important tool is a configuration space version of a

Fourier transform. Indeed such a combinatorial version of the Fourier-transform is given by the so called K-transform.

Definition 3 (K-transform). Let G be a B(I'j)-measurable function with local support, i.e. G|r\r,\ = 0 for some bounded
Borel set A C B,(R?). The K-transform of G is the mapping

KG:T=R, (KGO = Y G

ncy
#(n)<oco

The K-transform hence maps functions defined on I’ into functions defined on I'. Since in the above definition the sum
has only a finite number of summands non-zero, due to the local support property, KG indeed is well defined. In particular
(K G)|FA is B(I",)-measurable and (K G)|FA(7/A) = (KG)(y) for every configuration y € I', hence KG fulfills the properties of
a cylinder function in the classical sense. In particular, in the case G is a bounded B(I'y)-measurable function with bounded
support, i.e. Gll"a\l_l,ﬂv:o ro = 0, for some natural number N and A € B,(R?), one finds [(KG)(y)| < C(1 + |y,D)V, for C > |G|
and all y € I'. Which means K G is polynomially bounded. Since this is a very special and important class in our consideration
we define the following space:

Definition 4. The space of bounded B(I';)-measurable functions with bounded support is denoted by B, (I';).

As the K-transform can be seen as combinatorial version of the Fourier transform, indeed one can show the following theorem,
linking cylinder functions and the K-transform.

Theorem 1 ((45,39). The K-transform is a linear isomorphism which inverse mapping is defined on cylinder functions by
(KT F)(n) 2= Y (-DMNIFE), ner,
éCn

Of all elements in the domain of the K-transform the so-called coherent states e, (f) play a special role.



Definition S (coherent state). A coherent state e, (f) corresponding to a 3(R")-measurable function f with compact support
is defined by

e, (fm=]]re. neto\io), e(f.0) =1

xen

If f has compact support, then the image e,(f) under the K-transform is a well-defined function on I" given by

(Ke;(SN(r) = H(l +f(x), rel.

X€E€y

Our aim in Section [3]is to identify the dynamics on the configuration space as the time evolution of certain measures. For this
purpose it is important to consider also the dual operator K* of the K-transform K.

Definition 6. Let M}m(f‘ ) denote the set of probability measures on (I, B(I")) with finite local moments of all orders, i.e.

/#(y NA)'du(y) < oo foralln € Nandall A € By(R).

r

For u € M}m(l“) we define the correlation measure p,, := K*u corresponding to u by

/G(n)dpy(n)= /(KG)(V)dM(y), G € By, (I'y). )
r

Ty
Observe that p,, is a measure on (I'y, B(I'y)) and K |G| is p-integrable under the above conditions, thus B, (I'j) C L! Tos p,)-

Moreover, by Definition @ the inequality ||[KG|l i, < Gl Li(Tyin,) holds on By (I'y), allowing an extension of the K-
transform to a bounded linear operator K : Ll(FO; p u) — LY(T; p) in such a way that still holds for G € Ll(l"o; p M). For the
extended operator the explicit representation still holds now u-a.e. Moreover, we have that p,, is locally finite, i.e., p,, (FX')) < o0
for all n € Ny and A € B,(R?).

3 | THE GENERAL STRATEGY

In this section we provide the general strategy of our approach which will be applied in a later section to the particular problem
of a host-vector disease dynamics. This approach is developed in (26)) for stochastic dynamics in (one-component) config-
uration space and generalized in (29) to the situation of stochastic dynamics in a multi-component configuration space. A
multi-component configuration space is serving as state space in our application. In this section we provide the ideas originated
and worked out in detail in (26).

3.1 | Markov generators and related evolution equations

Heuristically, the stochastic evolution of an infinite particle system is described by a Markov process on I', which is determined
by a Markov generator L defined on a proper space of functions on I'.

