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Abstract

In this paper we consider a class of second-order impulsive stochastic functional differen-
tial equations driven simultaneously by a Rosenblatt process and standard Brownian motion
in a Hilbert space. We prove an existence and uniqueness result under non-Lipschitz con-
dition which is weaker than Lipschitz one and we establish some conditions ensuring the
controllability for the mild solution by means of the Banach fixed point principle. At the
end we provide a practical example in order to illustrate the viability of our result.
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1 Introduction

The concept of Controllability gains more attention in the past decade because of its various
applications in the field of applied mathematics. Controllability generally means that with the
help of set of admissible controls, it is possible to steer a dynamical control system from an
arbitrary initial state to an arbitrary final state. For basic concepts about the controllability,
reader may refer ([1], [2]).

The second order differential equations play a vital role in constructing the various math-
ematical and physical model problems. A useful tool for the study of second-order abstract
differential equations is the theory of strongly continuous cosine families of operators. Existence
and uniqueness of the solution of second-order nonlinear systems and controllability of these
systems in Banach spaces have been investigated extensively by many authors, we refer the
reader to ([3], [4], [5])-



Recently, there has been a growing interest on the stochastic functional differential equations
driven by fractional Brownian motion (here after, fBm). The reader is referred to the works of
([6], [7], [8]). Also in general, it is Gaussian and the calculus for it is much easier than other
processes. However, in concrete situations where the Gaussianity is not plausible for the model,
one can employ the Rosenblatt process. The theory of Rosenblatt process has been developed
accordingly owing to its nice properties, namely self-similarity, stationarity of the increments,
long-range dependence, etc. (see [9], [10], [11]). On the other hand, the Rosenblatt processes
can also be an input in models where self-similarity is observed in empirical data which appears
to be non-Gaussian, one can refer the papers ([12], [13]). In [14], Kumar et al. established the
approximate controllability of certain non-autonomous second-order nonlinear differential prob-
lems with finite delay by utilizing Schauder’s fixed-point theorem. Sathiyaraj et al. [15] studied
the controllability of second-order nonlinear stochastic delay systems driven by the Rosenblatt
distributions in finite dimensional spaces. In [16], Lakhel and McKibben investigated the con-
trollability of certain class of non-autonomous impulsive neutral evolution stochastic functional
differential equations, with time varying delays, driven by a Rosenblatt process. Sakthivel et
al. [17] studied the existence of solutions for functional second-order non autonomous stochastic
differential equations driven by Rosenblatt process by using Krasnoselskii-Schaefer-type fixed
point theorem.

In this paper, we are interested in the second-order neutral stochastic differential equations
driven by Brownian motion (or Wiener process) and an independent Rosenblatt process of the

type
{ d (x (t) — h(t, x(t))) = Aw(t)dt + f (t,2(0) db + g(t,2(O)dwlt) + 0 ()AZr ), )
z(0) =x9, x (0) =m0, tel0,T]

where z(.) takes values in the separable Hilbert space X, A : D(A) C X — X is the infinitesimal
generator of a strongly continuous cosine family C'(¢) on X, Let Q x be a positive, self adjoint and
trace class operator on K and let Lo(K, X) be the space of all Qx -Hilbert-Schmidt operators
acting between K and X equipped with the Hilbert-Schmidt norm |.[[,. w is a Qx-Wiener
process on Hilbert space K. Let @ be a positive, self adjoint and trace class operator on Y
and let £9(Y, X) be the space of all @ -Hilbert-Schmidt operators acting between Y and X
equipped with the Hilbert-Schmidt norm |.|| 9. Zu is a Q-Rosenblatt process on a Hilbert
space Y, the process w and Zg are independent and h, f, g and o are given functions to be
specified later. Let (€, Fp, P) be the complete probability space with the natural filtration
{Fi | t € [0,T]} generated by random variables {Zg(s), w(s), s € [0,T]}, let ¢ and zgp are
Fo-measurable X-valued random variables independent of w and Zg.

We define the following classes of functions: let L£o(2, Fr, X) is the Hilbert space of all
Fr-measurable, square integrable variables with values in X, £ ([0, 7], X) is the Hilbert space
of all square integrable and F-adapted processes with values in X, C ([0, T], L2(Q, Fr, X)) is a
Banach space of continuous maps satisfying the condition sup,c(o 77 E [|#(?) |? < 0o and AL is the
closed subspace of C ([0,T], L2(S2, Fr, X)) consisting of measurable and F;-adapted processes
x(t), then A" is a Banach space with the norm defined by

D=

lollag = (supreoz E llz(t)]?) "
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Motivated by the above works this paper is concerned to prove the existence and uniqueness of
mild solution for system (1) under non-Lipschitz conditions, which is more general that Lipschitz
and linear growth see ([18], [19]). Further, controllability problem is discussed for system (1),
it should be mentioned that the existence and uniqueness of second-order neutral stochastic
differential equations driven by Wiener process and an independent Rosenblatt process under
non-Lipschitz conditions has not been investigated yet. The rest of this paper is organized as
follows, in section 2, we will introduced some notations, basic concepts, and basic results about
Rosenblatt process, Wiener integral with respect to it over Hilbert spaces. In section 3 and 4,
we will prove our main result. In Section 5, we give an example to illustrate the efficiency of the
obtained result.

