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1 | INTRODUCTION

Source identification problems for partial differential equations are used to model of biological, physical, system engineering
and sociological processes and have been studied by many authors (see''? and the references given therein).

Adavani and Biros” studied the fast algorithms for the solution of the source identification problem with linear elliptic par-
tial differential equations constraints. The numerical techniques and the numerical experiments for the source identification
problem with elliptic partial differential equations were constructed. Ashyralyev and Ashyralyyev2 investigated the boundary
value problem of determining the parameter of an elliptic equation in Banach space. Theorems of coercive stability estimates for
the solution of boundary value problems for multi-dimensional elliptic equations were proved. Ashyralyev and Cekic® investi-
gated the source identification problem for a telegraph equation with unknown parameter in a Hilbert space with the self-adjoint
positive definite operator. Theorems of stability estimates for the solution of the telegraph equation were proved. In applica-
tions, three source identification problems for telegraph equations were obtained. The well-posedness of Neumann-type elliptic
overdetermined problem with integral condition has been well established.® The author” proved the various estimates for the
solution of the identification problem of inverse problem for the elliptic type equation. The stability, almost coercive stability,
and coercive stability inequalities for its solution have been obtained. Katzourakis' investigated new methods of calculus of
variations in L* to study the ill-posed inverse problem of identifying the source of a non-homogeneous linear elliptic equation
for Dirichlet conditions. Sabitov and Martem’yanoval' studied the inverse problem for an equation of elliptic-hyperbolic type
with a nonlocal boundary condition. Theorems of the uniqueness criterion and the stability of solutions with respect to the
boundary value problem were proved. Avdonin and Nicaise® studied the source identification problems for the wave equation
on graphs and the resolution of linear integral Volterra equations of the second kind for an interval. Theorems of the uniqueness
and the existence of solutions were proved. Siskova and Slodicka"? studied the inverse source problem in time-fractional wave
differential equation with dynamical boundary condition for Neumann boundary conditions. Theorems of the uniqueness and
existence of this solution were proved. The results of the numerical experiments were obtained.

This research was funded by “Russian Foundation for Basic Research (RFBR) grant number 16-01-00450".
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Various local and nonlocal boundary value problems for elliptic, hyperbolic, telegraph, hyperbolic- telegraph and elliptic-
hyperbolic differential and difference equations and their applications have been investigated by many scientists (see (seed3~34
and the references given therein).

The nonlocal boundary value problems for hyperbolic-elliptic equation in a Hilbert space were studied, theorems on stability
of this problem and the first and the second order of accuracy difference schemes for approximate solutions of this problem were
proved.!# Direk and Ashyraliyev2Y studied the initial-value problem for the integral-differential equation of the hyperbolic type
in a Hilbert space. Theorems of the uniqueness of solvability of this problem were proved. The convergence estimates for the
solutions of difference schemes were obtained. Gushchina studied the equation of mixed elliptic-hyperbolic type in rectangular
area with the conditions of periodicity and the nonlocal problem of A. A. Desin. Theorems of convergence of the constructed
series in the class of regular solutions and the stability of the solution were proved. Ivanauskas, Novitski and SapagovasZ®
studied the stability of an explicit difference scheme for a linear hyperbolic equations with nonlocal integral boundary conditions.
Theorem of the stability for a linear hyperbolic equations with nonlocal integral boundary conditions was proved. Mansour2®
studied the existence of traveling wave solutions for a hyperbolic-elliptic system of partial differential equations. Applied the
geometric theory of singular perturbations. Theorem of the existence of the wave solution was proved. Sapagovas, Griskoniene
and Stikoniene”?® applied the standard method of finite difference schemes for nonlinear elliptic equations with integral condition.
Theorems of the convergence of all methods for this solution were proved. In application, the results of convergence between
iterative methods were applied for the first time to nonlinear system. Sapagovas and Stikoniene”” analyzed the generalization of
the alternating-direction implicit method for the two-dimensional nonlinear elliptic equation with integral boundary condition
in one coordinate direction. Theorem of the convergence of the iterative method was proved. Furthermore, the computational
experiments results were obtained. Stikoniene, Sapagovas and Ciupaila? applied the iterative methods for the solution of the
system of the difference equations derived from the elliptic equation with nonlocal conditions. Theorems on the convergence
of faster iterative methods were proven. Novickij and Stikonas®! studied the stability of a weighted finite difference scheme for
wave equation with nonlocal boundary conditions. The linear hyperbolic equation with nonlocal integral boundary condition
was investigated. The stability conditions in a special matrix norm were obtained.