In applications there is a need of knowledge on certain characteristics of the stochastic evolution in terms of mean values
rather than point wise These characteristics concern e.g. observables, i.e., measurable functions defined on I" for which expected
values are given by

(F,pu) 1=/F(7)d/4(7/),
I

where p is a probability measure on B(I'), i.e., a state of the system. Suppose that the initial distribution of particles in our
system, i.e., the initial state of our system, is a probability measure y, with all moments finite. For r > 0 let y, be the distribution

of particles at time ¢, i.e., the state of the system at time ¢. This leads to the following time evolution problem on states,

d
E(Ru,) =(LF,u), u —y = Ho- 2

0



For F being of type F = KG with some G € By,¢(I')) we use (I} to obtain
- - d d
/(K 'LK)G(n) dp,, (n) = /K(K 'LKG)(y)dp(y) = p / KG(y)du(y) = pr / G(mdp, (n).
I, r r I,
Moreover, setting L := K~' LK we have

/ LG dp,, =< / G dp, (. 5] _ = pu 3)

1=
F0 FO

Definition 7 (correlation functional). If for y € M%m(l“) the corresponding correlation measure Py is absolutely contin-

. . . . . dp, .
uous with respect to the Lebesgue-Poisson measure 4, on B(FO), its Radon-Nikodym derivative k, := di“ is called the

correlation functional corresponding to u. ’

Now assuming that the correlation measures p, for r > 0 are absolutely continuous with respect to the Lebesgue-Poisson

measure A, we can rewrite li in terms of correlation functionals k, := ku,’ t >0, see Deﬁnition This reads

d .
T(G k) = (LG ). k| = ko, @
where (-, -)) is the usual pairing
(G.k,) = / G(n) k() d A,(n). &)
l—‘0
A strong version of Equation (4)) is given by
d - _
k=L, k,)tzo = ky, 6)
with L* being the dual operator of L in the sense defined in .
One may associate to any correlation functional k, on I'; a sequence {k(”)} , where
H ) neN,
K" =k . 7
H M’{ﬂern S #(n)=n} @

are symmetric functions on (R?)", n € N,,. These functions are called the n-point correlation functions corresponding to the
measure y.

Remark 1. Forn € N, kfj‘) describes the n-th moment of the state y and in the special case n = 1 the one point correlation
function kill) is the particle density of the system in state u. This can be seen as follows. Let A C R? be bounded and consider
the observable

I'sym Ny :=#Any) e N,
i.e., we observe the number of particles in A. Moreover, we need the quasi-observable (a measurable function on I'))
e 2
G:Ty—>R, e 1,(x) ifp={x}, xeR .
0 else
Hence for a system in state u the expected number of particles in A is given by

/NA(V)dM(J/)=/Z]lA(X)dﬂ(}’)=/(KG)(}/)d/4(}/)=/G('7)dp,,(f1)=/kﬁ,l)(X)dx, ®)
r r r A

XEy r,

where here the intensity measure for the Lebesgue-Poisson measure is taken to be the Lebesgue measure, i.e., ¢ := dx and
z = 1. The right hand side of (8) is a measure on A and therefore, kg) is the particle density of the system.

Related to (@) one has a countably infinite number of equations having a hierarchical structure,

d o _ §+,m (n) )
ik =Lk =k ne N, ©)
where each equation only depends on a finite number of coordinates. Let us stress that () is nothing else but a hierarchical system

of equations corresponding to the Markov generator L. This system has the same meaning as the BBGKY hierarchy in the case
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of Hamiltonian dynamics. As a result we have reduced the infinite dimensional problem (2)) to the infinite system of equations
(). However, recall that due to (4) we are only interested in weak solutions to (9). To derive solutions to (2 from solutions to
an additional analysis is needed, namely, to distinguish the correlation functionals from the set of solutions to (@).

3.2 | Vlasov type scaling

The so-called Vlasov type scaling or kinetic scaling starts with scaling the Markov generator of the underlying dynamics with
respect to a parameter € > 0 in a proper way. Therefore, we get scaled versions of equations @ and @), ie., ﬁ: instead of L*. The
next important step in the Vlasov type scaling concerns the proper rescaling of the initial state of the system. Or, equivalently,
in the language of n-point correlation functions, it means the proper rescaling of the initial conditions of the evolution of n-
point correlation functions. More precisely, at the beginning we scale kg') with parameter € > 0 in such a way that the resulting

functions kg”i as € — 0 behave as follows

) 1= €"k) > (), € -0, n €T, (10)
where for n € N the symmetric functions rg')
An important case is to take

are a subject of choice for our concrete example.

ey X)) = pg(x) - py(X,) = €4(pgs (X10 X, s Py 2 RE = (0, +00),

corresponding to an independent initial distribution of particles.

