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Abstract

The main objective of this article is to investigate the dynamical transition
for a 3-component Lotka-Volterra model with diffusion. Based on the spectral
analysis, the principle of exchange of stability conditions for eigenvalues are
obtained. In addition, when §y < &1, the first eigenvalues are complex, and
we show that the system undergoes a continuous or jump transition. In the
small oscillation frequency limit, the transition is always continuous and the
time periodic rolls are stable after the transition.

In the case where §y > 71, the first eigenvalue is real. Generically, the first
eigenvalue is simple and all three types of transition are possible. In particular,
the transition is mixed if fQ eiodx # 0, and is continuous or jump in the case
where [, €} dr = 0. In this case we also show that the system bifurcates to two
saddle points on § < d; as § > 0, and bifurcates to two stable singular points
on & >0y as § < 0 where 0 depends on the system parameters.
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1. Introduction

In this paper, we consider the following 3-component Lotka-Volterra model

with diffusion

up = d1Au+u(a; — bju — v — kyw),
vy = do Av 4 v(ag — cou — bav — kow), (1.1)
wy = dsAw + w(—r + a1kiu + azksv),

where u, v are the population densities of two competing prey and w is the
population density of its predator. The habitat @ C R™ is a bounded domain
with smooth boundary 0Q. r,a;,b;, ¢, 0, k(i = 1,2) and d;(j = 1,2,3) are
positive constants. a; and ag represent the intrinsic growth rate, b; and ¢;(i =
1,2) represent the intra-specific and inter-specific competition rates of u and v,
k1 and ko are the predation rate of w, ar; and as are the transformation rate of
predation, and r is the death rate of w. dy, do and d3 are represent the diffusion
rates of u, v and w respectively.

Here, we focus on the system (1.1) supplemented with the following initial

condition:
u(,0) =, v(@,0) =", w(z,0)=u, (1.2)

and the Neumann boundary condition:

Jdu
on

_»
s On

_ Ow

=—| =0, (1.3)
s On

o0

where % is the outward normal derivative on 92. The Neumann boundary con-
dition in (1.3) was interpreted as the condition that the system is self-contained
with zero population flux across the boundary.

For two species Lotka-Volterra (LV) systems, there has been largely dis-
cussed in the past several decades. Kuto and Tsujikawa [1] considered a general
stationary Lotka-Volterra competition model with diffusion. They obtained the
existence of nonconstant solutions by the Leray-Schauder degree theory and

derived a limiting system as diffusion of one of the species tending to infinity.



Eilbeck et al.[2] studied the two species Lotka-Volterra competition model and
obtained the existence and non-uniqueness of coexistence solutions for a wide
range of parameters. Other results related to the two species Lotka-Volterra
competition model, we refer to other studies [3, 4, 5, 6] and the references
therein.

However, very little result is known about the three species Lotka-Volterra
model. In general, three species systems are very complicated even in the ordi-
nary differential equations case. In recent years, the three species Lotka-Volterra
model with diffusion was studied by some investigators. Lou et al.[7] considered
the role of cross-diffusion in the 3x3 Lotka-Volterra competition model, and
obtained the existence of non-constant steady states created by cross-diffusion
in 3x3 systems. In [8], Pang and Wang studied a strongly coupled system of a
two-predator-one-prey ecosystem, they demonstrated the emergence of station-
ary patterns for this system, and showed that it is due to the cross diffusion
that arises naturally in the model. Moreover, Ali et al.[9] studied the prey-
predator-top-predator system, in addition, they point out that the system ex-
hibits Bogdanov-Takens bifurcation, saddle-node bifurcation, Hopf bifurcation
for suitable choice of the relevant parameters. There are other related works on
three species model, see [10, 11, 12, 13, 14, 15, 16, 17] and references therein.

Although considerable work has been done concerning three competition
model and two-predator-one-prey ecosystem, it is worth noting that it is inter-
esting to investigate two prey and one predator system. In some circumstances,
predation may have a tendency to increase species diversity in competitive com-
munities, which is called predation mediated coexistence. For instance, in [10],
the authors considered the coexistence problem of two competing species medi-
ated by the presence of predator, and speculate that the possibility. Further-
more, Kan-on and Mimura [11] proved the existence of stable spatially inho-
mogeneous positive stationary solutions of (1.1). In addition, Yukio Kan-on
[12] studied the positive stationary solutions by using the singular perturbation
method and the associated singular limit spectral analysis. Moreover, Wang [13]

considered the strongly coupled version of (1.1) and established the existence



and non-existence of non-constant positive solutions.

Motivated by the above papers, what we are concerned in this paper is to
describe the dynamic stability and transition for the system (1.1). The techni-
cal method for the analysis is the dynamical transition theory, which has been
developed by Ma and Wang [18, 19, 20] and has been used to solve many in-
teresting mathematical and physical problems, see [21, 22, 23, 24, 25, 26]. As
is well known, for the system (1.1), due to non-selfadjoint linear operator, the
transition can be caused by real or complex eigenvalues crossing the imaginary
axis. When g > d1, the first eigenvalue is real and simple, and all three types
of transition are possible depending on a non-dimensional number exactly given
in terms of the system parameters. In particular, the transition is mixed if
fQ ezo dxr # 0, and in the case where fQ e%odx = 0 we show that the transition
of the system is continuous as 6 < 0, and is jump as 6 > 0 where 6 is defined
in (4.42). when 0y < d1, the first eigenvalues are complex, and we show that
the system undergoes a continuous or jump transition. In the small oscillation
frequency limit, the transition is always continuous and the time periodic rolls
are stable after the transition.

