Received hh hh hh; Revised hh hh hh; Accepted hh hh hh

DOI: xxx/xxxx

SPECIAL ISSUE PAPER

Crank-Nicholson difference scheme for the system of nonlinear
parabolic equations observing epidemic models with general
nonlinear incidence rate [

1,23

Allaberen Ashyralyev | Bilgen Kaymakamzade' | Evren Hincal*!

1Department of Mathematics, Near East
University, Nicosia, Mersin 10, Turkey Abstract

Zpeoples’ Friendship University of Russia,
RUDN University, Ul Miklukho Maklaya 6,
Moscow 117198, Russia observing epidemic models with general nonlinear incidence rate is investigated.

3 nati g 10Q s atics o o 8
Institute of Mathematics and Mathematical The theorem on the existence and uniqueness of a bounded solution of Crank-
Modeling, 050010, Almaty, Kazakhstan

Crank-Nicholson difference scheme for the system of nonlinear parabolic equations

Nicholson difference scheme uniformly with respect to time step = is established.
Correspondence Applications of the theoretical results are presented for the four systems of one and
Evren Hincal, Department of Mathematics,
Near East University, Nicosia, Mersin 10,

Turkey. Email: evren.hincal @neu.edu.tr are given.

multidimensional problems with different boundary conditions. Numerical results

KEYWORDS:

System of nonlinear parabolic equations, Epidemic models, Bounded solution, Realization in computer

1 | INTRODUCTION

Classical epidemic SIR, SIS, and SEIR models have been proposed and studied by many authors in (seedZ3H57B9I6 5pq

the references given therein). Theorems on existence and uniqueness of the bounded solution of linear and nonlinear systems
are established.®"'2 The numerical solutions of the system of linear parabolic equations for observing HIV mother to child
transmission epidemic models is studied.!2 In the paper,® we consider a bounded solution of the initial-value problem for the
system of parabolic equations observing epidemic models with general nonlinear incidence rate

-

? + puu' (1) + Au' (1) = —f(t,u' (1), ¥’ (1)),

@ +(a+ () + Au (1) = f(tu' (0),0° (1) = g1, (1)),

di’ (1)

O’ (1) + A (1) = g(t,u (1),

0<t<T,u"0)=¢" n=1223

in a Hilbert space H with a self-adjoint positive definite operator A. The main theorem on the existence and uniqueness of a
bounded solution of problem (1) is established.
Theorem 1.1. Assume the following hypotheses:
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1. ¢",n=1,2,3 belongs to D(A) and

||(P"||D(A) =M,. 2)
2. The function f : [0,T] X H X H — H be continuous function, that is
lf @ u@®), vy < M, (3)
in [0,7T] X H X H and Lipschitz condition holds uniformly with respect to ¢
1/ w0) = £z w)ll g < Ly [lle = 2lly + o = wll ] - “)

3. The function g : [0,T] x H — H be continuous function, that is

g, ut)lly < M; ®
in [0, T] X H and Lipschitz condition holds uniformly with respect to ¢
gt u) =gt Dy < Lollu—zll - ©)

. . . L
Then there exists a unique bounded solution u(r) = (u!(), u*(t),u(r)) " to problem .
In applications, theorems on the bounded solutions of several systems of nonlinear parabolic equations were established.
Moreover the first order of accuracy difference scheme

-

Lty + Aup = — (o uy, 1),

Lt (a+ pu, + Aup = [t u, 1) — g1, 1),

33
1 = uity, + Au = gty 11,), 7

ty =kt,1<k<N,Nt=T,

ugz(p”,nz 1,2,3

for the approximate solution of probiem (T) was studied. The following theorem on the existence and uniqueness of a bounded
solution of difference scheme (7) uniformly with respect to time step 7 was established

Theorem 1.2. Let the assumptions -@ be satisfied and y + 6 > 2 (L1 + L2) . Then, there exists a unique solution
ut = {uk}iv:o of difference scheme ll which is bounded uniformly with respect to 7.

In applications, bounded solutions of several systems of nonlinear parabolic equations and difference schemes for the
approximate solution of these systems were established. Numerical results were given.

In general, it is not possible to get exact solution of nonlinear problems. Therefore, we are interested in finding a high order of
accuracy uniformly bounded difference schemes with respect to time stepsize for the approximate solutions initial value problem
(@.

