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Abstract: In that paper, firstly we get two additional different non-null space
curve evolutions in Minkowski 3-space by considering Landau-Lifshitz (LL-)
equation where we identify the spin vector with the binormal vector and the
normal vector of these curves, respectively. Then, we obtain some links for con-
structing the moving non-null space curves by using the integrable LL- equation.
Finally, we give as an application, the exact solution of the moving non-null
curve evolutions obtained by taking the spin vector the normal vector of the
curve and we showed graphically that these solutions are wave solutions.
Keywords:Heisenberg spin equation, Nonlinear dynamics, space curve, Minkowski
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1 Introduction

The subject of the connections between the integrable equations and the in-
trinsic equations of moving space curves has been a fascinating topic for many
researcher, working in different fields. This shouldn’t be surprising, because
these links represent the nonlinear dynamical systems, such as Da Rios-Betchov
(DB) equations [6], in classical mechanics and they give many important appli-
cations in a variety of physical problems in different areas. This study appeared
in Hasimoto’s pioneering paper [10], also in the later study by Lamb in [13],
in which the intrinsic equations of moving space curve was reduced to an inte-
grable nonlinear Schrodinger (NLS) equation using a complex quantity (called
as Hasimoto function) including both curvature and torsion. Another applica-
tion of these concepts is the nonlinear dynamics of the continuum Heisenberg
spin chains, where the magnetic moment vector at each point on the chain can
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be regarded as identifying the local tangent to some space curve in Euclidean
3-spaces [2, 13, 15], in Minkowski 3-spaces in [17]. Furthermore in [4], authors
gave a unified formalism demonstrating that three different space curve evo-
lutions can be defined with the integrable Landau-Lifshitz (LL) equation [14]
defined by

S =85 X Sgs, (1)

such that S? = 1. Moreover, this is a well-known spin (S) evolution equation of
a classical isotropic Heisenberg ferromagnetic chain, being S-integrable system,
[8, 16]. Moreover, many researchers have been studied in this subject in different
aspects [3, 9].

In this paper, we would like to give a unified formalism to present how the in-
trinsic equations arise from associated with three moving space curves with their
natural relation to the integrable Landau-Lifshitz (LL) equation in Minkowski
spaces. As well known that, Minkowskian geometry is closely associated with
Einstein’s principle of relativity, (see for details, [18, 23]). Moreover, since there
exist three kinds of curves (time-like, space-like and null or light-like curves)
depending on their causal characters in Minkowskian space, study in this space
is more complicated than study in Euclidean spaces. In that paper, we focused
on only non-null (space-like and time-like) curves. The first of the integrable
evolution equations obtained from Lamb’s well-known process in [17] starting
with the LL-equation, and identifying .S with the normal and binormal to mov-
ing curve in Minkowski space. Here, we obtain the other coupled evolution
equations for the curvature and torsion of each of the two new curves starting
identifying S with the binormal to moving the second curve and identifying S
with the normal to moving the third curve in Minkowski 3-space. Note that for
the second curve, there does not seem to exist a simple differential geometric
model and its equivalent spin system for the defocusing case such as available
for the focusing NLSE. Also, we give the process for relationship between the
curvatures of these three different curves in Minkowski 3-space using the inte-
grable Landau-Lifshitz (LL) equation. The velocities of these curves are also
obtained associated with the evolution equations. Finally, as an application,
we give the exact solution of the coupled Partial differential equation (PDE)
for the curvature and the torsion of a given curve which is obtained with the
LL-equation such that identifying S with the normal vector to moving curve in
Minkowski space. After then, to get the exact solution of one of three coupled
PDE, the exp-function method will be used. The exp-function method was first
developed by He and Wu [11] (see for more examples [1, 5, 22]). This method
successfully applied to many equations of mathematical physics. The main ad-
vantage of this method over the other methods is that it gives more general
solutions with some free parameters.

2 Preliminiaries

In this section, we would like to give a summary of the theory of curves and
surfaces in Minkowski 3-space (see for detail, [18, 23]).