The rest of this paper is organized as follows. In Section 2, we present
some preliminaries on dynamical transition theory. Section 3 recapitulates (1)
the nondimensional form and the nonnegative basic states of the steady-state
equations for the system (1.1), (2) an abstract form for (1.1), and (3) linear
theory and principle of exchange of stabilities(PES). The main theorems of this

artical are stated and proved in Section 4.

2. Preliminaries

In this section, we introduce the dynamical transition theory for nonlinear
dissipative systems developed by Ma and Wang [18, 19, 20], which provides the
basic method for the following research of this paper.

Let H and H; be two Hilbert spaces, Hy C H be a compact and dense

inclusion. Consider the following abstract nonlinear equation defined on H,



given by

= Lix + G(x, N,

(2.1)
x(0) = xo,

where x(t) is an unknown function, Ly : H;y — H is a linear operator, and
G : Hy — H is a nonlinear operator, A is the system parameter.
Assume that Ly : H; — H is a parameterized linear completely continuous

field depending continuously on A. which satisfies

Ly =—A+ B is a sectorial operator,
A:Hy — H is a linear homeomorphism, (2.2)

B: Hy — H isa compact operator.

Furthermore, we assume that the nonlinear term G : H, - H(0 <o < 1) is

a C" bounded operators (r > 1), where H, is the fractional order space, and

GO A) = ollixlz, )- (2.3)

Hereafter, we always assume the conditions (2.2) and (2.3) hold true, which
imply that the system (2.1) has a dissipative structure.
At first, we recall the mathematical definition of transition for the system

(2.1).

Definition 2.1. (/20]) We say that the system (2.1) has a transition from
(x, A) = (0, N) at Ao if the following two conditions hold true:

(1) if A < Ao, x =0 is locally asymptotically stable for (2.1), and

(2) if A > Xo, there exists a neighborhood U C H of x = 0 independent of \,
such that for any xo € U \ T'x the solution xx(t,xo0) of (2.1) satisfies that

limsup [|xx (%, xo) | > 3(A) >0,
lim &(A) >0,
A= Ao
where 'y is the stable manifold of x = 0, with codim I'y > 1 in H for

A > Ag.



Let the eigenvalues (counting multiplicity) of Ly be given by {3;()) € C|j =
1,2,---}, and let

>0, if A > Ag,

ReBi(A\){ =0, if A=)y, forany 1<i<m, (2.5)
<0, if A< Ao,

Ref;(Mo) <0, for any j >m+ 1. (2.6)

The following theorem is a basic principle of transitions from equilibrium
states, which provides sufficient conditions and a basic classification for transi-
tions of nonlinear dissipative systems. The proof of this Lemma is given in Ma

and Wang [19, 20].

Lemma 2.1. Let the conditions (2.5) and (2.6) hold true. Then the system
(2.1) must have a transition from (x,\) = (0, Xo), and there is a neighborhood
U C H of x =0 such that the transition is one of the following three types:

(1) Continuous transition: There exists an open and dense set (7>\ C U such

that for any xo € (Z, the solution x(t, xo0) of (2.1)satisfies

lim limsup ||xx (¢, x0)||z = 0.
A—=Ao0 t—oo

(2) Jump transition: For any Ao < A < Ao + € with some € > 0, there is an

open and dense set Uy C U such that for any xo € Uy,

lim sup ||xa(t, xo)||lg > 6 > 0, for some § > 0 is independent of \.
t—o0

(3) Mized transition: For any Ag < A < Ao + € with some € > 0, U can be
decomposed into two open sets U and Uy (U7 not necessarily connected):

U=U}+U,U}MNUS =0, such that

lim limsup [|xx (%, x0)||lz = 0, Yxo € U7,

A=Xo  t—oo

limsup ||xa (¢, x0)||zz > 8 > 0, Yxo € Us.
t—o0

where U and U3 are called metastable domain.



3. Mathematical setting and linear problem

8.1. Mathematical setting
The forthcoming analysis is to formulate the evolution equations given in

(1.1) using an abstract functional setting that is standard in the framework of

dynamic transitions.

First, we introduce a set of the following to nondimensionalize the system

(1.1):
w=y o=y w=y
by’ by ki
x =1z t=tot'(to = b1
) 0 0 Oélkflal )

where the prime denotes nondimensionalized variables. Substituting these nondi-

mensional variables into (1.1) and neglecting the prime for all variables for con-
venience, we obtain

ur = e1Au~+ aju(l —u — av —w),

vy = €2Av + Gov(l — yu — v — Kw), (3.1)

w = e3Aw + w(—o + u + qv),

here
dlto _ a2C1
&1 = 2 a; = alt()? a = )
l albg
daty aicy
€9 = 2 a2 = U'QtO) = )
{ a2b1
dsto y arks azbiasks
5’3 = — g =7 0 R = = —
2 ’ ’ agkl’ 0‘,11)20&1](317

and the unknown functions are u, v, w > 0, 2 C R" is a bounded domain, the

parameters are positive constants:
51(1 S’Lg?’)v (_117 C_L27 @, %, Kk, 0, q.
Furthermore, let

RT ={(z1, -+ ,&m) € RT|z; 20,1 <i <m},

_ 10
A= (51782753701170/27047’73"<‘-‘ﬂ0'7q) € R+ .



Then we define the following function spaces,
H = L2(Q)*,

za:{xeﬂ%m3

Ix
I 0 on 89},

where x = (u,v,w).