2 Preliminaries

2.1 Cosine Family

Now let use recall some facts about cosine families of operators (see [20])

Definition 1 The strongly continuous cosine family {C(t)},cp is one parameter family {C(t)},cp C
L(X, X) satisfying

1. C(0) =1,
2. C(t)x is continuous in t on R for each fized point x € X,
3. Ct+s)+C(t—s) =2C)C(s), for allt, se R

Definition 2 The strongly continuous sine family {S(t)},cp C L(X, X) associated with {C(t)},cg
s defined by

t
S(t):lc:/ C(s)zds, teR, zeX
0

Definition 3 The infinitesimal generator A: X — X of {C(t)},cp is given by

2
Az = %C(t)\tzo, for all x € D(A),

with
D(A)={zeX: :C()zeC*R,X)}

The infinitesimal generator A is a closed and densely defined operator on X.

Proposition 1 Suppose that A is the infinitesimal generator of cosine family {C(t)},cp with
corresponding sine family {S(t)},cp. Then, it holds:

1. There exist a constants M4 > 1 and A > 0 such that

1C@®)|| < Mae™ and hence ||S(t)|| < MaeMH



2. Foranyx € X and all 0 < s <r < o0,

/ " S(t)xdt € D(A) and A / " S(tyzdt = [C(r) — O(s)] &

3. There exist a constants B > 1 such that, for all 0 < s <r < o0

/ e”d@‘

Remark 1 The uniform boundedness principle, with Proposition (1), implies that both {Ct}te[o,T}

15(r) = S()ll < 8

and {S(t)}te[o,T] are uniformly bounded, i.e., there exist positive constant M = MaeMT! such
that
IC@HI <M and ||S@)|| < M (2)

2.2 Rosenblatt process

Consider a time interval [0,7] with arbitrary fixed horizon T' and let {Zg(t), t € [0,T]} the
one-dimensional Rosenblatt process with parameter H € (%, 1). By Tudor [21], it is well known
that Zg has the following integral representation:

t pt t H H
ZH(t):d(H)/O/O [/v %(u,yl)%(u,yg)du AB(y1)dB (), (3)

where

d(H) = =/ 55— is a normalizing constant

B={B(t):t€[0,T]} is a Wiener process, H = Ll
H+1\/2(2H-1)

and K*(t,s) is the kernel given by

KH(t,s) = cys'/?2H fst(u — s)H=3/2yH=12 0y for t > s
KH(t,s)=0, fort<s

where cy = mﬂif—% and B(.,.) denotes the Beta function. The covariance of the

Rosenblatt process {Zg(t), t € [0,T]} satisfies

1
Ry (s,t):=E(Zy(t)Zu(s)) = i(tgH + 20—t — s, for every s,t >0
Let X and Y be two real, separable Hilbert spaces. Let Q € L2(Y, X) be an operator defined by
Qen = Aney, with finite trace tr@Q =Y o0 | Ay < 00, where A, > 0 (n = 1,2...) are non-negative
real numbers and {e,} (n =1,2...) is a complete orthonormal basis in Y. We define the infinite
dimensional @-Rosenblatt process on Y as

o0

Zi(t) = Zo(t) = 3 v/ Anenzalt). (4)

n=1



where (2,),,>¢ is a family of real independent Rosenblatt process. Note that the series (4) is
convergent in L?(Q) for every t € [0,T], since

E|Zg(t) Z/\Ezn Q:tzHi/\n<oo

Note also that Zg has covariance function in the sense that
E(Zg(t),xz)(Zg(s),y) = R(s,t) (Q(x),y), forallz,y €Y andt,se[0,T]

In order to define Wiener integrals with respect to the Q-Rosenblatt process. Let ¢(s) : s €
[0, T] be a function with values in £3(Y, X), such that

i HK*qﬁQl/zen
n=1

2

< oQ.
L5
The Wiener integral with respect to Zg is defined by

/0 oe)izals) = 3 /0 /A (8)endzn(s)

-3 /0 /0 K3 (den) (1, y2)dB (31 )dB(ys) (5)

Now, we end this subsection by stating the following fundamental inequality which was proved
in [22].

