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Abstract







In this article, we study the regularity properties of the solutions to the quasi-linear elliptic partial diﬀerential equations under different types of conditions on their coefficients. We obtain that the function     is a weak solution to the equation (12) under the form-boundary conditions    .
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1. Introduction

We study the existence of a general solution of a second-order quasi-linear elliptic partial differential equation under the different conditions on its coefficients included the form-boundary conditions; consider the question: how does the smoothness of general solution depend on the smoothness of its coefficients? 



A Lebesgue space  for  can be defined as a set of all real-valued measurable functions defined almost everywhere such that the Lebesgue integral of its absolute value raised to the - th power is a finite number with its natural norm

.





The dual or adjoint space of  for  has a natural isomorphism with , where  or .
We will use the inequality

,

where , and its consequence 




the   yields  that justify the last equation [1, 5, 36].


Let us denote  given Sobolev space for  with a natural norm



and if  we have

.







The dual space of  for  is , and the dual space of  for  and  is , Sobolev spaces are reflexive.

We are defining an elliptic class of form-bounded functions  by formula 





where a  and  is a form-boundary and .
Exemplar. Let us consider an equation with Gilbarg-Serrin’s matrix 




where   
We calculate 

,




and there is an estimation 

,





if  then , where , for  it is necessary that  



We consider the condition  for the equation with Gilbarg-Serrin’s matrix. It is easy to see that two functions  and  convert our equation into tautology. 






If   then  and  when  and function  in the ball , on another hand  the operator estimation 







must be true so  however, it is impossible since  the function  does not belong to the class of possible solutions and is not a solution.  If   then the equation  has always two solutions. 


The main goal of this article to examine the different conditions on the coefficients of the second-order quasi-linear elliptic partial differential equation under which a general solution of this equation belongs to a certain functional space; to compare the classical pointwise conditions on equation’s coefficients with the new form-boundary conditions with invoking relatively new class of nonlinear operators ,  in Sobolev spaces, and to combine the linear perturbation theory with the theory of quasilinear elliptic operators.







The main result is that a second-order quasi-linear elliptic partial differential equations (13) under the conditions of linear growth namely (14), (15) and   , ,  and  has a weak solution .

2. The general case of the second-order quasi-linear elliptic partial differential equation under pointwise conditions 


We will consider a second-order quasi-linear elliptic partial differential equation in the divergent form in Euclidean space  

  (1)


Where the vector-function  and scalar function  are well defined and measurable functions of their arguments.


Definition (of a weak solution) 1. A weak solution to a second-order quasi-linear elliptic partial differential equation (1) of  functional space can be defined as an element of , which satisfies an integral identity  

     (2)



for all elements  from   .

Let us assume that there are executed following conditions 

       (3)

   (4)
as the result of the second inequality, we have 

.    (5)
Remark.  The elliptic condition  

,
gives inequality

.

Theorem 1. Let  be the solution to (1) and 


and 

,



 where  is a bounded function from . Then for any ball  integral




where constant C depends only on ellipticity and on , and .
Proof. 
Before we prove theorem 1 we are going to obtain one interesting estimation.










Let the ball  be a subspace of  and  be a smooth bound function such that ,  and , where the ball  is concentric with the ball  and . In the definition of the weak solution, we assume that :



applying conditions and carry out the module , we have 




applying Young inequality, we are obtaining   

.

Let us assume , we have



and let  be such that


then we have obtained

.

Now we are going to prove theorem 1, similarly, we assume that  and obtain the integral equation


applying conditions, we have 




we obtain


and we have

,




where constant  depends only on , ,  and ellipticity.



Theorem 2. Let  be the solution to (1) such that  and let the (3) and (4) execute. Then for the arbitrary bounded function , we have

.  
Proof. 










Let function  be a solution to the differential equation (1) and let . Let  be a cutoff for the ball  and the number  is arbitrary inside the ball  and larger than the maximum  on the intersection of  and boundary. Denote  and put  we obtain 


applying (3) 


applying (2), (3) and Young estimation, we obtain


Applying Young inequality, we have 



let take  we obtain






Let assume that function  equals one in the ball   and such that , thus, we are obtaining



If we assume  then from 


we are obtaining 


and the theorem is proved. 




Let assume  and take , where  is a center of the ball , we are obtaining 


and


so



Let us assume  applying Holder inequality, we have 


and


so we have obtained 

.
Let us assume additional condition on the equation coefficients

  (6)

We introduce the notations 

,


and denote

,

.




Assuming  where  is the smooth cutoff for the ball , , from identity (2), we are obtaining 


We can write


and


We have an estimation


















Applying inequality


and our conditions on equations coefficients, we are obtaining 







If the  is small enough, we obtain






Next, applying properties of Newton potential, we can write an estimation


finally, we have had

 (7)

3. The oscillation of the solution to the quasi-linear elliptic partial differential equation

Let us consider equation (1) under a different set of conditions conditions 

       (8)

   (9)

    (10)


where  and  are positive functions which properties will be established below.


Let us assume that the function  and  satisfies an integral identity  

  (11)



for an arbitrary element  from   .


From the embedding theorem, we can conclude that if  therefore solution  satisfies Holder’s condition with Holder constant that determines by the embedding theorem.

Let us assume that  then from (11) and conditions (8), (9), (10) are obtaining  

.




Let us put , where  is a large number and  is cutoff for the ball , we have


and

.
Applying Young inequality, we are obtaining 


so


and




Let us choose the number  in such a way that the coefficient in front of the integral is positive for example  then we obtain  


We have obtained an estimation

.
Thus, we have proven the following lemma.  