It is clear that such a rescaling of the initial condition leads to a singular function with respect to € > 0. In applications, this
fact can be interpreted as the growth of density of the system with e — 0. For n € N, we denote by kﬁ"g the solution of the
functional evolution

4

dt
One can expect that this solution will be also singular with respect to € > 0. Moreover, we should choose a type of scaling of
the generators which preserves the order of this singularity. Namely, for n € N, and € > 0 we consider

) _ pxq(n) () )
ke = Lk, kY| =k

e Le’ :0_ 0"

() ._ _np(n)
ree =€k,
and assume that
rE'? - rE"), e— 0.
This is equivalent to investigating the Cauchy problem for the operators I:: ren = Re ﬁ: R,1, € > 0, where for 6 > 0 and a
correlation functional k,, we have (R;k,)(n) := ¥k (). Hence the associated Cauchy problem reads
d .
Ert,e = L:,renrt,e’ rt,e =0 = rO,s’
where we use the identification via ll We seek for the limit I:: ren — V as e — 0. Using the initial condition r,|,_o = r,

where r, is associated to the sequence (rg'))neN(J in 1j the solution r, of the Vlasov equation

d

=V n| = (1)

(n)

clearly implies that the associated sequence (r,"),

is again of the form
0
FO(yx) = 0 o p(x,) = €4 (o X pn X, D) py t RT > (0, +00),
where p, is determined by the kinetic equation

2o =0p) (12)

and v is derived from the (nonlinear) limiting operator V.
In other words, considering the Vlasov equation (1'1;1'[) with initial condition r, of the form

rom) 1=e;(pp,n), nerl, 13)
the solution r, at time ¢ > 0 is of the same type, i.e.

rt(n) = eﬁ(pw 7’[), 7’ € F’ (14)



and p, is determined by the kinetic equation (12).

Remark 2. The fact that solutions of the Vlasov equation 1| with initial condition are of type for all times ¢ > 0,
is in literature known as preservation of chaos. Note that this property is guarantied when applying the above described
Vlasov type scaling.

4 | MARKOV EVOLUTIONS IN A HOST-VECTOR DISEASE DYNAMICS

The application in this article is devoted to the vector-borne disease spread. We identify the agents (host and vector) with their
corresponding positions in R2. Since host and vector have to be distinguished and moreover, since the fact that one can not be
infected and susceptible at the same time should be a feature of the model, we put all of these agents in different compartments
(we deal with particles of four types). For this purpose an appropriate state space for the disease spread dynamics turns out to
be the four-component configuration space.

4.1 | Four-component configuration space

The underlying state space is built up with the help of the (one-component) configuration space I', see Subsection [2.1]

Definition 8 (state space for host-vector disease dynamics). Let ™S, 'Y, TV and I'” be four copies of the configuration space
I'. The configuration space for a host-vector disease spread model is defined as

= {y= (5" Yy") eI XTI xTU TV @ yiny/ =@, fori# j, i,j € {S,I,U,V}},
and the finite configuration space as
Dy o= {n=(r"n":n".n") €T XTYXTY XTIy 2 'l = @, fori # . i) € (S.1LU.V}}.

We endow I'* and T'j with the product topology induced by the topological spaces I'S, I/, TV, T and I'S, I'}, I'{, T}, respec-
tively, and with the corresponding Borel-c-algebras. Moreover, we consider the corresponding product measures on (I'*, B(I™))
and (T'%, B(Fg)), respectively, obtained from the constructed measures in the one-component situation.

Next we generalize the K-transform, well-known in the one-component case, to the four-component setting. We make use of

functions with bounded support

By (Fg) = {G : Fg — R measurable : G

NS NI NU NV
r\ (g )< (e, )x (urs e, )< (uxsrn, )

for some compact A%, A", AV, A” c R and N¥, N', NV, NV e Ny},

where a BT 3)—measurable function G is called quasi observable, to define the K-transform of G:

KG) (rS. 7 V) = D D Y Gt

l']SC}'S Y]IC}/I YIUC}’U nVCyV

#nS)<oo #(nT) <00 #(nU)] <o0 #(n¥ ) <o
Even in this more general situation, we have all the properties discussed in Subsection In particular, K : Bbs(l“g) -
K (Bbs(l"g)) is a linear and positivity preserving isomorphism whose inverse mapping is defined by

(K'F)n®.n" 0" 0" = Z Z Z Z (=N N PN | S el gU eV,
éscﬂs flCn' «éUCrIU -fVCnV
The corresponding definitions of the correlation measures and the correlation functionals follow straight forward as in the

one-component case.