However, source identification problems for elliptic-telegraph equations have not been well-investigated so far. Therefore, the
main aim of this paper is to investigate the space identification problem for the elliptic-telegraph equation with parameter p .

Several identification problems for elliptic-telegraph equations can be reduced to the space source identification problem for
the elliptic-telegraph equation i

d2u(n)

du®) —
= te— +Au(®)=p+ f(),0<t <1,

1 —L4 4+ Au(t) = p+ g0, 1 <1 <0, v

u(0) = @,u,(07) = u,(07),u(=1) = y,u(l) = &

in a Hilbert space H with the self-adjoint positive definite operator A > 61,6 > 0. Here p is the unknown parameter. The rest of
the paper is organized as follows: In section 2, the main theorem on stability of problem (T is established. In section 3, theorems
on stability of three source identification problems for elliptic-telegraph equations are proved. Finally, section 4 is conclusion.

2 | THE MAIN THEOREM ON STABILITY

Denote that
u®) = u(t; (0,80, 0, v, &), p=p(f(©),g0),0,v,&).

By a solution of inverse problem (1)) we mean a pair (u(¢), p) satisfying the following conditions:

1. The element u(?) belong to D for all t € [—1, 1], and the function Av(¢) is continuous on [—1, 1], p € H. Here, D = D(A)
is the domain of an operator A.

2. u(t) is twisly continuously differentiable on the interval [—1, 1]. The derivative at the endpoints of the interval are
understood as the appropriate unilateral derivatives.

3. (u(t), p) satisfies the evolution equation and local boundary conditions (TJ).
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A solution of problem (I)) defined in this manner will from now on be referred to as a solution of problem (I) in the space
C(H) X H.Here C(H) = C([-1, 1], H) is the space of continuous H -valued functions u(¢) defined on [—1, 1], equipped with

the norm

u = max ||u(t .
lulleqn = max, 11wl

In the present section, we will prove the main theorem on the stability of problem (1)) in the space C(H) x H.
2

@)

2 . .
To formulate our results we introduce the operator G = A — %I . Itis easy to see that for 6 > % G is the positive definite
self-adjoint operator in the space H. Throughout, {c(¢),t > 0} is a strongly continuous cosine operator-function defined by the

formula
1/2 _itG/2
itG e itG

2

e

c(t) =

Then from the definition of the sine operator-function s(t)

s(t)u:/c(y)udy
0

it follows that

itG'/? —itG'/?
n=g'rt_—_-¢
s 2i
Now, let us give four lemmas that will be needed in the sequel.
Lemma 2.1. Assume that
o> @ >0
—,a>0.
4

Then for any 7 > 0, the estimates
1/2
le@llp < 1|60, <1,

|B? exp (=Br}||, < 1.0<p<LIU —exp(=2BDIlL, < M)

are satisfied. Here B = A!/2,

3

“

Proofs of these estimates are based on the spectral representation of the self-adjoint positive definite operator in a Hilbert

space.
Lemma 2.2. Assume that

2
52(%) +1,a>0.

