A NEW EXTENSION OF THE (H.2) SUPERCONGRUENCE OF
VAN HAMME FOR PRIMES p =3 (mod 4)

VICTOR J. W. GUO

ABSTRACT. Using Andrews’ multi-series generaliazation of Watson’s g¢7 transfor-
mation, we give a new extension of the (H.2) supercongruence of Van Hamme for
primes p = 3 (mod 4), as well as its g-analogue. Meanwhile, applying the method
of ‘creative microscoping’, recently introduced by the author and Zudilin, we es-
tablish some further g-supercongruences modulo ®,,(¢q)3, where ®,(q) denotes the
n-th cyclotomic polynomial in g.

1. INTRODUCTION

In 1997, Van Hamme [29, (H.2)] eastablished the following supercongruence: for
any prime p =3 (mod 4),

(p—1)/2 1
2 0 (mod p?), (1.1)

k=0

where (a), = a(a+1)---(a+n — 1) is the Pochhammer symbol. Since the p-adic
order of (1/2),/k!is 1 for (p —1)/2 < k < p — 1, we may compute the sum in
(1.1) for k up to p — 1. For all kinds of generalizations of (1.1), we refer the reader
o [14,16,17,19,20,22,26,27].

The objective of this paper is to prove the following extension of (1.1).

Theorem 1.1. Let s > 0 be an even integer. Let p be an odd prime with p > 2s+ 3
and p =3 (mod 4). Then

(p—1)/2

—~
N[

3
(4k +1)° —k =0 (mod p?). (1.2)

A
@

k=0

It is clear that (1.1) is the s = 0 case of (1.5). We shall prove Theorem 1.1 by
establishing its g-analogue.
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Theorem 1.2. Let s > 0 be an even integer. Let n be a positive odd integer with
n>2s+3andn =3 (mod4). Then

(n—-1)/2 (¢% g*)?
>[4k + 1[4k + 1]5—1( Lk gU2R =00 (mod @,,(q)?). (1.3)
P ¢t q*);

Here we need to familiarize ourselves with the standard basic hypergeometric
notation. The g-integer is defined by [n] = [n], = (1 — ¢™)/(1 — q). The g-shifted
factorial is defined as (a;q)o = 1 and (a;¢), = (1 —a)(1 —aq)---(1 — ag™™') for
n > 1. Moreover, the n-th cyclotomic polynomial ®,(q) is given by

1<k<n
ged(n,k)=1
where ( is an n-th primitive root of unity. Note that ®,(¢?) = ®,,(¢)®,,(—q) for odd
n.

Letting n = p be a prime and taking the limits as ¢ — 1 in (1.3), we immediately
obtain (1.5). The s = 0 case of (1.3) is already known. It was first conjectured
by the author and Zudilin [15, Conjecture 4.13] and was recently confirmed by
themselves in [17]. For some other recent progress on g-congruences, the reader may
consult [3-5,7,10,12,14,16,17,21, 25,30, 31, 33].

Recently, Mao and Pan [23] (see also Sun [27, Theorem 1.3]) showed that, if p =1
(mod 4) is a prime, then

Z k;!23 =0 (mod p?). (1.4)
k=0

(p+1)/2 ( 1 )3

In this paper, we shall prove the following generalization of (1.4).

Theorem 1.3. Let s > 0 be an even integer. Let p be an odd prime with p > 2s —3
and p =1 (mod 4). Then

(p+1)/2 (_l)g
> (k1) k‘23 =0 (mod p?). (1.5)
k=0 ’

For some recent supercongruences involving (4k — 1)* with s odd, see [11]. As
before, we have a g-analogue of Theorem 1.3 as follows.

Theorem 1.4. Let s > 0 be an even integer. Let n be a positive odd integer with
n > max{3,2s — 3} and n =1 (mod 4). Then

(n+1)/2 <q—2. q4)3
> [k — 1]k - HS_lwq(?_%)k =0 (mod ®,(¢)%).  (1.6)
k=0 11k

Likewise, letting n = p be a prime and taking the limits as ¢ — 1 in (1.6),
we are led to (1.5). The s = 0 case of (1.3) was first observed by the author
and Schlosser [13, Conjecture 10.2] and was recently proved by the author and
Zudilin [17].
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We shall prove Theorems 1.2 and 1.4 in Sections 2 and 3 by making a careful use
of Andrews’ multi-series extension [1, Theorem 4] of Watson’s g¢; transformation.
It should be pointed out that Andrews’ transformation plays an important part
in combinatorics and number theory (see [8] and the introduction of [12] for such
examples). We shall give generalizations of Theorems 1.2 and 1.4 modulo ®,,(¢)? in
Section 4 by using the ‘creative microscoping’ method, recently introduced by the
author and Zudilin [15]. We end this paper by Section 5, where we propose two
open problems on further generalizations of Theorems 1.1 and 1.3.

