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Abstract

The paper is concerned with what is sometimes called “intrinsic oscillation”, namely originating in the structure of
the differential system itself, and as distinct to “extrinsic oscillation”, whereby the oscillation is “pumped” into the
system through an inhomogeneous term. This is an important distinction, because the two forms of oscillation are
very different. In this paper, we address the highly oscillatory second-order initial value problems of the first type by
extending the methods of the second. the asymptotic-numerical solvers for highly oscillatory second-order problems
are developed, the error bounds are analyzed, and the accuracy is presented by numerical experiments.

Keywords: high oscillation; second-order ordinary differential equation; asymptotic expansions; extrinsic
oscillation; modulated Fourier series.

1. Introduction

The asymptotic-solver for ordinary differential equations with highly oscillatory forcing terms was proved to be
very accurate and affordable [2, 3, 4, 5, 6, 7]. In this paper, the asymptotic-numerical solvers are developed for highly
oscillatory second-order initial value problem of the form

{x’(t) + 0?x(t) = g(t,x(1)), t€][0,T],
(1.1)
x(0) =x0, x(0) = o,

where x(1) : Rt = R?, @ > 1 and g(r,x) : Rt x R? — R? are sufficiently differentiable. This is a model of highly
oscillatory problems, which arise frequently in celestial mechanics, chemistry, biology, classical and quantum me-
chanics, and engineering. The integration of such systems has been a numerical challenge for a long time. The highly
oscillatory nature of the solutions impose a very small step size on standard numerical methods for ODEs, however,
this strategy is not always realistic, since as the step size decreases, the amount of computation will increase rapidly
and the round-off error may accumulate enormously to a disaster. A lot of work has been made in efficient inte-
grators for highly oscillatory problems. We are concerned with the special case of (1.1), where the components of
g(t,x) : RT x R? — R? are polynomials in components of x. And we make the important assumption that the bounds
of the functions g(#,x) are independent of ®.

The paper is organized as follows. In Section 2, we reformulate the system (1.1) into a first-order system with
extrinsic oscillation. In Section 3, we construct asymptotic-numerical solver for highly oscillatory linear system, and
in this section, we estimate global error of our proposed solver. In Section 4, we derive the asymptotic method and
discuss bound on the asymptotic-numerical solver for nonlinear system. In Section 5, numerical experiments are
carried out to show the performance of our proposed methods. A conclusion is included in Section 6.
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2. Transformation of the original problem

We first transform (1.1) into a first-order system with extrinsic oscillation.
Let x(t) = wy(t), and

( ;58 ) = Ue®Py(y), @2.1)
then we have
u(t) :e""B’U*< ig; ) 22)
with .
U:\}E“ i)@ld, Bz(lg _Old), 2.3)

I; is a d dimensional unit matrix, and U™ is the conjugate transpose of U. After the change of variables, we get a
system of first-order ordinary differential equations

U em it { —igleox(®)
()= e o8 1( —eln() )

_ o ! —iefia”g(t,X)
V2 \ e¥elx) )7

with initial values u(0) =ug =U* [ 0, ).
X0

2.4

o
Since g(t,x) are polynomials in components of x with sufficiently differentiable t-dependent coefficients, and

x(t) = %(ei“”ld,ie’i“”ld)u(t), the functions g(#,x) can be expressed as

g(t,x) = Zeikwtak(t)fk(”% (2.5
%

where a;(t) : R* — R are sufficiently differentiable functions and f; (u) : R>? — R are polynomials in components
of u. Then we can arrange (2.4) into the following initial value problem for u in the form of

i(t) =o' ;e""“”Gm(t,u), u(0)=U" ( Z()J_lx()’ ) , (2.6)
where G, (t,u) : Rt x R?? — R> m € Z are independent of @, and the components of them are polynomials in
components of u with sufficiently differentiable t-dependent coefficients and independent of .