(I—e—§ <c(1)+ %s(l)))

E= (1 —ei (c(l) + gs(n))_l

Then, the operator
has an inverse

and the following estimate holds

NENyonm <

Proof. The proof of the estimate (3)) is based on the estimate

§1+5.
H—-H 2

Using the definitions of ¢(¢) and s(¢) and positivity and self-adjointness property of A, we obtain

e(1) + %s(l)

c(1)+9s(1>’ <1+ wp ————
2 H->H 6<p<oco < az) /2
.0—7
a 1 a
< - < ud
_1+2 - 1/2_1+2.
(5_7>

The proof of estimate (6)) is completed. Lemma 2.2 is proved.

Lemma 2.3. Assume that
<a 1>2>5><a>2+1a>4
~+ = >4,
2 -T2

&)

Q)

@)
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Then, the operator
T-B(I+e®) " (I-e®) Ee3s(1)
has an inverse .
0=(1-B(I+e) " (I1-¢) Eeis(1))
and the following estimate holds
IOl gon < M(a, ),

where M(a, 5) > 0.
Proof. We have that

0= (I—e‘§ <c(1)+%s(1)>)
X {I—e_g <c(1)+ %s(l)) - B (I+e_B)_1 (I-e?) e_gs(l)}_1 )

First, we will proof the estimate

cH+<s(h)+B (I—e®)(r+ e-B)‘1 s(l)' <1+ 2462,
2 H—-H 2
Using the definition of s(¢) and positivity and self-adjointness property of A and the triangle inequality, we obtain
1/2
“Al/zG—l/z“ < sup i <52
H-H 6<p<oo p— o
4
and 12

_p
B(I+eB) s 4 <i> §1/2.
” ( te ) S( )||H—>H < 523500 p— %2 1+ e—ﬂl/z <

2
From that and from the estimate (H), it follows estimate (H) Using 6 < (% + 1> , we get

<L+%+5V§e‘§§2<l+%>eﬁ.
The proof of the estimate (8)) is based on the estimate
2 sup (1 + %) e

4<a<oo

[T

< 1.

Denote

[STEY

gla) = <1 + %) e
It is clear to see that

g(a@) = —%e_i <0
for @ > 0. Therefore,

_a 4 6
2 s <1+5) 52<1+—) 2_-0 .
o, T2 2)¢ T e

Lemma 2.3 is proved.
Lemma 2.4. For the solution of problem (I) we have the following formula

u(t) = v(t) + A7 p,

p=A¢— Av(l),
where
u(t) = (1 _ e—zs)—l [(etB _ e—(2+t)B) vy + (e—(l+t)B _ e—(l—t)B) v

0

— (e71#0B — =008} (2B / (718 — e=128) g(y)dy
-1

®)

®

(10)

an

12)
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0
+@2B)~! / (e7IIB _ o498 g(y)dy, -1 <1 <0 (13)

-1
and

o) = 5 <c(t) + %s(t)) vy + ¢~ sty (14)
+ / e st — ) f(dy,0 <1< 1,
0

V| =0y~ @ty, (15)

1

vy = Eq{e 2 s(1)v) + / e 251 =y fOdy + @ — £, (16)
0

o= 0 (1-e28)" [B (1= (1% (e + Z5))
1

X / e 2051 =y f()dy + @ — &
0
0

—2Be B (—p+y)+ / (e_(2+y)B - eyB) gydy]|. 17

-1
Proof. We seek the solution of problem (I)) by formula (T1J), where v(7) is the solution of the following nonlocal boundary value
problem

-

d2u(t) do(t) .
L0 1 g2 4 Av() = f(),0 <t <1,

1 —LL 4 Av(r) = g(0). 1 <1 <0, (18)

v(0) —v(=D) =@ -y, v0)—v(l) =¢—-£&0,0") =0,0)

for the differential equation in a Hilbert space H with self-adjoint positive definite operator A. Now, we will obtain the formula
for the solution of nonlocal boundary value problem (]'l;g[) It is known (see [4-5]) that for smooth data of the boundary value
problems

V(1) + at'(t) + Av(t) = f(1),0 <t < 1,
19
v(0) = vy, V' (0) = v},

="'t + Av(t) = g(t),-1 <t <0,
(20)

v0) =0y, v(=1)=v_
there are a unique solutions of the problems (I9), (Z0) and formulas (T3) and (T4) hold. From nonlocal bondary condition vy—
v_; = @ —y it follows (13). Now, we obtain v,. Applying and condition v, — v(1) = @ — &, we can write

1
¢ (c(l) + %s(l)) vy + ¢~ sy} + / e S0V — ) f()dy = vy — @ + E.
0
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« -1
By Lemma 2, there exists the operator £ = (I —e 2 (c(l) + %s(l))) and the formula ( holds. Now, we will obtain 06.

