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ABSTRACT

Predicting the behavior of overland flow with analytical solutions to the kinematic wave equation
is appealing due to its relative ease of implementation. Such simple solutions, however, have
largely been constrained to applications on simple planar hillslopes. This study presents analytical
solutions to the kinematic wave equation for hillslopes with modest topographic curvature that
causes divergence or convergence of runoff flowpaths. The solution averages flow depths along
changing hillslope contours whose lengths vary according hillslope width function, and results in a
one-dimensional approximation to the two-dimensional flow field. The solutions are tested against
both two-dimensional numerical solutions to the kinematic wave equation (in ParFlow) and against
experiments that use rainfall simulation on machined hillslopes with defined curvature properties.
Excellent agreement between numerical, experimental and analytical solutions is found in all cases.
The solutions show that curvature drives large changes in maximum flow rate g,,,, and time of

concentration ., predictions frequently used in engineering hydrologic design and analysis.

1 Lapides, April 16, 2020



25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

INTRODUCTION

Accurate prediction of overland flow processes is essential to a range of management challenges,
including flash flooding (Bracken and Croke, 2007; Foody et al., 2004), urban stormwater system
management (Poft et al., 1997), and fluvial erosion (Howard et al., 1994). These outcomes
impact infrastructure planning, design, flood risk estimation, and erosion mitigation (Grimaldi and
Petroselli, 2015). Consequently, peak flow estimation for overland flow dominated systems has
a long history, and numerous predictive methods are available to practitioners. These methods
vary in their complexity, from numerical solutions of two-dimensional flow equations (Jones
and Woodward, 2001; Ashby and Falgout, 1996; Kollet and Maxwell, 2006; Maxwell, 2013), to
analytical expressions obtained from solutions of one-dimensional kinematic wave equations on
a plane (Brutsaert, 2005), to even simpler empirical approaches such as the Rational Method
(Mulvaney, 1851; Kuichling, 1889). Broadly, hydrologists selecting from these methods are faced
with a tradeoff between process fidelity and ease of use, with the latter being particularly important
for widespread adoption by practitioners (Douglas, 1991).

If ease-of-use is an important determinant of the uptake of a method, then improving the
predictions made by simple methods, without making them significantly harder to use, would be
particularly valuable. Opportunities for such improvement could be associated with making better
use of information about the land surface that regulates flow, for example by incorporating data
from remote sensing (Petroselli, 2012); or by increasing the physical basis of predictive tools
(Manoj et al., 2013; Grimaldi et al., 2012). Here, we attempt to enable both of these kinds of
improvements by extending solutions of the physically-based hillslope kinematic wave equation to
account for surface topographic curvature, a land surface property that can be derived from lidar
remote sensing. For sufficiently simple hillslope morphologies (compare Troch et al., 2004), the
resulting solutions are analytical and represent only a modest increase in numerical complexity
relative to existing formulae.

As outlined in Section 2, the major assumption needed to develop these predictions is that the

two-dimensional flow field that arises on curved landscapes can be approximated by a one dimen-
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sional, contour-averaged value (Fan and Bras, 1998). Testing this assumption is challenging: two
dimensional analytical solutions do not exist for the case at hand, and two-dimensional numerical
models contain their own uncertainty (e.g., from numerical approximation). Similarly, although
empirical observations of flow behavior are available, it is often not possible to simultaneously
(i) constrain landscape curvature, (ii) characterize the runoff generation process, and (iii) obtain
high-resolution, local rainfall data in the same landscape - all of which are needed for model testing.
In this situation, laboratory-scale experiments have a useful role to play (Blume et al., 2010; Klein-
hans et al., 2010). We therefore undertake experiments in which simulated rainfall is applied to
scale-models of hillslopes with prescribed curvature and runoff generation mechanisms to generate
datasets against which to test the analytical solution. Comparing the analytical solution against
both numerical and experimental datasets controls for different kinds of errors, and increases our
confidence in the performance of the solution.

The remainder of this paper proceeds as follows: we (i) provide background on the kinematic
wave equation and previous solution methods applied to planar and more complex topography, (ii)
present the new analytical solutions and describe their behavior, then test these solutions against
numerical solutions of (iii) the Saint-Venant Equations and (iv) laboratory models of flow over

divergent/convergent surfaces.

THEORETICAL DEVELOPMENT

Background

The kinematic wave approximation simplifies the flow momentum equations under the assump-
tion of steady, uniform flow when gravitational forces accelerating flow are balanced by a friction
slope that parameterizes bed shear stresses. The mass balance for flow along a two-dimensional

cross-section is given by:

0H 00 _
ar T ax

(I = fw ey)
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where H is the flow cross-section [L?]; Q total flow across the cross-section [L3/T]; I rainfall
intensity [L/T]; f(x,t) infiltration rate [L/T]; w(x) the width of the cross-section [L]; and ¢ [T] and
x [L] are the time and path coordinates respectively (Brutsaert, 2005). In general, for a cross-slope

y coordinate with w = yy — yq,

y2 _
H = / hdy = wh )
Y1

where A(x, y,t) is water depth [L] and A(x, ) is the average depth [L] along the cross-section, and

y2
0= / qdy = wq ©))
N1

where ¢(x, y,t) is flow rate [L2/T], and g(x,t) is the average flow [L2/T] along the cross-section.

Using Equations 2 and 3, we rewrite Equation 1 as:

0 0

Sohw o+ ——qw = (1= f)w. @)
X

In effect, this simplifies the equations to one dimension so that no terms depend on the cross-slope
coordinate. The limitations of this approach are explored later. This one-dimensional averaged
equation is equivalent in form to the solution for a one-dimensional streamline in the case of
w = Const. Note that overbars are omitted in this section since the results are applicable to both
the one-dimensional equation and the contour averaged one-dimensional equation (Equation 4) that
represents two-dimensional flow.

To solve these equations, the friction slope must be related to surface roughness and flow
properties, typically via a Darcy-Weisbach friction factor. For turbulent flow, where the friction
factor scales with relative roughness, this results in relationships between flow and depth of the

form:
q = ah”, )
which are often referred to as kinematic roughness equations (Brutsaert, 2005). The term « depends
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on surface roughness, while m depends on the flow regime. Here we use either m = 5/3 or m = 2
(Morgali, 1970; Woolhiser and Liggett, 1967), corresponding to turbulent or transitional flows
respectively.

The kinematic wave equation can be used to describe runoff generation during rainfall on a
homogeneous hillslope. Runoff is generated homogeneously along the hillslope beginning at the
time of ponding ¢,, prior to which all rainfall infiltrates, and the flow depth is & = 0 by definition. A
boundary condition of 4 = 0 is usually assumed at the hillslope divide (x = 0), which results in a no
flow boundary condition for Equation 5. An initial water depth of 4 = 0 is assumed at all locations
at t = 0 (Giraldez and Woolhiser, 1996). Kinematic flow that results from these conditions can be
visualized via a characteristic net, as shown in Figure 1. Lines in the characteristic net represent
space-time trajectories along which the flow equations can be simplified into ordinary differential
equations. These trajectories are called the characteristics #(x) of the wave equation (Lighthill
and Whitham, 1955). Flow obeying the kinematic wave equation moves along the characteristics
prescribed by #(x) with depth (h(x,)) and flow rate per unit contour width (¢g(x,7)). Hydrographs
are generated by solving for flow at the hillslope outlet (g(L,7)), located at x = L. The discharge ¢
is related to the flow celerity by Equation 5. The wave celerity u is defined by u = %—f [L/T]. Asa
characteristic becomes flatter (66—’; approaches co), the wave celerity u, depth & (by Equation 7), and
therefore the flow per unit width g (by Equation 5) all increase.