4.2 | Markov generators and related evolution equations in host-vector disease dynamics

Heuristically, the stochastic evolution of an infinite four-component particle system is described by a Markov process on I'*,
which is determined by a Markov generator L defined on a proper space of functions on I'*. In this section we provide the
Markov pre-generator in the particular application of a host-vetor disease dynamics with birth-death mechanism in the vector
components and mobility in the host components. We use the terminology of a Markov pre-generator, since we do not show
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here, that the given linear operator is indeed the generator of an associated Markov process. Such a construction could be done
using the theory of operator semi groups, see e.g. (23).

4.2.1 | Evolution of observables

We consider the host-vector disease transmission with birth-death in vector and mobility in host. We assume here that the lifespan
of a host is much longer than that of the vector. Here we have humans and mosquitoes in mind. The model could also be adapted
with birth-death dynamics of humans and mobility of vectors. However for the sake of simplicity these considerations are taken
out from this article. For a short time span of some month the dynamics however will reflect the disease spread mechanism.

In the following we will introduce the different Markov pre-generators used for the modeling of the disease spread. All of them
are combined in the complete model given by the Markov pre-generator L := L, + L,, where L, is provided in (I5) and L, is

given by (T6).

Infection

The pre-generator of the infection has to cope the following reaction equation:
S+VeI+V,

with a certain rate. This means we have have a mechanism, which takes a particle at a location x € R? from the compartment
of susceptible (S) and puts it in the compartment of infected hosts (I). The rate is dependent on the compartment of infected
vectors (V). On the host level we obtain the pre-generator:

(Lot F)¥) 1= ), e(x.7) (F(ys\x,y’ ux, Yy = F(rS.r Y rY) >
x€yS
On the vector side, an infection of a vector occurs if an infected host gets in contact with a susceptible vector. The dynamics is
an analogue to the one for the hosts. We obtain

(LointF)0) 1= Y e (x.7") (F(J/S,V’,yU\x,yV ux)—F(rS.r".vY.r") )
xeylV

Specification of the infection rate. ~ In our model the prescribed flip from a healthy host (vector) getting infected by the sur-
rounding infected vectors (hosts) happens with a certain rate of infection ¢, (c,). With R € (0, c0) we denote the maximal
distance of possible infection for a single healthy individual at direct contact with an infected one. Via the function

[0,00) 5 1= ¢r(r) := @(r) € [0, ),
we describe the potential of infection for a healthy individual depending on distance to a single infected individual, where ¢ 5

is e.g. of the form given in Figure For fixed x € R? the rate of infection for host and vector are given by
c(xy”) = ) Buplx—yl) and c,(x.7") = ) Bb(lx -],

yer” yer!

where the constants f,,, §, € [0, 1] are risk of infection for host and vector, respectively.

1.0

0.8

0.6

Pr

0.4

0.2

0.00 0.05 0.10 0.15 0.20
r

FIGURE 1 Distance dependent risk of infection for a susceptible individual in range of an infected one (R = 0.05)
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Mobility

The transport of particles is done by a so-called Kawasaki dynamics. In our model just the hosts move due to a kernel function
depending on the configuration. We have thus to specify a mechanism taking a host from the susceptible or infected compartment
at a location x and then put it back in the same compartment but in a location x’. We have:

Laman )@ 1= ) /as(x,y)< F(yS\xuy.y' 7Y 7") = F(yS.r".vY.7Y) )dy
xEySRZ

+ Xer | "I(x’y)<F(7S’YI\ny’ yUrY) = F(rSr' o vrY) )dy.
R2

Thus the disease dynamics on the agent-to-agent level for host and vector is provided by

L = X alxr’) (Frs\er vxatr’) = F(rSol V) ) (1s)
XEYy
+ X ah(F(yS ux,y"\x.7Y. ") = F(rS.7".7Y.7") )
xeyl!