2. PROOF OF THEOREM 1.2

We will use the following powerful transformation formula due to Andrews [1,
Theorem 4]:

Z (CL, Q\/a, —Q\/a, bl) Cly---, bma Cm, q_N; q)k ( amqm+N )k

(Q7 \/_7 _\/67 G’Q/bla GQ/Ch SR CLQ/bﬂw GQ/Cm, a’qN+1; Q)k blcl e bmcm
k>0

_ (aq,aq/bmcm; @) 5 (ag/bicy; @)j, - - (q/bm-1m—1; @)y
(GQ/bma QQ/cm; Q)N j (q; Q)]i e (QQ q)jm—l

1seesJm—120
(bQ7 Ca, q)]l cee (bm7 Cm; Q)jl"""""jmfl
(aq/blv GQ/CI; Q)jl T (GQ/bm—h GQ/Cm—l; Q)j1+~-~+jm71
(0" Qi +tions (ag)fm-t =2 gt im

(a5 Q)i (B2} <bm1cm1>"1*"'””2<' )
2.1

X

This transformation may be deemed a multi-series generalization of Watson’s g¢r;
transformation formula (see [2, Appendix (III.18)]) which in standard notation for
basic hypergeometric series [2, Section 1] may be written as:

8¢7

a, qa%7 _qa%7 b7 c, d7 €, qin . a2qn+2
at, —ab, aq/b, agfc, aq/d, agle, ag™t' T Thede

_ (ag, aq/de; q), o] cafte die a
(ag/d,aq/e;q), * | aq/b, ag/c, deg™"[a > 7|

We assume that s > 2 (as mentioned before, the s = 0 case has already been
proved by the author and Zudilin [17]). It is easy to see that

(abq®, % ¢ _ (aq®,bq%; g )i
= mod (1 —a)(1l —b)).
(abg*, q* q*)k — (aq*, bg*; q*)i ( ( A )

Letting a = ¢** and b = ¢~?" and noticing that 1 — ¢*" has the factor ®,(q), we

obtain

24+2n 2—-2n.
(",

(¢ qM7 (2, ¢ ¢Y)s,

(mOd (I)n<Q)2)
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for 0 < k < n — 1. Thus, modulo ®,(q)?, the left-hand side of (1.3) is congruent to

(n—1)/2 2 242n 2-2n. 4
Z 4k+1 4k+ ] (q ,q ,q 4 )kq(172s)k
= (g%, a2, ¢ =" ¢ )i
(S—I)Sq
(n— 1)/2 n _on.
S (@* ¢, —q°, q,---,q > 7 7q4)kq(1—23)k
S C AR B N R N el AT ’
which, by Andrews’ transformation (2.1) with the parameter substitutions m = s/2,
g qha=¢ b =c = =bpi=Cu1=bn=¢ cn=¢"", and
N = (n—1)/2, is equal to
(% a4 1y 3 (659 (@9 jun
(@ a0 w2 5~ s (@545 (0545
y (@53 - (@05 g (P P P2 ) et

(60", (@05 iy (@750 it

A1+ +im—1)=4(m—2++(m=2)j1)

X q
Since
(a*a") _ J(=D)Fg™, ifk=0,1,
(7% q*)x 0, otherwise,
we obtain
(n=1)/2 2. 4\3
> [k + 1[4k + 1]5—1—<q4j q4)§q<1—2s>k
P (¢*q%)}
6 ,—2n—1. 4 1
— (g aCI4 : 72] )(nfl)/Q Z <_1)j1+'"+j’m*1q_4(jm*2+"'+(m_2)j1)
e
5. .4\2 (5. A2 , 5 242 2= o4y
> (q 7q )Jl (q »C] )]1+...+3m_2(q 7q 7q aq )]1+ +Im—1 (mod (I)n(q)2)7

(4; q4)§1 (g q4);2'1+---+j7n4 (L P
(2.2)

where m = s/2.