Define the operators Ly = Ay + By and G : H; — H by

Axx = (e1Au, e2Av, e5Aw),
Byx = (a1u, agv, —ow),
G(x, \) = (—a1u? — arauw — @ uw,
— Gy yuv — Ggv? — Ggkvw, uw + qUw).

Obviously, Ly : Hy — H is a parameterized linear completely continuous field
depending continuously on A, and G : H; — H represents the nonlinear terms
of the equations (3.1).

Thus, the equations (3.1) with (1.2) and (1.3), take the following operator

form:

d
d—x = Lxx +G(x, M),
t (3.2)

x(0) = o,
where \ = (e1,¢e2,¢€3,a1,a2,®, 7, K,0,q) € R
On the other hand, we study the steady-state solutions for the system (3.1).
It is easy to check that the system (3.1) admits seven biologically realistic con-

stant steady-state solutions:

o q—o
¢o = (0,0,0)", o1 =(0,—, )7, gy =(0,0,1—0)7,
q Kq
l—-a 1-—v T T -
= 0 =(1,0,0 =(0,1,0 3.3
#3 (170[7’176“7’)7 1 =(1,0,0)", ¢5=1(0,1,0)", (3.3)

Y6 = (anvo,wo)Ta



where

—o(1—ak) —q(k—1)
q(v = k) = (1 - axk)
(k—1)+0(y—K)
a(y — k) — (1 —ar)’
qy—14+0—q+a—oay
q(y—r)— (1 —ar)

)

Vo =

wo =

Biologically, only positive solutions (ug > 0,v9 > 0,wo > 0) are of inter-
est in the competition of biological population. Hence, we make the natural
assumption: ug > 0,v9 > 0,wg > 0.

In this paper, we mainly focus on the bifurcation and transition problem of
(3.1) at the more general positive steady-state solution g in (3.3).

For this purpose, we take the translation
u=u"+uy, v=0"4+wvy, w=w"+w, (3.4)
Omitting the primes, the system (3.1) with (1.2)-(1.3) becomes
up = €1AU — QU — G1QUQV — G1UW
— &1u2 — a1quY — ajuw,
vy = €9 AV — GaYVoU — GoVgV — GgKVQW (3.5)
— AYuv — &21}2 — Q2KVW,

wy = e3Aw + wou + quov + uw + qUw,

with the initial-boundary conditions

u(z,0) = u’ —ug, v(z,0) =0 —vy, w(z,0)=w"—w,
ou| _ o _ow
oMlyg Onlygg On

(3.6)
= 0.
o

Then it suffices to study the bifurcation solution of (3.5) at the steady-state
solution x = (0,0,0)7.



3.2. Linear theory and principle of exchange of stabilities(PES)
The linearized eigenvalue equations of (3.5) are given by
e1Au — arugu — a1 augv — aruow = S(A)u,
€9 AV — GoYVou — Govov — Ggkvow = B(A)v, (3.7)
esAw 4+ wou + quov = S(A)w.
Let pi and e be the kth eigenvalue and eigenvector of the Laplace operator

A with the Neumann boundary condition:

Aey = —prex, (pr > 0),

%| . (3.8)
o 199 = U-
Let My be the matrix given by
—E1Pk — G1Ug —a1QUg —a1ug
My, = —A27vo —€2Pk — G20 —Q2KVy | - (3.9)
Wo qWo —E€3Pk
Thus, all eigenvalues B(\) = Bii(A) of (3.7) satisfy
Mk = Bri(Mnki, 1<i<3, k=1,2,--+, (3.10)

where n;; € R? is the eigenvector of My corresponding to f(i;(\). Hence, the

eigenvector ¢y; of (3.7) corresponding to Bi; () is
Vii(z) = nrier(z), k=1,2,---, 1<i<3, (3.11)

where eg(x) is as in (3.8).

In particular, p; = 0 and e; is a constant, and

76_1,1U0 7&10[U0 7&111@
My = —Qa2YVo —Q92vg —Q2KV . (312)
wo quo 0

By simple calculation, it is not difficult to find that the eigenvalues B(\) =
B1:(AN) (i = 1,2, 3) satisfy the following equation:

Bi(N)? + ABui(\)* + BBu(\) + C =0, (3.13)

10



where

A=a 2V + al?,Lo,
B = a1a2u0vg + a1uowo — G1G207UV + G2kquowy, (314)
C = a1a2(—ka — vq + 1 + Kq)ugvowp.

It is known that all solutions of (3.13) have negative real parts if and only if

A>0, C>0, AB-C>0. (3.15)

If we suppose ¢(y — k) — (1 — ka) < 0 in (3.3), then, direct calculation

indicates that these two parameters A and C in (3.14) are positive
A>0, C=>0. (3.16)
Note that

B11B12813 = —C <0,

which implies that all real eigenvalues of (3.12) do not change their signs, and

at least one of these real eigenvalues is negative.

In addition, let § = ay = 21237 and we can derive from AB — C = 0, the

critical number

a3kquawg + ajudwo + araz(ka + yq)ugvowo (3.17)

50 = ]. +
aja3ugvg + a3asudvg

It is then clear that

<0 if &> do,
AB—C{ =0 if §=20y, (3.18)
>0 if §<dp.