Thus, the system (1.1) is reformed into the first order ordinary differential equations (2.6), which are forced
oscillations in the sense of Urabe[11]. The efficient and accurate solutions of systems of ordinary differential equations
subject to oscillatory forcing terms have received much attention in recent years [2, 3, 4, 5, 6, 7, 12], and an asymptotic
method has been derived in [4, 6] for systems of ODEs of the form y'(¢) = h(y(t)) + g ()£ (¥(¢)),y(0) = yo, where
2o (1) can be expressed as a modulated Fourier expansion, that is g, (t) = Y™, @, (t)e™®". This motivates us to derive

asymptotic method for highly oscillatory second-ordinary differential equations (2.6). Integrating (2.6) from O to ¢,
yields

u(t) =u(0)+ ! /OtZeimwSGm(s,u(s))ds

=u(0)+0(0 "), @ o

Q2.7)

This gives us the idea to suppose the solution u(r) of (2.6) admits an expansion in inverse powers of the oscillatory
parameter @

u(t) ~uo+ Y, 0 y(1), o> 1, (2.8)
s=1

§=
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where the y;(7)s may depend on @, for s € N. Moreover, the solution of the equation (1.1) can be expressed as
a modulated Fourier expansion x(t) = y(t) + Yz €' z*(t), where y(t) and z¥(¢) together with their derivatives are
bounded independent of @ [1, 8, 9]. Given the structure of the ordinary differential equations (2.6), it seems reasonable
to assume that the solution of (2.6) can be written in the form of

u(t) ~ uo + i o i MO p o (1), (2.9)

s=1 m=—co

In order to satisfy the initial conditions, we impose

i psm(0) =0, s>1. (2.10)

m=—oco

3. Construction of asymptotic-numerical solver for highly oscillatory linear system

In this section we consider the special case when the perturbation g(#,x) do not depend on x, that is g(z,x) = g(¢),
the system (1.1) is linear,
i(t) + w’x(t) = g(t), x(0)=x, %(0)= =, (3.1

then the transformed equation (2.4) takes the form
. o! —ie @ g(t)
”(t) = \ﬁ ( eiwtg(t) >
-1 . -1
o i [ —18(1) > w icot( 0 > * < X0 )
=—e + —e , u(0)=U 1. .
7 ( 0 VARROWA o o,

As explained in Section 2, we assume that the solution u(¢) of the above equation can be written in the form

(3.2)

u(t) ~u(0)+ Y 0 Y e pon(t), (3.3)
s=1 m

and _
Y pm(0)=0, s>1, (3.4)

m=—oo

in order to match the initial conditions.
Differentiating (3.3) term by term gives, formally

u/(t) ~ Z o’ Z[eimwtp;m(t) + imweimmtpsm(l‘)]7
s=1 m
and inserting it into (3.2), then we can obtain

hnd . . - 3 -1
S:ZI w—s;[elm(m‘pgm([) +ima)e”"w'pxm (l‘)] _ %e—lwr < lg(t) ) + %elwt < g(ot) ) ) (35)

imamr

Comparing the coefficients of the same orders of inverse powers of @, and then e within each order of , we

can obtain the following formulas about the coefficients.
For @°, we have: ‘
Y ime™® pi(1) = 0.
m

Separation of the values of m yields equations

Pim(t) =0, m#0. (3.6)
3



1

For ™", we have
i o [ —ig(r) 1 0
maot / t _|_1 1maot t — ICOT( + 10t ,
LI 1)+ ime"™ pan (1) = e 50 )+ S5 oty

Mot e can obtain

= () mo=A( )

p/l)n(t)+imp2m(t):0, m?ﬁ—l,l.

comparing the coefficients of e

and

Moreover, when m = 0, we have p ,(t) = 0, additionally with the initial condition p19(0) = —¥.,,20 P1m(0) = 0,
which means pjo(¢) =0, and

—i
DPam(t) = Epllm(t) =0, m=#-1,0,1. (3.3)
For ™%, s > 2, we have
P;m<t) +imps+17m(t) =0,
then we can get the following recursions:
O Ifm=0:

Puttn(t) = —pin(0): (3.9)

(i) If m = 0: pl,(r) = 0, with initial condition pso(0) = — ¥ 20 Psm(0). Obviously, it leads to ps (1) = — ¥nz0 Psm (0).
This is the scheme that we could find for each value s > 1, involving all the terms p; ,,,(¢) up to any desired value
of 5. In the following, we will analyze the number of terms that we need within each order of .