In the present paper, the second order of accuracy Crank-Nicholson difference scheme for the approximate solution of problem
(I) is investigated. The theorem on the existence and uniqueness of a bounded solution of Crank-Nicholson difference scheme
uniformly with respect to time step 7 is established. Applications of the theoretical results are presented on four systems of
nonlinear parabolic equations to explain how it works on one and multidimensional problems with different boundary conditions.
Numerical results are given.
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2 | THE MAIN THEOREM ON UNIFORMLY BOUNDEDNESS

For the approximate solution of (I)) we will consider the second order of accuracy Crank-Nicholson difference scheme

1

2,2
u u+u u, +u
kkl+” kl+Ak — f< _Z 2l’k2k—l>’

= k1+(a+”)k kl+Ak

f< T "+2“ 1’“Z+2“i_1>_g<tk_;_""i+2”i—1>,
3 ®)

u(';=(p”,n= 1,2,3

for the approximate solution of the initial value problem (TJ).

We are interested to study the existence and uniqueness of a bounded solution of Crank-Nicholson difference scheme
uniformly with respect to time step = under the assumptions of Theorem 1.2. We have not been able to obtain such result.
Nevertheless, we can establish the such result under assumptions more strong than in the Theorem 1.2.

The method of proof of the main theorem on the existence and uniqueness of a bounded solution of difference scheme (8]
uniformly with respect to 7 is based on reducing this difference scheme to an equvalent system of nonlinear equations. An
equvalent system of nonlinear equations for the difference scheme (8) is

( k 1,1 2,2

— PRk ,1 k— T Ut Ut

= B! - 3, B“"Rf (tm—E,Tl,Tl) T,

2 k 2 k k T ul+ul 142+u2 1u2+u2

— —m m___m—1 m m—1 m m—1

N4 =Bfo*+ X, B[R |f (tm_i’—z , et > —g<l‘m—§—2 > T, 9
k 3 k— Tuz+u2
= Bkgp +Z_1B "Rg (1, — === ) e, 1 <k<N

inC,(H)X C,(H) x C,(H) and the use of successive approximations. Here and in future B = (I — W)R, R=U+
W)_l, B, = (I - XA R R, = + W)‘l and C, (H) = C ([0,T],, H) stands for the Banach space of the

mesh functions v* = {U,} 1=o defined on [0, T'], with values in H equipped with the norm

| v* ||c ()= 0r<nli)1(v ”UI”H
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The recursive formula for the solution of difference scheme (8)) is

Juy—juy_, +Mju +jll Jjuy +ju

el A

T

=1 -t G=Dug+(G=Duy_ G=Dug +(G—Di’_,
k 2° ) s P s

. .2
Jugtjug
2

o U=Dig =D, G=Dig+G=Dug | o U=Dig =D,
_f( 2° ) ’ P g tk 2° ) ’

2 i s 2
Jw—juy Juy tju
ka1+(a+'u)k2k1+A

3 (10)
M | | s (s e,
P H =&\~ 7 2 >
t,=kt,1<k<N,Nr=T,
jut=e"n=1,273,j=12,.,
Ouz = Brgp",n= 1,3,0ui =B’ ,0<k<N.
.
From (@) and (T0) it follows
Lol e ok ¢ G=Dul+G=Dul | (=D +(-Di
. _ —m k k=1 k k=1
ju, = B@' = % _ B“"Rf <tk—5, > , > )T,
k . 2 2
k2 k— G=Dug+G=Du,_, G=Dig +G=Duy_
= B{¢° + Y, B '”R1f<tk_£, e e ) g
k (=D +(j— 1
1 — X1 B "R g <tk - > T, (11)

quos_,_z _B“"Rg <tk : %)AJ—I)%)T’

1<k<N,j=1,2,..,

Ou;{” = Bfp" . m = 1,3,0ui =B’ ,0<k <N.

L

Theorem 2.1. Let the assumptions (2 (EI) be satisfied and 2 (L1 + Lz) T<1+ T(” 9 Then, there exists a unique solution
= {uk} «—o Of difference scheme lai which is bounded inC,(H)XC,(H)XC, (H ) of uniformly with respect to z.

Proof. Since u3 does not appear in equations for et ,n=1, 2 it is sufficient to analyze the behaviors of solutions u and
u of ' Accordlng to the method of recursive appr0x1mat10n , we get

u! = 0ul' + Z [+ Du —iul] ,n=1,2, (12)
i=0
where
Bfe", n=1,3,
Ou’ = (13)
B{‘(pz, n=2.