+Yeys | @5 (x, y)<F(yS\XUy,7’,J/U,VV) - F(rS.vvv.0Y) )dy
R2

+ e fa’(x,y)<F(yS,y’\xUy,yU,y") - F(y5.r"7Y.0") )dy
[RZ

and

LF)P) = X a(xr”) (FOrSr P \xr” ux) = F(rSp"pV0Y) ) (16)

xeyV

+/b<F(y5,y’,yU ux,y") = F(rS.v"r%.y") >dx
R2

+ X d”(F(J/S,y’,y”\x,yV)—F(yS,y’,y”,y"))
xeyV

+ X d’<F(75,J/’,yU,YV\x)—F(J/S,y’,y”,y")>,
xeyV

where the function ch(x, yV) > 0 is infection rate for host, the constant a;, € [0, 1] is recovery rate for host, the function
cu(x, yl ) > 0 is infection rate for vector, the constants b € [0, 1] birth rate for vector, d¥ € [0, 1] death rate for susceptible
vector, d” € [0, 1] death rate for infected vector, the functions a°(x, y) mobility rate for susceptible host and a’(x, y) mobility
rate for infected host.

Since we now have the Markov pre-generator L := L, + L, defined for suitable functions on I'*, in hand, we can state the

time evolution problem on states
d
i Fou) =(LF. ). | = Ho,

where y, is a probability measure on (I'*, B(I'*)) with all moments finite describing the initial state of the system and ; is the
state of the system at time ¢ > 0.

4.3 | Evolution of correlation functions

Recall that our goal is to describe the time evolution of the particle density in our four-component system. Following the proce-
dure as outlined in Section [3| we have to go for the time evolution of the corresponding 1-point-correlation functions. Thus we
need to specify the time evolution problem for correlation functionals first. We obtain the following

Corollary 1. The dual operator ]:’;l corresponding to ﬁh := K~'L,K is given by

LM = Xeys Zxey BudUx =y k(n5 Ux.n\x.nV.0") = X s Tey Bud(Ix =y k(050" 0" . 1"")
+ Y ens | Bud(x =y k(n® Ux,n"\x,n",n" Uy) dy
Rz

ersjlhd(l; yl) (3’11’; o1 y) y
n
R2

+ X ens Tk (15\x,n" U x, 0¥, 0" ) —#n" apk(n®,n" 0%, n"")
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+ Yeys | 5, y)(k(ns\x vyt ¥ n") —k(nS.n'.nY.n") ) dy
R2
+ X ey [ ' (x, y)<k(f15, n"\xUy,n¥.n") —k(n5,n",n%.n") ) dy
R2
and the dual operator I:: corresponding to iv := K~'L K is given by
(i:k)(”l) = ZXEVJU err,’ ﬂud)(lx - y|)k(r]S, ’7[’ ”IU U X, T’IV\X) - err,U ery” ﬁu¢(|x - J/|)k(”lsv ;1[7 rIU’ er>
+ Y s /2 Bod(Ix = y) k(n®,n" U y,n¥ Ux,n"\x) dy
R
—Yeps [ BodUx =y k(n®,n" Uy nY n") dy+ X o bk (0" 0" \x,n")
R2
—#nV dVk(n®,n" . nY.n") —#n” dVk(nS. 0" 0", ")
Thus for L := K~'LK we have that L* = ﬁz + L

The corresponding time evolution of correlation functionals then reads
d %
k= Lk, k,)tzo = k,.
In order to examine the time evolution of the density of particles, we consider the time evolution of correlation functionals of

the following type,
Definition 9 (1-point correlation functions in the host-vector disease spread model).

kS, n'.nV.n") ifn={x}, n' =@, "V =@.7" =@
0 else
= kMO0 (55 0 Y V) e R,

R? 5 x — k5(x) :={

k. nt v ") ifn=0,n' ={x}, " =2, =2
0 else

— k(O,l,0,0)(nS’nl’nU’nV) c R,

R? 5 x - kl(x) :={

kS ntonV . n")itn=0, n' =@, ¥ = {x},n" =0
0 else

— k(O’O’l’O)(l’[S,V]I,i’]U,r]V) e R,

R?5 x - kY(x) :={

kSl 00"y itn =0, n' =@, ¥ = 2,7 = {x}
0 else

_ k(0,0,0,l)(nS’nl’r]U’r]V) ER,

R? > x - k" (x) :={

knS,nt,nY.n¥) it S = {x}, ' =@, n¥Y =@,7" = {y}

RZ RZ sV =
XxR*3 (x,y) ~ kY (x,y) 0 else

— k(l,O,O,l)(’,IS’ ’71’ ’,]U’ ’,]V) cR

and

kS, n'. V. 0"y it =@, 0 ={x}, Y ={h}.n" =2

RZxR2> (x,y) ~ k'Y(x,y) 1=
0 else

_ k(l,0,0,l)(’,’S’rll’rlU’er) ER.
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Using Definition E] the resulting time evolution of these correlation functions at x € R? for # > 0 is given by
%k,s(X) =~ [ Bu(Ix = y) kY (x, y) dy + akl(x) + [ a®(x,y) (k) = k¥(x)) dy
R2 R2