It is easy to see that (¢°% ¢*)(n—1)/2 contains the factor 1—¢*", and (¢7*" 5 ¢*) (n-1) 2
contains the factor 1 — ¢7" for n = 3 (mod 4) and n > 7. At the same time, the
polynomial (g, ¢*~*"; ¢*)(n—1)2 is relatively prime to ®,(q) for n = 3 (mod 4), and
so is (¢; ¢*); for such n and j < (n — 1)/2. Moreover, by the condition n > 2s + 3
in the theorem, we have j; + -+ jmo1 < m—1=(s—2)/2 < (n—7)/4 and so
(q";4*)jy 4t is also relatively prime to @,(g) (for n = 7 this g-shifted factorial
is understood to be 1 since m = 1 in this case). This proves that the right-hand
side of (2.2) is congruent to 0 modulo ®,(q)?, thus establishing the theorem.



3. PROOF OF THEOREM 1.4

Similarly to the proof of Theorem 1.2, modulo ®,,(¢)?, the left-hand side of (1.6)
is congruent to

(n+1)/2

—2 —242n —2-2n. .4
S [k - dpfak - T )k
=0 (%, 27, =2 Yk
(s—1)s ¢
(n—1)/2 (q_2 @, —¢ q3 q3 g2t q—2—2n.q4)k
=¢7" ) N == —— : e -2k (37

— (e T T

By Andrews’ transformation (2.1) with the parameter replacements m = s/2, ¢ —
,a=qt b =c = =by1=Cu1=0bn=¢cun=¢q>" and N =

(n 4 1)/2, the right-hand side of (3.1) can be written as

—2n. L —4. —4.
q,s,1 (q27q1 2 aq4>(n+l)/2 Z (q 47q4)j1 (q 47q4).7'7n71

(@ ¢ g w2 (%) - (@4 4" jns

15-03Jm—1=0

(% a3 - (50" g o (@ 2727 )

(@) (@50 i (G T it

JiteFim—1

X q4(j1++]mfl)_4(]m72++(m_2)j1)’ (32)

where m = s/2.

Note that (¢% ¢*)(n+1)/2 contains the factor 1 —¢*", and (¢'~2"; ¢*)(n+1)/2 contains
the factor 1—¢~" forn = 1 (mod 4). Meanwhile, the polynomial (¢, ¢*~2"; ¢*) (412
is relatively prime to ®,(g) for n = 1 (mod 4), and so is (¢~';¢*); for such n and
Jj < (n+1)/2. Furthermore, the condition n > max{3,2s — 3} in the theorem
implies that j; + -+ jm_1 <m—1=(s—2)/2 < (n—1)/4 and 50 (¢; ¢*)j,+-+jr 1
is also relatively prime to ®,,(¢). This proves that the expression (3.2) is congruent
to 0 modulo @,,(q)?, as desired.

4. FURTHER ¢-CONGRUENCES MODULO ®,(q)?

Like the paper [17], we may give a generalization of Theorem 1.2 modulo ®,,(q)?.
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Theorem 4.1. Let n > 1 be an odd integer and let s > 0 be an even integer. Then

(n—1)/2 A3
(@)
[4k+ 1]q2[4k+ 1] 1( ; 4)§q o
k=0 4k

_ (@54 w-vr2 50-n)2 it i1 = 4(im =2t (m=2)j1)
=le o > (=1 q

q; q4)(n—1)/2

ST o S VT e U S S Y e
(@05 (GG i (@ 0 it
(mod ®,(q)?®,(—q)®) ifn=1 (mod 4),
(mod @,(¢)®,(—¢)®) fn=3 (mod 4). )
where m = s/2.
For example, for odd n > 1, modulo

D,(q)*Pn(—q)® ifn=1 (mod4),

D,(q)?P,(—q)® ifn=3 (mod4),

we have
(n—1)/2 2. 4\3 7. 4
S k4 etk LDk ok g D0 sy
=0 (g% 4"y (@ 0*) (n—1),2
(n—1)/2 o 4 _ ,
(@548 (@750 1) 2([7] = 2°[5]) 50-y2
[4k 4 1] 2[4k + 1P =224 ™ = [n] 2 P2,
k=0 ! (q 1 q )2 ! (Q;q4)(n71)/2[7]

(n—1)/2 7
s(@%a)i (¢":q )(n /2 5(1—n)/2
[4k + 1) 2[4k + 1]° ¢ "= [n]p—— PR R(g),
kzzo (q7q)3 @ d) w12

where R( ) (52 +18¢M 439¢0+684¢°+100¢%+123¢7 +131¢%+123¢°+100¢* +68¢3+39¢> +18q+5)q
q (@407 +a°+a"+¢°+ 7 +* +a°+¢*+4+1) (¢° +a° +a* + ¢+ 4> +q+1)
When n = p is an odd prime and ¢ — —1, then (4.1) reduces to