Applying formula (T3}, estimates

I1Bllgom < L||Bi]l gy < 1 (14)

we get
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0ui]l < NIl < M. (15)
Applying formula (TI)), estimates (I4)) and

(u+d)’ ” 1||H—>H = W’ (16)
2

2

r Ow +0u . Ouw +0u |
f t — = )
"2 2 2

T T
<M, <M,
’; 1+ T(MZ‘HS) 1+ T(M+5)

k Ou' +0u = O +0u
oty s Blrnl, [ (52
m=1

. I_ZOu +Oum1
me’ 2

T T
< <M2 + Mg) ’; Tﬂ‘;&m = <M2 + M%) 1+ r(;ﬁ—26+a)

1 1
IRl p—n < PENETET) R <

we get

[y, = Ouy < i HBk""RHHqH
m=1

T

H

H

+

forany k =1, - - -, N. Using the triangle inequality, we get

T

1
uglly < My + (M, + M;) W

T
7(u+6)
1+ T

, N. Applying formula (TT)), and estimates (14), (T6), @).(2) and (3), we get

k
1 1 k=m
120 = 1wl < 7 Zl ”B R”H—»H
m=

;L +1u lu, + lu Ou' + Ou' 0 +0u’
m m—1 m—1 T m m—1 m m—1
f tm - = s - f tm -5 s
2 2 2 2 2 2
k 1 1 1 1
L.t 1um + 1u Ou + Ou
<2 =
me1 1+ TM H

1 m m—1

2 2

< 2L1 (My+ M3)T i t 2 (L, + Ly) (My + M;) T?
1+ T(’”&) 1+ T(”+6) (1 n T(u+§)>

“H—)H

rolu, +lu o lu + 1w r Ou, +0u | Ou +0u |
t ) b - t I N
AR 2 2 2 AR 2 2 2

o T luin+1uin_1 _of: T 0u;+0ui”_1
mo’ 2 mo9’ 2

T
= Ll Z T(u+é+a)
- 2
0w’ + Ou? ]
H

Il y < My + (M, + My)

forany k =1,- -

X

H

|

L + 1 0wl +0u |
2 - 2

k)

k
126} — 1l <7 Y | BERy
m=1

H

H

2 2
1um + 1um—] _ m m—1

2 2

H
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k 2 2 2 2
lu> + 1u Ou’ + Ou
+L2 Z r(T+6+a) - - - - —
—_ 1+ ”T 2 2 "
B (2L, + L,) (M2+M3)TZ": . 2(L,+Ly) (My+ M;) T?
= 1+ r(;4+6) 1+ T(ﬂ+6+(1) - <1 + 1(;4+6))
forany k = 1,---, N. Then
2(L, +L,) (M, + M;)T?
1261, < M,y + (M, + My) —— - (Lt L) = 5) n=12
14 2o (1 +8)

2
forany k =1,---, N. Let

(L + L) (My + My) T
g~ - Dy < 2R BLAMIE

(1 4 ) r<y+6) >

Applying formula (TT)), estimates (I4), @), () and (@), we get

G+ Duy = jully <7 “Bk mRHH—»H

e Tju +jum1ju +ju
"2’ 2 2

c G=Du,+G-Du | G=-Du,+(G =D
_f tm_

X

2’ 2 ’ 2

H
<
mz—: 1+ T(M+5)
ju, +ju;n_1 (- l)um +( — l)uin_1
2 B 2

H

|
|

< 2L, - 271 (L, +L2)H (Mz + M) T zk: T < (2(Ly + L)) (M, + M;) T/

(1 + r<u+5)> ot 14 e (1 + r<u+a>>
2

ju, +juw o (G=Du, +( - l)ui_1
2 2

5

k
. 2 22 k—
uu+n%—nmmszH&“&th

e Tju +jum1ju +Ju
"2’ 2 2

: G=Du,+G-Du | (G-Du,+G =D
_f tm

X

2’ 2 ’ 2

H

k

+7 ”Bk‘mR ”
211 1 WNaow
m=

ofe _1 ju, +ju Y G-Du,+(-Du
mo 2 "o 2

—Zm

X

H



ju, +ju:n_1 G-Du +( - l)u:n_1
2 2

H

|

) .2 . 2 : 2
ju, +ju, _ G-Du,+(G-Du,
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P .2 . 2 . 2
ju, +ju, . G=Du, +0G-Du,_,

Xl
2 2

T
+ 2 1(;4+5+a)

m=1 1+ 2 2 H
. (2L, + L,) 2" (L, + L,)” 1(M2+M3)Tf z": v (2 (L, + L,)) (M, + M) T+
- <1 N r(u+5>) =R (1 + T(M+5)> s

forany k = 1,---, N. Then
T

T(H+5)

G+ Duflly <M, + (M, + My) -

2(Ly+ L,) (My+ M3) T? (2(L, + Lz)) (M2 + M;) T/
+ +---4 n

,n=1,2
(u+6)7° <1+r(;4+6)>
forany k = 1, - - -, N. Therefore, for any j, j > 1, we have that
2(L, + L,)) (M, + M,) T/*!
||(j+1>uz—juz||Hs( (L1 + L)) (M, + M) n=1,2,
<1+r<u+6)>’“
and T
||(j+l)uZ||HSM1+(M2+M3)W
2
2(L, + L,) (M, + M) T? 2 (L, + L,)) (M, + M) T/+!
2L (M) T (L L)) (M) T

(/4 + 5)2 (1 + r(y+5)>

by mathematical induction. From that and formula (I2) it follows that

(o]
el < N0l g+ D NG+ Dot — ind
i=0

(My+ M;)T & 20 (L, + L)' T

T(ﬂ+5) Z on=12

1+ i=0 <1 n r(u+5>)

which proves the existence of a bounded solution of difference scheme (8] . ) which is bounded in C, (H) X C, (H) X C, (H) of
uniformly with respect to 7. Theorem 2.1 is proved.