Lkl = [ Budlx = YD ESV(x, y) dy — akl0) + [ @' (x, y) (Kl = klx)) dy
R2 R2

< L1Ux) = = [ Bub(lx — yD) kU, x) dy + b — dV kU(x) (17)
R2
L) = [ Bu(Ix = YD) KLU0 x) dy — dV KV ().
R2

“

Remark 3. The above system of equations lb is not closed. L.e., the time evolution of the 1-point correlation functions kf ,
k! and kY, k! depends on the time evolution of the 2-point correlation functions k°" and k!U, respectively.

In order to close the time evolution of particle density, we apply the Vlasov type scaling method, described in Subsection[3.2]
. We obtain the resulting renormalized pre-generator V' := V) + V, for the dynamics of correlation functionals, where V,, and
V, are given by

Vb)) = Xocys [ BudUx =D k(n® Ux,n"\x,nV. 0" Uy) dy = s [ Bud(x =y k(050" 0%, 0" Uy) dy
R2 R2
+ errzs ahk(ﬂS\X,’?’ Ux, VIUJ’IV) _ #’7[ ahk(i’]‘g,l’[’,l’[U,l’]V)
+ e | @5 (x, y)<k(rls\x uy.nl.nV.n") —k(nS.n',n".n") ) dy
R2
+ Y ey [ ax, y)<k(115, n"\xUy,n¥.n") = k(n®,n".n",n") > dy
R2
and
Vb)) = Yoeps [ Bud(Ux = yD k(50" Uy, i Ux,n"\x) = X s [ BobUx =y k(n®,n" U y.nY,n")
R2 R2
+2xenU bk(ﬂs,ﬂl,’?U\x,ﬂv) _ ZXG}']U dUk(ﬂS’ﬂI,ﬂU,ﬂV) _ ern" de(nS’nI’nU,nV) .
Hence we analyze the Vlasov equation

%rt(nS’nl,nU’nV) — (V";)(’?S’ﬂl,ﬂU’ﬂV)

with initial condition

ro(n®.n" 0% n") = e, (p5. 0.0 00 1% 0" 0" n"")
with given initial densities pf) :R? > Rfor/ € {S,1,U,V}.Fort > 0in the particular situation where we pass to renormalized
versions of 1-point correlation functions, as provided in Definition [0}

. 1,0,0.0
RZBXHpIS(x) .:rf )(ﬂs,ﬂl,ﬂU,ﬂV) ER,
R?> x ptl(x) = ﬂS,ﬂls'IUsﬂv) ER,
. 00,10
R>> x th(x) = ’”5 )(HS,WI,UU,WV) ER,

R?>> x p:/(x) =

rEO, 1,0,0) (

0,0,0,1
rOOOD (S il Y n") eR,

this analysis results in the system of equations

-

Lp3x) = =By (b * P! ) ()p5x) + o) + [ a5(x, ) (p50) = p5(x)) dy
R2
Lpl(x) = By (& * p} ) ()p5x) — o) + [ @l (x, y) (p](y) = pl(x)) dy
RZ

%pt"(x) =B, (¢ * p! ) ()pY(x) + b — d¥ pU(x)
20/ () =B, (& * pf ) ()p{(x) = d” ) (x)

(18)

S

where s denotes the convolution operator.

Remark 4. The system of equations provides the kinetic description of the host-vector disease dynamics with birth-death
and mobility mechanism obtained via a Vlasov type scaling.
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Note that the scaled and renormalized dual operator ﬁ: ren Of the operator L* as provided in Corollaryis given in Appendix
[APPENDIX A7 In this representation the particular nature of the proper scaling gets visible.

S | NUMERICAL SIMULATION

To illustrate the above analytical considerations, we show computational results of both the particle system and the corresponding
kinetic equations. However, one has to be careful about the direct comparison of the particle system in the numerical simulation
and the dynamics of particles in the framework of configuration spaces. In the latter, one has that the configurations are locally
finite but can indeed have infinite many particles, which is of course not possible in simulations. In addition to this fact, the
particle dynamics is implemented with boundary conditions, leading to a dynamics in the unit square, which is also different
from the setting in configuration space. However, using the above mentioned choice of the interaction potentials an increase of
the number of particles approximates the resulting kinetic equations obtained from the Vlasov type scaling in the configuration
space framework.