Next, we check the other eigenvalues fBy;(A) with j = 1,2,3, k > 2. By
calculation, the eigenvalues Bi;(A\)(j = 1,2, 3,k > 2) of (3.9) satisfy

Bri(N)? + A By (V)2 + Bifry(A\) + Cr = 0, (3.19)

11



where

Ap = A+ (g1 + 2 + €3) pi,
B, =B+ (6163 + €063 + Elég)pi
+ (dlu0£3 + G2vVpE3 + agVpET + @1U0€2)pk,

3 _ _ 2
Cr = C + e1e2e3p}, + (€1€302v0 + €2e3a1U0) pi,

+ a1az2(1 — 6)ugvoespr + G1UoWoELPK + G2KGUOWOET P

We introduce another critical number

C 3 2
51 — min [1 + + 7;1/77].3 + T2 0% + TSPk]’
pr#0 a1a2UQVOES Pk

where
T1 = €1€2€3,
To = (ElEgdgvo + EQEgdlUO),

T3 = Q1 UQWQEL + agliq’()owo€1.

(3.20)

(3.21)

The following lemma characterizes the principle of exchange stability (PES) for

the eigenvalue equations (3.7).

Lemma 3.1. Assume that q(v— k) — (1 —ka) <0, let g and §1 be the numbers

given by (3.17) and (3.20), then the eigenvalues Pi;(i = 1,2,3,k > 1) of Ly

satisfy the following properties:

(1) If 61 < do and kg be the integer that &1 in (3.20) reaches its minimum at

Pko- Then Biy1 is a real eigenvalue of (3.7), and

>0 i §> 1,
Bro1(0) S =0 if 6 =201, Jfor pr = Pros
<0 ’Lf 0 < 0y,

ReBij(61) <0 (i, j) # (ko, 1) with pi = pp,.

(2) If 61 > 0. Then B11(8) = B12(8) are a pair of complex eigenvalues of (3.7),

12



and

>0 if o> (;0,
Ref11(6) = Ref12(0)S =0 if 6 = do,
<0 if § <o,

Reﬂij<50) <0 V(i,j) 7é (L 1)> (172)'

Proof. According to the assumption, C is positive. We see that
A = davo + arug,
B = aja2u0vg + a1uowo — G1G207UV + Q2KqUowWy.
By the direct calculation, we can see that
A >0, AyBp—Cy >0, Vk>2.

As 41 < dp, we infer from (3.16) and (3.18) that

Ref1j(01) <0, V1I<j<3.
In addition, it is clear that there must exist a kg satisfying (3.20), furthermore,

<0 if § >4y,
Cio(8) s =0 if 6§ =0y,

>0 if § <y,

Ci(01) >0 forall k # ko,

thus, assertion (1) is approved.

As §; > dg, through the analysis of above, we know that C > 0 at § = dg
for all k& > 2. Since all real eigenvalues £1;(1 < j < 3) of (3.12) do not change
their signs, and at least one of these real eigenvalues is negative, so the condition
(3.18) implies that there exists a pair of complex eigenvalues 31; = 12 crossing

the imaginary axis at § = §p. Then assertion (2) follows. The Lemma is proved.

13



4. Main Results and Proofs

The following theorems will show the types of transition that the system
(3.5) undergoes as the bifurcation parameter ¢ crosses the critical value dy or
01 basing on Lemma 3.1. Hereafter, we will give different transition theorems
basing on Lemma 3.1.

First, we consider the case that g < d7.

4.1. Transitions from complex eigenvalues

By Lemma 3.1, as §y < 61, the first critical eigenvalues will be a pair of
complex numbers 817 and S12, the problem (3.5) undergoes a dynamic transition
to a periodic solution from &g. To determine the types of transition, we introduce

a parameter by which is defined by (4.29) as follows:

2
D21DO |:_ %(A(gfwl + Fg)Eg + pab(F1 + 3F3) + pFQEg)
PWo
a1Ug
p*A
- sz) + (3F3 + I1)(EsEr7 + B Eg) + Fo(E3Es — E2E6)}

2bb {pzwo

bo =

+ bbay(3EsFy + EsF3 4+ E7Fy) + ab(3F, Eg + F3Fg — FyFy

Diaya | 22 a(@z(a + kwob) + qa)(Esne(n2 + kn3) — F1 E2) (4.1)
14

2
— (wot&a(y + &2 + k&) + afu() a&s)(Esla (v + & + KE3) + E1E2)]

+ mfh [52(7 + &+ /‘553) + 772(772 + m73)]

3
p ~
(——g—5b+ -
ajug a1uUg

ao By + E4d)(a® 4 2woaba + wib?(a® + b?)),

where

14



a1upagvowo(q — a) (ke — 1) + A?(Aa — quo) — qui (dzvokg + a1ug)

D =
0 ayug(Aa — qug)? ’
2 — —
_ qu ajug + V90K
D1=[—a2€2(7+§2+f€§3)—p_2 20 e }
ajug Aa — quy
Do — p [ p*wo B2 a1uo + Gavoak a1ugA + asvowokq
2= a1uo | @1uo Aa — qug uo(Aa — quyg)
P 1
—as(va + (a + kb)(= b— — ],
-+ (et m)(Eb = 2))
2 — —
Dy = —— P a[(z woaﬂhuo + agv0ak ¥ an(Ea + %3)] 7
a1uo | G1uo Aa — qug
ajug + a2V90K _
D, = %qnzﬁs — azn2(n2 + Kn3),
o — qug
2 3
2_ P 27272 ~\2 _ gp~wo
D* = o (wib“b” + (a + woba)?), E, = = ab,
FEy =aa + wob([lQ + 52), E3 = — ((Z + wobd)(_lg,
aiug
P (4.2)
B, — 2p2 _ 2,2
4 a?ug (p qa )7
Avgk
Es = il (7(&2 + C2) + 28202 + K(&2G3 + £3¢2)),
0
PWo A1UYC + A2V0q , o
Eg = b+ A
6 ajud  Aa — quo (P + Aqga),
VoK
E; = L 02 — (ym2 4 2m2&2 + k(M2 + 13&2)),
a1uy
2 — —
P wo G1UoC + GaV0q
Es = — Ab),
T @3 Ao — quy (—qa+Ab)
F o= & 2p2(D4 — Dl) _ p(D2 + Dg)
! A A(A% 4+ 4p2) A2 4 4p2
P = Dg + D3 o 4,02(D2 + D3) 2p(D1 — D4)
2 A A(A2 4 4p2) A2 4 4p2
poo Da 2p*(D1 + Dy) | p(D2 + D3)
STUA T A(A +4p?) T ATy ap?
Here A is as in (3.14), and a, b, @, b are as in (4.6) and (4.8).
Then, we have the following dynamic transition theorem.
Theorem 4.1. Consider by which is given by (4.1). Let 69 < 1. Assume

