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Abstract

We study the persistence , boundedness and unboundedness , existence and uniqueness
of positive equilibrium point, local and global asymptotic stability, and rate of convergence
of following system of exponential form difference equations:

Tnt1 = Q1 + Blyn + lenfle_yn7 Ynt+1l = Q2 + BQZL‘H + IVQZEn*le_xn n = 07 17 )
where initial values x_1, y_1, 9, yo and parameters ai, 81,71, @2, B2, Y2 are positive real

numbers.
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1 Introduction

Difference equations or systems of difference equations play a vital role in the development
of different sciences ranging from life to decision sciences (see [I]- [16] and references cited
therein). One of the most important types of difference equation is the exponential form
difference equation .These types have many applications in our life . For instance , EI-Metwally
et al [4] studied the qualitative behavior of the following population model

Tn

Tpt1 = @+ an—le_

Papaschinopoulos et al.[14] investigated the asympotitic bahavior of the positive solutions
of the following systems of difference equations

,x _
Tpt1 =00 + B1yn—1€ ™", Ypy1 = Q2 + Poxy_1e” "

Tpp1 = @1+ BiyYn-1€"",  Yny1 = Qo + Bowy 107"
A. Q.Khan et al. [I1] investigated the qualitative behavior of the positive solution of fol-
lowing system of difference equation
ae_yn + /Be_yn—l ale_xn + ﬁle_xn—l

Y + aly + B«rn—l’ 4! + A1Yn + Blyn—l

Tnt+1 = Yn+1 =
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where initial values x_1,xo,y_1,yo and the parameters «, aq, 3, 51,7, are non-negative
real numbers.
Motivated by the above studies, our aim in this paper is to investigate the boundedness ,un-
boundedness and persistence, existence and uniqueness of positive equilibrium point, local and
global asymptotic stability, and rate of convergence of following system of difference equations:

Tpt1 = 00 + Biyn + N1Yn—1€ 7", Ynt1 = o + Boxp + YoTpe " n=0,1,---, (1)

where initial values x_1, y_1, o, yo and parameters aq, 81,71, s, B2, Y2 are positive real num-
bers. Finally, some numerical examples are given to verify our theoretical results.

2 Preliminaries

Let I, J be some intervals of real numbers and let f : I? x J> — I, g : I? x J> — J be
continuously differentiable functions. Then for every initial conditions (x;,y;) € I x J ,for
i € {—1,0}, the system of difference equations

Tp+1 = f(xnaxn—laynvyn—1)7 (2)
Yn+1 = g(xn;xnfluynaynfl>7 n = 0717"' ’

has a unique solution {(z,,y,)}>2 _; . A point (z,y) € I x J is called an equilibrium point of

(2) if
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Definition 1. Assume that (Z,y) is an equilibrium point of system (@ Then one has the
following

(i) (Z,y) is said to be stable if for every e > 0 there exists 6 > 0 such that for every initial

0

condition (x;,y;), i € {~1,0}, | > (zi,4:) — (,9)|| < & implies |[(xn, yn) — (Z,9)]| < &
i=—1

for all n > 0, where |.|| is the usual Euclidian norm in R%.

(ii) (z,9) is said to be unstable if it is not stable.

0

is said to be asymptotically stable if there exists n > 0 such that || Z(xz,y,) —
i=—1
| <n and (x,,y,) — (Z,9) as n — oo.

15 called asymptotic global attractor if it is a global attractor and stable.
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Definition 2. Let (z,y) be an equilibrium point of the map

F= (f?xmg?yn)a



where f and g are continuously differentiable functions at (z,y). The linearized system of (@
about the equilibrium point (Z,q) is

Xn+1 = F(Xn) = FJXna

T
where X,, = xyn and Fj 1s the Jacobian matriz of system about the equilibrium point
n—1
Yn—1
(z,7).
Lemma 1. [?] Consider the system X, 1 = F(X,), n =0,1,---, where X is a fired point of

F. If all eigenvalues of the Jacobian matriz Jp about X lie inside the open unit disk |\ < 1,
then X s locally asymptotically stable. If any of the eigenvalue has a modulus greater than one,
then X is unstable.