IA
+

A study of discretization, over time only, of the initial value problem also permits one to include general difference schemes
in applications, if the differential operator A is replaced by the difference operator A, that act in the Hilbert spaces and are
uniformly self-adjoint positive definite in 4 for 0 < 2 < h;,.
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3 | APPLICATIONS

First, we consider the initial-boundary value problem for one dimensional system of nonlinear partial differential equations

—aull,(:’x) - (a(x)u,l( (@, x))x + G+ pult,x) = —f@, x;u' (1, x), 1> (t, X)),

ou?(t,x) _

20— (a(u (1, %))+ (6 + p+ @) u(t, x)

= f@t,x;u' (1, %),0° (1, X)) — g(t, x;u° (1, X)),

W(tx)

1= (a)i (1,%))  + (6 + p)u (1, x) = g(t, x;1 (1, X)), (17)

0<t<T,0<x<I,

u"(0,x) = ¢"(x), 9"(0) = ¢"(D), ¢7(0) = (D), x € [0,1],n =1,2,3,

W'(1,0) = w'(t, D), u'(t,0) = u'(1,1),0 < 1 < T,n = 1,2,3,

where a(x), @(x) are given sufficiently smooth functions and 6 > 0 is the sufficiently large number. We will assume that a(x) >
a > 0 and a(l) = a(0).
Assume the following hypotheses:

1. ¢",n=1,2,3 belongs to VV22 [0,] and

||(Pn||W22[o,1] <M,. (13)
2. The function f : [0,T]x[0,/]x L,[0,!] X L,[0,I] = L, [0, ] be continuous function in ¢, that is
”f(t, s u(ta ')’ U(ta .))”LZIOJI S M2 (19)

in[0,T] X [0,] X L, [0,!] X L, [0,!] and Lipschitz condition holds uniformly with respect to ¢
Wfe, - u0)— f@E, -z, w)”LZ[o,[] <L [||u - Z”]_z[o,z] +|lv - w”Lz[o,[]] . (20)
3. The function g : [0, T] % [0,/] X L, [0,I] = L, [0,!] be continuous function in ¢, that is

g (e, - ult, Doy < Ms @D
in [0, T] x [0, 1] X L, [0, 1] and Lipschitz condition holds uniformly with respect to ¢

llg(, -, u) — g, -, Z)”Lz[o,l] < Lylju— Z”LZ[OJ]- (22)

Here and in future, L,,,m = 1,2, M,,, m = 1,2, 3 are positive constants.
The discretization of problem (17) is carried out in two steps. In the first step, let us define the grid space

[0,/],={x:x,=rh,0<r<K,Kh=1}.
We introduce the Hilbert spaces L,, = L,([0,/],) and l/V22h = sz([O, [1,) of the grid functions P"(x) = {(p’}{)( defined on

[0, 1], equipped with the norms
1/2
2
= h
L = < Y el h>

x€[0,11,
1/2
2
h

'

and

i

h
, = ||?
Wz“h ”

L +< Y @),
2h x€[0.1],
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respectively. To the differential operator A generated by problem @, we assign the difference operator Ay by the formula

AXo"(x) = {(—(a(X)@5),, + 69"}, (23)
acting in the space of grid functions @"(x) = {¢"} satisfying the conditions ¢° = @*, ¢' — ¢° = ¢* — ¢*~'. With the help
of A;, we arrive at the initial value problem

1h
(400 (e, x) + Aqu(e, x) = — [ x5 (10,0 (1, X)),

du? (t 9 4 (u+ @) uh(t, x) + A% u?h(t, x)

= i xsu" (1, %), 0 (1,x)) = g7'(t, x; u™ (1, X)),
) (24)

3h
LD 4 (e, x) + AZ(E x) = gt xs ! (1, ),

0<t<T,x€l0,1],

\unh(oa x) = (pn(x)’n = 1527 3,x € [09 l]h

for an infinite system of nonlinear ordinary differential equations. In the second step, we replace problem (24) by difference
scheme (B)

-

ul —u! u! 4u! u! +u! w ' ?
[ | k-1 xS — _ rh _z kT k1 T
e Ay 2 o\ e > T3 T ’
le
k k 1 + (a + ﬂ) k k 1 + AX k
1 1 2 2 2 2
= fh(s —Z Wt Wt Y ok i == Ut
- f k 2 X, ) ) ) 8 k 2 X, P s
1 25)

”i k1+”k kl+Axk k‘1=gh<tk—§,x, kzi—l>’
ty =kr,1<k<N,Nz=T,x €[0,1],

u"=(p”n=123

Theorem 3.1. Let the assumptlons 1 8)- be satisfied and 2 (L + L2) T<1+-—~ T(” 9 Then, there exists a unique solution

= {uk} 4o Of difference scheme l Wthh is bounded in C, (L,,) X C, (L) X C (L,) of uniformly with respect to 7
and h.