Applying ) and taking derivative at ¢ = 0 and using the condition v,(0") = v,(07), we get
o= (1—e?®) " [B(I+e28) v, —2Be B,

0
+ / (7B —B) g(y)dy|. 1)

-1

From that and formulas (I3)), (T6) and (21, it follows that
o= (1—e2B)" [B (I+e?8-2e7F) (I —e: <C(1) + %5(1)»_]
I
X e‘gs(l)v(’, + / s =y fdy+ o —¢&
0
0
—2Be B (—p+y) + / (7P —&*B) g(p)dy|.

-1
By Lemma 3, there exists the inverse operator

- « -1

0= (I —-B(I+e®) ' (I-e®) Ee—zs(l))
and the formula holds. Therefore, for the formal solution of the problem (I8)) we have the formulas (13), (T4), (13]), (I6)
and (T7). Formula for p follows from (TT)) and condition u(1) = £. Lemma 2.4 is proved.

2 2

Theorem 2.5. Suppose that @, y, & € D(A), and @ > 4, % +1) >6> <%> + 1. Let f(¢) be continuously differentiable
on [0, 1] and g(#) be continuously differentiable on [—1, 0] functions. Then there is a unique solution of the problem (m) and the
stability inequalities

max [lu(lly + [[47'p], < M@.8) [llgly + Ivlly + 1<l (22)
+ s 4 2500] , + a4
max SO s Au)L + ol
< M(a,8) [ A@lly + AWl + 1 A&l + 18O (23)

s Ol + 17Ol + s 70|

holds, where M (a, 6) does not depend on f(¢),t € [0, 1], g(¢),t € [-1,0] and @, y, €.
Proof. Applying formula (I2)), we can obtain estimates

147" 8]|,, < €l + 1ol ol < NAEN + 1AL, - (24)

d?u(t)
dr?

estimate [|v(¢)||; for —1 < ¢ < 1 and the triangle inequalizy and estimatgs_, , and we obtain (seell2)

Therefore, by (11) we need to establish estimates for Ilnax1 o g » rlnaxl ||Av(?)|| ; and r]nax1 H
—1<t< —1<t< —1<t<

" First, we obtain the

max ol < M, (@, 6) [||v0||H H[lo-ill + max,

|A-‘/2g<t>||H] (25)
Similarly, by and the triangle inequality and estimates ), @), and , we obtain (see'”)

A2 f(t)“H] . (26)

I + max
H  0<e<l1

max o)y < My(@, ) [”UOHH o
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To end it we need estimates for ||vg ||, » ||v-1|| ;; and ”A‘l/zvg

[26), we get

" Using the triangle inequality and estimates , , ( and

lvoll,y < WENs—m {e-% A2G-12

+/le—g(1—y) “AI/ZG—I/Z
0

G5l 4774

||H—>H || H

P o P e P

+lolly + 1€l < Ms(@,8) [llelly + llwlly + 1€y
-1/2
+ o]

lo_illy < lvolly + lelly + vy
< My(@,8) [llelly + vl + 1€l

o,

A2t ”
ﬁ)H+£g

+ max “A_l/zg(t)“ + max
—1<1<0 H  0<i<1

and
e

=100 =) (1=,

1

X /e_%(l_y) I|A1/2G—1/2||H—>H ||Gl/2s(1 - y)”H_)H ”A_l/zf(y)HH 4y
0

Flelly + 18l ) +2 e, (ol + i)