Theorem 3.1. Let 6; = max{m € Z: p; |, # 0}, we have
6=6,=0, 6,=1, s>2.

Proof. It can be checked obviously from the above analysis that 8y = 6; = 0.
Using (3.8), we can obtain 6, = 1. For s > 2, we shall use formula (3.9)

—i
ps+l,m(t) = Ep;m(t))
because pgy(t) = 0= p,,,(t) =0, hence 6; = 1,s > 2 hold. O

Based on the above analysis, we present the approximations of u() up to Rth term:
R . .
uar(t) = uo + Z O e ps_1(t) +pso(t) +€“ psi(t)], R=0,1,...
s=2

specifically, uao(f) = ua; (t) = up. Then we get the an approximation for the solution of (3.1)

1. .
xar(t) = 7(616(”]‘1,ieilwlld)uAR(t), R=0,1,... (3.10)

V2

Before presenting the global errors of the asymptotic-numerical solver for (3.1), we first derive bounds of these
coefficients ps _1(t), pso(t), ps1(t). Here, we mention that all norms in this paper are L™ norm.

Lemma 3.1. Suppose g(t) and all derivatives of g(t) are bounded by C in [0,T], then
C C
()] < —, 10 < —=, N < V2C, s=2,3,...
P A< s pa < S5 Ipa(0

4



Proof. From (3.7),

then

For s > 2, by (3.8), we can obtain
is—1 (s—1) t —i)s—1 0
Ps+1,-1(t) = ( 8 0 ) >7 Ps1,1(t) = ( \g ( gD (1) >,

C C
HpsﬂL],*](t)HS%a ||ps+1,1(t)||gﬁa 52273,...

N

thus

For py o, observing Pso(f) = — Y20 ps,m(()) = —Ps,—1 (O) — Ps,1 (0)» we have
pso ()] < [1ps,~1(0)||+]|ps,1 (0)]] € V2C, s=2,3,...
O

Theorem 3.2. Suppose g(t) and all derivatives of g(t) are bounded by C for t € [0,T), then the global errors of the
asymptotic-numerical solver up to Rth term for (3.1) are

4CL—~, R=0
x(t) —xar(t)|] < l—g 1
() AR(H_{ 4C§°R nOR=12.
w—
Proof. By Lemma 3.1, the global errors of the asymptotic-numerical solver up to Rth term for (3.2) satisfy
_MAR = e ' Ps,—1 Ps,0 Ps,1
[|u(7) =1 Z @ (e ps 1 (1) + o (1) + € i ()]
s=R+1
Z @ ([|ps.—1 @Il +[1Pso O]+ llps1 (@)I]) G.11)
s=R+1
—R-1

<2v2c® . R=12,.
1-—w!
forR =0,
(1.)72
[ue(r) = a0 (1) = lJu(t) = uar ()] < 2V2C7— . (3.12)

Thus from (3.10), (3.11) and (3.12), we can obtain

1. o
|[x(r) = xar(2)]] = HTz(e‘“”Id,ze ) (u(t) —uar (1))
ok (3.13)
§4C71 =t R=1,2,..
and for R =0,
-2
[le(r) = x40 (1) = [1x(r) —xa1 ()] < 4CT— -
O

This theorem shows that the accuracy of the asymptotic-numerical solver for highly oscillatory second-order linear
system (3.1) improves as the frequency @ grows, moreover, when R is chosen as a larger natural number, the method
is expected to behave better.