Let E2 denote the Minkowski 3-space with the canonical Lorentzian metric
tensor given by
(-,-) = —da? + dx3 + da3,
where (21, x5, x3) are rectangular coordinates of the points of E3.
The causality of a vector in a Minkowski space is given as follows. A non-
zero vector v in E? is called space-like, time-like and light-like (null) regarding
to (v,v) > 0, (v,v) < 0 and (v,v) = 0, respectively. The norm of a vector

v is given by ||v]| = +/|(v,v)|. For two non-zero vectors u = (uq,uz,us) and
v = (v1,v2,v3) in B3, we define the (Lorentzian) vector product of u and v as
following:

u X v = (uzvy — UaV3, U3V — UIV3, UTV2 — UgV1) .

A curve v = 7(s) in E? is called space-like, time-like or null (light-like) if its
tangent vector field +'(s) is space-like, time-like or null (light-like), respectively,
for all s.

The rotations in Minkowski 3-space can be described with split quaternions,
[16, 20, 21]. Any split quaternion can be written in the form

q=(q1,92,43,q1) = @1 + @21 + q3j + @k, (2)
such that
?=-1, ?=k=1=ijk=1,
ij=—ji=k, jk=—kj=—i, ki=—ik=j

or g = 84+ Vy, where S; = ¢1 and V; = g2i + ¢3j + quk represent the scalar
and the vector part of ¢, respectively. Note that if S; = 0 then ¢ is said to be a
pure quaternion. Let p = p1 + p2i + psj + pak and ¢ = q1 + g2t + q37 + g4k be
two split quaternions, then the sum of p and ¢ is defined by

PHa="5+5+V, + Vg
The product of p and ¢ is defined by
pq = SpSy + (Vp, Vo) + SpVy + SV, + V, x V.
The conjugate of g is denoted by
q1="5¢— Vg =a — @i — @3] — @k.
The character of a split quaternion is defined by
Iy =93 = qq.

A split quaternion is called a spacelike, a timelike or a lightlike (null) if
1, <0, 1; >0 or I, =0, respectively.
The norm of ¢ is given by

gl = Il =\l — 63 — i3 — i,




Now, let v be a non-null curve in E} parametrized by arc-length, i.e., |(7/,7")| =
1, and we suppose that |(v",7”)| # 0. As well known the Frenet frame [18] of
a non-null curve v in E:{’ is expressed as;

Ts = e1kN, (3a)
Ny, = —eorT + €ge1 7B, (3b)
B, = ¢;7N. (3c)

Here, we shall call the set {T, N, B} as Frenet trihedra and x,7 as curva-
tures of v such that (T, T) = ¢¢ = £1, (N,N) = ¢; = %1, (B,B) = —¢p€1
and k = €; (T",N), 7 = —epey (T', B), [18]. Note that unless otherwise spec-
ified throughout the paper, the partial derivative according to the associated
parameter will be indicated by the subscript.

Assume that the Frenet frame of v is positively oriented. Then, the followings
are satisfied

TXN:—E(]ElB, NXB:€OT, BXT:£51N. (4)

When the Frenet frame moves along a curve in E?, there exist an axis of
instantaneous frame’s rotation (Darboux). The direction of such axis is given
by Darboux vector. If 7 is a unit speed non-null curve, then the Darboux vector
[19] of this curve is that

D = —ege17T + €1£B. (5)

Note that by considering the Frenet frame derivative formulas given in (3) and
properties of the vector products in (4) of {T, N, B}, it can be seen that the
equalities

Ty,=DxT, Ny=DxN, B,=DxB, (6)

are valid. Here D is given (5). On the other hand, the time evolution equations
of the Frenet frame system [7] are given by

T = exnN + €ge1 8B, (7&)
Nt = —60’)7T - 6061C¥B, (7b)
B; = ¢o8T — e;aN. (7c)

Clearly, a, 8 and n (which are the velocities of the moving frame) detect the
motion of the non-null curve v. Furthermore, from (3), (7) and the moving-curve
compatibility conditions defined by

Tst = Ttsv Nst = Nts and Bst = Bt57 (8)

we have the time evolutions of the curvatures of non-null curve v obtained in
[17] as follows:
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3 Landau-Lifshitz equation and mapping to non-
null space curves in Minkowski 3-space

A spin vector dynamics in a classical Heisenberg ferromagnetic chain in the
continuum limit is described by the Landau-Lifshitz equation as