The following result gives the rate of convergence of solutions of a system of difference
equations
X1 = (A4 B(n)) X, (3)

where X, is an m-dimensional vector, A € C™*™ is a constant matrix, and B : ZT — C™*"™ is
a matrix function satisfying

[1B(n)]| =0 (4)
as n — oo,where || - || denotes any matrix norm which is associated with the vector norm
Iz, )l = Vo + 2.

Proposition 1. (Perron’s Theorem)[15] Suppose that condition holds. If X,, is a solution
of , then either X,, = 0 for all large n or

p = lim (|| X,[)"" (5)
n—oo
" [ Xl
. n+1
p=lim ——— (6)
n=oo [|Xy|

exists and is equal to the modulus of one of the eigenvalues of matrix A.

3 Main results

In this section, we will prove main results for under consideration system.

3.1 boundededness of solutions
The following theorem shows that every positive solution {(z,,y,)} of system is bounded .

Theorem 1. If
1—-B—-C—-D=1—(81+ve )2+ 7e ") >0 (7)

where B = BBy ,C = fry2e %2 + Boryie™® and D = 190 (41192) then every positive solution
{(xn,yn)} of system is bounded .



Proof. Let {(,yn)} be any positive solution of system (). From (), we have

Tp >0 Yy > g ,n=0,1,---. (8)
From (1) and (8)), we have

Tpi1 = a1 + BiYn + N1Yn1€ "

= oy + fi(ag + Boxn—1 + Yoxn—se 1) + y1(2 + Pop—g + Yolp_ge T 2)e

S Al + B]?n_l + Cl’n_g + D.In_g

Similarly ,
Unt1 < Ao+ Byn1 + Cypno + Dyp_3

where A; = a1+ frag+y100e7%%, Ay = ag+ Py +ypa1e” ™ B = 13 ,C = Bi1yee” M+ Payre” ™
and D = 7 ype~(@1ta2)
Consider the following non-homogeneous difference equations

Zp1=MM+BZ, 1+CZ, s+DZ,_5, To11=A+BT, 1+CT, 2+DT,_5, n=0,1,---.
(9)

We can see that

Ay . Ay
lim Z lim T, =
e T 1-B-C-D avw " 1-B-C-D
Therefore ,
. Ay ) A
Jim sup(an) < ;—p—m—p,  msuply) < - —m—p
Hence the proof is completed. O]

3.2 Existence and uniqueness of positive equilibrium point

The following theorem shows the existence and uniqueness of positive equilibrium point of

system .

Theorem 2. The system has a unique positive equilibrium point (Z,y) in [al, %} X [ag, %]
if the following condition hold :

Ay — ayth — apBih — A1 BBy — Aryafre” /Y
Qop+Bo A+ Aqyge ALY
(o) + BoAy + ypAje=A/¥)e™ A
where ) = 1—(f1+71e" ) (Ba+72e" %) , Al = a1+ Fras+7100e 2, Ay = ag+ Pary +y2a16”™

7 <

Proof. Consider the following system:
x =1+ Py +mye?, y=os+ Box+yawe " (10)

Defining F(x) = ai+81f(2)+y.f(z)e 7@ —x where f(x) = ag+Box+vyowe ® and x € [al, %} :
It is easy to see that F(a1) = (81 + vie /) f(a;) > 0
Also, F (%) < 0 if and only if

Ay —oqy — by — A1 1B — A17251€_A1/¢
7 < AL/

agp+Pog A1+ A e
(o) + BoAr + 2 Aje=A/¥)e” e




Hence, F(z) has at least one positive solution in the interval [al, %} Furthermore, one has

F'(z) = =14 (B2 + 72e™ " — yoze ™)X
(51 + 716‘(@2-!—,321‘-5'72366*1) _ 72(a2 + Box + ,72x6—w)6—(a2+,32$+’72xe*z)) <0

Hence, F(z) = 0 has a unique positive solution x € [oq, %] O

3.3 Local and global stability

Theorem 3. The unique positive equilibrium point (Z,y) in [aq, 1] X [ag, ] of system is
locally asymptotically stable if

(—B2+721h1e™) (— B +72tboe ™) + Bryae ™™ + foyie” ™ +y17pe” T 142 +4hy] < 1. (11)
where Y, = k}gi‘ﬁ , Wy = k]ﬁ% LAl = agF fragFy1ane” ¥ Ay = an+ Baay +yarie”
B =182 .C = B17y2e + foy1e™ and D = 7y (*172)