The spread of the disease is modeled via a flip from susceptible to infected states. The flip is performed according to an
infection rate. Since the infected vectors (hosts) influence the infection rate of host (vector) at a certain point in the area, the
computation of these rates is the main task during the numerical evaluation. After the infection rates of host (vector) are computed
for every susceptible host (vector), a uniformly distributed random variable is chosen and compared to the infection rate of host
(vector) in order to transmit the host (vector) from the susceptible to the infected state or not.

FIGURE 2 Microscopic system of host-vector disease transmission

In the particle simulation - as mentioned above - we consider the space [0, 1] X [0, 1] C R?. We choose the risk of infection
for host #, = 0.1 and vector B, = 0.2, the recovery rate for host @ = 0.14, the mobility rate for host from x to y a5(x,y) =

a'(x,y) = [ Iy; dx with y = 0.2, the birth rate for vector b = 0.5, and the death rate for vector dV = d¥ = 0.3. The

_x|u+l
potential of infection is ¢z as given in Figure[I'] As initial condition, we have 2500 hosts and 800 vectors. The spread of the
disease is shown in Figure[2 | Susceptible hosts are depicted as black spots, infected hosts as red spots, susceptible vectors as
blue spots, and infected vectors as yellow spots. In the simulation we fix two spaces for vector, i.e. the squares [0, 0.4] X [0, 0.4]

and [0.6,1] x [0.6, 1]. Figureshows a spatial distribution of hosts and vectors evolving in time. We also simulate the kinetic
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equations to compare them with the particle simulation. For this purpose, we choose the same parameters as in the particle
simulation. In order to tackle the problem numerically, we partition the domain [0, 1] X [0, 1] in 2500 sub-domains. The system
of kinetic equations is solved via a standard finite differences method with Ax = 0.02 and At = 0.01. Figure[3 |shows a spatial
solution of the kinetic equations for infected hosts. For infected vectors, the spatial solution of kinetic equations is comparable
with the one obtained from the particle dynamics averaged over hundred runs. The comparison between the dynamics in the
kinetic and the particle approximation is shown in Figure ]

10

08 | ] 05 08 08 08 08
02 . 02 02 02 02

t=0 t=05 t=1

10

t=2 t=5 t=10

FIGURE 3 Numerical solution of the kinetic equations for the infected host

It is interesting to see, that the case numbers reflect the a standard SISUV system, see Fig.4. The kinetic equations and the
particle dynamics vary slightly in comparison of case numbers. Especially in the host dynamics this difference is evident. The
very good agreement in the case of vectors is due to the larger number of vectors compared to the number of hosts. Moreover, the
average here is just performed over 100 runs with uniform initial conditions, which maybe is too few to really find the averaged
particle dynamics in the asymptotic regime. Although the small number of simulations one finds both qualitatively already in
good agreement. The influence of the initial conditions such as the number and spatial distribution of infected hosts and vectors
reflects in the case numbers just in the speed of disease spread. In the classical SISUV model, different initial conditions would
lead to a different infection rate. This can also be directly seen in the Vlasov type limit, namely in the convolution term, which
is then - to obtain just the case numbers in time - integrated over the spatial variable.

6 | CONCLUSION

The intention of this article is to show that the Vlasov type scaling, which is a mean-field-like scaling of an interacting particle
system, leads to the known equations used in epidemiology to model host-vector disease spread on the kinetic level. Configu-
ration space analysis is here a very powerful tool to model the dynamics on the microscopic level using Markov pre-generators
known from hop and flip processes. The concepts of harmonic analysis in this framework, established e.g. in (45), are used
to derive first the dynamics of correlation functions - giving a hierarchical system of equations comparable to the well known
BBGKY hierarchy in Hamiltonian dynamics. Then a proper Vlasov type scaling guaranties that the resulting Vlasov hierarchy
is closed and possesses the property of preservation of chaos. The limiting system of time evolution equations is non-linear and
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FIGURE 4 Dynamics of the particle model averaged over a hundred runs and the kinetic equations for susceptible and infected
compartment of (a) host and (b) vector

strongly related to the well-known Fisher-KPP equations. A numerical analysis strengthens the analytical results. Moreover, the

dynamics of case numbers over time gives qualitatively the solution of a SISUV-ODE system. The microscopic dynamics hence
leads to the right behavior in the scaling limit.