Sy =S x S, (10)

where S is the unit spin vector in E? such that —S? 4+ 5% + S2 = 1, [17]. In that
paper, authors identified the spin vector S with the tangent vector, i.e., S = T7,
thus they obtained

(TI)t = TI X (TI)ssa (11&)
= —epe1k1TI N1 — €0(K1)sBr- (11b)

By considering that, they obtained the time evolution equations of Frenet
curvatures Ky, 7 of a space curve in Minkowski 3-space as the followings:

(K1)t = €01 (2(/%)571 + HI(TI)S), (12a)
(1)1 = —eoerkr(Kr)s + ((m)ss + 60712> . (12Db)
K1 s

Also, in the same article, by taking ¢g = —1 and ¢; = 1 into (12), they have
been transformed that into the following NLS equation using the complex trans-
formation

iy + tgs — 2 [ul?u=0. (13)

In this section, as different from those obtained above, we would like to get
the time evolution equations of Frenet curvatures x, 7 of a non-null space curve
in Minkowski 3-space by using (10) and identifying S = Bj; and also S = Nyyy,
respectively, .

To get these new evolution equations, let first .S identifies the unit binormal
vector of a non-null curve x;; in E}, i.e. S = By;. Then from (10), we have

(Brr)t = Brr X (Brr1)ss- (14)

Now, substituting (3c) into (14) and considering (4), we get

(Brr)e = (fiHTHz—606171135—617113)T11—60 (HH(TH)S-F(HHTH)S)NU~ (15)



Thus, by considering this into (7), we conclude
(Trr)e = einNir + (61/%17112 —€o(Tr1)ss — 73)3117 (16a)
(Nir)e = —eonTyr — (K/II(TII)S + (/111711)3>BII- (16b)

Finally, by considering (3), (8), (15) and (16) with together, we get the time
evolutions of the Frenet curvatures of the non-null curve x;; as follows:

(k1) = ms+7I1 (6116117'112 —€o(Trr)ss — TH3)7 (17a)
(tr1)e = kII (HHTU2 — €0€1(TI1)ss — 617'113) — €0€1 (HH(TH)S + (511711)591719)

where 7 satisfies

Ns = —€o€1 ((FEHTU2 —€0€1(T71)ss —€1THS> , +RIT (FEH(TU)S + (HHTH)S))/TIL
(18)
Note that there does not seem to exist a simple differential geometric model
and its equivalent spin system for the defocusing case such as available for the
focusing NLSE.
Secondly, let S identifies the unit normal vector of a non-null curve in E?,
i.e., S = Nyr. Thus the equation (10) is rewritten as

(Nr1rr)e = Nirr X (N1r11)ss- (19)
By considering (3b) and (4) in (19), we get
(N1rr)e = e1(7r11)sTrrr — e1(krr1)s Brar- (20)
From this and (7), we conclude
(Trr1)e = —€o(7r11)sNirr + €oe18Br11, (21a)
(Brir)t = €oBTr1r — eo€r(krrr)sNrir- (21b)

Similarly to the previous case, from (3), (8) (20) and (21) we get the time
evolutions of the Frenet curvatures of the curve x5 as follows:

(Krrr)e = —eo€1 ((Tzll)ss - 57'111), (22a)
(Trrr)e = —60((5111)55 - 5’6111)7 (22b)

where [ satisfies
Bs = —eoerkrrr(krrr)s + €oTrrr(Trrr)s- (23)

Now, we would like to convert these time evolution equations to the NLS equa-
tions using quaternionic transformations. To do this, we set the quaternionic
transformations defined in (2) into the system (22). Thus we get

. 1 .
ig —qss+ = lg?q=0, if =1, a=-1,
Jae+ass+ = lafa=0, if =1, &=-1, (24)

th—q55+§|q|2q:O7 lf €0 = —1, €1 = 1.



