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Abstract

This paper deals with a Cahn-Hilliard equation with variable exponent sources. By using
the potential well method, we give some threshold results on existence and nonexistence of global
weak solutions when initial data with energy less than the potential well depth d. In the former
case, we also show the exponential decay properties of energy functional. We finally obtain some
sufficient conditions for the global existence and non-global existence results with high energy
initial data. The results of this paper extend some recent results of Han (2018) [11] and Zhou
(2019) [32] to the case of PDEs with variable exponent sources.
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1. Introduction

Let © € RN be a bounded domain with smooth boundary 9. In this paper, we deal with
a solution u = u(x,t) for the following initial-boundary value problem:
up+ A% — Ay = [u|"™ % u, (2,) € Qr,
0
u(z,t) = 8—u(x,t) — 0, (z,t) € T'r, (1.1)
v
u(z,0) = up(z), x € ),
where Q7 :=Q x (0,T), I'r := 902 x (0,T), v is the unit outward normal on 02 and initial data

ug € HZ(2). Tt will also be assumed throughout this paper that p(z) and ¢(x) are measurable
functions on §2 and satisfy:

00, if N <2,
1<p = eisei(rzlf p(x) <pt = eSjesglzlp p(z) < IN | i N9, (1.2)
N -2
and
o . o0, it N <4,
max{Q,p } <q = eiselsrzlf q(x) <q" = esiessglp q(x) < NQN47 £ N> (1.3)

It is well known that the following fourth-order parabolic equations

ug + A*u— V- f (Vu) = h (2, t,u) (1.4)
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can be used to model a variety of many important physical processes. For example it can be
used to described the evolution of the epitaxial growth of nanoscale thin films, see [20, 26, [31]
and references therein. The equation is also known as classical Cahn—Hilliard equation, an
important continuous model for a phase transition with a conservative order parameter, arises
from a continuum model for a phase transition in binary systems such as alloys, glasses, and
polymer-mixtures; see for example [3], 25] 30].

In mathematical point of view, when the nonlinearities f and h satisfy some constant
growth conditions, there have been many results about the existence, uniqueness, and some
other properties of the solutions of , the readers may refer to the bibliography given in
[4, 5, 18, 13l 16, 17]. As blow-up property is concerned, in [IT] Han used the potential well
method proposed by Sattinger [24] (see also [21], [15]) to study the problem

up + A%u — Apu = w7 ?u, (z,t) € Qr,
ou

U(]},t) = %(ﬂj‘,t) =0, (]},t) elr,

u(z,0) = up(x), z €,
In that paper, the author showed a threshold result for the solutions to exist globally or to blow
up in finite time when the initial energy is subcritical, critical and supercritical initial energy.
In addition, the author also studied the decay rate of the L?-norm of global solutions. Then,
Zhou [32] studied the exponential decay properties of the energy functional when initial energy

J(ug) < dp, where dp is a constant given in [I1, Lemma 2.1] and is less than the potential well
depth d.

To our best knowledge, there are few parabolic problems with variable exponent sources.
For example, in [22] the author used the eigenfunction argument of Kaplan [12] to study the
blow-up property of solutions of the homogeneous Dirichlet problem for the semilinear parabolic
equation of the form

up — Au = f(z,u),

where the source term is either

f(z,u) = a(@)uP®  or  f(z,u) = a($)/ wI® (y, t)dy.

Q

Then in [33], 28] the authors established blow-up result for a certain solution of an evolution
m-Laplace equation involving variable source and suitable positive initial energy

wr — Apu = [ulP@ 1y,

Recently, in [23] by using the concavity method, the authors established a blow up in finite time
result for non-positive initial energy J(ug) of a fourth-order parabolic equation

up 4+ A2y = u?®),

Motivated by these papers, we consider in this paper a more general problem with variable
exponent nonlinearities of the form
ug + A%u— Ay yu = ]u\q(x)_Q u, (z,t) € Qr,
ou
u(zx,t) = E(x,t) =0, (z,t) € I'p,
u(z,0) = up(z), x € €.