4. Construction of the asymptotic-numerical solvers for nonlinear system

In this section, we construct the asymptotic-numerical solver for the general nonlinear system (1.1). Suppose that
the system (1.1) has been transformed into the form of (2.6). And as explained in Section 2, we assume that the
solution u(r) admits an asymptotic expansion in inverse powers of the oscillatory parameter @

u(t) ~up(t) + Z o’ Z M pen(t). 4.1)
s=1

m=—oo

Since Gy, (t,u) : RT x R?? — R? are sufficiently differential functions, we can expand them into Taylor series
around u(7) = uy(t), denote

G)(’)n(uo) = Gm(t? I/l())7
8Gm(t,u0)
du

2d 2d aZGmr t ’40)

0,0)), = 0,————=—=6; =1,2,---2d
( I/t()7 }’ IZIIZ auau j7 r 1< I

G (ug,0) = 9,

“4.2)
2d 2d "G (l MO)
G* 0,...0)),= — g, - =1.2..-.2d
( m(“()? ’ )) ilgl i,,gl 3”!’1"'3”:‘,, 1 ns T ) s

Inserting (4.1), and grouping all those terms that multiply equal powers of @, we can obtain

oo _ s 1
Gm(l,M)NGm(u())-i-Z(D SZ*' Z G;Zn(”07%k17"'7x1<n)a
s=1 n=1" kel
where .
w) =Y, " pim,
m=—oo
and

Lis={(ki, - kn) eN": |k| = s},

with the standard notation for multi-indices [k| = kj +---- + k,. Then collecting all those terms that have the same
frequency(that is, those terms that multiply ¢"™®") within each level, we will have the following notation,

1
n!,

G (t,u) ~ Gp( +iw*i

s=1 n=1

;_«meirwt Z Z G (U0, PRty > Phon)» 4.3)

k€l 5 [€K,,

where
Knr={(l,--- ) €Z": |l| =r}.

Differentiating the right side of (4.1) term by term and plugging (4.3) into (2.6), we can equate both sides of the
differential equation:

Z 0™ Z [ 1mwtp;m( )—i—ima)ei’”“”ps,m(t)]
T -y = (44)
=0 Y " Gulug) + Y 0, — Y &Y N Ghluo,pi s PrL))-
m=—oo s=1 n=1" r=—e k€l I€K,

o)}



As the same analysis process in Section 3, we can obtain the following scheme.
For @, we have
) ime™® py (1) =0,

m=—oo
separation of the values of m yields
Pim(t)=0, m#0. 4.5)

1

For ="', m € Z, we have

impam+ Pt m = Gm(Poo),
Then the following formulas hold
—i

Pom = ZGm(ug)7 m#0, 4.6)

Pho(t) = Go(uo), (4.7)

with the initial condition p1,0(0) = — ¥,20 P1,m(0) = 0 because of (4.5).
For the general ®™*, s > 2, and m € Z, we obtain

o s—1
. 1
P+ imperim(®) = Y Z Y Y Gluopry-c i Pr)s
r=—ocop= kE]I,,s 11€Km—r

Then we have on the one hand

°0Y11

Pso Z Z Z Z G?(“Oapkhlp"'apkn,ln)a (48)

r=—cop= ke]I,” | IEK,
with initial conditionp; ¢(0) = —Y.,,10 Ps,m(0). And on the other hand, we get recursions
: o s—1 1
Psiim(t) = —[=pin(O)+ Y Z Y Y Gluopky o)) 4.9)
r=—eon= keﬂns 1 ERnm—r

for m # 0. This is the general scheme that we are going to use to deduce the coefficients in the asymptotic expansion
(4.1) up to any desired value of s. From a computational perspective, the scheme only needs very simple computations,
solving nonoscillatory first-order ordinary differential equations. After the approximation of u(r) is obtained, the
asymptotic-numerical solver of x(¢) is defined by

1. .
xaR(t) = %(elwtld,ie_lwrld)uAR(f)
4.10
1 it . —iot & -5 - imt ( )
:%(e Iy, ie Id)[uo—i—Zw Z " pm()], R=0,1,...
s=1 m=—oo

The following lemma give us the answer how many terms p; ,, we need to compute within each order of .