Proof. The linearized system of about the equilibrium point (z,y) is given by

®,.1=FE,,
Tn 0 B —mye? 0 e Y
_ Yn | Be—mze™® 0 Yo~ 0
where ®,, = e | FE = 1 0 0 0
Yn—1 0 1 0 0

The characteristic polynomial of Jacobain matix E about (Z,y) is given by
PA) = X'+ aX + b\ +c (12)

where i )
a= (=P +mye ?) (P2 — 12z "),

b= —fomie? + 1172z Y — fiyee " + yiyepe Y

c=—mye Y.

Let ¢(A) = A and () = a\? + bA + ¢ .
Assume that condition (1)) is satisfied and |A| = 1. Thus one has

[W(N)| < (—Batyathrie™®) (= Batyatbae ™) +Bryae ™ +Bayie 2 +y1ype” T2 142 ahy] < 1.

where ¢ = I_Bf_‘ﬁ . Wy = 1_1311%' Then, by Rouche’s theorem ¢(A) and ¢(\) + ()
have the same number of zeros in an open unit disc |A| < 1. Hence all the roots of satisfies
Al < 1.

This implies , by lemmal([l)),that the unique equilibrium point (Z,y) € [a1, ¥1] X [as, 1] of
system is locally asymptotically stable. O

Theorem 4. The unique equilibrium point (T,7y) € [a1, 1] X g, s] of system is global
attractor.



Proof. Let {(x,,y,)} be an arbitrary solution of system and let hm supr, = 51 <
oo, lim infz, = I, > 0, , hm supy, = Sp < oo, lim mfyn = I > 0 where [, S; €

n—oo n—oo

(0,00), ¢ =1,2. Then from system , we have

Si<ar+ BiSa+nSee ™, I > o+ Bl + e (13)
And
Sy < as+ B8 +Sie™, I > s+ Boly + el (14)
From ([13)), we have
LSy < anly + B Sy + L Soe ™, LS > a1y + BilaS) + 11 12S1e 2. (15)

From (|14)), we get

ISy < agly + BolpS1 + YolaS1e™ 2, 1Sy > a9Ss + Bol1 S + Yal1Sae ™. (16)

From and , we get
1Sy + 81151 + 11 1S1e™™ < ayly + i1 Sy + 1 11Sse 2, (17)
2S5 + Boly Sy + Yal1Sae™" < anly + BolnSy + 111 Sie™" (18)
From and we have 57 < I; and Sy < I, . Hence S; = I; and Sy = I,. Hence, the
unique equilibrium point (z,y) of system is a global attractor. O

Theorem 5. If

(—Pa +’721/11€_a1)(_52+72¢26_a2)+51726_al+5271€_a2+7172€_(a1+a2)[1+6a2+¢2] < 1. (19)

A
5D WY2= —1 5 » A1 = a1+ Brag +y100e % Ay = ag + B + Y€

B = 15 ,C = Biy2e™ 2+ Fyy1e” and D = y1y9e~(1192) then the unique positive equilibrium
point (Z,y) € [aq, 1] X [ag,Ys] of system is globally asymptotically stable

where Y, = 1

Proof. The proof comes directly from theorem , theorem and definition (1) . O]

3.4 Rate of convergence

In this section, we will determine the rate of convergence of a solution that converges to the
unique positive equilibrium point of system .
Let {(xn,yn)} be any solution of system such that lim z, =z, and lim y,, = 3 , where
n—oo n—oo

T € [ar, 1] and § € [ag, 9] .
In order to find the error terms, one has from system

Tpi1 — T = a1+ By + Nyn-1e” ¥ —{aq + S1y + nye 7}

= B1(yn — ) + 1€ (Y1 — §) + mP(e7¥" —e7Y)



= B1(Yn — §) + 11 " Yn1 — §) + 117 (= (yn — 9) + O((yn — 9)%))

= (b1 =7 ) (Yo — 7) + 717 (Yn1 — 7)
Similarly |
Ynt1 — Y = (B2 — Yome ") (T — ) + Yoe” " (Tp1 — T)
Set e = x, — 7 and €2 = y,, — 7, one has
e,thl = Ane}l + Bnei + C’ne,ll_l + Dnei_l,

2 1 2 1 2
i1 = Ene, + Fre, + Gre,_ + Hye,

where i
An = 0, Bn = 61 — ’yly@iy, Cn = O, Dn = fyle*y".