The proof of Theorem 3.1 is based on the abstract Theorem 2.1 and symmetry properties of the difference operator A; defined
by formula (23)).12
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Second, we consider the initial-boundary value problem for one dimensional system of nonlinear partial differential equations
with involution

- au;tt,x) — (a(x)ui (t, x))x -p (a(—x)ux (, _x))x + (6 + wu't,x)

=—f(t, x;u (@, x),u( x)),

ou2(t,x) _

= (a2 (t, %)) = B (a(=x)u, (t,—x))  + (5 + u + a) (1, X)

= f(t, x;u' (1,x),u° (t,x)) — g(t, x; 1’ (1, X)),

J (26)

2000 (a(ous (1, %)), — B (a(=x0u, (1, =) + (6 + ) (2, x)

=gt,x;u’(t,x),0<t<T,-l<x<I,

u"(0,x) = @"(x), ¢" (=) = ¢"() =0, x € [, 1], n =1,2,3,

Wt =) =u"t,))=0,0<t<T,n=1,2,3,

where a(x), p(x) are given sufficiently smooth functions and 6§ > 0 is the sufficiently large number. We will assume that a >
ax)=a(-x)>26>0,6—alp| >0.
Assume the following hypotheses:
1. ¢",n=1,2,3 belongs to VV22 [—1,1] and
||(Pn”I/V22[—l,l] <M,. (27)

2. The function f : [0,T]1 X [=1,I]1X L, [=],I]X L, [-I,I] = L, [-I,1] be continuous function in ¢, that is

IlF(E, - ult, ), v, '))”Lz[—l,/] <M, (28)
in[0,T] X [-1,1] X L, [-],1] X L, [/, !] and Lipschitz condition holds uniformly with respect to ¢
Nf, - u0) = f@ -z, < Ly [”” =zl o= w”Lz[—l,l]] . (29)

3. The function g : [0, T] X [-1,1] X L, [-I,1] = L, [—I,1] be continuous function in #, that is

llg(t, -, u(t, ‘))||L2[0,1] < M, (30)
in [0,T] % [—{,1] X L, [—/,!] and Lipschitz condition holds uniformly with respect to ¢

llg, - u) — g, Z)”LZ[_[,]] < Lylju - Z||L2[_1,1]~ 31

The discretization of problem (26) is carried out in two steps. In the first step, let us define the grid space

(=111, = (x : x, = rh,—K <r < K,Kh = 1}.
We introduce the Hilbert spaces L,, = L,([—1,1],) and W, = W([=I,1],) of the grid functions ¢"(x) = {¢"}X defined on

[-1,1],, equipped with the norms
1/2
2
I :< 2 '(ph(x)‘ h>
2h xe[-111,,

172
2
h _ln h
“q) |W2 - ||(p L +( Z '(qo )xi/‘ h
2h 2 xe[-L11,

respectively. To the differential operator A generated by problem @, we assign the difference operator A} by the formula

|+

and

A" (%) = {=(a()px(0),, = B (a(=X)px(=x)) , + 8¢ 15 L (32)
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acting in the space of grid functions " (x) = {¢"}X satisfying the conditions ¢~ = @¥ = 0. With the help of A}, we arrive
at the initial value problem

P (e, x) + At x) = — G s (80,0 (1, ),
SEUD 4 (u+ @) (e, x) + A1, )
$ =i xu" (1, x), 0" (8, x)) — g"(t, x; u” (1, X)), (33)

% + w1, x) + A;‘lu3h(t, x) = ghtt, x;u™ (1,x)),0 <t < T,x € [-1,1],,

w0, x) = ¢"(x),n=1,2,3,x € [-1,1],

\

for an infinite system of nonlinear ordinary differential equations. In the second step, we replace problem (33) by difference
scheme (B)

-

ul— u ' P ?
ka1+ll kl+Axk2 :_fh<tk_§’x’k2kl,k2kl ,
=il
k k 1 +((l+/4) k k 1 +AX k
1,1 2.2 2.2
_ fh t— I x Wt Wt N ok =% x Ut
- k 227 ) ’ P 8 k 27 D) s
1 (34)

w—u 3 u +u?
kal+ﬂk kl+Axk kl_gh tk_g’x’kzk—l ,

ty =kr,1 <k<N,Nt=T,x €[-11],

u"=(p”n=123

Theorem 3.2. Let the assumptlons 1 7)- be satisfied and 2 (L + L2) T<1+-—~ T(” 9 Then, there exists a unique solution

= {uk} 4o Of difference scheme l Wthh is bounded in C, (L,,) X C, (L) X C (L,,) of uniformly with respect to
and h.