Lemma 1 If ¢ : [0,T] — £3(Y, X) satisfies fOT ||¢(S)H%g ds < oo, then the above sum in (5) is
well defined as a X -valued random variable and we have

' 2
B /0 o(5)dZn (5)

3 Existence and uniqueness of mild solution

t
<2021 [ ool ds

In this section, we study the existence and uniqueness of mild solution for (1). To do this, we
first present the definition of mild solutions for the system (1).

Definition 4 A stochastic process x € AL is a mild solution of (1) if it satisfies the following
integral equation

z(t) = C(t)xo+ S(t)(zoo — h(0,z0)) /Ct—s)h(s x(s))ds
/St—s s, x( ds+/St—s (s,z(s))dw(s)

/St—s s)dZp(s), P —a.s.



We assume the following non-Lipschitz condition:

(H1) A is the infinitesimal generator of the strongly continuous cosine family {C(f)},5, on X.

(H2) The function o : [0,T] — £3(Y, X) is bounded, that is : there exists a positive constant L
such Ha(t)||i(2) < L, uniformly in ¢t € [0,T].

(H3) The functions h, f : [0,7] x X — X, g : [0,T] x X — Ly are measurable and continuous
in z for each fixed t € [0,7] and there exists a function G : [0,7] x [0,4+00) — [0, +00),
(t,v) — G(t,v) such that

E|h(t,2)|I* + E||f(t,2)|* + E gt 2)llz, < G(t. E |l[|*) (6)
for all t € [0,7] and all z € L%(Q, Fr, X).

(H4) G(t,v) is locally integrable in ¢ for each fixed v € [0, +00) and is continuous non-decreasing
in v for each fixed t € [0,7] and for all A > 0, v9g > 0 the integral equation v(t) =
vo + )\fg G(s,v(s))ds has a global solution on [0,7].

(H5) There exists a function K : [0, 7] x [0, +00) — [0, +00) such that

E|h(t,z) — h(t,y)|* + E|lf(t,z) — ft.y)|* < Kt E |z — y|)
E|g(t,z) — g(t,y)||7, < Kt E|z —y|)

for all t € [0,7] and all z,y € L2(Q, Fr, X),

(H6) K(t,v) is locally integrable in ¢ for each fixed v € [0, +00) and continuous non-decreasing
in v for each fixed t € [0,7]. Moreover, K(t,0) = 0 and If a non-negative continuous
function z(t), ¢ € [0,T] satisfies

2(t) <o [ K(s,2(s))ds, tel0,T)
{ A(0)=0"" (8)

for some o > 0, then z(t) =0 for all t € [0, 7] .

Remark 2 1. If the function K is concave with respect to the second variable for each fized
t>0 and

1h(t,x) = bt 9)1* + [ f(t,2) = F(E91 + 9t 2) — gt 9)l7g < K(t llz = y]*),
for.all z,y € X and t > 0. By Jensen’s inequality, (7) is satisfied.

2. Let K(t,v) = n(t)d(v), t > 0, v > 0 where n(t) > 0 is locally integrable and ¥ :
[0,4+00) — [0,400) is a continuous, monotone non-decreasing and concave function with
9(0) =0, 9(v) >0 for v >0 and [y, 1/9(u)du = co. Then the function K(t,v) satisfies
assumption (HG).



Now let us give some concrete examples of the function 9, let € > 0 be sufficiently small,
define

B ulog(u‘ ), O<u§e
Vi(u) = { elog(e ) + 9, (c_)(u—¢), u>e o)
Iaut) = { ulog(u~ 1)log10g( -1, /O <u<e
2 elog(e ) loglog(e ™) + dy(e_)(u—€), u>e

Theorem 1 Assume that the conditions (H1)-(H6) hold, then there exists a unique solution of
(1) in AT.

The proof of this theorem is based on the Picard type approximate method. Let us construct
a sequence of stochastic process {xy},~, as follows:

zo(t) = C(t)zo + S(t)(x0o — (0, x0))

an( ) = C(t)zo + S(t) (o0 — 7(0,20)) + [y C(t — $)h(s,xn(s))ds
+f0 S(t—3s)f(s,xn(s))ds + fo (t—5)g(s, xn(s))dw(s)

+ Jy S(t = s)o(s)dZu(s)

Lemma 2 Under the conditions (H1)-(H5) the sequence {zn},5q is uniformly bounded in AT,
i.e., E [SUPse[o,T} ||xn(3)|]2] < C, where C is a constant.
Proof We have

E |z, (t)]]° < 6E[C(t)zol* + 6E|S(t) (w00 — h(0,z0))|?
t 2 t

/ Ot — $)h(s, 30 (s))ds / S(t— 5) f(s, 2n(s))ds
0 0

2

+6E + 6E

2
+ 6E

2

+6E /O S(t = $)g (s, 2n(s))du(s)

/O S(t — $)o(s)dZu(s)