Three distinct domains in the hydrograph — Domain 1 - the rising limb, Domain 2 - equilibrium
flow, and Domain 3 - the recession (or falling limb) — can be interpreted directly via the characteristic
net. The hydrograph’s rising limb is generated by characteristics originating at the time of ponding,
anywhere in space (i.e. along the x-axis of the net). The further the origin of the characteristic
from the outlet (the smaller x at ¢ = #,) the later the characteristic crosses x = L; in other words,
the contributing area of the hillslope increases over time until the characteristic originating at x = 0
(shown in solid gray) crosses x = L. At this time (¢ = ¢.), the hillslope reaches an equilibrium
flow condition, and the rising limb ends. For ¢ > t,, new characteristics can only be initiated at the

divide, x = 0. On a planar hillslope experiencing constant / and f, these characteristics behave

5 Lapides, April 16, 2020



120

121

122

1238

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

identically until the end of the storm, leading to equilibrium (steady state) flow at x = L. When the
storm ends at ¢ = ¢, ponded water infiltrates without replenishment, slowing the flow and curving
the characteristics upward. The fraction of these characteristics that cross the x = L boundary
form the falling limb of the hydrograph. The remainder describe the pathways taken by water that
infiltrates on the hillslope. Solving the ordinary differential equations along the characteristics of
the wave equation in these three domains results in three equations to describe a hydrograph: a

solution structure we follow when considering convergent/divergent slopes.

General Equation

Equation 4 describes the average flow along a hillslope contour. Using 4 and G allow us to
retain the simplicity of a one-dimensional equation but generalize solutions to non-planar hillslopes
by defining the width function w(x) that describes the linear distance between contour endpoints
at each point x along a hillslope. Here, we present solutions for the simplest case where rainfall
with constant intensity / falls on an impermeable slope with f = 0. The solution is unchanged for
constant f, and can be generalized using e.g. the methods of Girdldez and Woolhiser (1996) for
time-varying infiltration.

Using Equation 5, Equation 4 can be rewritten as:

oh - oh 1 dw-
— +mh" la— =T - a——h".
ot m “ax aw dx ©)

We use the method of characteristics (Lighthill and Whitham, 1955) to transform Equation 6 into

a system of ODEs:
& i )
and i
% :I—a%%ﬁm. 8)
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Analytical solutions
To obtain analytical solutions to equation 8, we use an exponential width function with the

form:

w(x) = ce™. 9)

The exponential allows for both convergent (a < 0) and divergent (a > 0) slopes. The bottom row
of Figure 1 illustrates the shape of hillslopes with an exponential width function for different values
of a.

To proceed with a solution, we firstly we note that:

dw

- ace®, (10)

allowing solution to Equation 8 through the simplified form:

dh .
E:I—aahm. (11)

To facilitate an analytical solution, we specify m = 2 in Equation 5 for mixed turbulent
and laminar conditions. Semi-analytical solutions are available for other values of m using a
hypergeometric function. While we principally select m = 2 to preserve analytical tractability, this
approximation is nonetheless reasonable for describing flow on most land surfaces (Girdldez and
Woolhiser, 1996; Baiamonte and Singh, 2015).

With these assumptions, we separately solve the equations within the three space-time domains
described in Section 2. Each domain corresponds to a different set of boundary conditions, for
which Equations 7 and 11 are solved. To assist in navigating the equations, a list of symbols is

provided as Table 1.

Domain 1, the Rising Limb: Characteristics originating from 0 < x < L, t =1,
Characteristics in Domain 1 originate at the time of ponding at any point in space. The boundary

conditions on these characteristics are x = xp, where x lies between the divide and the hillslope
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outlet, and 7 = 1,,.

Equation 11 can be integrated subject to these boundary conditions :

t /jl 1 B
/ dt = / ——dh, (12)
t o I—aah™

yielding the semi-analytical equation:

h 1 1 aah™
t = l‘p+72F1[1,z,1 + %,

1. (13)

where > F; is the Gauss hypergeometric function (Abramowitz and Stegun, 1972). For m = 2,
Equation 13 yields a relationship between the rainfall and hillslope properties (f and a), time, and

the depth of flow:

t= - (14)
t, + #tan'l (l_z 110‘) a<0
We also integrate the other differential equation, Equation 7, with the boundary condition x = xg

att = t,, and use Equation 11 to change the integration variable from ¢ to A:

X t h m—1
_ h _
/ dx=/ mhm_ladt:/ M ah, (15)
X0 I o I—aah™
giving:
In(l) In(I - aah™
x = x4 D _ Il = aah”) (16)
a

Equation 16 can be re-arranged to express / as a function of x and xo:

— 1/m
J — [e%¥o—ax
e—) (17)

aa

h(x) = (

Substituting Equation 17 into Equation 13 gives the equation of the characteristics #(x). Equation
17 is applied along the characteristics, giving i(x) for all initial conditions xy. The depth of the

flow at the hillslope outlet is given by A(L), which is substituted into Equation 5 to obtain the
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hydrograph.
For short storms (or for low wave celerities), the end of the storm ¢ = ¢, may arrive before a
characteristic reaches the hillslope outlet. In this case, the values x and h att = t, are noted as x.

and /. and provide the boundary conditions for the characteristics in Domain 3.

Domain 2, Equilibrium Flow: Characteristics originating from x =0, 1, <t < t,

Characteristics in this domain originate at the hillslope divide between the time of ponding and
the end of rainfall at r = #,. The boundary conditions for the equation are x = O and #, < 1y < #,.
The relationship between time and flow depth along the characteristics is obtained by integrating
Equation 11 from ¢ = 19 to ¢ (if the characteristic reaches x = L by time ¢), or from ¢ = 1y to ¢, (for

characteristics present on the domain at the end of rainfall):

t h 1 B
/ dt = / —_dh, (18)
0 o I—aah™

which gives:

h 1 1 aah™
t=to+ 2R [L— 1+ — 2 (19)
1 m m 1
and again is fully analytical for m = 2:
fo + \/%tanh_l (}_z\/%) a>0

t= (20)

to + %""tan_1 (71 ﬂ) a<O.

To obtain the characteristic equation, x(¢), Equation 7 is integrated for characteristics starting at

x = 0, again using Equation 11 to change the variable of integration:

X o _ h ljlm—l _
/ dx :/ mi"\adt :/ A ah, 1)
0 t o I—aah™
giving:
I [ —aah™
x:ln()_ln( aa ). 22)
a a
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The flow depth & can then be explicitly expressed as a function of x:

—ax\ 1/m
I-1
—e) _ (23)

aa

h(x) = (

When rain stops at ¢t = ¢,, values of x and h on each characteristic, denoted as x, and h., provide

the initial conditions for Domain 3.