The proof of Theorem 3.2 is based on the abstract Theorem 2.1 and symmetry properties of the difference operator Ay defined
by formula (32)).14
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Third, let Q C R" be a bounded open domain with smooth boundary .S, Q=QuUS. In [0,T] x € we consider the
initial-boundary value problem for multidimensional system of nonlinear partial differential equations

_
ou'(1,x)

rani é(ar(x)u)lc )x, + (6 + u) ul(t, x)
r=1 "

= —f(t, X, ul (t, x), uZ (t’ x))’

n

Z(a,(x)uir)x, +(6+ u+a)u’t, x)

r=1

ouP(1,x) _
ot

= ft,x;u' (t,x),u’ (1, x)) — g(t, x;u* (1, X)),
) 35)

o’ (1,x)

et Z(ar(x)ui )X, + (8 + p) u(t, x)
r=1 "
=gt,x;u’(1,x),0<t<T,x = (xq,....,x,) € Q,

u"(0,x) = "(x),x € Q,m =1,2,3,

u"(t,x)=0,0<t<T,xe S,m=1,2,3,

where a,(x) and @™ (x) are given sufficiently smooth functions and 6 > 0 is the sufficiently large number and a,(x) > 0.
Assume the following hypotheses:

1. @™, m=1,2,3 belongs to L,(Q) and
2. The function f : [0,T] X [0, [] X Lz(ﬁ) X Lz(ﬁ) - L2(§) be continuous function in ¢, that is
”f(t’ ) Ll(t, ')7 U(t’ '))“Lz(ﬁ) < M2 (37)
in [0, T] x [0,1] X Lz(ﬁ) X Lz(ﬁ) and Lipschitz condition holds uniformly with respect to ¢

17w 0) = £ 20l < Ly [lu= 2l g+ o= wll, )| (38)

3. The function g : [0,T] X [0, [] X Lz(ﬁ) - Lz(ﬁ) be continuous function in ¢, that is
”g(ts N u(t9 .))”Lz(ﬁ) < M3 (39)
in [0, T] x [0,1] X Lz(ﬁ) and Lipschitz condition holds uniformly with respect to ¢
”g(t7 i) Ll) - g(t’ s Z)”Lz(ﬁ) S L2”u - Z”Lz(ﬁ)' (40)

The discretization of problem (33 is also carried out in two steps. In the first step, let us define the grid sets

ﬁh = {x =x,=hry, ... h,r,), r=00, .0,
0<r, <N, ;,N;=1,j=1,.,m,},
Q,=0,n0, 5, =9,n5.
We introduce the Banach spaces Ly, = L,(Q,) and W2 = W2(Q,) of the grid functions ¢"(x) = {@(h,r, .., h,r,,)} defined

on ﬁh, equipped with the norms
1/2

lo'],. =| T |o" e[ -,

X€EQ,



ASHYRALYEV, KAYMAKAMZADE AND HINCAL 13

and 12
o'l =o'l | 2 2l [
x€Q, '=
respectively. To the differential operator A generated by problem @ we assign the difference operator A; by the formula
==Y (ar(x)u;)x ,« 41)
r=1 rr

acting in the space of grid functions u”(x), satisfying the conditions u”(x) = 0 for all x € .S,,. It is known that Aj is a self-adjoint
positive definite operator in L,(€,,). With the help of A7, we arrive at the initial value problem

[ (t 9 4 oputh(r, x) + Axuth(e, x) = — G, xu" (8, ), u™ (1, ),
LD 4 (u+ @) (e, x) + A, )

4= fh(t7 X3 ulh (t’ x)’ u2h (t7 x)) - gh(tv X3 uZh (t’ x))’ (42)

3h _
SO 4 gt (e, x) + ATuh(,x) = gt xu (1,X)),0 <t < T,x € Q,,

um™(0,x) = p"(x),m=1,2,3,x €Q,

for an infinite system of nonlinear ordinary differential equations. In the second step, we replace problem ([@2) by difference
scheme (8)

-

”/]( kl+/’l kl+AXk =_fh <tk_g’x,u;l“";/lc—l’ui*'z”k—l),
= kl+(a+”)i kl+AXk

1 2,2 2.,
— fh t,— I x WA, wr o\ _ o h t == Ut
= k » X, ) 8 k s X, )
2 2 2 2 2
3 (43)

3_ 2,2
u +u T w, Fus
Kk kl /’l kl qu —1 gh<tk E’x’kz‘”)’

T

ty=kr,1<k<N,Nr=T,x€Q,,

ug =", m=123.