By property (2), Holder inequality and Ito isometry theorem, we have
E|z,n1(O))° < 6M7E||zo|® + 12M*(E ||zool” + E [|2(0, z0)||*)

t
+OMTE [ (BlIh(s,za (DI + B (5., (5))) s
t t
46012 [ B lg(s,mn(s))|, ds + 1202721 [ B as) 3y ds
0 0
Then, from (H1)-(H5), we obtain
E|zo ()P < 6M2E ||z + 12M2E ||zgo||® + 12M2%G (o, E ||x0\\2)
t t
+6M2T? (ch+cf)/ G(S,Enxn(s)H?) ds+6M2TCg/ G(s,EHxn(s)H2> ds
0 0
+12M?HT?7-TL
t
C+Ca [ G (s.Bllanls)]?) ds
0

IN
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Hence, we get

E I*

sup |[n41(s)
s€[0,¢]

t
§01+02/G<87E
0

Cy = 602 (E lao|” + 2B zooll” + 26 (0, B jaol|”) + 2HT?#-1TL)
Cy = 6M*T (T (C, + Cf) + Cy)
Therefore, from (H4) and inequality (10), there is a v(t), t € [0,T] satisfying

sup Hxn(r)HQ]) ds (10)

rel0,s]

where

v(t) = Cp + Co /Ot G(s,v(s))ds

We shall show, by induction, for n =0,1,2, ...

E

. \xn<s>u2] <ot), Vee[o,T] (11)

By using the induction argument

E

sup ||550(8)H2] = E
s€[0,t]

Sel[t)pt] |C(s)xo + S(s)(xoo — h(0, 1‘0))”2]

< M2 (E||3:0H2 + 2E [|zo|® + 2G (o,EHxOH?)) <O <o(t), Vtelo,T).

Let use assume that (11) is true for some n € N, then by (10), the assumption of the mathe-
matical induction and the non-decreasing property of GG in v, we have

> (Cy /Ot (G’ (s,v(s)) — G (S,E

By induction, we obtain for any n € N,

v(t)=E | sup [za(s)|

s€[0,] r€|0,s]

sup ||:L’n(r)||2]>> ds >0, Vte[0,T]

E

sup ||$n(8)||2] <o(t) <o(T) < oo
s€[0,¢]



Proof [Theorem 1] Step 1: Existence: By an argument similar to that in Lemma 2, we have

2

E [|znm(t) — xn<t)H2 < 3E ‘ /0 C(t = 5) (h(s, Tnym—1(5)) — h(s, xn-1(s))) ds

2

—%ELASu—sﬂﬂaxwmqwn—f@xwmﬁnw

2

IN
[\
=
S
O“\H_
&=
=
—~
\'CIJ
8
3
+
3
L
—~
=
|
>
—~
“CIU
8
3
L
—
V)
~—
=
T
QL
»

Thus, we obtain

E | sup [nim(s) —za(s)]?

s€[0,t] r€(0,s]

t
§Cg/ K(s,E
0

where C3 = 2M (T(Cp, + Cf) + Cy) .
It follows from Lemma (2) that sup,, ,,, |75 +m—1 — Zn_1]|* < co. Therefore, we can apply Fatou’s
Lemma to (12),

sup chn+m—1(8)—xn—1(8)H2D ds, (12)

sup ||Tp4m—1 — xn_1||2 ds,
rel0,s]

lim sup E

n,m—00

t
ww%m@—%WdSQ/KGhnwa
0

s€[0,1] n,m—00

(13)
Set

z(t) :=lim sup E

n,Mm—00

sup || @n4m(s) — xn(s)||2]
s€0,t]

Then the above inequality (13) can be rewritten as

z@g@AK@dww

It is obvious that the positive functions z(¢) is monotone non-decreasing.on [0, 7] with z(0) = 0
.Hence, from hypothesis (H6) and Barbu (Lemme2.2 [23]) we obtain

z(t) =lim sup E

n,Mm—00

sup || Znim(s) — zn(s)|*| =0, forallt e [0,T]
s€[0,t]

Thus we get
lim E

7,1M—+00

sup || Znim(s) — zn(s)|?| =0, forall t € [0,T]
s€[0,t]



which implies that the sequence Since {xn}nzo is a Cauchy sequence in Banach space Ag.

Step 2 : Uniqueness. Assume that z1 and z2 € Al are mild solutions of (1). Analogously as
in the proof of (12), we obtain for any ¢ € [0, 7]

sup [lz1(s) — :152(S)H2D ds, (14)

r€(0,s]

E | sup [[z1(s) —:1:2(8)\\2] SC3/O K <8,E

s€[0,¢]

Due to hypothesis (H6) and Barbu (Lemme2.2 [23]) we get that E [supse[O’T] |z1(s) — x2(s) ]\2} =

0, i.e., x1 = x2.