(p—1)/2 133
S (04 DEE = e (mod p?) (42)
k=0

(tagged (B.2) on Van Hamme’s list [29]). The supercongruence (4.2) was first con-
firmed by Mortenson [24] using a ¢Fs transformation, and later received another
proof by Zudilin [32] via the Wilf-Zeilberger method. We point out that some
different g-analogues of (4.2) were given in [6,7,17].
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Proof of Theorem 4.1. We first establish the following parametric generalization of
(4.1):

(n—1)/2 2 2 2. 4

1 (ag®, ¢ fa, % qM )k s,
Y [4k + 1 p[dk + 1 q
s a (aq*, q*/a, q* ¢* )i

7. A 1
(a"sq )(n—1>/2q5(1—n)/2 Z (—1)dr+Him=t =4t (m=2)j1)

= [n],e q
(G ) m-1)2

(@54 - (P03 o (0P )0, 5 0 ) it

(@)% (@) i (@750 jit s

X

(mod ®,(—¢q)(1 — ag*)(a —¢*")) ifn=1 (mod 4), 43)
(mod ®,(q)2(1 — ag®)(a — ")) n=3 (mod 4). '

where m = s/2.
Note that

(2% a5 a2 _ .o (a5 0" m-1)2 R
(2,472 %) (n-1))2 (@) m-1)2

" or a = ¢*, both sides of

2n

The proof of Theorem 1.2 implies that, when a = ¢ 2
(4.3) are equal. Namely, the g-congruence holds modulo 1 — a¢?® and a — ¢
On the other hand, by [13, Lemma 3.1], for 0 < k& < (n — 1)/2, we have

(ag; ¢°) (n-1)/2-k (n—1)/2—2k (aq; ¢*)x (n—1)2/4+k
= (—a)" ——q"" mod P,(q)).
(Pla Povys O (/a: ), mod ®(@)
Applying the above ¢-congruence one can easily verify that, for odd n > 1 and
0< k< (n—1)/2, the k-th and ((n — 1)/2 — k)-th summands on the left-hand side

of (4.3) cancel each other modulo ®,(—¢) (or modulo ®,(¢?) if n = 3 (mod 4)).
This proves that

(n—=1)/2
L (ad® a5 q)k g,
4k + 1] 2[4k 4+ 1]°71 q
kZ:O [ ]q [ ] (aq4,q4/a,q4;q4)k
(mod ®,(—¢q)) ifn=1 (mod4),
=0

(mod ®,(¢q)?) ifn=3 (mod 4).

It is not difficult see that the right-hand side of (4.3) is congruent to 0 modulo
®,(—q) if n = 1 (mod 4) and modulo ®,(¢*) if n = 3 (mod 4). Hence, the g¢-
congruence (4.3) is true modulo ®,(—¢) if n = 1 (mod 4) and modulo ®,(¢?) if
n =3 (mod 4). Since 1—ag**, a—g¢*" and ®,,(—q) (or ®,(¢*)) are pairwise relatively
prime polynomials, we finish the proof of (4.3).
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It is easy to see that the denominator of the reduced form of [n],2(¢% ¢*)r/(¢"; ¢*)k
is relatively prime to @,,(¢?) for any k > 0. Letting a = 1 in (4.3) and noticing that
1 — ¢*" has the factor @,(¢?), we immediately obtain (4.1). O

We also have the following generalization of Theorem 1.4 modulo ®,(q)3.

Theorem 4.2. Let n > 1 be an odd integer and let s > 0 be an even integer. Then

(n+1)/2

—2. 4\3
4k — 1,214k — 1 Sflmq(ﬁzs)k
kZ—O | I | (¢*q%)3
1

5. 4
= [n] 2wq3(1_n)/2_5_1 Z (_1)j1+~~+jm—1q—4(jm_2+~~+(m—2)j1)
! <q3§q4)(n—1)/2 .