4 Some links between moving space curves and
the Landau-Lifshitz (LL) equations in Minkowski
3-space

In [4], authors gave some links between three distinct curves evolutions and the
NLS equations in Euclidean 3-space. Moreover, in same paper, they showed for
constructing these curves, there is an alternative procedure, by using Landau-
Lifshitz (LL) equations. In this section, we would like to give some links for
constructing the moving non-null space curve in Minkowski 3-space with using
the integrable LL- equations given in (10). To give these links, first, we consider

the construction of the position vector being x;(s,t) = /ﬂ;ds,i =1,11,1II of

three moving space curves in ]Eif Note that throughout the paper, we will use
the subscripts I, 11, and I1] denoting for the corresponding curve and vector
field.

Assume that the tangent 77 of moving space curve xj, the binormal By
of x;; and the normal Ny;; of xy;; are satisfied the LL- equation in (10).
Hence, we now proceed to find the relationship between the curvatures x;, 7; of
x;,0 = 1,1I,1II and also these curves x; for any solution of S(s,t) as follows:

Case I: Let {Ty, Ny, Br, 1,71} be the Serret-Frenet apparatus of moving
curve x; in E3 and Ty satisfies (10), i.e., Tr = S. Then, from this assumption
and (3a) we get the curvatures of x; as

R = ||<TI)S|| = HSSH’ (25)

_ <T], (TI)S X (Tl)ss> o <S> Ss X Sss>
€0ELTT = ||(T[)SH2 = 5.2 . (26)

Also, as Tt = (x1)s we have

xz(s,t) = /S Trds = /3 S(s,t)ds. (27)

Now, as well known, the velocity of any space curve can be obtained by directly
differentiating with respect to the time ¢ of its. Indeed, the velocities of corre-
sponding moving curve is defined by vr(s,t) = (x1):, at each point s. Also, as
the curve is non-stretching, we have (vy)s = (x1)ts = (X1)st = (T7)¢. Thus, the
velocity of x; can be defined as

vi(s,t) = / (T))uds. (28)
On the other hand, by considering (11) into (28) yields

vi(s,t) = / ( — eoe161TI N1 — eo(m)sB[)ds, (29a)
= 760/1[B1. (29b)



Case II: Let {Trr, N1, Bry, k11, 711} be the Serret-Frenet apparatus of mov-
ing curve x;; in E? and By satisfies (10), i.e., By; = S. Then, from (3c) and
the last assumption, we get the curvatures of x;; as

okl = <BIIa (Bll)s X (2B11)33> _ <S7 Ss ><2Sss>7 (30)
[(Bro)sl [15s
711 = |[(Bra)s| = (155l - (31)

By comparing separately (26), (30) and (25), (31), we conclude

Rir = €17y, (32)

TI] = KJ. (33)
. . . _ (Bi)s

Now, from (3c), we can immediately obtain Ny = elm. Thus, by con-
II)s

sidering this, the last in (4) and Byy = S with together into Trr = (x77)s we
have

X]](S,t) :/ T]]ds = —6061/ S X %ds (34)

By similar way as the previous case, we have the velocity of the curve x;; can
be defined as

I/[[(S,t) :/(T[[)tds. (35)

Thus, by subtituting (16a) into (35) yields
vir(s,t) = / (6177]\711 + (€1l€HTH2 —€o(Trr)ss — 73)311)d87 (36)

where 7 satisfies (18).

Case III: Let {T]]], Nirr, Brrr, k11, T]I]} be the Serret-Frenet apparatus of
moving curve Xyy in Ei’ and Ny satisfies (10), i.e., Nyyr = S. Then, from (3c)
and the last assumption, we get

co(wrrr® = errir®) = [ (Nn)sl* = 1156 (37)
By comparing this result with (25) and (33), we conclude
co(rrrr® —eirrir®) = vi” = 7. (38)

From (3c) we also have

((N111)s, (Nrrr)ss ¥ (Nipp)) 61(H1U(TIU)S - THI(KIH)S)

(Nzrp)s eo(krrr® — etrrr?)