0
e, 1) quwany]

-1
< Ms(@.d) [llolly + llwlly + 1€l
-1/2 —-1/2
oy 47250, + pax |40 |
Therefore
max Jo@®lly < Me(a, 6) [llolly + vy + 10,

+ max AT12 f(t)”] . 27)
—1<t<0 H

Applying formula (TT)) and estimates (24) and (Z7) and the triangle inequality, we obtain estimate (22)).
Second, we obtain the estimate || Av(?)|| 5, for —1 < ¢ < 1. Using formulas and and integrating by parts, we can get
formulas

A_l/zg(t)”H + max

0<t<1

Av(t) = (I - e_ZB)_l [(etB — e_(2+’)B) Av,

o~ (DB _ ,—(1-DB

+ (e—(1+t)B _ e—(l—t)B) AU_I _ 5

0
x4 =2¢"%g(0) + (I +¢7%) g(=1) + / (e7H9B 4 o=1-B) o/ ()
el
+(I + eztB)g(T) - %(3_(1“)3 - e_(l_t)B)g(—l) (28)

0
~e'g(0) - / (B 4 B! (p)dy, ~1 <10,
-1

and
Ao(r) = 5 (c(t) + %s(t)) Avy + e 5's() AU, + AG™! { F() = e 5 £(0)
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1

+/e‘§("y)C(t—y)(%f(y)+f'(y)> dyr,0<t<l @9

0

Then, using (28) and estimates (3), (), (5) and (8, we obtain (see')

max [[Av®)lly < My(a, 6) [l Avo||  + [|[Av_i || (30)

!
+ max [’ 0[], + ||g<o>||H] .
Similarly, using (29) and estimates (3), (), (5]) and (8), we obtain (see'%)

max [[Av)ll 5 < My(@.8) | [ vy |, + |47 31)

H
+ 1Ol + max || f ’<t>||H] :

To end it we need estimates for ||Avy||,, - ||Av_, ||, and ”Al/ 206' = Using formulas and and integrating by parts, we

can write the formulas

Avy = E {e—%s(l)Aug + Ap — AE + AG™
1
x[er) - cr© - [ E - p[ 200+ 7'0) ay
0
and
AV = (1 —e28)! [AG—1 (I-¢2)E
1
X071 = e = [ Vet =) 700+ 0] ay
0
+Ap — A} —2Be B (—Ap + Ay)
0
x42e72g(0)+ (I +e7*%) g(=1) + / (e7CB —e¥B) ¢! (y)dy
|
Then, using the estimate (3)), (8), (30) and (3I]), we obtain

|4volly < NAE Ny {72

A3/2G"/2|| ||AG1/2s(1)|| HA'/zug
H—-H H—-H

"
+ { Dl + 1Ol + <||f(1)||H + max ||f/(t)||H> }
+A@lly + 1Al } < Mo(a,8) [l Aol + 1AW Il g + 1AE
1 €O + 1Ol + s L0 + 1701 .
401l < lAeoll + IAel + lAvl

< My(a.8) [uA(an +Awly + 148l + max [0,

+ IOy + g [0l + 17O

and |
12,7 2B\~
“A ! UOI H <NQlls-n “(I —¢ ) ”H—»H

o I
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X { IOl + 1F O + <IIC(1)f(t)IIH +lle(ll max ||f’(t)||H>

Al + 14l ) +2 e, (140l +11Avil,)

+|a(r-e28) lg(=Dlly + max [lg'®|l, }]

L
H—-H

A,

< Myy(@.9) [uA(an +1Awly +1AElL + max [0,

1O+ s 7Ol + 17O
From these estimates and formulas (30) and (3) it follows

Au(t <M 5) |||A A A "(t
max |4l < Ma(a, )[II olly + 1AWl + I §I|H+_r1n;}>_<(0||g()llﬂ

+ 18Ol + max I @l + ||f(0)||H] : (32
Using estimates (24), (32), we obtain
Pl < NAEN + [|Avy || 4

< My(@.9) [uA«an 1AWl + 1AEL + max [0, (33)

+ DOl + g 170 + 170
Finally, applying the triangle inequality and equations (I9) and (20) and estimate (32)), we get

d?u(t)
dr?