Domain 3, the Recession/Falling Limb: Characteristics present on the hillslope at t = t, for all
values of x along the hillslope until the time when no water remains on the surface

For t > ¢,, the rainfall rate / = 0, so Equation 11 becomes:
— = —aah™. 24
7 (24)
All characteristics present in this domain originated from domains 1 or 2, and have boundary

conditions x, and A, at t = t, set by the solution from the previous domains. Integrating equation

24 with these boundary conditions:

t h _1
'/trdt:'/}_l; aahmdh’ (25)

gives:
1 1 1
t=t + = - = , 26
aa/(m — 1) (hm—l hg’l—l ) ( )
or in the case of m = 2,
1 (1 1
t:tr+—(:—_—) (27)
ax \h h,

Equation 7 is then integrated, changing the variable of integration with Equation 24:

X t h m—1 h
_ h _ _
/ dx = / mi™ o = / _OM gk = / ~Z ah, (28)
x iy h.  @ah™ ho ah
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to give:

h.
x=x+2in (—) . (29)
a h

And the flow depth # is then expressed as:

a

h = h.e m), (30)

which can be solved for x = L and converted from flow depth to discharge to obtain the hydrograph.

Thus, for constant f and I, a set of general and numerically solvable solutions for any m > 0
are given by: Domain 1 — Equations 13 and 23, Domain 2 — Equations 19 and 23, and Domain 3 —
Equations 26 and 30. For the fully analytical solutions associated with m = 2 the relevant equations
are: Domain 1 — Equations 14 and 23, Domain 2 — Equations 20 and 23, and Domain 3 — Equations

27 and 30, in conjunction with Equation 5, used to relate flow depth 4 to unit discharge g.

Modeling Scenarios

We used the analytical model to explore the impact of hillslope divergence and convergence
on hillslope hydrology. Firstly, we qualitatively explored the behavior of equilibrium and non-
equilibrium storms on hillslopes with convergent versus divergent topography, and interpreted the
behavior of the resulting characteristic nets and hydrographs in terms of hillslope topography. Next,
to allow quantitative comparisons between hydrographs, we held the total hillslope area A,,,, and
length L constant for three curvature cases: 1) a very convergent hillslope with a = —0.02, 2) a
uniform width hillslope, described by a = 0, and 3) a very divergent hillslope with a = 0.02. We
examined how the hydrograph shape, time to equilibrium flow 7., and maximum discharge rate ;4
for equilibrium storms (¢, > ., where the hydrograph demonstrates a period of constant equilibrium
flow at the peak value) and non-equilibrium storms (¢, < t,, where the peak is represented by a
point, not an interval of equilibrium flow) varied as a function of the curvature parameter a.

The characteristic nets in Figure 1 show the model predictions for a non-equilibrium storm

(t, > t.) and an equilibrium storm (¢, < ¢.), and for convergent, planar, and divergent slopes.

Different qualitative hydrograph behavior between the convergent and divergent slopes for an
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equilibrium storm is shown in the top row in Figure 1. The convergent hydrograph rises rapidly
before reaching peak flow, whereas the divergent hydrograph rises in a more linear fashion from the
start of the storm. These differences are intuitively related to the hillslope geometry of the different
slopes, which means that the rate of change of contributing area, dA/0dt, increases with time up to
t = t, on convergent slopes, but declines on divergent slopes.

The shape of the characteristics differs between the convergent and divergent cases. For the
convergent slope, the characteristics become flatter with increasing x, indicating acceleration of
the flow as it is concentrated by the slope convergence.

The characteristics on the divergent slope approach a constant velocity (a diagonal line on the
characteristic net) as x increases. After the storm ends, the flow on the convergent slope continues
to accelerate as it exits the domain. On the divergent slope, the curvature decelerates the flow,
causing a rapid recession.

Non-equilibrium storm conditions are shown in the middle row of Figure 1. In these storms,
the boundary characteristics originating from x = 0 (shown in dark gray) do not reach the bottom
of the hillslopes before the storm ends. On the convergent hillslope, the hydrograph continues to
rise after the non-equilibrium storm ends. This reflects the large volume of water already present
in the domain at the upslope end of the watershed, and its acceleration downslope via topographic
convergence, evident in the flattening of the characteristics even after the rain ends at #,. Even though
the boundary characteristic crosses the outlet well after ¢,, it is the crossing of this characteristic that
determines the timing of the peak flow (compare with a planar slope for non-equilibrium storms,
where peak flow corresponds to the end of the storm (Girdldez and Woolhiser, 1996)). For the
divergent hillslope, the end of the non-equilibrium storm coincides with g,,,,,. Like the equilibrium
storm case, the water on the hillslope decelerates due to topographic divergence, infiltrates locally,
and forms a steep falling limb.

Figure 2 shows the hydrographs produced by three exponential width hillslopes of equal area but
different curvature (very convergent a = —0.02, uniform width a = 0, and very divergent a = 0.02)

for a 60 min duration, 5 cm/hr storm with no infiltration. All hillslopes reach equilibrium. The
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divergent slope (dark blue) hydrograph rises fastest initially, since most of the hillslope area is
close to the outlet. The convergent slope hydrograph rises sharply as the runoft from higher in
the watershed reaches the outlet, since most of the watershed area is far from the outlet. Thus,
the approach to g,y is gentle for the divergent slope hydrograph and becomes sharper as the
slope becomes more convergent. All slopes exhibit the same total maximum flow Q,,,., but the
convergent slope produces this maximum first. As seen in Figure 2, the difference in the time of
equilibrium 7, is more than 20% between the slopes.

Unsurprisingly, the degree and directionality of curvature has a direct impact on the peak
flow per unit contour g,,, at the hillslope outlet, as shown in the inset in Figure 2. While
all hillslopes produce the same total hillslope discharge, due to the equilibrium conditions, and
identical hillslope area and storm properties, the unit discharge is normalized by contour length,
generating the different values of g,,,,. While trivial, this result is also linked to large differences
in flow depth and velocity with differences in curvature, with important practical outcomes for e.g.
inundation, erosion risk and safety.

The divergent slope hydrograph falls most steeply during the recession, reflecting that most
water on the hillslope at the end of the storm is located near the outlet. Flow from the uniform

width and convergent slopes declines more slowly.

METHODS

Comparison to Numerical Simulations

The analytical solutions obtained above required several assumptions, notably the assumption
that flow is one-dimensional along lines of steepest descent (streamlines), and that the flow is
near-uniform along contours. For sufficiently curved slopes, the two-dimensional nature of surface
flow would violate these assumptions, making the analytical solutions unreliable. To identify when
this occurs, we compared predictions of the hillslope hydrograph made with the solutions obtained
in Section 2 to predictions made using numerical solutions of the two-dimensional kinematic wave
equations on a common set of divergent and convergent hillslopes. We used ParFlow (Jones and

Woodward, 2001; Ashby and Falgout, 1996; Kollet and Maxwell, 2006; Maxwell, 2013) to solve
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the two-dimensional kinematic wave equations for a range of values of a. ParFlow represents flow
resistance using Manning’s equation. We therefore firstly compared ParFlow output to numerical
solutions of our semi-analytical m = 5/3 solution. We also compared the ParFlow predictions to
the analytical solutions where m = 2, noting that in these cases, error arises from both the change
in the value of m between ParFlow and the solution, and from loss of validity of the assumptions.
To evaluate the similarity between ParFlow and our solutions, we compared the peak discharge,
the RMSE between the numerical hydrographs and the (semi-)analytical hydrographs, and the
difference between hydrograph shapes, which we evaluated with a metric &, defined as the RMSE
between two hydrographs, normalized by the maximum flow rate. If the assumptions used in the
derivation are met, then peak flows would be identical on identical hillslopes simulated by the
different models, and the RMSE and the shape metric £ would tend to zero. We also report the
coefficient of variation (CV) in flow across all hillslope cells at the outlet in the ParFlow simulation
as a metric of uniformity across the contours, anticipating that the analytical solutions would
become less reliable as CV increased. Several ParFlow simulations on divergent hillslopes formed
a localized numerical instability around the center-line of the domain. Although persistent, the
instability represented < 0.01% of the flow. We removed these aberrant points and interpolated the
flow predictions across the gap before comparing to the analytical solutions.