As Nprr = S, the left-hand side of the above is equal to €pe; 7 from (26), i.e.,

€1 (HIH(TUI)S - THI(F&HI)S) o, 1 T
€017 = 2 2 =T (—),
eo(krrr® —errr?) 0s KII1

(39)



where the function T is defined as

tanh(ﬂ) if =1, e =1,

fi
T(s’t) = tan(ﬁ ) if €0 = ]., €1 = 71, (40)
K{II
tanh(ﬂ) if eg=-1, e =1.
TIIT

Now by parameterizing of (38) and by considering (40), we get

krrr = cosha, 777 =sinha, if e =1, € =1,
krrr = cosa, Trrr =sina,  if e =1, ¢ =—1, (41)
Rirr = SiHhOé, TII]7 = COShOé, if €p = —1, €1 = 1,

where a = / Trds + ¢o(t). On the other hand, from (3b) and (4) we have

Nirr X (Nirr)s = —€1 (HIHBIU + TIIITIH>-

By multiplying this with —ep77;; and (3b) with x;7; and adding them side to
side, we get
krrr(Nrrr)s + €omrrrNrrr X (Nir1)s

I(Nr11)s)?

Now by considering this, Ny;; = S and Ty = (x777)s we have

’ ° Ss S X Ss
XIH(S,t):/ TIIIdS:/ RIIT1 +€ToI7I'III ds,

Trrr = (42)

Thus, by considering (40), (41) into the last expression we get

# S5 cosha + sinh (S x S)

X[[](S,t) = dS, if €0 = 1, €1 = —1,
TII
¥ Sscosa—sina(S x S
XIII(Sat) = . - lna( 6)d8a if €0 = 17 €1 = _17
KT
5 S sinh cosha(S x S
X]II(S,t) =/ sSmha + a( s)ds, if e=-1, € =1.
TII

Finally, the velocity of the curve x;;; can be defined as
virr(s,t) = /(TIII)tdS- (44)
Thus, by subtituting (21a) into (44) yields
viri(s,t) = / ( —eo(Trrr)sNrrr + 606153111)658, (45)

where ( satisfies (23).



5 Application

In this section, we would like to give the exact solution of the coupled PDEs
given in (22) for the curvature and the torsion of the given moving space curve
obtained from the LL- equation in where one identifies .S with the normal vector
of moving non-null curve in Minkowski space. By choosing ¢g = —1 and 1 =1
and replacing krr; and 7777 by k and 7, respectively. These coupled PDEs
become

2k — 2Tgs + 2T — 75 = 0, (46a)
27 — 2kgs — KT2+ K> = 0. (46b)

Using the transformations (s, t) = k(n), 7(s,t) = 7(n), n = as+wt, (46a) and
(46b) become the ordinary differential equation system, respectively,

—20%7" 4 2wk — TP+ KT = 0 (47a)

—202K" + 2wt + K — kT = 0. (47b)
According to the exp-function method, the solutions of (47a) and (47b) can be
assumed to have the forms

(n) a_1e "+ ag+ a1e”
K =
" b_1e " + by + bie”

(48)

and
d_ie "+ do + dyem

- 49
) = e T et e (49)

[11]. By substituting (48) and (49) into (47a) and (47b), and also by considering
the following set of solutions

57i/27hoag 42iby 12i+/3b% + 22a_1b_, 2a0by
a1 = 5 5 apg = , a1 = ) bO =
208 + 2202 59 5b_4 ay
and
166_100d0 4 —Cod_ldo — 236_1d% —246%
dy=—5——s do = —,V4Tcy, di = 1=
YT 162 +23ap T 23 V0 @ 529c_id_—y ' 520

so we obtained the following periodic solutions of (47a) and (47b), respectively,

3b1
f— .A
H(’I]) 295(()_16_" + by + ble") (50)
2
7(n) o291 B, (51)

- 529¢cqc; — 246—"03 + 5296%677

where

A T0it 236iv/3e"by  416(27 cos(n) + 17sinh(n))bg
B b_y 348162 — 1940402
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Figure 1: The wave solutions for Eq. (46a).

7(s1)
20

Figure 2: The wave solutions for Eq. (46b).

and

4 4i/4Te "t 1
B = —iVv47 ——————— — —iVA4Te ey
23 VT 5306, 6 Ve
Now, we would like to give the following nice figures, where in Fig 1, the
wave solution obtained from (46a) are presented for « = w = 1,b_; = 1,by =
10,b; = —1. In Fig 2, the wave solution is obtained from (46b) are presented
24c3

f =w=1,¢9=10,¢; =20,c_1 = — .
or a = w ,Co ,C1 ,C—1 520¢;
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