<M (a,0) |||A A A (¢
max <M [0 + 1A + 1480 + €01,

+ gl 5 + Mmax £ @ + ||f(0)||H] : (34)
Estimate (23) follows from estimates (32), (33) and ([34). Theorem 2.5 is proved.

3 | APPLICATIONS

In this section, we consider the applications of the Theorem 2.5.
First, we consider the equation

-

u,(t, x) + au,(t,x) — (a(x)ux(t, x))x + éu(t, x)

=px)+ f(t,x), 0<t<1,0<x<1,
) (35)
—u,(t,x) — (a(x)ux(t, x))x + 6u(t, x)

=px)+gt,x), —1<t<0,0<x<1.

Let D= (—1,1)x (0,1),D, = D()(t>0),D, =Dt <0),S = {(t,x) : 1=0,0< x < 1}.

Problem. Figd a pair of functions (u(#, x), p(x)) with the following properties:
Du@t,x)e c(p)yNc' (p, Ub,US)NC* (D, UD,).
2) u(t, x) satisfies the equation and the boundary conditions

u,0) =u(t, 1), u,(t,0) =u,(t,1),-1 <t <1,
u(0, x) = p(x), u,(0%, x) = u, (07, x), (36)
u(—1,x) =ywx),u(l,x) =£&(x),0<x < 1.
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Problem and has a unique solution (u(z, x), p(x)) for the smooth functions a(x) > a > 0, a(l) = a(0),t € (-1, 1),
S,a > 0, p(x), y(x),E(x), x € [0, 1]. This allows us to reduce the boundary value problem ([35)) and to the identification
problem (1) in a Hilbert space H = L,[0, 1] with a self-adjoint positive definite operator A* defined by formula

A*u(x) = —(a(x)u,), + du(x) (37)

with domain

D(AY) = {u(x) D u(x), u (x), (a(x)u,), € L,[0,1],u(l) = u(0),u, (1) = ux(O)} .
Applying the symmetry property of the space operator A* with the domain D(A*) C I/V22 [0,1] and estimates and lb in
H = L,[0, 1], we can obtain the following theorem on stability of problf;m and .

Theorem 3.1. Suppose that @, w, & € VV22 [0,1], and & > 4, % +1) >6> % + 1. Let f(z, x) be continuously differ-
entiable in ¢ on [0, 1] and g(#, x) be continuously differentiable in ¢ on [—1, O] functions. Then the solutions of the identification
problem (35) and (36) satisfy the stability estimates

-1
lelleqosaion + |42, < M@ 8) (ol o + 1wl (38)

+ ||§||L2[o,1] +1 f ||c([o,1],1_2[o,1]) +1 g ||C([—1,O],L2[0,1])] )
||u”cu)([_l,]],Lz[o,l]) + ||”||c([_1,1],W22[0,1]) + ||P||L2[0,1]

< My(@,8) [Illwzi0 + 1 lhwziom + 1€lwz0 (39)

+ 11 f Neogozaoy +18lcog-ro. 0] -
Here M (e, 6) and M,(a, 6) do not depend on ¢(x), y(x), &(x), f(t, x) and g(t, x).
Here, the Sobolev space VI/22 [0, 1] is defined as the set of all functions u(x) defined on [0, 1] such that u(x) and the second
order derivative function #’(x) are both locally integrable in L,[0, 1], equipped the norm

1 1
1 2 1 2
”u(x)||I/I/22[0,1] = / lu())* dx | + / |”xx(x)|2 dx
0 0

Proof. Problem and ([36) can be written as abstract problem (I]) in a Hilbert space H = L,[0, 1] with self-adjoint positive
definite operator A = A* defined by the formula . Here f(t) = f(t,x),g(t) = g(t,x) and u(t) = u(t, x) are known and
unknown abstract functions with values in H and p = p(x) is the unknown element of L,[0, 1]. Therefore, estimates and
(39]) follow from estimates of Theorem 2.5. Theorem 3.1 is proved.