We compared analytical and ParFlow solutions for a range of hillslopes with exponential width

functions produced with the equation suggested by Evans (1980):

z=H( - x/L)* + wy?, (31)

where x and L are again the hillslope coordinate and the hillslope length; y is the cross-slope
horizontal coordinate, with y = O corresponding to the centre-line of a symmetrical hillslope; z
is vertical elevation above a datum located at x = L; H is the elevation change between x = 0
and x = L at y = 0; and k and w are parameters describing hillslope curvature. Examples of this

topography are shown in Figure 1.
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The lines of steepest descent are given, for k = 1, by:

C 2wL
y=5e 77, (32)
2
where C/2 is a constant of proportionality. For flow that follows the lines of steepest descent, we
can truncate the landscape along any streamline without altering flow behavior in the remaining
section of the landscape.

To do this, we define a hillslope that is symmetric about y=0, with width function:

C s
W = 25e—2TLX or (33)
w = Ce™, (34)

where a = —2wL/H.

The expression for a shows that for w > 0, the hillslope is convergent, and for w < 0, the
hillslope is divergent. Values of C were computed by fixing L, H, w and a hillslope area A,
across all simulations.

We generated landscapes with a values ranging from a = —0.1 to a = 0.1 on a hillslope with
H = 2.5 mand L = 50 m, holding the hillslope area constant for all simulations. We ran all
simulations with Manning’s n = 0.0001 during a 125 minute rainstorm with 50 mm/hr intensity.
While the Manning’s n used in these simulations is unusually small and not likely to represent real
landscapes, sensitivity tests indicate that qualitative results are insensitive to the choice of n, and
a small n value allows us to resolve the full falling limb with decreased computational cost. We
checked that ParFlow simulations were stable with respect to a change in space or time discretization

(see Appendix II). All simulations were therefore run using Ax = 0.5 m and Az = 0.005Ar.
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Experimental
Model Set-up

Three model hillslopes were constructed using CNC machining to conform to Equation 31, for
three values of a: a convergent hillslope with a = —0.05, a planar hillslope with a = 0, and a
divergent hillslope with a = 0.05. A script used to produce 3-D printed prototypes is included in
the data supplement (Lapides, 2020a). Models were built at scale so that for a = —0.05, spatial
measurements scale at 1:30 compared to full-scale, and a = 0.05 is constructed at 1:40 scale. The
a = 0 hillslope can be considered at any scale, allowing for easy comparison to both the a = 0.05
and a = —0.05 hillslope cases. The particular scaling is explicitly required since the width function
is exponential with distance. For instance, if the outlet is 1 m wide, and the divide is 0.2 m wide for
a hillslope that is 1 m long, the optimal exponential fit is w = 0.2¢!61*. If we consider this to be
a 1:100 scale model, then the best fit is w = 20%0101%  Thus, both C and a scale with the scaling
parameter, so the scale controls the value of a. Thus, the scale and value of @ must be chosen
together. Considering the slope at a different scale changes the value of a.

The hillslopes were constructed from 1 m X 1 m X 0.025 m insulation foam blocks, glued
together with marine grade epoxy to form an initial 0.08 m high blank. CNC machining of these
blanks is shown in Figure 3 (a) and (b). Following machining, the hillslope surfaces were smoothed
by filling cracks with insulation foam and marine grade epoxy, and the filled cracks were sanded to
match the adjacent surface height using 0.5mm sandpaper, leaving the finish shown in Figure 3 (c).
This finished surface was hydrophobic, so we coated the hillslopes with < 250um sieved builders
sand at a average density of 0.22 g/cm? (based on the weight of sand applied to the known hillslope
areas), using a thin layer of epoxy as an adhesive. The resulting final surfaces of the hillslopes are
shown in Figure 3 (d) for a = —0.05, (e) for a = 0, and (f) for @ = 0.05. Finally, we used aluminium
foil to form boundary conditions and prevent water entering or leaving the model hillslope domain.

We constructed a simple rainfall simulator by arranging 6 atomizing nozzles pointing directly
down at locations shown in Figure 4. Nozzles were connected to a University of California Berkeley

building water main via a valve with a pressure equalizer. The path to each nozzle from the valve

16 Lapides, April 16, 2020



373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

was of an equivalent length and passed through through identically sized tubes and connectors.
We restricted the outlets to 6 nozzles in order to maintain high enough pressure in the system to
achieve atomizing spray. If pressure drops, nozzles drip intermittently, creating large changes in
uniformity of the rainfall. Tests of the rainfall simulator performance showed that it was variable
(average coefficient of uniformity of 17% compared to benchmarks of 70-94% Humphry et al.,
2002; Esteves et al., 2000; Meyer and Harmon, 1979; Moore et al., 1983; Shelton et al., 1985),
and that some areas received systematically more rainfall than others (see Appendix Section III
for details of the tests). However, this spatial pattern was symmetrical and persistent across tests.
While the simplicity of the simulator design means that effective rainfall on hillslope scales needs
to be back-calculated from equilibrium flow values, the performance of the rainfall simulator was
robust enough for us to proceed with flow generation experiments.

The experiment was set up as shown in Figure 4b). Hillslope models were placed on a levelled
surface, with the rainfall simulator 0.7m above the model. A funnel constructed of medium density
fiberboard and aluminium foil was used to direct flow from the base of the hillslope into a beaker
on a mass balance. Rainfall was initiated while the hillslope was covered with an impermeable
cover. Once the cover was removed, we subjected the hillslopes to 5 minutes or 10 minutes of
rainfall simulation, after which the rain cover was replaced (and the simulator turned off), and flow
continued until it became negligible. The mass of the beaker was recorded continuously throughout
each experiment and tabulated on one-second intervals. Experiments were run 3-5 times for each
hillslope.

We smoothed mass-time curves by quadratic locally-weighted regression with a tricubic kernel
using the python statsmodels library (Cleveland, 1979a; Hastie et al., 2009). An optimal smoothing
method was determined by selecting the method that produced the hydrograph with the smoothest
curve that accurately fits the data. This was determined by examining the RMSE between the
smoothed curve and the data in addition to the ‘“noisiness" of the curve, measured as the mean
frequency of concavity reversal. The resulting smoothed curve was converted into a hydrograph

using a finite difference method. Details on quality control of hydrographs and the selection of an
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optimal smoothing method can be found in Appendix Section V. A list of the tested methods is
found in Table 3.

To enable us to parameterize the constants in the experiment, we separately analyzed 1) the rising
limb, 2) equilibrium peak flow, and 3) the falling limb of the hydrograph. Because the strongest
sensitivity to curvature is found in the rising limb of the hydrograph, we used equilibrium peak
flow to compute the effective rainfall intensity, and the falling limb to parameterize the roughness
coeflicient for the hillslopes.