q(y — k) — (1 — k) < 0 and assume that the critical index are (k,j) = (1,1)

15



and (k,j) = (1,2), then the problem (3.5) undergoes a transition to periodic

solutions at § = 0y, and the following assertions holds true:

(1) Ifbo < 0, then the transition of (3.5) is continuous, and the system bifurcates

to a periodic solution on § > g, which is an attractor.

(2) If by > 0, then the transition of (3.5) is jump, and the system bifurcates on

0 < &g to a unique unstable periodic orbit.

Proof. We shall prove the theorem in the following two steps.
Step 1. Calculate the critical eigenvectors.

By Lemma 3.1, at g there is a pair of imaginary eigenvalues 511 = B12 = —ip
of (3.7). Let z = & +in and z* = £* + in* be the eigenvectors and conjugate

eigenvectors of (3.7) corresponding to —ip, i.e. z and z* satisfy that

(4.3)
(M7 —ip)z" =0.
For z = (z1, 22, 23), from the first equation of (4.3) we obtain
. P
[(q—a) ~i }21 = [—Q-Hp}zsy
drtio o (4.4)
21+ qzo = 7’L'£23.
Wo
Thus, we derive from (4.4) the eigenvectors z = £ + in as follows:
2
p 1 qwo
E:<§1a§2a£3):<1a - b——, — = a),
a1uoq q a1uo (45)
P PWo
n=(m,m2,7m3) = (0, ——a, ——=b),
aiuo aiuo
where
_ayuowo(g — @) + pra
C PwgtpPa? (4.6)

_ Pwy — aqupa(q — )
b= 2,2 | 292 :
qewy + pra

In the same fashion, we derive from the second equation of (4.3) the conju-

16



gate eigenvectors z* = £* + in* as

* P pg_ a2V kK ~
— = (— ]_
5 (517§2a£3) ( a1 g ’ a)a
* * * * pa 7
n :(7717772;773):(*6 ) 07 b)a

1Uo
where
asvo(1 — ak)quo + p*a
PwR + p2a?
—asvppa(l — ak) + pquo
Pt + pPa? :

s}

)

B:

It is easy to show that

*\ *\ pWo , 7
<£7€ > - <77777 > - dluobb»
R Ay T
&n")=-n¢) = —<a1u0a+ aluob&)'
It is known that functions ¥] + i3 given by
* 1 *\ ¥k * *
* _ ; *\ ek *\, ok
Y; = <n7n*>[<n’£ &8+ (n.n" )],

also satisfy the second equation of (4.3) with

(€ 91) = (n,43) # 0,
(€, ¥5) = (n,¥7) = 0.

On the other hand, we know that

Brs - (ip) - (—ip) = p* 13 = —C.

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

In addition, because +ip are solutions of (3.13), and AB — C = 0 at Jy, we

deduce that
C
2
= B = —.
P A
Then, we obtain

B13 = —A = —(avo + a1up).
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From the equation

(My — p13)¢ =0, (4.15)
we derive the eigenvector
C = (Ch 427 <3)
. a1uowo + agupA  wo a1upa + agvog (4.16)
" arug(Aa — qug)’ aug  Aa — quo '

In the same fashion, from

(M7 = p13)¢" =0, (4.17)
we derive the conjugate eigenvector of (13 as follows:

¢ =(¢,6.6G)
[ Gvowokq + a1ugA G1ug + asvoak (4.18)
-\ aiw(Aa —quo) 77 Aa— qug '

Step 2. Derivation of evolution equation.

Let x € H be a solution of (3.5) expressed as

x=zé+yn+®(z,y), =x,yeR'

where ®(x,y) is the center manifold function of (3.5) at do.
Based on the center manifold reduction, the reduced equations of (3.5) on

the center manifold are given by

dx 1 *
@ Ean (G(z€ +yn + ), v7),
ay 1’ ! (4.19)
— =pr+ —(G(z€ + yn + D), 3),
il <n,¢;>< (@€ +yn+ @), 13)
where G(x) = G(x, x) is the bilinear operator defined by
G(X7X1) = (—@111111,2 — 10U V2 — Q1UT W2,
(4.20)