Lemma 4.1. Suppose there exists p €N, such that G, (t,u) =0,|m| > p + 1, and denote 6; = max{m € Z: py |, #0}.
Then we have

0. — 5P, if s is even,
T e, if s is odd.

Proof. It can be seen obviously that 6) = 0, 6; =0, and 6, = p. For s > 2, we use the formula (4.9),

oo s—1
1
P = PO+ XX X Y Glopan P
r=—con= keﬂns 1 €K m—r
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We denote

5
Z Y Y Gluospi e Phi))s

ke]I,,YleKnm
then .
szrl,m(t): m P;m + Z bs 1,m— r

r=—o0

we note that the differentiation above does not alter the bandwidth. Let’s make the assumption that s is odd(when s is
even, we can use a similar argument), when m = ”1 p, r=p,then

s—1
1
gt =Y — ¥ Y Gluo,py Pl # 0,

: n= 1 kEIns llEKnm r

b

since GT (P2ps---P2p) #0.
Ifm> “2“1 p,thenm—r > % p Ds. ' . (t) =0, and we have by_1 m—r = 0 according to the analysis above. We can
prove the conclusion in the same way when m, and r are negative numbers. Therefore, this completes the proof. [l

In the following, we will show that the coefficients of (4.1) are all bounded under some conditions for 0 <¢ < T.
Then we analyze the global error bounds of the asymptotic-numerical solver for nonlinear system (1.1). For simplicity,
we take the case of d = 1 in (1.1) in the proof procedure.

Lemma 4.2. Under the assumption g(t,x) are polynomials in components of x, we suppose that there exists N € N
such that 2 3’3{0) =0,n>N+1, then

0. — S(N+1), if s is even,
s SHN+1), if s is odd.

Proof. Expanding g(#,x) into Taylor series around x = 0, we have

N

1 9"g(t,0) ,
g(t7x) = Z(); O x
N l&n

,1:()”' 8x”

_ 20‘. Jikor 1 9"g(t,0) n ngk ai mk ngk
Pl ~.n! ox"

n—=

_n
5 Zcm m 1n 2m) (Dturll muan

N N 1 an 0 n— nt+k n—
ikt g(t, ) L
LY e 2 G Ty
k=0 n=k"'""
Let
(f O) n n=k g ntk %

| o ok ik
Qui(tu) = g 275C,7 i"Tu,? u,? , 0<n<N,—N<k<N, @.11)

then we have

0
Z e1kwt Z an t, u Z ikt Z an t, u

=k =0 (4.12)
Z eikwt Lk7
—N

k=

where )
Ly(t,u) = { Zn:—ank(t7M)7 —N<k<0,

ZnNsznk(Iau)a OSkSN
8



Inserting (4.12) into (2.4), we obtain

1
Q= Ni eikwt( Ey(t,u) )

v Fk(t,u)
k=Nl (4.13)
N+1
— o 1 Z 1k(0tG ( )
=—N-—1
. _ Ek(lau)
with Gk(t,u)—< et ) ),and
Lty N <k<N—1 0, —N—1<k<~—N,
E(t = V2 o - ’ F.(t — -
= { 0, N-1<k<N+L. 0=\ L)y <pentL,
By Lemma (4.1), the conclusion is proved. U

Lemma 4.3. Suppose that there exists N € N such that " ( 9 = =0, whenn> N+ 1, and # are uniformly

bounded for m =0,1,2....n=0,1,2...N. Then ||p{%\(1)|| are boundedfor anys>1,¢>00<r<T.

Proof. Based on the assumptions, it follows from (4.11) that any order derivatives of Q. (,u), Ex(¢,u) and Fy(¢,u)
with respect to u or ¢ are all uniformly bounded. Moreover, it means that any order derivatives of Gy (¢, u) with respect
to u or ¢ are uniformly bounded for any —N —1 <k < N+ 1. Then we prove the theorem by induction in s.