It is however still an open question, if this is the only possible scaling leading to such a system of equations or if another
kind of scaling procedure provides the same kinetic and hence mesoscopic dynamics. The spatial resolution of the problem

however can give rise to study spatial control of such systems or predict outbreaks from spatially known microscopic data. These
considerations will be postponed for a later study.
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[

APPENDIX A: RENORMALIZED SCALED DUAL OPERATORS FOR THE HOST-VECTOR
DISEASE DYNAMICS

In order to close the time evolution of the particle density, we apply a Vlasov type scaling as described in Section 3.2. Here we
provide the corresponding rescaled operators.

First, we scale the infection operator using ¢, = €¢,

T % S 1 U .V
Ly ek (0" 0% ")
— HOS D+ )+

><< Yot X B ¢5(|y _ )7|) e~ F@TUYDHH\ YD+ +#("))
yen! &iyen

xk(n5 U {y}.n" \ {y}.n".n")
~ — S I U v
- erns ZfenV ﬂh ¢g(|x - yl) £ (#(” P ))k(nS9 71[’ ’7U7 77V)
+Y o fRZ B ¢$(|y _ J~,|) e~ (FOP Uy DHE \ YD+ +#(0" V(7))
yen
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xk(nS U {y}.n" \ {y}.nV.n" U {3}) dy
-y s fRZ By & (|x _ J7|) £~ (Ha )+ 1+ )+ V(D)
X€EN €

Xk (%, 0", 1. n" U {5}) dﬁ)

=Y e Zyer P dUy =D k(n® U (y},n" \ (v},nY.n")
- er,,s Zyenv Br e d(|x — 5’|)k(ﬂs,ﬂl,ﬂu,ﬂv)
+ Y en Jae Bred(y =D e k(nS U {yh.n' \ {¥}.nY.n" U {§}) d
— Yens e PredUx = 3D k(n®,n" .0V, 0" U (§}) dy
=Y ey Lyen Pre Uy =D k(n® U {yhn' \ {y},7Y.n")
— Y vens Zsep Pre dUx =5 k(n®,n",n",n")
+ X en Joo Ba Uy = 3D k(05 U (yhn" \ Ay} nYsn” U (3)) dF
= Yens Jao B dUx = 5 k(050" .0V n" U {3}) d5.

Taking € — 0 we obtain the renormalized operator

(Vh,infk)(rls’ ’1[7 rlUv ”IV) = limeeo(i‘z’infys’renk)(”S’ i’]’, ’7U7 ”V)
=Y ent Joo Br Uy =D k(nS U {y}.n" \ (¥} 0. 0" U (7)) dy
- ZXGﬂS /Rz ﬂh (p(lx - J7|)k(775, 7119 77U, er U {j}}) dj}

For the birth operator we consider b, = i—’,

7% S 1 U V
Lv,birth,s,renk)(n LY/ )
= 5#(ﬂs)+#('1’)+#(flu)+#('1v)

x( Yseqy b e FOIHHAIHUNSDHET ) e (S I gU \ (%), 1) >
xen > > >

=€ Yo 2 k(n% 0" 0V \ {%},1")
= Yeep bk(nS, 0" 0¥ \ (x},1").

Taking € — 0 we obtain the renormalized operator

Ve (n%.0" 0% 0") i=Tim, (L (5.0t 0¥ ")

v,birth,e,ren

= Yo bk(nS.n" .0V \ {x},7").

For the recovery, death and jump operator no scaling is needed. Finally, we obtain the renormalized generator for the dynamics
of correlation functionals,

V) (150" .0V n"")
=Y ent Jaz a0y =D k(nS U {y}.n" \ ()0 0" U (7)) dy
— Yvens Jre Br 0Ux =D k(n5, 0", 0V n" U (5}) d
+ ey G k(n5\ (xbon U ixhn nY) —#n") ay k(n,n" 0% n"),

and

V) (5.0 0¥, ")
= Ysen Jao B 0T =D k(n,n" U (¥}, 0V U {Fha" \ (5}) dy
— Yient Juo Bo dUX =YD k(50" U {y},nY,n") dy
+E)”c€17u bk(ns,nl,ﬂU \ {x}’nV) _ ZienU dUk(nS’”I’nU’nV)
— Niey dVk(nS V0" ).
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