— Q2 Yu V2 — GV V2 — GaKU1W2, U1 W2 + qUIW2),

for x = (u1,v1,w1), x1 = (u2,v2,w2) € Hy.
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Now we are in position to solve the center manifold function ®(x,y). By the

approximation formula (B.4.1) in [20], the center manifold function @ satisfy

CI) = (1)1 —|— (bg + q)g —|— 0(2)7 (421)

where

() = —2*P,G11 — xy(P2G1a + PaGa1) — y* PaGaa,
(2 4+ 4p°) Dy = 2p°(2° — y?*) P2G11 + 4p*y(PaGia + PaGay)
+20%(y* — 2%) P,Gaa, (4.22)
(0% + 4p*)®3 = p(y? — 2%)(PyG 12 + PoGoy)
+ 2pxy(PaG11 — PoGa2),
here P, : H — E5 is the canonical projection, Fs is the orthogonal complement
of F1 = span{&,n}, and / is the linearized operator of (3.5).
Direct calculation shows that
(¢,¢") = Do,
(G11,¢") = D1, (G12,(") = Do,
(G21,¢") = D3, (G22,(") = Dy

and Do,Dl, Dg, D37D4 are as in (42)
By (4.5), (4.18) and (4.20), it is clear that

PyG11 = (G11,(")¢ = D1,
PyG12 = (G12,(")¢ = Dag,
(4.23)
PyGa1 = (G21,(")¢ = D3,
PyGoy = (Ga2,(")C = Dy(.
Hence, ®1, @, P53 € span{(}, which implies
(®; = M ®; = —AD;. (4.24)
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We infer from (4.21)-(4.24) the center manifold function as follows:

®— C[<D1+ p*(Dy — Dy) P(D2+D3)>x2

A TTAAT 1402 AT 1 4p2

Dy + D3 4p*(Dy+ D3) | 2p(Dy — Dy)
A(A? + 4p?) A2 +4p?

( (4.25)
N (D4 (D1 + Dy)  p(Do + D3)>y2] +o2)
(

AT A(A2 +4p2) A2 + 4p2

Fi2® + Foxy + F3y?)¢ + 0(2),

where Fy, Fy, F3 are as in (4.2).
Inserting (4.25) into (4.19), by direct circulation, we have

(Z —pY+ —5 {[<§ ENG11, €Y + (€0 )(G11,n")]2?

+ [<£,§*><G22,£*>+<§,n*><G22,77*>]y2
+ [(6,€)(G12 + G21,£%) + (€1 ){(G12 + G, ") | wy

FEENGEQ) + G(6..€) 5 (Fia® + Fas®y + Faay?)
1 (4.26)

+ (€, )NG(&, ) +G((,6),n > (le + Fox’y + Fzy®)

+ (€, n"){(G(n,¢) + G(C,n)ﬂ)*>Dio(F1w2y + Fay® + FsyB)}

+0(3),

20



= | [ EGn ) T e € )

+ [ = (&) (Ga2, ) + (£, 6) (G2, ") |y
+ [ = (&0 )Gz + G21,€) + (£,€)(G12 + Ga1, ") | zy

CENEE Q) + GGE), f*>DiO<F1x3 + P’y + Foay?)
(4.27)
6 ENGE Q) + GGE), n*>DiO<F1x3 + Fya’y + Fyay?)

Y G, O) + G, s*>DiO<F1x2y + Foay? + Fy)

1

+ (& E NG, ) + G(C,n),n*>DO

(Fiz?y + Foxy® + F3yg)}
+0(3),

where D? = (¢, €)% + (¢, 7).
In view of (4.9), equation (4.26) and (4.27) becomes
dz 2 2
PR + azx” + a1 vy + ao2y
+ az0r® + a1 7%y + ar2zy® + aosy® + o(3),
" (4.28)

o + baoz? + b1y + booy?

+ b302® + b1 2%y + brazy® + bosy® + 0(3),
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where
2

7p a£3:| s
Ug

1 ~
Aoy = 7ap0bb[*’w06_142€2(’7+£2 +K3€3) -

1
ao2 D2P Lo bb[ag( + Kwob) +qa],
1 P
== EsEs + 55— bbas By — Egab
ail D2 [ 5 2—|— 22 a2 Fy Ga]
Fy p?A pwo 5 -
= - E bbas E7 + Egab
aso DQDO[ d%uo 2+ Ay g ao L7 + Liga :|7
I3 P’ - 5
= - 53k 9 bbas Eg — Ergab
ap3 D2Do[ a2l 2+a1 " g Fg 10ab],
1
bao = [ — Bséa(y + & + s) — ErBa),
1
boz = Dz[ E3772(W2+HU3)+E1E2]
1
b1 = s - By + BaF),
Fy 2A
b3o = =5 | — T55ab+ E3Er — E>E,
30 DQDO[ % + L3 by 2 8]
F3 0> -
bos = —5— [ — =55 ab+ EsEy + E>E
03 D2D0[ d%uga + E3Eg + B3 Eqo],
a FQCL + F L a _ Ea +&a
21—F 30+ 7, %03, 12 = F 30+ 7 a0,
Fy F2
21 F1 30 + 7 03 12 = 30+ 2

The transition of (3.5)-(3.6) is determined by the sign of the following num-
ber; see [20],
2

bo = 3(asp + bo3) + (a12 + ba1) + —(ao2bo2 — a20b20)

. p (4.29)

+ ;(Gnazo + a11a02 — bi1bag — b11bo2),

which is the same as that given by (4.1). From (4.1) and (4.2), it is easy to
show that by < 0 in the limit of small p. Thus the proof is complete.

Second, we consider the case that dy > d;.

4.2. Transitions from real eigenvalues

Thanks to Lemma 3.1, for 6y > 41, the transition of the system (3.5) occurs at

01, which is from real eigenvalues. The following theorems will show the types
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of transition that the system (3.5) undergoes as the bifurcation parameter o

crosses the critical value 67

C 3 2
8 = min [1 4 — 0k T T2PL T I8Pk
pr#0 a1a2UQVOE Pk

Let §; achieve it minimum at pg,, pr, be the eigenvalues of (3.8), er, be the
eigenvector of (3.8) corresponding to pi,. Assume that (.1 is simple near ¢;.
Hereafter, we will give different transition theorems basing on the two cases
about ey, .