Our results are two folds: Firstly different from the previous results [22, B3] 28] 23] in which the
authors only concern about the blow-up property (global nonexistence), our goal in this paper



is to establish some sharp results on the existence and nonexistence of global weak solutions for
arbitrary initial energy J(ugp). As far as we know, such results in the case of PDEs with variable
exponent sources are new. Secondly, the decay rate of Hg—norm of global solutions which start
from potential wells is also concerned. It is noticed that even in the case of constant exponent,
Han [I1] only proved decay rate of L?-norm of global solutions and Zhou [32] showed the decay
of energy functional for J(ug) < dp. This is not a trivial generalization of similar problems in
the constant exponent sources. The substantial difficulties for treating the above problem are
caused by the complicated nonlinearities (it is non-homogeneous) and the lack of a maximum
principle and comparison principle for fourth-order equations. The key point is to treat the gap
between the norm and the integral in variable exponent spaces. Our method presented here can
be used to treat the problem in [22] [33] 28] 23].

This paper is organized as follows: In Section [2| we recall some facts about HS(Q) space
and Ozlicz—Sobolev type spaces; Section |3 study the stationary state of and construct the
stable sets and unstable sets; Section [d]study the evolution problem and present our main results
which its proof are given in the rest of the paper.

2. Preliminaries

Let €2 be as in Section 1. We denote by ||-||,. the usual norm of the space L™ (2) for 1 <r < oo
and (-, -) the usual inner product of the Hilbert space L? (©2). We also denote by ||-|| p2 the norm

of H3(€2). That is

2 2 2
Jull gz = \/Hqu + [Vl + |Aully.
As in [I1], H3(Q2) is a Hilbert space with inner product (-, >H§ denoted by
<u,v)H§ = (Au, Av),
then it is uniformly convex and the norm ||| Hz 1s equivalent to the norm |A()], due to
Poincare’s inequality.
We next introduce some preliminary results on Lebesgue and Sobolev spaces with variable
exponents (see [6,8,[7,[9,14]). Denote by P (€2) the set of all measurable functions p :  — [1, o0].

Define the Lebesgue space with a variable exponent p(-) which is the so-called Nakano space
and a special case of Musielak-Orlicz spaces (see [19]), as follows:

LPO(Q) = {u : Q@ — R is measurable, p(u):= / u(z)[P@) da < oo} ,
Q

where p € P (Q).
The space LP() (Q) is equipped with the Luxemburg-type norm

p(z)
[ullyey = inf{)\>0:/ uz) dxﬁl}
Q

ur)
A
The following proposition shows the relation between the norm ||ul| p(-y and the modular p (u).

Proposition 1 ([6]). Let p € P (£2). It holds that

. - + - + .
min {ull20) el } < () < max {ull?) )} forall we L0 (9).



For pt < oo, the dual space of LP() (Q) is identified with LP'() (Q) with the dual variable
exponent p’ € P () given by

=1 forae.z€,

where we write 1/00 = 0.
The Hoélder inequality also holds for variable Lebesgue spaces.

Proposition 2 (Hélder inequality,[6]). Let p,q,s € P (), it holds that
luvllyy < 2Nl lullyey  for all u e LY (Q),v € L1 (),

provided that

= + for a.e.z € Q.

Proposition 3 ([6]). Let p,q € P(Q). If p(z) < q(z) for a.e. = € Q, then the embedding
L1 (Q) < LP0) (Q) is continuous.

We next define variable exponent Sobolev spaces W'() (Q) as follows:
WPO(Q) = {u e LPO(Q) : |Vu| € LPO(Q)},

endowed with the norm

1/2
lullwrsoray = (Iullyey + I9ly)

Furthermore, let Wol’p(')(Q) be the closure of C§° () in WP()(Q). Tt is noticed that if 1 <
p~ < pt < oo, then LPO) (Q) and W'P()(Q) are uniformly convex Banach spaces and therefore
they are reflexive.