With no infiltration occurring on the model hillslopes, rainfall intensity can be computed from
equilibrium flow. Equilibrium flow was identified by taking the mean value of the top 10% of flow
measurements (results are not sensitive to variations in these thresholds). With the equilibrium

flow (Qpear) defined, the effective hillslope-average rainfall rate was estimated as:

_ Qpeak
I = 1 (35)

Once the effective rainfall rate was estimated, we calibrated the kinematic roughness parameter
a by minimizing the RMSE between the observed falling limb of the hydrograph and the analytical
solution for each experimental replicate and then averaging these values across all replicates. The
falling limb was defined by all flow that occured following the recorded time of rainfall cessation.

We used the calibrated value of @ to define the time to equilibrium 7, and the the rising
limb of the hydrograph for all simulations. We used the RMSE between the rising limb of the
experimental hydrograph and the analytical prediction from the model, normalized by peak flow of
the analytical hydrograph, (NRMSE) to measure how well the analytical solutions approximated
the flow behavior. We examined the relationship between 7, and curvature a since ¢, is an important
parameter for design. We also repeated the fit routine using analytical solutions with a = 0 to
evaluate the reduction in prediction error achieved by incorporating curvature into the analytical

solutions.

RESULTS
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Numerical

Full data for the comparison between the analytical hydrographs (with m = 2 and m = 5/3)
and the numerical solutions (via ParFlow) are presented in the Appendix Section IV, collected in
Table 2. All forms of error remain relatively small until |a| > 0.02. At this point, the magnitude
of error in the hydrograph increased in a stepwise fashion. Given these large increases in error, we
considered the range |a| < 0.02 to represent the ‘reasonable’ range of application for the analytical
model, for both m = 2 and m = 5/3. Since results were nearly the same for both values of m, only
results for m = 5/3 are shown. Note that the experimental studies use |a| values of 0.05, outside
the boundaries of the reasonable range defined by numerical simulations, which were selected in
order to maximize the effects of curvature on the flow and examine whether the limitations of the
model may appear different when examined with laboratory methods.

Within the reasonable range of a, the error metrics ¢ and RMSE remain fairly small. Figure 5
a) shows how ¢ varies with a as a proportion relative to a = 0. The RMSE is comparable to that of
the a = 0 case (values similar to 1) when |a| < 0.02, but increases for larger a. In Figure 5 (b), the
proportional error in maximum flow is compared to the expected equilibrium condition of A4 * I.
Errors in maximum flow increase with increasing |a| when a > 0, and the value becomes larger
for a > 0.05. While peak flow error decreases when a < —0.02, this decrease may be due to lower
resolution data at the outlet since the number of cells at the outlet decreases as the hillslope becomes
more convergent. Errors in the mean specific discharge across the boundary are less than 20%
within the reasonable range. These errors are due to violation of the quasi-1D flow assumption.
The lack of uniformity in flow across contours is illustrated by the coefficient of variation (CV) in
the boundary flux shown in Figure 5 (c). The larger this CV, the less uniform the flow crossing
the bottom boundary is. For divergent hillslopes (a > 0), CV remains relatively small since the
tendency of the hillslope to disperse flow bounds the minimum specific discharge at 0. However,
for convergent hillslopes (a < 0), the concentration of flow leads to effectively unbounded growth
in peak specific discharge across the slope, leading to increasing CV as hillslopes become more

convergent. The data point for a = —0.10 is plotted in grey, and violates this increasing trend:
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this is due to the resolution of the ParFlow simulation that results in very few boundary cells for
the strongly convergent slope. The drivers of the increasing CV with increasing convergence are
illustrated in Figure 5 (d), where the solid lines show the variations in specific discharge along
the bottom boundary, which diverge further from the mean boundary discharge (dotted line) as |a|

increases.

Experimental

The two hydrographs that meet quality standards for each of the hillslopes were used for com-
parison to analytical predictions. Figure 6 shows sample experimental and prediction hydrographs
for (a) a = —0.05, (b) a = 0, and (c¢) a = 0.05. The smoothed hydrographs from the laboratory
experiments are plotted in light blue, and the analytical solution is plotted in dark blue. The
effective rainfall rates are of the same order of magnitude, indicating that, while the rainfall is
not spatially uniform, the hillslopes of different shapes received similar amounts of rainfall. It is
visually apparent from the hydrographs in the upper half of the figure that shape of the rising limbs
differs between curvature cases, with a steeper rising limb in the convergent case and a less extreme
rising limb for the divergent case.

When normalized and plotted together in panel (d), the differences in the hydrographs due to
curvature become more apparent. The divergent hydrograph contributes flow immediately and
slowly increases, while the convergent hydrograph doesn’t discharge much flow at first before
rapidly rising to produce equilibrium peak flow. The result is that the time to equilibrium #, occurs
sooner for the convergent than the divergent hillslope, as predicted by the analytical model. This
trend is shown in panel (e). The values of ¢, for each hillslope are distinct, and there is a clear trend
of increasing 7, with increasing a.

The agreement between predicted and observed hydrographs is apparent from Figure 6 (a),
(b), and (c) and reflected in the small NRMSE values for the curvature-included model referenced
in panels (a)-(c) and plotted in panel (f) in blue for all hydrographs, while the NRMSE for the
curvature-removed fit (orange) is at least an order of magnitude greater. This result indicates

that including information about curvature improves the predictions of hydrographs formed on the
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experimental hillslopes, especially for divergent hillslopes, and suggests that even the simplified
analytical solutions used in this study provide a very good approximation to the experimental
results. It is notable that this agreement on the experimental hillslopes is better than expected, for
the specific level of curvature, based on the ParFlow simulations. Potentially the reasonable range
of a selected using the ParFlow simulations (Ja| < 0.02) is too conservative.

The value of a varied across the experimental hillslopes, a variation we attribute to heterogeneity
in the application of the sand layer. If «, rather than a, were the primary parameter controlling
goodness-of-fit then the difference in NRMSE for the curvature-included and curvature-removed
models in Figure 6 (f) would be minimal (as both models would have identical and calibrated «
values). The significant difference in model performance associated with including information
about a in the predictions suggests that the variations in @ reflect surface preparation rather than a

parameterization of the effects of curvature.

DISCUSSION AND CONCLUSION

This study extended the concept of hillslope width functions from groundwater flow (Fan
and Bras, 1998; Troch et al., 2002) to surface runoff, predicting the hydrograph generated by
uniform infiltration excess overland flow on convergent or divergent hillslopes, and allowing elegant
analytical solutions for exponential hillslopes. Relative to existing techniques to simplify predictions
for kinematic flow on topographically curved slopes, the present approach generates simpler and
more intuitive predictions. Despite the approximation of the two-dimensional flow field with one-
dimensional averaged flow needed to generate these solutions, predictions agreed well with both

experimental observations and two-dimensional numerical predictions.

Model Applicability

The solution approach required the use of reasonably stringent assumptions, both around near
one-dimensionality of flow, and around the imposition of exponential width-functions and use of an
m = 2 exponent to allow analytical tractability. We note that previous experiments and analyses have
found that m = 2 is often a reasonable approximation under transitional overland flow conditions

(Henderson and Wooding, 1964; Thompson et al., 2011). Of course, with the exception of the
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one-dimensional approximation, these constraints can be relaxed, and simple numerical solutions
for the one-dimensional flow problem can be used.