First, we consider the case where

/ ep dz # 0. (4.30)
Q
For simplicity, let
Py | ek
0= 0 R 4.31
Qs fQ ey dx’ (4.31)

where
P = ~2 2 27— = bd 2 b
k= Q1UQWoa”C” | A1 UoWoac + QlaVoWoba + wya

+ &%vowobzcd [’y&luowoac + agvowobd + ngab]

(4.32)
+ w(z)ab26 [dlu()woac + qdzvowobd] ,
Qr = [ — Grugwoac?® — asvowob®ed + wgab2e],
and a,b, ¢, d, e in (4.32) are given by
a = (—€e2p, — G2v0) + G2v0 ¢,
b= (—€1pr, — G1U0)q + G1UpQ,
¢ = e3Pk, + qWo, (4.33)

d = e3pr, f + Kwo,
e = (—eapr, — G2vp) + AUk
Then, under the condition (4.30), we have the second dynamic transition

theorem.

Theorem 4.2. Assume that q(y — k) — (1 — ka) < 0. Let §g > 01. If 0 # 0,

then we have the following assertions:
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(1) The transition of (3.5) at &6 = & is mized. More precisely, there exists a
neighborhood U C Hy of x = 0 such that U is separated into two disjoint
open sets Uy and Us by the stable manifold T' of x = 0 satisfying

(CL) U=U;+U;+T,
(b) the transition in Uy is jump, and in Uy is continuous.

(2) The system (3.5) bifurcates in Uy to a unique singular point X on 6 > 01,

which is an attractor such that for any initial value @ € Us,
Jim [x (8 ¢) = Xl[m, = 0.
(3) The system (3.5) bifurcates on 6 < 61 to a unique saddle point x.

(4) The bifurcated singular point X can be expressed as

X = *5169015% + o(|Bro1l), (4.34)

where 0 is as in (4.31) and £ = (£1,£2,&3) are given by

&1 = ayuowo [(—e2pr, — G2v0) + G2v07q] €30k, + quo],
§2 = G2v0wWo [(_5lpko — a1ug)q + Chuooé] [53Pk07 + Hwo],
§3= wS [(—82%0 — Gasg) + @200%1} [(—Elpko — aiug)q + @1uoa]~

Proof. We shall prove the theorem in the following two steps.
Step 1. Calculate the critical eigenvectors and decompose space.

Let ¢ and £* € R3 be the eigenvectors of My, and My, corresponding to
ﬁk01(51) =0, i.e.
Mkog = Oa Mljog* = Oa

where My, is the matrix (3.9) with k = ko. It is easy to see that £ is as in

(4.34), and
& = (61,42,83),

& = —[(—e2pr, — G2v0) + a2v0yq] (e3P, + qui], (4.35)

& = —[(—e1pr, — Gru0)q + ar1uoa] [e3pr o + quio),

& = [(—e2pr, — G2v0) + vk [(—€1pr, — G1u0)q + Gruoc].
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On the other hand, based on the spectral theory of linear completely con-

tinuous field, the spaces H and H; can be decomposed into the following form:
H=E ®FE,,  H =E ®FEs,

where By = span{ey,}, E2 = Ei-. Then near &y, the solution of the equations

(3.5) can be expressed as

3 3
X = x€ek, + 2, z= Zxkoj¢koj + Z T Vkj (4.36)
J=2 k#ko,j=1

where xzfer, € E1, z € Ey. yi(j = 1,2,3,k # ko) is the eigenvector corre-
sponding to the eigenvalue Sj;.
Thus, in the space E7, the equations (3.5) can be reduced to

dzx

<§ek0,§*€ko>a = <L6(X)7€*eko> + <G(X),€*€k0> (437)

= Bro1(E€kos & ero )T + (G(X), € €ko )
Note that (-,-) denotes the inner product in H.
Step 2. Derivation of evolution equation.
According to the condition (4.30), we do not need to consider the influence
of the center manifold function. That is to say, we let x = z€ey, in (4.37).

Hence, we derive the following reduced bifurcation equation

dx <G($§€k0),£*€ko> )

— = T+ 4.38
ar = Prot (€ekosE*eny) (4.38)
For the operator GG, we can derive that
<G(x§ek0)’ §*6k0> 2
= 0z° + 0(2).
(Eea: € ) @
where 6 is as in (4.31).
Thus, the equation (4.38) can be rewritten as
d
= B+ 02+ 0(2). (4.39)

It is known that the transition of the equations (3.5) and its local topological
structure are determined completely by (4.39). If 6 = 0, it is clear that (4.39)

has exactly a bifurcated solution as follows:

Br

901 + 0(|Brg1)- (4.40)

Tr=—
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Therefore,

X= _6];0156160 + o(|Bko1l)

is the bifurcated singular point of (3.5).

Obviously, x is a locally asymptotically stable singular point on § > 1, which
implies the problem (3.5)-(3.6) has a continuous transition in Us. Meanwhile,
the original equilibrium state loses its stability and the problem (3.5)-(3.6) has
a jump transition in U;. And ¥ is an unstable saddle point on § < d; (see Figure

1). Thus, the Theorem is proved.

v Y v Y
ya N\ < S ya N
< P— < —
X X=0 7 X N X=0 i
N N A A
(1) (2)

Figure 1. If [ e%o dx # 0, then the local topological structure of the transitions of (3.5) is :
(1) when ¢ < 01, the system bifurcates from stable equilibrium point x = 0 to an unstable

saddle point X; (2) when & > 41, the system bifurcates from x = 0 to a attractor .