4 Controllability result

In this section we state and prove the controllability for second-order neutral stochastic equation
driven by Brownian motion and an independent Rosenblatt process of the form
d (x (t) — ht, x(t))) — Ax(t)dt + Bu(t)dt + f (t, () dt + g(t, 2(t)dw(t) + o(t)dZu (1),
z(0) = zo, 2 (0)=mo, te€0,T]

(15)
where h, f, g, o, A are the same as in the Eq.(1), B : U — X is a given mapping and the
control function u takes values in U,q = L%([0,7],U), the Hilbert space of admissible control
functions for separable Hilbert space U.

Definition 5 A stochastic process x € AL is a mild solution of (15) if for each u € Uyq it
satisfies the following integral equation

z(t) = C(t)xo+ S(t)(zoo — h(0,z0)) + /t C(t—s)h(s,z(s))ds
/ S(t—s) (Bu(s) + f(s,z(s) ds+/ S(t—s)g(s,z(s))dw(s)

/St—s (s)dZp(s), P —a.s.

Definition 6 The system (15) is said to be controllable on the interval [0, T, if for every initial
function z(0) = zg, ' (0) = zoo and desired final state x1 € X, there exists a stochastic control
u € Ugq such that the mild solution of the system (15) corresponding to this control satisfies
z(T) = x1.

The following are the additional assumptions in this section.

(H7) The function h, f : [0,7]x X — X and ¢ : [0,T] x X — Lo(K, X) satisfy the linear growth
and Lipschitz conditions, that there exist positive constants Cj,, Cy and Cj such that for
z,y € X and ¢t € [0,T]

bt 2)|” < C(1+[lal”)  [[h(t.2) = bt < O o =y
I < C+ o) o F ) = F gl <yl =l
lo(t. )7, < Co+ ) llatt.) = g9, < Co e =yl

10



(H8) The linear operator I': L2([0,T],U) —L2(, Fr, X), is defined by
T
lu = / S(T — s)Bu(s)ds
0

has a bounded invertible operator I'~! which takes values in L?([0,7],U)/ker " and there
exist positive constants Mg, Mr such that HBH2 < Mpg and HF*1H2 < Mr.

Now, we describe the controllability result as follows and give its proof.

Theorem 2 Under assumptions (H1)-(H2) and (H7)-(H8), the system (15) is controllable on
[0,7].

Proof Using the hypothesis (H8), for an arbitrary zp € L2(92, Fr, X), we define the stochastic
control

w(t) = T {xT—C(T)xo—S(T)(woo—h(O 20)) / C(T = $)h(s, 2(s))ds
/ S(T —s)f(s,x( ds—/ S(T — s)g(s,xz(s))dw(s) (16)

/S - 9o(s)iZu(s) | (0

Define the operator ¥ : AT — Al by
(Pz)(t) = C(t)xo + S(t)(zoo — R(0,z0)) + /0 C(t — s)h(s,z(s))ds
/ S(t — ) (Bua(s) + f(s,2(s))) ds + / S(t — 5)g(s, 2(s))dw(s) (17)
0 0
/ S t— S dZH( )

Now, we show that the operator ¥ has a fixed point in AZ which is a mild solution of the
system (15). Substituting (16) in (17) we find that (Vz)(7T") = xr, indicating that the control
u, steers the system from z( to xp in finite time 7', which further implies that the system (15)
is controllable. We divide the proof into three steps.

Step 1: For any » € A" (Ux)(t) is continuous on the interval [0,7] in L2-sense

11



Let 0 < t; <ty <T. Then for any fixed z € A2T
E |(Tx)(t2) — (T2)(t)|* < SE|(C(t2) — C(tr)) 2o + (S(t2) — S(t1)) (oo — h(0, z0))|”

+5E /0 : [C(ta — s)h(s,z(s)) + S(ta — s) f(s,x(s))] ds

2

—/O 1 [C(t1 — s)h(s,z(s)) + S(t1 — s) f(s,2(s))] ds

to t1 2

+5E | [ St = ) fsat@)dus) = [ (0= s)ats.a()du(s)
+5E 0t2 S(ts — 8)o(s)dZn () — Otl St — )o(s)iz ()|
+5E 0t2 S(ts — 5) Buy (s)ds — Otl Stts — o) Buy(s)ds||