Where hillslopes exhibit very strong convergence or divergence (i.e. where |a| > 0.02), the
assumption that flow occurs in a one dimensional sense along streamlines that follow the path of
steepest descent may become invalid. On sufficiently curved hillslopes, water surface gradients
arise that cause the flow vectors to deviate from the topographic path of steepest descent. Such flows
are increasingly two-dimensional in their character, leading to increased variability in velocity and
depth along hillslope contours. For such variable conditions the assumption that an average depth
or velocity is a good representation for all flow conditions along the contour is inappropriate. This
results in discrepancies between the analytical solution and two-dimensional numerical solutions
to the flow equations, which tend to become more extreme as |a| becomes larger.

The implications of this constraint, however, may be less problematic than it might appear
at first sight. This is largely because the representation of overland flow as sheet flow via the
kinematic wave equation is itself also constrained in its applicability — typically to hillslope scales
on the order 100s of meters. At this scale, numerous hillslopes fall within the curvature range
where the solution is applicable, even in natural settings (Istanbulluoglu et al., 2008; Tarolli and
Dalla Fontana, 2009). The restriction may be even less problematic in managed or anthropogenic
settings such as urban landscapes, since these landscapes are often subject to deliberate grading and
topographic control, which tends to reduce rather than exaggerate curvature. Thus, there are many
situations where accounting for curvature via the solutions presented here could improve hydraulic

predictions without exceeding the limits of validity of these solutions.

Laboratory Experimentation

The laboratory experiments provided a useful test of this method and complement the compar-
isons to numerical techniques. Because the sources of error in each approach (numerical versus
experimental) are independent, the two comparisons provide a robust assessment of a new solu-
tion in a situation where two-dimensional analytical solutions were not readily available. While

time-consuming and labor-intensive to construct and complete, the laboratory models allowed us to
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construct a highly controlled environment for testing, in which the only simplifications made relate
to scale. In this situation, laboratory experiments filled a gap left between full-scale observations,
which were not sufficiently controlled to allow testing of a new analytical solution, and numerical
methods which also contained simplifications of physics and numerical errors, suggesting the value
of augmenting existing hydrological methods with such laboratory approaches (Blume et al., 2010;

Kleinhans et al., 2010)

Intuitive Methods

New technologies such as airborne and ground-based LiDAR, drone-based platforms, and
micro-satellites have dramatically increased the ability of planners and hydrologists to observe
the features of the landscapes they work in, especially as innovations increase the resolution and
decrease the cost of obtaining information. Increasingly, planners and hydrologists confront the
issue of how to use, not how to obtain such information, particularly when ease of use or lack
of resources may limit access to computational tools. An appealing path forward is offered by
techniques that incorporate more information about a catchment without increasing the demands
on planners and engineers.

While this is certainly not the first time that analytical methods have been employed to examine
the impact of curvature on hillslope hydrographs (see first kinemtaic wave modeling of conver-
gent/divergent slopes from Fan and Bras (1998)), this solution is the simplest and most intuitive.
Numerous studies show large effects of divergence or convergence on hillslope hydrographs (Wool-
hiser, 1969; Sherman and Singh, 1976; Moore, 1985; Agiralioglu and Singh, 1981; Baiamonte and
Singh, 2015); however, accounting for these effects in solutions to the kinematic wave equation
requires elaborate numerical solutions (e.g. numerical integration, summation of infinite series
or approximations of beta or hypergeometric functions) (Moore, 1985; Noroozpour et al., 2014;
Sherman and Singh, 1976; Agiralioglu, 1988), or apply only to convergent hillslopes (Woolhiser,
1969; Sherman and Singh, 1976; Moore, 1985). User-friendly and intuitive methods are more
appealing to practitioners and easier to integrate into design routines and other models.

As highlighted by the results presented in this study, analytical approaches can be both impactful
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in terms of the sensitivity of predictions to features such as curvature, and reliable within defined

limits, particularly when studied in combination with numerical and laboratory methods.
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Hillslope contributing area [L?]

Total hillslope area [L?]

Curvature parameter in exponential width function [1/L]
constant of proportionality so that C = 2¢ [L]
Constant multiplier for exponential width function [L]
Infiltration rate (constant) [L/T]
Graviataion [L/T?]

Elevation change between the divide and the outlet [L]
Water depth [L]

Average depth [L]

Average depth on characteristic at #, [L]
Rainfall intensity [L/T]

Curvature parameter in conic section hillslope equation from Evans (1980) [ ]
Hillslope length [L]

Constant dictating flow regime [ ]
Manning’s n [ ]

Maximum Q [L3/T]

Peak flow in experimental hydrograph [L3/T]
Flow rate [L?/T]

Average flow rate [L?/T]

Maximum ¢ [[L?/T]

Friction slope [ ]

Slope [ ]

Time [T]

Time of concentration [T]

Time to equilibrium flow value [T']

Time of ponding [T]

Length of rainstorm [T']

Time of start of characteristic in Domain 2 [T]
Velocity [L/T]

Hillslope width function [L]

Spatial coordinate pointing downhill [L]
Location of characteristic at ¢, [L]

Location of start of characteristic in Domain 1 [L]
Cross-slope coordinate [L]

Limiting flowline [L]

Limiting flowline [L]

Height of topography above a base elevation [L]
Roughness [L'3/T]

Density [M /L]

Metric defined as the RMSE between two hydrographs [ ]
Cross-slope curvature parameter from Evans (1980) [ ]

TABLE 1. Reference list of symbols used in text.
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a Yo error Qax | CV | &5/3 & RMSEs,3 | RMSE;
-0.1 1.21% 0.56 | 0.052 | 0.16 | 0.76 2.34
-0.05 8.58% 0.68 | 0.037 | 0.15 | 1.19 2.57
-0.02 22.18% 0.41 | 0.018 | 0.13 | 2.86 3.48
-0.01 24.91% 0.28 | 0.012 | 0.12 | 3.15 3.58
-0.005 | 19.24% 0.21 | 0.011 | 0.11 | 2.44 3.01
-0.001 | 12.60% 0.09 | 0.011 | O0.11 | 1.59 2.37
-0.0005 | 9.41% 0.06 | 0.011 | 0.11 | 1.17 2.10
-0.0001 | 4.43% 0.03 | 0.013 | 0.11 | 0.56 1.81
0 0.00% 0.00 | 0.014 | 0.11 | 0.21 1.65
0.0001 | -5.88% 0.03 | 0.015 | 0.11 | 0.81 1.69
0.0005 | -8.76% 0.06 | 0.016 | 0.11 | 1.16 1.77
0.001 -10.78% 0.08 | 0.018 | 0.11 | 1.41 1.86
0.005 -18.07% 0.14 | 0.022 | 0.11 | 2.31 2.32
0.01 -17.83% 0.17 | 0.022 | 0.11 | 2.25 2.25
0.02 -9.51% 0.20 | 0.019 | 0.10 | 1.21 1.65
0.05 31.54% 0.20 | 0.035 | 0.08 | 4.39 3.85
0.1 1.48% 0.22 | 0.041 | 0.03 | 15.06 13.33