Second, let Q2 C R" be a bounded open domain with smooth boundary .S, Q=0QuS.In [—1, 11X Q, we consider the boundary
value problem for elliptic-telegraph equations

n

u, (1, x) + au,(t,x) — Y, (a(x,)uxr(t, x,))

X,
r=1 "

=p(x)+ f(t,x), 0 <t <1, x=(x,....,x,) €Q,

n

—u,(t,x)— Y (a(x,)uxr(t, x,))

r=1

X 40)
=p(x)+gt,x), —1<t<0,x=(x,..,x,) € Q,

xr

u(0, x) = p(x), u,(0+, x) = u,(0—, x),

u(—1,x) = w(x),u(l,x) = &(x),x € Q,

ut,x)=0,xe §,-1<r<1

is considered. Here a,(x) > a > 0, (x € Q), p(x), w(x),{(x)(x € ﬁ) and f(t,x), (t € (0,1)),g(t,x),(t € (—1,0))(x € Q) and
(6 > 0) are given smooth functions.
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We consider the Hilbert space Lz(ﬁ) of the all square integrable functions u(x) defined on 5, equipped with the norm

”u(x)“Lz(ﬁ) = </ "'/ 5 |u(x)|2dx1 ---dxn>z .

Problem has a unique solution (u(z, x), p(x)) for the smooth functions ¢(x), l/(x), &(x) and a,(x). This allows us to reduce
the problem to the boundary value problem ( in the Hilbert space H = L,(€2) with a self-adjoint positive definite operator
A* defined by formula

Au(x) = = Y (@, (u,), (41)
r=1

with domain .
D(A™) = {ux) : (), (0, (@, (), € Ly@, 1 <7 <mu()=0,x€ S}

_ 2 2
Theorem 3.2. Suppose that @, y, & € Ly(Q), and a > 4, g +1) >6> % + 1. Let (¢, x) be continuously differentiable
int on [0, 1] and g(¢, x) be continuously differentiable in # on [—1, 0] functions. Then the solutions of the identification problem
(40) satisfy the stability estimates

x\—1 _ . .
el ) * |42, i < Mot [Nl + Il + el “2)

I Neqon @ + 18 ”ca—l,OJ,Lz(ﬁ»] ’

xy—1
||M||c<2>([_1,1],1_2[0,1]) + ||u||c([—1,1],w22[0,1]) + “(A )P L@

< My(@.9) [llol g + vl @ + 1€, @ (43)

+ ” i ”C(”([O,l],Lz(ﬁ)) + “gllc(l)([_l’()]’Lz(ﬁ)) + “f(o)”Lz(ﬁ) + ”g(o)”Lz(ﬁ)] >
where M;(a, 6) and M (e, 6) do not depend on @(x), w(x), &(x), f(t, x)and g(z, x).
Here and in the future, the Sobolev space VV;(ﬁ) is defined as the set of all functions u defined on Q such that « and all second
order partial differential derivative functions u r=1,,...,n are both integrable in Lz(ﬁ) , equipped with the norm

X, X,.°
1

n 2
2
el o = Ml + // Y g [Ty e, )
2 XEQ =1

Proof. Problem lb can be written as abstract problem (1) in a Hilbert space H = Lz(ﬁ) with self-adjoint positive definite
operator A = A* defined by the formula (@#I)). Here f(1) = f(t,x),g(t) = g(t,x) and u(t) = u(t, x) are known and unknown
abstract functions defined on Q with values in H = Lz(ﬁ) and p = p(x) is the unknown element of L2(§). Therefore, estimates
and @3) follow from estimates of Theorem 2.5. Theorem 3.2 is proved.