= 5> E|D’
55

By the strong continuity of C(t) and S(t), we have

lim (C(tz) = C(t1)) o + (S(t2) — S(t1)) (zoo — h(0,20)) =0

ta—t1—0
From property (2), we have
I(C(t2) — C(t1)) wo + (S(t2) — S(t1)) (woo — A(0, w0))|| < 2M ||z + 2M [lzoo — (0, zo)]|
Thus we conclude by the Lebesgue’s dominated convergence theorem that

lim E|D|?*=0
to—t1—0

For the second term D5, we have

[D2f] < ‘ /0 1 [(C(ta —s) — C(t1 — s)) h(s,x(s)) + (S(ta — 5) — S(t1 — s)) f(s,2(s))] ds
+ /t " [Clts — $)h(s,2(5)) + S(ts — ) F (s, 2(s))] ds
< Da1 + Do

By the Holder inequality

t1
|

E|Da|* < tE ; (C(ta = 5) = C(t1 = 9)) his,2(s)) + (S(t2 = 5) = S(t1 = 5)) f(5,2(5))||* ds

By the strong continuity of C(¢) and S(t), we have

lim (C(ta —s)—C(t1 —s)) h(s,z(s)) + (S(ta —s) — S(t1 — s)) f(s,2(s)) =0

to—t1—0

12



By using property (2) and conditions (H7), we obtain

[(C(t2 = s) = Ctr — 5)) h(s, 2(s)) + (S(t2 — 5) = S(t1 — 5)) £ (s, 2(s))|
< 2M ([[h(s, z(s))[ + [1f (s, 2(s))]])

Then we conclude by the Lebesgue’s dominated convergence theorem that

lim E|Dy|*=0
to—t1—0
By property (2), condition (H7) and the Holder inequality, we get

E[Dnl* < 22— 1) [ E(Ihsa(s)]? + 1 a(s)I) ds

t1

T
< 2M2(Ch+0f)(t2—t1)/0 (Blla(s)]* +1) ds

Thus,
lim E|Dy|?>=0
to—t1—0

Now, for the term D3, we have

to

1D < \ | [ St — s)g(s,2(5))du(s)

Alww—@—sm—@mww@mw@
| D31 + || D32 ||

t1

N

By Ito isometry theorem, we have

sl/Www—@—sm—@mww@wz@
0

2

IN

[ Dz /0 (S(t2 — ) — S(t1 — 5)) gs. 2(s))dw(s)

Since, by the strong continuity of S(t), we have

lim [[(S(t2 — ) = S(t1 — 9)) g(s,2(5))llz, = 0

to—t1—0

Moreover
(St = s) = S(t1 = 5)) g(s,2() |2, < 4M? [|g(s, z(s)) |12,

Then we conclude by the Lebesgue’s dominated convergence theorem that

lim E|Ds|*=0
to—t1—0
For the second term D30, similarly one get

to
mwmﬁgmﬁ/'M@w@mzw
t1

13




thus,
lim E|Dsy|*=0
to—t1—0

For Dy, it is obvious that

to

[ D4l S(ty — s)o(s)dZx(s)

IN

/0 1 (S(ta —s) — S(t1 —s))o(s)dZp(s)|| +

[Dar || + [[ Dazl]

t1

IN

By Lemma (1), we have

2
D * <

/0 1 (S(ta —s) — S(t1 —s)) o(s)dZr(s)

t1
< 201 [T (St —5) = St = ) (s g ds

We have by the strong continuity of S(t)
lim [[(S(t2 — ) — S(ts — )) o(s)]%g = 0

to—t1—0

Moreover
1(S(t2 — ) = S(t1 — ) o(s) 129 < 442 [lo(s)]1%

According to the Lebesgue’s dominated convergence theorem, we can obtain

lim E|Dy|*=0
to—t1—0
In a similar way, we obtain

to
B [Diol* < 40H (87— 6711) [ o)y ds

t1

Thus,
lim E|Dgl>=0
to—t1—0

Using the Holder inequality, property (2), (H2), (H7) and (H8), we obtain
Bllus(®)? < 5Mp {Bllar|?+ M2 o] + 22(E [aool> + B [1(0,20)])
+M2(T(C + Cp) + Cy) (1+ ||allAz) + 2M2HT2H*1LU} (18)

IN

Next, observe that

2 2

to
S(ta — s)Bug(s)ds

t1

E||Ds|

IN

2B ‘ /0 " (St — 5) — S(t1 — 5)) Bua(s)ds

2 (B[Ds1|* + E | Dsal?)

+2E‘

IN

14



Use the similar procedure as before, we obtain

t1
E | Dsi||* < tl/ E|[(S(t2 — 5) — S(t1 — s)) Bug(s)|* ds
0
Combing this with the strong continuity of S(¢) and inequality (18), we obtain

lim E|Ds|? =
to—t1—0
For the second term Djo similarly one get
to
2 2 2 2
B Dsal < MBI (12— ) [ B o) ds
t1

We obtain
lim E|Ds|? =
to—t1—0

The above argument show that limy, ;0 E [|(¥z)(t2) — (¥z)(t1)]|* = 0 Thus we conclude
(Px)(t) is continuous from the right in [0,7). A similar reasoning show that it is also con-
tinuous from the left in (0, 7.