Theorem 3.3. Let the assumptlons 1 6))- be satisfied and 2 (L + L2) T <1+~ T(” 9 Then, there exists a unique solution

= {uk} 4o Of difference scheme l Wthh is bounded in C, (L,,) X C, (L) X CT (L,,) of uniformly with respect to
and h.

The proof of Theorem 3.4 is based on the abstract Theorem 3.1 and symmetry properties of the difference operator Ay defined
by formula (#1)) and the following theorem on coercivity inequality for the solution of the elliptic problem in L,,.

Theorem 3.4. For the solutions of the elliptic difference problem

A;vh(x) =gh(x), x € Q,
Mx)=0, x €S,

the following coercivity inequality

<l

*roJrll Ly, Loy,

holds.12
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Fourth, in [0,T] X Q we consider the initial-boundary value problem for multidimensional system of nonlinear partial
differential equations

% - i(ar(x)ui X, + (8 + pu'(t,x) = —f(t, x;u' (¢, %), 0 (1, X)),
r=1 "

0ul(1,x)
ot

- i(ar(x)ufC X, +(O+u+a u*(t, x)
r=1 "
= f(ts X ul (t’ X), le (ts x)) - g(t, X3 uZ (ts x)),

b, au‘;tr,x) _ Z(ar(x)ui )x, + (6 + u) u(t, x) o
r=1 "

=gt,x;u’ (1,x)),0 <t <T,x =(x;, ..., x,) € Q,

u™(0,x) = p"(x),x € Q,m =1,2,3,

g—i;,(t,x):0,0s 1<T,xeS,m=1223,

L

where a,(x) and @™ (x) are given sufficiently smooth functions and é > 0 is the sufficiently large number and a,(x) > 0. Here, p
is the normal vector to €.

The discretization of problem (44)) is also carried out in two steps. In the first step, to the differential operator A generated by
problem @), we assign the difference operator A; by the formula

ol

Al ==Y (a,00u2 )+ (45)
r=1 r
acting in the space of grid functions u"(x), satisfying the conditions D"u"(x) = 0 for all x € .S,. Here D" is the approximation
of operator —. It is known that A; is a self-adjoint positive definite operator in Lz(ﬁh). With the help of A7, we arrive at
14
the initial value problem (42) for an infinite system of nonlinear ordinary differential equations. In the second step, we replace
problem (@2) by difference scheme (8)), we get difference scheme (#3).

Theorem 3.5. Let the assumptions || - be satisfiedand 2 (L, + L,) T < 1+ T("Tﬁs) . Then, there exists a unique solution
ut = {uk}lljzo of difference scheme lb which is bounded in C, (L,,) X C, (L,,) X C, (L) of uniformly with respect to
and h.

The proof of Theorem 3.5 is based on the abstract Theorem 2.1 and symmetry properties of the difference operator A} defined

by formula (#5) and the following theorem on coercivity inequality for the solution of the elliptic problem in L,,.
Theorem 3.6. For the solutions of the elliptic difference problem

A;‘lvh(x) =ghx), x € Q,,
D'"(x)=0, x €S,

the following coercivity inequality holds.2

h

XX

sl

L2h LZh

m
N
r=1
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4 | NUMERICAL

RESULTS

In present section, we consider the initial-boundary value problem

_
ou' (t,x)
ot

0%u' (1,x)
ox2

— A+ puu' (t,x)— p
= A+ (=1+p+p)esinx —sin (u' (¢, )’ (1, x) — e ¥ sin’ x) ,

2’ (t,x)
0x?

2
%+(ﬂ+a}uz(1,x)—d =(-l4+pu+a+d)e’sinx

+sin (u' (t, 0)u’ (t,x) — e sin” x) — cos (¥’ (#,x) — ' sinx) ,

1 oia Pul 1 (46)
% ot x) —y P = (1 + p+y)e'sinx

0x?

+cos (1’ (t,x) —e~'sinx),0< 1< 1,0<x <,

u"(0,x)=sin(x),0<x<zxz,m=1,2,3,

u"(t,0) = u"(t, 1) =0,0<t < 1,m=1,2,3

\

for the system of nonlinear partial differential equations. The spatial factor, x, can be spatially discrete or spatially continuous. In
either case, the spatial factor is used to describe the mobility of the population. This mobility can be due to travel and migration,
and it could be between cities, towns or even countries, depending on the studied case. The exact solution of problem (46} is
u™ (t,x) =e'sinx,m=1,2,3.