In the following, we consider the case that

/ ey, dz = 0. (4.41)
Q
Let
. P,
0= — ", 4.42
Qk [ eh,dx (4.42)
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here
P, = { [2&%u0w0a202 + a1asavgwoabed + dlwga%c + d%’yvgwob%d

+ w%aer] /quleiodx + [@?auowoa%z + dldgfyuowoabCQ
+ 2a3vowob’ed + axkwyab’c + quiab’e] /Q paep, d (4.43)
+ [é%uowoaQCQ + égfwowob%d + ajugwoabce
+ q&gvowonde] /Q (bgeiodx},

Qr is as in (4.32), ¢ = (d1, P2, P3) satisfies

Lo =—-G()e;,, (4.44)

and the operators L and G are defined by

e1AuU — a1uou — A1 QUYV — A1 UQW,
Lo = < g0 Av — Gayvou — Govo¥ — GaKvoW,

ez Aw + wou + quov,

— d%uowoac(dluowoac + asavgwobd + w%ab),
G =< — &gvowobd(&wuowoac + Ggvgwobd + Kwjab),
w%ab(dluowoac + dgqvowobd).

Then we have the following theorem,

Theorem 4.3. Assume that q(y — k) — (1 — ka) < 0. Let 6 # 0 be the number
given by (4.42), and 69 > 01. Then the transition of (3.5) at 61 is continuous as

0 < 0, and is jump as 0 > 0. Moreover, we have the following assertions:

(1) When 6 > 0, the system (3.5) bifurcates from (x,8) = (0,681) to two steady-
state solutions x4 and x_ on § < d1, which are saddles, and no bifurcation

solutions on & > 7.
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(2) When 6 < 0, the system (3.5) bifurcates from (x,8) = (0,68,) to two steady-
state solutions x4 and x— on § > 01, which are attractors, and no bifur-

cation solutions on § < J7.

(3) The bifurcated solutions x+ can be expressed as

v == 2] e otlgalh)

where £ is as in (4.34), Bry1 as in Lemma 3.1.

Proof. We shall prove the theorem in the following two steps.
Step 1.We deduce the evolution equation.

Space decomposition is the same as the step 1 in the proof of Theorem 4.2,
so we omit it.

Analogously, in the space E7, the equations (3.5) can be reduced to

d
(Eekyr € eny) g = (L0 € exo) + (G- ery)
(4.45)
= Bro1(€€kor § o) T + (G(X), E eRy)-
Let
X = zéep, + (), z¢€ R, (4.46)

and ®(z) is the center manifold function. To evaluate the last term in (4.45), we
need to know the center manifold function ® : By — Ey. Let ® = 22¢ = 0(2),
then by the approximation formula of center manifolds (see (A.10) in[27]), ¢

satisfies

Lo = —G(e,) = —G(E)ei, - (4.47)
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Direct circulation to get

(G(xer, + ), ex,)

= /Q {— ay (€rer, + ®1)%Efer, — ara(xzéier, + O1)(xéaer, + Po)Eler,
— a1 (w€1eg, + 1) (¥zer, + P3)ETen, — a2y(w1ek, + P1)(2&20K, + P2)E5 ek,
— Gy (wéaer, + o) Eher, — axk(éaer, + Po)(x&ser, + P3)E5en,

+ (z€1ek, + P1)(x&3ek, + P3)E5 e, + q(2E20K, + P2)(T3€8, + @3)556;60} dx
= [~ 2616 — ot ~ et - anas + &) [ aneds
+[- 0661 — 066 — 2066 — 0nas + 663] [ dacd,do
+ [ — @&1&) — aar&als + L1653 + ¢6a85] /Q ¢3eiodx} +0(3).

Hence, we have

<G(‘T€6ko + (P), 5*6k0>
(Eerys E*ery)

where 6 is defined by (4.42).
Combining (4.45) and (4.48), we deduce that the following reduced bifurca-

= 02° + 0(3), (4.48)

tion equation:

i% = Bro1x + 02 + 0(3). (4.49)

Step 2. Bifurcation analysis.
Obviously, when 6 > 0, the equation (4.49) bifurcates two saddle points on
8 < &1, and when 6 < 0, the equation (4.49) bifurcates two stable singular points

on ¢ > d;. The bifurcated solutions can be expressed as

1

e i{‘ ﬂe] +0(|Bro1|2)-

It is known that the transition and local topological structure of equations

(3.5) are determined completely by (4.49). Therefore,

Bro1
0

o = +[— }sk ol )
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and

X-= |: 6%01] §€eko +0(|6k01|%)

are the bifurcated singular points of (3.5). The stability of x4 and x_ are the

same as that of x4, see Figure 2. The Theorem is proved.

v v Y J/ Y v
ya Y & N N Vi 5 &
~ rd
X_ x=0\ X+ 7 rd x_ ~ x=0/ X+ ~
N N N N N N
(1) ()

Figure 2. If fQ eio dz = 0, then the local topological structure of (3.5) is: (1) when 6>0,
§ < d1, the system bifurcates from an stable equilibrium point x = 0 to two saddle points x+
and x—; (2)when 6 < 0,8 > &1, the system bifurcates from an equilibrium point x = 0 to two

stable singular points x4+ and x_.
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