TABLE 2. Summary of results from numerical simulations in ParFlow (Jones and Woodward
(2001), Jones and Woodward (2001) Kollet and Maxwell (2006), Maxwell (2013)). The percent
errors in ¢, is shown between the numerical simulations and the expected value of A4, * I. CV
is the coefficient of variance in flow along the bottom boundary at the time of equilibrium flow.
The metric & is the RMSE between hydrographs normalized by peak flow. The subscripts on & and
RMSE indicate the m value used for the comparison to ParFlow.
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Name f d t
1  moving average without reweightings 0.05
) linear locally-weighted regression
without reweightings
linear locally-weighted regression
3 with three residual-based reweightings 0.03 1 3
(robust locally-weighted regression)!
quadratic locally-weighted regression
without reweightings

()
(e)

004 1 O

008 2 0

TABLE 3. Table of compared smoothing methods applied to volume-time curves. f refers to the
fraction of nearest neighbors used in the kernel, d refers to the degree of polynomial regression, and
t to the number of residual-based reweightings. Superscript 1 is attributed to Cleveland (1979b).
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List of Figures

1

Sample characteristic nets for (left) a convergent hillslope with a = —0.02, (center) a planar
hillslope, and (right) a divergent hillslope with @ = 0.02 under two different storm scenarios
with no infiltration. The hillslope shapes are shown below the nets. The characteristic
shown in gold is the first originating from the top of the hillslope to reach the outlet. Its
passage through (x = L) marks the time of equilibrium flow 7., shown as a solid gray line in
each hydrograph panel. Horizontal dashed lines mark the end of the rainstorms. Domain 1
(the rising limb) is shown in light blue, Domain 2 (equilibrium flow) in black, and Domain
3 (the recession/falling limb) in dark blue. If #, occurs before the end of the rainstorm,

there is a period of constant flow. The rising limb is steeper in the convergent hillslope

hydrographs than the divergent ones, and the recession steepest for the divergent hillslopes.

Hydrographs shown for a 60 min storm with no infiltration on three hillslopes of identical
area and length: very convergent a = —0.02 (light blue), uniform width @ = 0 (medium
blue), and very divergent a = 0.02 (dark blue). The time of equilibrium ¢, is marked with
a dot for each hillslope. The more convergent the hillslope, the steeper the rising limb
and the earlier 7., with a 20% difference in 7. between the convergent and divergent cases.
The more divergent the hillslope, the steeper the falling limb. The inset shows flow rate ¢

(m?/s). The highest peak flow rate occurs on convergent slopes and the lowest on divergent

hillslopes, which differ by a factorof 2. . . . . . . . . . .. ... ..o

(a) First step of CNC fabrication and (b) second step of CNC fabrication of engi-
neered hillslope with @ = 0.05. (c) Smooth surface finish is shown with cracks
filled in using insulation foam and epoxy, smoothed flat to the surface. Aluminum
is used to line the edges of the model and prevent flow from entering the hillslope
from the excess foam on the edges. The lower half of the figure shows completed

models after the application of sand to the surface to increase hydrophilicity for (d)

a=-0.05()a=0,and(f)a=0.05. . . .. ... ... .

45
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(a) Diagrams of experimental design with dimensions in cm. Atomizing nozzles
are marked by black rectangles with dashed lines indicating spray. The rainfall
simulator is suspended 70cm above the level table where the hillslope model sits
with a funnel at the downslope end to send flow to a beaker positioned on a mass
balance. A rain cover is used to shield the hillslope from rain before the experiment
begins and after the end of rainfall. (b) The actual constructed dimensions of the
experiment are shown. Errors are due to material limitations, measurement error,
or accidental changes made to the position of the rainfall simulator throughout

experimentation and nozzle replacement. . . . . . . .. .. ..o 48
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Sample data from numerical simulations. a = —0.1 data is shown in grey since the bottom
boundary is only 4 cells wide, inadequate for confidence in statistics. In panels (a), (b),
and (c), shaded regions indicate (horizontal bars) the region of acceptable values for the
given statistic and (vertical bars) the region identifying the values of a that consistently
exhibit appropriate values for the statistics. (a) & normalized by the value of £ ata = 0
for easy comparison between simulations. Values jump in magnitude for simulations when
la|] > 0.02. (b) Error in maximum flow as compared to the expected A,,4x * I plotted
against a. Large errors in maximum flow indicate 2-D flow behavior not described by the
analytical solution presented in this behavior. Data are shown in comparison to m = 5/3
solutions only since results are very similar for m = 2. (c) Coefficient of variation (CV)
of flow across the bottom boundary. CV remains below 0.2 for all divergent runs, but CV
increases steadily for convergent simulations. This is due to increased flow concentration at
the center of the domain. (d) Flow cross-sections along the bottom boundary for a selection
of convergent hillslopes, normalized by boundary length. The dotted lines show the mean
flow value along the boundary for each simulation. As the magnitude of a increases
in magnitude, the flow cross-section increasingly diverges from the line indicating mean
flow. As a increases in magnitude, the central peak becomes more pronounced, and the

assumption that average flow along the cross-section is close to actual flow fails. Deviations

from symmetry are due to numerical error. . . . . . . . . . ... L. Lo
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Sample hydrographs from experimental data plotted with the parameterized analyt-
ical solution for (a) a = —0.05, (b) a = 0, and (c) a = —0.05. (d) Shows normalized
experimental hydrographs for a = —0.05, a = 0, and a = 0.05 plotted together to
demonstrate the differences in rising limb behavior. The a = —0.05 case begins
rising later but reaches peak flow faster than the a = 0.05 case, and a = O falls
between the two. It is also clear in (d) that the falling limbs are not significantly
different but still are able to allow for the parameterization of very different values
of a that match well the distinct behavior of the rising limbs. A boxplot of (e)
time to equilibrium (z,) demonstrates high confidence in the qualitative trend in
t. predicted by the analytical solutions. (f) shows a plot of NRMSE between the
rising limbs of analytical (for curvature-included and curvature-removed models)
and experimental results (normalized by peak flow) to demonstrate the quality of
the fit produced by the analytical solutions and the improvement offered by includ-
ing curvature in the model. NRMSE for analytical solutions with no curvature are
shown in orange. NRMSE for analytical solutions with curvature are in blue. There
is a significant improvement in NRMSE when curvature is included in the model
(for both a = —0.05 and a = 0.05, the upper box is orange, the lower blue). For

a = 0, the boxes are plotted on top of one another since results for curvature and

no curvature are identical. . . . . . . . . . . L
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Difference in peak flow values between simulations at different resolutions in n3/s.
For each value of a, the difference in peak flow is the absolute difference between
the peak flow value for the resolution on the x-axis and the highest-resolution
simulation (0.25). The resolutions on the x-axis refer to the ratio between the
base resolution and the tested resolution from 1/4 to quadruple (4). As resolution
increases (moving right on the x-axis), the difference in peak flow approaches 0.
For all values of a, the difference in peak flow for 0.5 resolution is nearly 0, so we

determine that double resolution is adequate to control numerical dispersion and

diffusion. . . . . . . L

Average rainfall intensity pattern above the hillslope model. Black dots mark
locations of rain depth measurement. Approximate diagonal symmetry may allow

for less strong impact on experiment results than would be expected for 17%

coefficient of uniformity. . . . . . ... .. ... L

Workflow for the comparative evaluation of smoothing methods for an example
dataset (a=-0.05, run 2). (a) Raw data is smoothed by the 4 smoothing methods
described in Table 3, which produce distinguishable curves shown in the close-
up. (b) Finite differences are computed from the smoothed and raw volume-time
curves to produce the hydrographs shown. (c) The second derivatives of the 4
smooth hydrographs are computed and their power spectra are estimated. (d) The
Roughness Index is computed from the average frequency of each power spectrum
and scattered against the RMSE between smoothed and raw volume-time curves.
Values are plotted in standard units (standard deviations away from the mean
values for the 4 methods), that allow for (relative) comparison between smoothing

methods. The best method is the one with the lowest Roughness Index and lowest

RMSE, which for these dataismethod 4. . . . . . . . . .. . .. ... ... ....
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10