We consider the first order of accuracy iterative difference scheme

-

. . — 1.k . . 1Lk
st 20yt

A . Lk i
S by~ e

=(=1+u+pPeesinx, —sin (- Du* (G — Du* —e 2 sin’x,),
ki 2kl 2k ol 720 4 ik
cha L ju” +(a+ ,u)juil’k — eI (/:2" Vit =(-1+u+a+d)esinx,

+sin ((j - 1)u;’k (- l)ui‘k — e~ gin? xn) —cos ((j - 1)qu — el sinxn) ,

(47)

3k k-1 B (1Y g i )
i L/ ju” +/4ju;'k —yf—u”“ (j;;” ity =(-1+pu+y)ersinx,
+cos ((j— Du' —e'ksinx,),

ty=kt,1 <k<N,Nt=1,x,=nh,1<n<M-1,Mh=n,

jufvo = (pm(xn)’jug,’k =ju’;\,4’k = 050 < k < N7m = 1’2’37.j = 1’2,' )

Ounm,k’osksN’OSnSM,m: 1,2,3ngiVen
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and the second order of accuracy iterative Crank-Nicholson difference scheme

e O et L YL 2(1“‘ it g =20 )k
r tH 2 —F —F 202
—(¢, - .
=(-1l+pu+pe (k 2)smxn
. 1.k—1 . 2,k—1 T
_ sin <(j—1)u +2(j l)u (/—l)u +2(j l)u _ e—2<z‘k—5) SiIlz xn) ’
Judt—juh! ju +/u2k L 20 )i T =20 ) e
+ (ax + ,u) —d T —d o
=(-l+u+a+d) e_(t"_i) sin x,,
1Lk=1 . 2,k—1 T
+sin <(; D) +2(; R +2(J Dt e—z(rk—g) sin? xn>
2 48)
. 2,k—1 T
—cos <(J_1)u +2(J D, e_(tk 5) sin x >
L o O e () W
- H 2 20 202
_ —(re-%) . G-t + (=1 ~(1-2) .
=(-14+pu+ye ( 2>51nxn+cos< > —e ( 2)smxn ,
ty=kt,1 <k<N,Nt=1,x,=nh,1<n<M-1,Mh=n,
Jum = @"(x,), jupt = juit =0,0<k < N.m=1,23,j=1.2,-,
0um™*,0<k <N,0<n<M,m=1,2,31is given

for the approximate solution of the initial-boundary value problem (46)) for the system of nonlinear parabolic equations. Here
and in future j denotes the iteration index and an initial guess Ouf,, k> 1,0 < n < M is to be made. For solving difference
schemes (48)), the numerical steps are given below. For 0 < k < N,0 < n < M the algorithm is as follows:'1"

1Lj=1

2. ;_,uf is known.
n

3. jul is calculated.

4. If the max absolute error between j_lu’; and juﬁ is greater than the given tolerance value, take j = j + 1 and go to step 2.
Otherwise, terminate the iteration process and take ju’; as the result of the given problem. The errors are computed by

(jE’”)ANl = max
1<k<N,1<n<M-1

of the numerical solutions, where u™(t,, x,) ,m = 1,2, 3 represents the exact solution and ( ju’")’; s

numerical solution at (¢, x,,) and the results are given in the following table

u"(t, x,) — (ju™)E

om=1,2,3 (49)

m = 1,2,3 represents the

GE™Y) | N=M=20 N=M=40 N=M =80
m=1 |0.0068,j=6  0.0032,j=6  0.0016, j=6 (50)
m=2 |0.0071,j=6  0.0033,j=6  0.0016, j=6
m=3 |0.0073,j=6  0.0034,j=6  0.0017,j=6
GE™y | N=M=20 N=M=40 N=M =80
m=1 | 3.4708e-6,j=7 5.4645e-6,i=7 6.9510e-6, j=7 1)
m=2 1.3882e-5,j=7 2.1857e-5,j=7 2.7803e-5, j=7
m=3 | 55516e-5,j=7 8.7420e-5,j=7 1.1120e-4,j=7
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As it is seen in Table[g_ﬁ] and Table@ we get some numerical results. If N and M are doubled, the value of errors in the first
order of accuracy difference scheme decrease by a factor of 1/2, the errors in the second order of accuracy difference schemes
decrease approximately by a factor of 1/4. The errors presented in the tables indicate the stability of the difference schemes
and the accuracy of the results. Thus, the second order of accuracy difference scheme increases faster than the first order of
accuracy difference scheme.

S | CONCLUSIONS

In the present paper, the initial boundary value problem for the nonlinear system of parabolic equations observing epidemic
models with general nonlinear incidence rate is investigated.

The main theorem on the existence and uniqueness of a bounded solution of Crank-Nicholson difference scheme uniformly
with respect to time step 7 is established. Applications of the theoretical results are presented for the four systems of one and
multidimensional problems with different boundary conditions. Numerical results are given.
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