First we show that the result is true for s = 1. For m # 0, || pgq; (1)]| = 0, for m = 0, it follows from (4.7) that
HPl 0( )|| satisfy the result.

Then we consider the case of s = 2. It is easy to check that || péq; (¢)|| are bounded for m # 0. For m = 0, form
(4.8), we have

Pho(t) = Go(uo, p10),

and obviously the result is true for || p2 0( )|

Next, we suppose that the result holds for le(qn)1 (¢)|| with any 1 <1/ <s—1,9 >0, m € Z and we prove it for
| pﬁ?,?q (¢)]|. Taking into account of the assumptions, it follows from (4.8) and (4.9) immediately that || pw, (2)]| are
bounded for any ¢ > 0. The proof is completed. O

Under the assumptions in Lemma 4.3, we estimate the error x(¢) — xg ().
Theorem 4.1. Suppose that there exists N € N such that s(lnm =0, whenn>N+1, and W(tho) are uniformly
bounded form=0,1,2..., n=0,1,2...N. Then the global error bounds of the asymptotic-numerical solver up to Rth

term for nonlinear system (1.1) is
[lx(1) = xar(1)|| = O (0=,

where R > 0.

Proof. By construction, the functions py, () of uag(t) satisfy the equation (4.4) up to a defect &(w %=1 by the
conclusion of Lemma 4.3. This gives a defect of size &(@ ®~!) when usg(¢) is inserted into (2.6), we denote the
defect €, i.e.,

g (1) = 1Ze""“”c (t,uar) + &, (4.14)

where € = 0(w R~1). We make (4.14)-(2.6), and use mean value theorem, we have
liAr (1) — 1 B Ze'"’“” (t,usR) — G (t,u)] + €
= Zelmwa,ln(uAR + 0 (uag — u))[uar(t) — u(t)] + e,

m

9



where 0 < 6 < 1. Let Z(t) = uag(t) — u(t), then

Z'(t)=w""Y "G, (uar + 0 (uar —u), Z(t)) + €. (4.15)

m

Integrating (4.15), we have

26)=2(0) + [ o7 LGl un-+ 0uns — ), 2(5)) + €lds
o (4.16)
:/ [w_lzeimwsG,L(uAR—i-O(uAR—u),Z(s))ds+8t,
0 m

because Z(0) = uag(0) — u(0) = 0. Under the assumption in Lemma 4.3, which means |m| < N + 1 and any order
derivatives of G (,u) with respect to u or ¢ are uniformly bounded, we have

2] <o v [ |25 lds+ [l @17)
where M is a constant independent of ®. Then using Gronwall inequality,
1200011 < lell-+ lello M [ 5-e”¥69as
Hence on a finite time interval [0, T], ||Z(1)|| = ||uar(t) —u(t)|| = € (@ R~1). It means ||x(1) — x4z (¢)|| = (0 R~ 1).
O
The theorem above shows that the accuracy of the asymptotic-numerical solver for highly oscillatory second-order
nonlinear system (1.1) improves as the frequency @ and R grows, as illustrated in the numerical experiments.

5. Numerical experiments

In this section, we present three examples that illustrate the construction and properties of the expansion that we
have presented in previous sections. We denote the approximation for u(¢) in (2.6) using up to the Rth term by uag,
the corresponding approximation for x(¢) of the original problems (1.1) by x4g, and the asymptotic-numerical solver
defined by (3.10) or (4.10) using up to the Rth term by AsR. Experiments in this section illustrate the effectiveness of
the methods. In all cases, we will compare the approximation given by the first few terms of the asymptotic-numerical
solver with the exact solution. We use the notation eg = ||x(¢) — x4r||,R > 0, for the global errors.