Scatter of Roughness Index vs. RMSE of the smoothed volume-time curves for
all 12 datasets. Points are plotted for each of the 4 smoothing methods in Table 3.
Values are shown in standard units (standard deviations away from the mean value
from each run), which are computed separately for each run and plotted over the
values for all other runs. Quadratic local regression (method 4) has, on average,
the lowest Roughness Index (on average, 0.88 standard deviations below the mean)
and the lowest RMSE (on average, 0.94 standard deviations below the mean) for
any given run, as shown by the purple triangle amidst the cluster of purple points

in the lower left corner. . . . . . . . . . . . 54
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601 APPENDIX I. NOTATION

692 Table 1 lists the notation used in this study.
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APPENDIX Il. RESOLUTION TESTING IN PARFLOW

Before we compared the analytical solution to ParFlow simulations, we checked that the ParFlow
simulations were stable with respect to a change in space or time discretization. We ran initial
simulations using a 1m spatial grid and a 0.01 hr timestep. We ran additional simulations (for
a = -0.02, a = 0, and a = 0.02) with the space and time grids at 1/4, 1/2, 2x and 4X this
resolution to check sensitivity of the results to the numerical grid. Predictions converged with
increasing resolution, with negligible change between the 2x and 4X resolutions as shown in
Figure 7. All test simulations were therefore run using Ax = 0.5 m and At = 0.005Ar (the 2x

resolution case).
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APPENDIX Ill. QUALITY ASSURANCE FOR RAINFALL SIMULATOR

Variation in the rainfall was measured in 7 independent trials. In each trial, two 4x4 grids of
petri dishes were laid out on a level surface beneath the rainfall simulator for 2 minutes each, and
the collected water weighed. The rainfall pattern was consistent across all trials, and the rainfall
rate was consistent among tests performed in the same trial. Variations in rainfall rate between
trials are likely due to uncontrollable pressure differences in the mains water line used. Small
changes in measured rainfall pattern over time were observed, and are likely due to changes in the
performance of the atomizing nozzles over time or incidental adjustment of the locations of petri
dishes used for measurement. The observed rainfall pattern shows two primary nodes of rainfall, as
demonstrated in Figure 8, which shows the average rainfall pattern. Rainfall was observed across
the full hillslope surface, although the amount of rainfall clearly varies to a great degree. The
coefficient of uniformity is on average 17%. This is a fairly low value, indicating that the rainfall
from our constructed rainfall simulator is highly variable. For comparison, other rainfall simulators
have been found to achieve 70-94% coefficient of uniformity (e.g., Humphry et al., 2002; Esteves
et al., 2000; Meyer and Harmon, 1979; Moore et al., 1983; Shelton et al., 1985), about 4-5 times

better than the rainfall simulator constructed for this experiment.
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APPENDIX IV. FULL DATA FROM PARFLOW SIMULATIONS

This section includes full data from the ParFlow simulations (Table 2) described in the

manuscript. As stated in the text, data for m = 2 are qualitatively similar to data for m = 5/3,

although the statistics are less robust.
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APPENDIX V. QUALITY ASSURANCE FOR EXPERIMENTAL HYDROGRAPHS

Computation of raw experimental results yielded noisy hydrographs, so smoothing was required
for rigorous comparison with the analytical model. Sources of noise in the raw data included: small
pooling and outburst events in the trough, slight movement of the collection beaker, or other jumps
resulting from the resolution of the digital scale (+ 0.025 g). These sources of error are minimal
enough to produce visually smooth volume-time curves but great enough to impede visual analysis
of hydrographs computed directly from raw data. The raw data consisted of cumulative mass time
series of water collected every second at the outlet of the experimental models. Raw data were
converted to volume time series with an assumed water density of 1.0 kg/m?. The hydrograph is
given by the derivative of the volume-time curve.

Prior to computing derivatives, for optimal results, we smoothed the volume-time curves by
4 methods that employ locally-weighted regression (LOWESS) with a tricubic kernel, for which
the fraction of nearest points was visually tuned for each method to achieve smooth, yet accurate
hydrographs. The methods are distinguished based on three parameters: f refers to the fraction
of nearest neighbors used in the kernel, d refers to the degree of polynomial regression, and ¢ to
the number of residual-based reweightings (Cleveland, 1979b). The names and descriptions of the
methods are found in Table 3. Smoothed volume-time curves were converted to hydrographs using
central differences in the interior and one-sided differences at the boundaries. This process yielded
4 different smoothed hydrographs and one unsmoothed hydrograph. The unsmoothed hydrograph
was very noisy since finite differences amplify noise in the data, as shown for the example dataset
in Figure 9 (b). Figure 9 shows the evaluation workflow for one dataset, which is completed for all
12 sets and summarized in Figure 10.

Results of the different smoothing methods were evaluated by (1) a Roughness Index and (2)
the root mean squared error (RMSE) of each smoothed volume-time curve from the corresponding
raw (unsmoothed) volume-time curve. We define the Roughness Index as the mean frequency
of concavity reversal, since we expect visually rough curves to reverse concavity more frequently

than visually smooth curves. To calculate this index, we first compute the second derivatives of
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each smoothed hydrograph. We then compute a power spectral density estimate of the second
derivative curve and take the (power-weighted) average frequency of the spectrum. Figure 9 (c)
shows a close-up of the second derivative curves and their power spectra for an example dataset.
Conceptually, a “period" of the second derivative curve is the time it takes for the hydrograph to
go from concave to convex to concave again, so a concavity reversal occurs in half of this “period".
Thus we define the Roughness Index as twice the power spectrum’s average frequency, which is
equal to the mean frequency of concavity reversal.

It is expected that poorly smoothed hydrographs should have a high Roughness Index and over-
smoothed volume-time curves should differ significantly from the raw data (i.e. high RMSE). For
the best result, both the Roughness Index and the RMSE are minimized.

Out of all 4 smoothing methods, quadratic local regression (method 4 in Table 3) has, on average,
the lowest Roughness Index and the lowest RMSE, as shown in Figure 10. For all experimental
data, quadratic local regression has, on average, a mean frequency of concavity reversal that is 0.88
standard deviations below the mean and an RMSE that is 0.94 standard deviations below the mean,
as indicated by the purple triangle in Figure 10. By these standards of smoothness and fit, quadratic
locally-weighted regression with a tricubic kernel is the best smoothing method for these data.

To produce final hydrographs, all datasets were smoothed using quadratic locally-weighted
regression (method 4). The quality of each dataset was then assessed through visual inspection
with the expectation of a smooth rising limb, peak, and falling limb. Many of the datasets had
superimposed structure that deviated greatly from this form, which likely resulted from observed
perturbations to the experimental set-up. These events, which included spilling, outbursts from
pools, and leaks (that were subsequently patched), were clearly expressed in the smooth hydro-
graphs. Out of the 12 runs, 6 problematic datasets were visually identified and discarded, leaving

2 runs for each hillslope.
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