Step 2 : The operator ¥ sends A2T into itself.

Let x € Al then we have

E||(T2)(t)]* < TE|C(t)aol* + TE |[S(t)(z00 — h(0,20))|
2 t
/OS(t—s)f(s,x(s))ds

2

+7E /Ct—s (s,x(s))ds|| +T7E

2

2 t
+7E /0 S(t—s)g(s,z(s))dw(s)|| +TE /0 S(t—s)o(s)dZp(s)

+7E /t S(t — s)Bug(s)ds
0

By Holder inequality, Ito isometry theorem and property (2), we have
E|(Y2)®)* < TME|lzo|* + 14M>(E |lzoo||* + E |[A(0, o) ||*)
t
ATPTE [ (Bhs () + E £ (s, a(o)]*) ds
0

" t
02 [ B gl s, ds 1032017 [ Blo(s) g ds

t
LT ||B||2T/ E [|u.(s)| ds
0

15



Hence, from (H2) and (H7), combined with property (2) and inequality (18), we have
E[(Ya)(0)]* < TMZE |aol|* + 14M>(E oo |* + B [ A(0,20) %)
+TMPT2 (Cy + Cy) (1+ |1zl Ag ) + 7MPTC, (1+ Jl2]37 )

HAM2HT? 1T L + 7M? || B T2 M, (1 + Hxllig)

IN

M2 (B 20> + 2( oo + B |A(0, x0)[*) + 2HT*# 1 TL)
+7M2 (| BI* T (Ch + C + M) + TC, ) (1+ |lzlAy )

= ca+eelar

where ¢; > 0 and ¢z > 0 are suitable constants. Therefore, we obtain that ||(\I’.I')”2A%" < 0.

Since (¥z)(t) is continuous on [0,7] and so ¥ maps A7 into itself.
Step 3 : V is a contraction mapping in AL. Let 2,y € AL, then for any fixed t € [0, 7] we have

2

E||(¥a)(t) — (Ty)(0)|° < 4E /OS(t—S)B(ux(S)—uy(S))ds

t 2
+4E /0 C(t—s) (h(s,z(s)) — h(s,y(s)))ds

2

14 /0 S(t — 5) (f(s,2(5)) — [(s,y(s))) ds

2

4B /0 S(t — ) (g(s,2(5)) — g(s, 4(s))) du(s)

By property (2), combined with Hélder’s inequality and Ito isometry theorem, we get that
E||(Ya)(t) — (Py)(t)|° < 4M? HBHQT/:E s (s) = wy(s)|| ds
+4M?T /Ot E ||h(s,z(s)) — h(s,y(s))||* ds
07 [ B s.0(6) - £, 006D s
+400? [ Byt a(6)) — ooy, ds

From (H7), (H8) and property (2), combined with Hélder’s inequality and Ito isometry theorem,
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we have

E [|ug(s) —uy(s)|* <

IN

IN

3E Hr—l /OT C(T — s) [h(s,2(s)) — h(s,y(s))] ds 2

2

+a8 [0 | ST~ ) [F(s, () — Fls,y(s)] ds

t 2
138 Hr [ =) lats.5(6) = ot (6] )

t
3Mp M>T(Cy, + Cy) / E [|z(s) — y(s)||* ds
0
t
+3MFM209/ E ||z(s) — y(s)||” ds
0
t

3MpM? (T(Cy + Cf) + Cy) /0 E||(s) — (s)|* ds

M, /0 E|lz(s) — y(s)]? ds

where M, = 3MrM? (T(Cp, + Cy) + C,).

Therefore,

E|[|(¥z)(t) - (Ty)(1)]* < 4M2T(Ch+0f)/o E ||z(s) — y(s)||* ds

t
+AM2C, /0 B le(s) — y(s)|ds

t
LAM? B2 T?M,, /0 E |z(s) — y(s)| ds

Hence, we obtain a positive real constant v(T") such that

E||(Wa)(t) — (Ty)(0)]* < V(T)/O E|lz(s) — y(s)|* ds

where

AT) = 4MT (|| B> TM,, + T (Ch + Cy) + C ) -

Moreover

E ||(W22)(t) - (W) @)||" < ’Y(T)/O E|[|(¥z)(s) — (Py)(s)]* ds

< (D)t / V(T |l2(s) — y(s) |2 ds

= (1))t / E||(s) — y(s) | ds

17



For any natural number n, using mathematical induction, one can get

E|(172)(t) — (T )®)]2 < (T) /0 B|(1712)(s) — (07 1y)(s)|* ds

GIO
S -yl

IN

Then taking the supremum over [0, 77,

@) - (ol < T ey,

For sufficiently large n we have (TVT(Z:!F))n < 1. It follows that W™ is a strict contraction mapping
on AQT, so that The Banach fixed point theorem ensure that ¥ has a unique fixed point, which
is a mild solution for (15). Which implies that the system (15) is controllable on [0, T7].