Example 1. Consider the highly oscillatory linear system

{x(l) +a)2x(t) — —(;()s(t)7 t>0, 5.1

The exact solution is
cos(t) — cos(wr)

x(t) = cos(wr) + ol

The system is transformed into a first ordinary differential equation of u(z):

u(r)_a\’};e—i“”< i“’g(t) >+“\’/_§1ei“”< _Cgs(t) ) u(0)12( 1 ) (5.2)

According to the analysis in Section 3, after brief computation, we have
pPim(t) =0,meZ, (5.3)

10
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Figure 1: The first component of the solution u(¢) of the equation (5.2) with @ = 100.

and

—cos(t) 0 L
p2,-1(t) = ( \g ) p2,1(t) = ( icos(t) ) ,p20(t) = —[p2,-1(0) + p2,1(0)] = ( {12 ) : (54)

V2 V2
We can see from (5.3) and (5.4) that, the first component of the solution u(¢) of the equation (5.2) is superimposed
with tiny oscillatory oscillation of amplitude ¢(@~?2), this is consistent with what can be seen in Figurel. Obviously,
asymptotic solvers As0, Asl are the same because of py,(t) = 0,m € Z. We apply the asymptotic-numerical solvers
As0 and As2, respectively to the problem (5.1) in the interval [0,100] and the global errors are shown in Figure 2 for

o =10%,10,10%.

Example 2. Consider the nonlinear Duffing equation

{ #(t) + 0?x(t) = 2k%x(1)3 — k*x(t), t>0,

x(0)=0, ¥(0)=o. (5.5)

The analytic solution of this initial problem is given by x(t) = sn(wt;k/®), which represents a periodic motion in
term of the Jacobian elliptic function sn.

The system is transformed into

W (1) = 0 [eM Gy(u) + 5 Gy (u) + Go(u) + e Gy (u) + e ' G_4(u)], (5.6)

(o0 k? —iu} K (0 3uduy +iu
Ga(u) = 2 ( u{’ ) Ga(u) = P ( 3iu%u2 —uy Golu) = 2 —3iu1u% —iup )’
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Figure 2: Logarithmic errors of the methods As0O, As2 for the equation (5.1) with different .

and

K 3iu1u% —up k2 7143 + iuy
Gato =3 (Mg ) o= ()

Then the first few terms of asymptotic-numerical solver for (5.6) are as follows:

1 ([ —i Kt (-1
pOOO)\/ﬁ( 1 >7 pl()(t)m< i >7 Pim=0,m#0,

—i

P2,m(l) = ;Gm(PO,O)y m= _4a _272a4a
k*t?

1) = ——

pZO( ) 32 \ﬁ

We apply the asymptotic-numerical solvers AsO, Asl and As2, respectively to problem (5.5) in the interval [0,100].
The global errors are shown in Figures 3, 4 and 5 for @ = 100, 1000 and k = 0.01.

From the numerical results of the experiments, it can be observed that a larger values of @ will yield a more
accurate expansion with the same number of terms, and the accuracy improves as the number of terms increases.
Furthermore, the cost of the asymptotic-numerical solvers is essentially independent of @.

< _1i ) = [P2.-4(0) + p2.2(0) + p22(0) + p2.4(0)].

6. Conclusions

We derive asymptotic-numerical solvers for highly oscillatory second-order differential equations (1.1). We first
transform the original problems into first-order differential equations with oscillatory forcing terms. And then derive

12
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Figure 3: Global errors of the method AsO for the equation (5.5) with @ = 102, 103,
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Figure 4: Global errors of the method As1 for the equation (5.5) with @ = 10%,10°.

the asymptotic-numerical scheme for the system based on asymptotic expansions in inverse powers of the oscillatory
parameter ®, featuring modulated Fourier series in the expansion coefficients. Our proposed methods benefit the
advantages that

o firstly, the coefficients p; ,,(¢) are easily obtained without solving highly oscillatory equations and highly oscil-
latory integrals.

e secondly, the computational cost of the methods is independent of the size of @, and the accuracy improves as
@ Zrows.

o thirdly, once the coefficients have been computed, the equation can be solved easily for different frequencies ®.

The results of the numerical experiments show the outstanding performance of our methods.
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