Theorem 3.3. For the solution of the elliptic differential problem

u
X, X

AMu(x) = u(x),x € Qu(x)=0,x € S,

the following coercivity inequality holds

Zlu

r=

X, X,

< —
Lz(ﬁ) = MS I |:u| |L2(Q)'

Here M5 does not depend on p(x).
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Third, in [—1, 1] X Q, the boundary value problem for the elliptic-telegraph equation

-

u,(t,x) + au,(t,x) — i (a(xr)uxr(t, x,))x + ou

r=1

=px)+ f(t,x), 0<t <1,

n

—tht(t, X) - z (a(xr)uxr(t’ x")>xr +6u

r=1

J=px)+gi,x), —1<t<0, (44)
x = (x],...X,) €Q,

u(0, x) = @(x), u,(0+, x) = u,(0—, x),

u(—1,x) = w(x),u(l,x) = &(x), x € Q,

o) —o,xe S, -1<t<1.
dm

is considered. Here, 7 is the normal vector to S, a,(x) > a > 0, (x € Q), p(x),w(x),Ex)(x € ﬁ) and f(t,x), t €
(0,1)),g(t,x),(t € (—1,0))(x € Q) and (6 > 0) are given smooth functions.

Problem (44)) has a unique solution (u(t, x), p(x)) for the smooth functions ¢@(x), y(x), £(x) and a,(x). This allows us to reduce
the problem to the boundary value problem (1)) in the Hilbert space H = Lz(ﬁ) with a self-adjoint positive definite operator
A* defined by formula

Au(x) = = Y (a,()u, ), + ou (45)
r=1
with domain

—

— 0
D(AY) = {u(x) D ux), u, (%), (a,(xu, ), € LyQ), 1 <r<n, ‘;(") =0,xe S} .

Theorem 3.4. For the solutions of problem ({@0), we have following stability estimates
e

u — _
I ”C(Lz(Q) L,(Q)

< M6(a9 5) |:||¢”L2(§) + ”W”Lz(a) + ”§”L2(§) (4’6)

I Neqonc,@ t 18 ”ca—LOJ,Lz(ﬁ»] :

x\—1
ullco (-1.11.L,10.17) + ||u||c([—1,1],w22[0,1]) + “(A )P L©

< My(@.9) [llol g + Il @ + 1€, @ @)

+ ” S ”C(”([O,l],Lz(ﬁ)) + “gllc(l)([_l’()]’Lz(ﬁ)) + “f(o)”Lz(ﬁ) + ”g(o)”Lz(ﬁ)] .
where M¢(a, 5) and M, (a, 6) do not depend on @(x), w(x), &(x), f(t, x)and g(z, x).
Proof. Problem can be written in abstract form lb in a Hilbert space Lz(ﬁ) with self-adjoint positive definite operator
A = A~ defined by the formula @3). Here f(t) = f(t,x),g(t) = g(t,x) and u(t) = u(t, x) are known and unknown abstract
function defined on Q with values of H = Lz(ﬁ) and p = p(x) is the element of Lz(ﬁ). Therefore, estimates and
follow from estimates of Theorem 2.5. Furthermore, Theorem 3.4 is proved.
Theorem 3.5. For the solution of the elliptic differential problem™>

{A"u(x) = u(x),x € Q,

WD —0,x €S
a,—y; 9 9
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the following coercivity inequality holds

n

Z}u

r=

< —
L2(§) = MS”#' |L2(SZ)'

X, X,

Here My does not depend on p(x).

4

CONCLUSIONS

In the present paper, the stability of the space identification problem for the elliptic-telegraph differential equation is discussed.
The main theorem on the stability of the space identification problem for the elliptic-telegraph differential equation is established.
In applications, the stability of three problems of the space identification problem for the elliptic-telegraph differential equations
are obtained.

Two-step difference schemes for the numerical solutions of the identification problem for the elliptic-telegraph differential
equation can be presented.“® Of course, the stability estimates for the solution of this difference schemes can be obtained.
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