E, = —vie ™ F,=0, G, =ye ", H,=0.
Taking the limits, we obtain

lim A, =0, lim B, =81 —nye ?, lim C, =0, lim D,, = ye 7.
n—00 n—00 n—0o0 n—00

lim E, = 3y — vZe *, lim F, =0, lim G, = ve *, lim H, = 0.
n—oo n—oo n—oo n—oo

Hence, the limiting system of error terms at (Z,y) can be written as

B = KE, (20)
Cri1 0 Br—mye? 0 me™
2 ~,—T -z
_ | G+ | Ba— e 0 Yol 0
where F,, = ol , K = 1 0 0 0 ,
e2 0 1 0 0

which is similar to the linearized system of about the equilibrium point (Z,y). Using
proposition , one has following result.

Theorem 6. Assume that {(z,,yn)} be a positive solution of system such that lim z, = T,

n—oo
and lim y, = g, where (T,y) € [a1,vYn] X [ag,1s] . Then, the error vector E,, of every solution
n—>r 00

of satisfies both of the following asymptotic relations

. 1 e 1Bl
lim ([|E,l])" = [A234Fs(7,9)], lim
n—00 n—00 ||EnH

= |M234F5(Z,9)],

where M\ 234F(Z,y) are the characteristic roots of the Jacobian matriz F;(Z,y) about (Z,7) .



3.5 Existence of unbounded solutions
Our goal in this section is to study the existence of the unbounded solutions of system .
Theorem 7. Suppose that the following statements are true :
(i) 0<pr+me <1, 0<fy+me <.
(ii) a1(l — By) > as(1 — By — 1167 ??)
(i1i) as(l — B1) > ai(l — B2 — 72e™)
Then

lim x, = lim y, = oo
n—oo n—oo

Proof. Consider a solution {(x,,y,)} of system with intial values xg, z_1, Yo, y_1 such that
Ty <m,xo<m,y_1<m.,yo<m,xg>M and yy > M with

{—— =
m = max : ,
1 =i —me 2 1= [ —pe ™
m m
M = maz{in n In 72 ,

m—a;—fm m—ay— fam

Then ,
1= a1+ Biyo + ny—1e T <y + fim +yme M =m
Similarly ,
Y < og + ﬁgm + ’ygme*M =m
Also,
Ty = ay + By + nyee” < ay+ fim +yime ™ =m

Similarly ,

Y2 < g + fam + yame”t =m

Therefore , by induction , we have
Tp <M, Yp <m

Now
Tnt1 = 00 + B1yn + N1Yn—1e” " > a1 + B1yn + N1Yn—1e” "

Ynt1 = Qg + Boy, + YoTp_1€” ™ > g + Loy, + YoTp_1€” "

Consider the following linear difference equations :

Un+1 =a; + CLQUn + CL3Un_1 (21)

Vo1 = b1 + b2V, + b3V, (22)



The solution of equation

ai
U, =

= ——— + 1127 ay — \/ad3 + daz}" + 127 {ay + 1/ a3 + daz}"”
1-— a9 — asg

The solution of equation

by

Vo=
1— by — by

-+ 7132,”{192 — b% + 4bg}n -+ 7”42771{[)2 + b% + 4[)3}”

We note that U,,V,, =+ oco asn — 0o . So x,,y, — 00 as n — oo .

4

Conclusions

In this paper, we study the behavior of following system of difference equations:

Tpt1 = + ﬂlyn + Vlynfleiyn: Yn4+1 = Q2 + ﬁ2xn + ’Vanfleixn n= 07 17 Ty

where initial values x_1, y_1, o, yo and parameters aq, 81,71, s, B2, V2 are positive real num-

bers.

We proved that every positive solution {(z,,y,)} of this system is bounded and persists.

Furthermore, existence and uniqueness of positive equilibrium, local and global stability, and
rate of convergence of positive solutions which converges to its unique positive point and un-
boundedness are demonstrated. Finally, some numerical examples are given to verify theoretical
results.
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