(% a3 (@ a5 (20 %0 it
(505 (55 i (G ) jr bt

(mod ®,(q)3®,(—q)*) ifn=1 (mod 4),

(4.4)

(mod ®,(q)*®,(—q)?) ifn=3 (mod 4),

where m = s/2.
For example, for odd n > 1, modulo
D,(q)?P,(—q)® ifn=1 (mod4),
,(q)*®,(—q)® ifn=3 (mod4),
we have
(nt1)/2 —2. 43 5. 4
(0% 9"k s (4% 4 m-1)/2_3(1-n)j2-3
[4k — 1) 2[4k — 1]~ 2R %% = [n] p 222 30228,
; ! (¢% ")} (4N m-1)2
(n+1)/2 B -
(¢ %4 & (4% 4 n-1)/2_301-n)j2—7
[4k — 1] 2[4k — 1]3 ¢ =—-n]p @i/
kZ:O ! (‘14;94)2 ! (q3;q4)(n—1)/2
x (¢* +3¢° +3¢% + 3¢+ 1),
(nt1)/2 —2. 4\3 (¢ qY)
Ak —1],2[4k — 1 5mq75k = _jp] o L DO=D2 s0-my/2-9 gy
; | Jel | (¢4 4} il (4% %) (n-1)2 (@

where

S(q) = 3¢ + 1447 + 32¢5 + 51¢° + 59¢* + 51¢> + 32¢* + 14q + 3
V= G+E+P g+l ‘
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Letting n = p be an odd prime and ¢ — —1 in Theorem 4.2, we are led to the
following result:

(p+1)/2 3
S 0tk =) T = ) mod ) (45)

Note that different g-analogues of (4.5) can be found in [17] and [15, Theorem 4.9]
with 7 = —1, d = 2 and a = 1 (see also [13, Section 5]).

Proof of Theorem 4.2. The proof is similar to that of Theorem 4.1. Noticing that

(q2, q' q4)(n+1)/2 o (CI5; C]4) (n—1)/2 qg(l,n)/g

(@52 N e (@50 me1)2

and, for 0 <k < (n+1)/2,
q
q

)

(n+1)/2—k _ (—a (n+1)/2—2k (ag"5 ¢*) (n—1)?/4+3k—1 (mod @,(q))

(nt1)/2—k (¢%/a; )i

]), we can establish the following parametric generalization of (4.4):

~— | —

(see [13, (5.4

(n+1)/2

[4k — 1]g2[4k — 177 (aq™%,q2/a, a7 0k (7o
pr ! (ag*, q*/a, g% q" )k
1
(q5;q4)(nf1)/2 3(1-n)/2—s—1 )i+ Fim—1 =4Gm—2+-+(m=2)j1)
(q3;q4)(n—1)/zq ) Z (=1) q

[1]q2

(@03 - (50 g (@077 /0,654yt

<q71; q4)j21 e (qil; q4)?1+---+jm71 ((]; q4)j1+‘“+jm—1

(mod ®,(¢*)(1 —ag*)(a —¢*")) ifn=1 (mod 4), @8
(mod ®,(—q)(1 — ag®)(a — ")) fn=3 (mod 4). '

where m = s/2.

Observe that the denominator of the reduced form of [n],.2(q%; ¢*)x/(¢% q*)r is
relatively prime to ®,,(¢%) for any k > 0. Letting @ = 1 in (4.6) and noticing that
1 — ¢*" contains the factor ®,(¢?), we arrive at (4.4). O

5. DI1scussioN

In 2015, Swisher [28] proposed 12 amazing conjectures on Dwork-type supercogn-
ruences (see [9,18] for a recent progress on such supercongruences). For example,
she [28, (H.3)] conjectured that, for any integer r > 2 and prime p > 3 with p = 3
(mod 4),

(pm—-1)/2 (l)g (pr=2-1)/2 (l)?,
k k .
ﬁ = p? Z # (mod p*~?), (5.1)
k=0 ’ k=0 ’
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It seems that there are no common generalizations of (1.5) and (5.1). Nevertheless,
we find the following conjecture on Dwork-type supercognruences.

Conjecture 5.1. Let p be an odd prime with p =3 (mod 4). Let s > 0 be an even
integer. Then, for r > 2, we have

(P 2-1)/2

(p"—1)/2 (1)3 1)3
Z (4k + 1) ]i—kEp Z (4k‘+1)l§— (mod p* %),
=0 k=0
MO O 3
(4k + 1)° lj— =p* Y (dk+1) i (modp "=5).
k=0 k=0

We also have the following conjecture related to Theorem 1.3.

Conjecture 5.2. Let p be a prime with p = 1 (mod 4). Let s > 0 be an even
integer. Then, for r > 1, we have

(p"+1)/2 (— l)i pr-1 ( 1)%
> (k-1 = > 4k -1y 5 =0 (mod Y. (5.2)
k=0 k=0

Unlike Theorems 1.1 and 1.3, we do not require additional conditions for p (such
as p > 2s + 3) in Conjecture 5.1 and 5.2.
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