Remark 3 The theory of impulsive differential equations has found enormous applications in
the realistic mathematical modeling of a wide range of practical situations, many systems in
physics and biology exhibit impulsive dynamical behavior because of sudden jumps at certain
instants in the evolution process. A lot of dynamic systems have variable structures subjects
to stochastic abrupt changes resulting from abrupt phenomena. For some recent works on the
existence and controllability results of impulsive stochastic differential equations, we refer the
reader to monographs ([24], [25], [26], [27], [28]).In this remark we consider the following system

d <m (t) — h(t, a;(t))) — Az(t)dt + Bu(t)dt + f (t,2(t)) dt + g(t, 2(t)dw(t) + o(t)dZxu (t),

x(0) = mo, :L',(O) =z, t€[0,T], t#t

Az(ty) = 2(t)) —o(t;) = Ik(z(ty)), k=1,2,...,m

(19)

where h, f, g, o, A, B are the same as in the Eq.(15), The fized moments of times ty satisfies
0=ty <t1<..<tlpm<tmy1=T,z(t]) and z(t;) represent the right and left limits of x(t) at
t = tk, A:L‘(tk) = z(t}) — z(t;)) represents the jump in the state x at time ty, where I : X — X
determines the size of the jump. The mild solution of (19) is given by

z(t) = C(t)xzo+ S(t)(zoo — h(0,x0)) —i—/t C(t— s)h(s,z(s))ds
/ S(t—s) (Bu(s) + f(s,z(s) ds+/ S(t—s)g(s,z(s))dw(s)
/St—s s)dZp(s), P —a.s.

If I, satisfies Lipschitz and linear growth conditions, by adopting the method used in Theorem
(2) we prove the controllability of system (19) on [0,T].
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5 Example

Consider the control system driven by the process w and Zp to illustrate the obtained theory

) [&”W ~ by (¢, 2(t, 2) )} = Dw(t, 2)0t+ (v(t, 2) + fi (2t 2))) O
+g1 (t,z(t, 2)) dw(t) + o(t)dZg, t €]0,T[, z € [0,7]

z(0,2) = xo(2), =z €[0,7], (20)
w—moo z), ze[() 7,
(t 0) =xz(t,m) = te0,7].

Let X = K =Y =U = L[0, 7] and =z, xoo € L2]0,7]. Let A C D(A) : X — X be the linear
operator given by Ay = y", where

D(A)={y € X /y, y are absolutely continuous y' € X, y(0) = y(r) = 0}.

w(t) denotes a one dimensional standard Brownian motion and Zp is a Rosenblatt, the process
w and Zy are independent. Suppose hi, f1,91 : RT x R — R are continuous, satisfy Lipschitz
condition and linear growth condition and uniformly bounded.

First of all, note that there exists a complete orthonormal set {e,},~, of eigenvectors of A

with
en(2) =/ (2/m)sinnz, 0<z<m n=12,...
and the following properties hold
i) If y € D(A), then
_ZnQ <y)6n> en(y)’ yED(A)v

ii) The operator C(t) defined by

C(tyy =Y cos(nt)(y,en)en, yeX

n=1

is the cosine family in X generated by (A, D(A)), and the associated sine family is given
by

> sin(n,
Z y7en en, YyE€X.

n=1

It is clear that C(.)x and S(.)z are periodic functions, and ||C(¢)|| < 1, ||S(t)]| <1, t € R.

Now define the functions: h, f:[0,7] x X — X, and g:[0,7] x X — Lo(K, X) as follows

for t € [0,T], € X and 0 < z < 7. The function o : [0,T] — £(Y, X) is bounded.
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Let B: U — X is a bounded linear operator defined by
Bu(t)(z) = v(t,2), 0 <z <7, u € L*([0,T),U)

The operator I' : L%([0,T],U) — X given by
T
Tu = / S(T — s)v(s, z)ds.
0

I' is a bounded linear operator but not necessarily one-to-one.Let
ker(I') = {z € L*([0,T],U), I'z = 0}

be the null space of I' and [ker(I')]" be its orthogonal complement in L*([0,T],U). Let r:
[ker(I')]- — Range(I) be the restriction of I' to [ker(I')]*, T is necessarily one-to-one operator.
The inverse mapping theorem says that I'~! is bounded since [ker(I')]* and Range(T') are Banach
spaces. So That I'"! is bounded and takes values in L%([0,7],U)Lker(T'), hypothesis (H4) is
satisfied. Hence, all conditions of Theorem(2) are satisfied, and consequently system.(20) is
controllable on [0, 7.
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