Lemma 1. Let function  ,  be a solution to the equation (1) under the conditions (8) – (11) then there is an inequality




where the  is the cutoff for the ball .
Now, we will obtain the estimation of the oscillation of the solution. Let us presume

,





 where  is an oscillation of the function  in the ball  and  is cutoff for the ball  so we obtain


we have 


We are going to estimate each term separately


and

,
and



where .
Next, we have


and



and







Let   be a set of points of the ball  such that  and  be cutoff for the ball . Let us consider the integral identity (2) at the function 





where  and function  is the cutoff for the ball , applying conditions (8) - (10), we have


applying conditions (8) - (10), we are obtaining 


Let us estimate each term separately


applying Young inequality, we are obtaining the following inequality 


Similarly, we have 


and 



Next, we estimate


and



Since  the last summand can be estimated as 


Finally, we have obtained an estimation



Let us consider the function   for which we have an inequality 




applying previously obtained inequalities we are obtaining for any  from the ball  the inequality


thus, we have an estimation

.
In conclusion, we have obtained that if 



where the  are positive numbers, then 



where .


Theorem 3. Let us assume that the function  ,  is a solution to the equation (1) under the conditions (8) – (11) then there is an inequality 



where .


Theorem 4. Let us assume that the function  ,  is a solution to the equation (1) under the conditions (8) – (10) then 







where the   is the center of the ball  and  is the boundary of the set  and .
We formulate the theorem on the existence of the solution of the equation

    (12)






Theorem 5. Let  ,  be measurable functions satisfy the general assumptions (ellipticity), (6), (8) and (9), where  are positive functions that satisfy estimation requirements and  then there is Holder  solution to the equation (12). 


In the theorem 5 functions  can belong to , below we will consider mo general situation form-boundary coefficients.  
Remark. Let us consider the following approach to the equation 

,

for an arbitrary function , we construct the differential form 






There is a number  such that  then


so we have




Since    under the corresponded conditions last two terms can be correlated to the  thus the problem is reduced to the equation 


4. Analog of Minty-Browder theorem, the existence of the solution to the quasi-linear elliptic partial differential equation
Let us consider a quasi-linear elliptic partial differential equation with a nonzero right side 

   (13)








where the  is an unknown function of vector-argument , an element of functional space    is a real number and the element  is given function. The function  is given function of three arguments: the first is a vector of longitude , the second is the scalar, the third is a vector of  longitude. 




[bookmark: _Hlk35263298]The  is a measurable matrix of the  size that satisfies the elliptic  condition: there are constants   such that, for almost every  

[bookmark: _Hlk35263363].

Definition (of weak solution).  A function  is called a weak solution to a quasi-linear elliptic partial differential equation if the integral identity 



is held for all .
We will consider the partial differential equation (13) under the conditions of linear growth:
Conditions of linear growth


1.  is a real measurable function of its arguments and ;

2. The function  almost everywhere satisfies an inequality

   (14)



where , , ;

3. Growth of vector-function  almost everywhere satisfies a condition 

,   (15)


where , .



[bookmark: _Hlk35263476]	4.1.	The introduction of a nonlinear operator  that maps  space into  space










Let us introduce a differential operator generated by the differential form defined on the pair of spaces   and , where .  For any fixed element , form     defines the element of   space, consequently, there is a mapping or operator  from   into   such that

.




The form   generates mapping   from   into   that can be written as

.



The form  can be estimated on an arbitrary pair of functions  ,  under the linear growth conditions




We estimate  

,







for  . Next 



.
We obtain 




Let us estimate form  at element  under linear growth conditions, similarly, we have




where we denote  and the vector , we obtain an estimation 



Applying previous estimations easy to see that the operator  satisfies the following statements. 

Statement 1.  The operator   is a coercive operator under linear growth conditions.

[bookmark: _Hlk32916971]Statement 2.  The operator   is an accretive operator under linear growth conditions. 

Statement 3.  The operator   is a quasi-continuous vector-operator under linear growth conditions.






Statement 4. Let us assume   is a sphere, where   is a given number a radius of the sphere, and assume that   is given continuous mapping such that satisfies a condition  . Then there is at least one point   such that  .
As the result of the statements 1-3 holds an analog of the Minty-Browder theorem and consequently, there is a weak solution of a second-order quasi-linear elliptic partial differential equation (12).

4.2. The analog of Minty-Browder theorem










Theorem (analog of Minty-Browder theorem) 6.  Let the operator  be generated by differential form  associated with a second-order quasi-linear elliptic partial differential equations (12) under the conditions (13), (14), and    ,  and  ; assume operator  satisfies the coercive, accretive and quasi-continuous conditions then the operator   is surjective. 







Consequently, the second-order quasi-linear elliptic partial differential equation (12) under the conditions (13), (14), where     , ,  and    has a weak solution .
[bookmark: _Hlk32917059]The proving can be carried out employing an application of the Galerkin method, which consists of choosing approximations by restricting the operator that is generated by this equation to some ﬁnite-dimensional subspaces and then passing to the limit. 










Theorem 7. Let the function    is a bounded solution to the equation (12) and  under the conditions      then  and    is numbers.
Conclusions
In this paper has been studied the second-order quasi-linear elliptic partial diﬀerential equations under several sets of conditions on their coefficients such as pointwise and form-bounded conditions. We have obtained the apriori estimations of the solutions and gradients of the solutions of these equations and applied these a priori estimations to formulate the results about the belonging of the solutions of such equations to certain functional classes.
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