3. Stationary problem and Potential wells

In this section, we consider the stationary solutions of ([1.1)) which solve the problem

A%u— Apyu = w|f@=2y i Q,
(3.1)
(x) = %(:c) =0 on 0N
u ov )

where p(z) and g(x) hold (1.2)—(1.3)). Consider the energy functional J and the Nehari functional
I given by

1 1 N 1 N
I = 18wl + [ s vup©ar— [ s aa,

I(u) = HAuH; +/Q\Vu|p($) de — /Q ‘u|q(ac) de.

Then J and I are of class C! over HZ (Q2) and critical points of J are weak solutions of (3.1]).
Moreover, we can estimate J and I as follows:

1 , 1 1
J() > = ||Au +/ Vup(x)dx—/ u|4®) dg
(u) = 5 [|Aully p Q| | = Q||

11 ) (1 1)/ ®) 1
==——=—)Au||5+ | — - — VulP'" dx + —1(u), 3.2
(5- ) 1au+ (- =) [vap@ae+ L1 (32



1 , 1 1
J(u) < = ||Au —I-/ Vup(x)dx—/ u|1®) dz
(u) | Aull; - Q| | = Q| |

11 , (1 1 1
(Lo 1Y A +<>/V“p(m)d“1u, 3.3
(5 o5 ) 1t + (2= ) [ Ivup®ass 1) (33
and
11 ) 11
Jw)={=——]|Au +/<—> VuP® dz
W=(3- =) 18up+ [ (- L) v
1 1 1
4 — ) "™ Az + —TI(w). 3.4
/Q<q q(fﬂ))| Q’() &4

Let u € HZ (©2)\{0} and consider the fibering map A — j (\) := J (\u) for A > 0 given by

A4(@)

p(z)
A IVul[P@ dz — / u|?@ dz.
o q(z)

p(z)

. A2 2
J(A) = -5 | Aull; +
Q

Then we have the following lemma.
Lemma 3.1. Let (1.2)—(1.3) hold and u € H3(£2)\{0}. Then the following results hold:

(i) lim j(A) =0and lim j(\) = —oc.
A—00

A—0t

(ii) There exists a A. = A«(u) > 0 such that j(\) attains the maximum at A = \,. In addition,
we have 0 < A\, < 1, A, = 1 and A\, > 1 provided that I(u) < 0,I(u) = 0 and I(u) > 0,
respectively.

Proof. 1t is easily seen that
1

1 -
i(A) > =22 | Aul|2 + min < AP, NP /
5O 2 5 ully + min {47 0} [ o

- 1
VulP® dz — max { \? ,)\q+ /UQ(I) dx,
Vu { bt

and

1 - + 1 - + 1
i(A) < =A?[|Aul|2 + max AP, AP /Vup(z)dx—min AN /uq(‘r)dm.
J) < 57 [ Auf)3 + max { F oo { el

This, together with ¢~ > max{2,p"} and fgﬁml"(‘”) dz > 0, implies (i). Furthermore,

we also have j(\) > 0 for sufficiently small A > 0. Hence, there exists a A, > 0 such that

Jj(As) = supj(A). Then by Fermat’s Theorem, we obtain j'(As) = 0. This gives I(Au) = 0 by
A>0

the relation I(Au) = Aj’(X).
Finally, we prove the last statement of (ii). By the definition of I, we obtain

0=TI(A\u)
= 22| A3 +/ A | TufP®) g — / AL ) 1) da
Q 9
- ()\i — X{) 1Al + / (A{Z(“) - X,{) IVuP® dz + / (Az* . Az“)) u|?@ da + AT T (u),
Q Q
which can be rewritten in the form

NI (u) = (A = 02) Al + /Q (A =X [Tup) da + /Q (A 27 Juft® da.

Since ¢~ > max {2, p" }, the above equality shows that 0 < A. < 1, A\, =1 and A, > 1 provided
that I'(u) < 0,I(u) =0 and I(u) > 0, respectively. This completes the proof. O



We now define the so-called Nehari manifold associated to the energy functional J by
N ={ue HF(Q)\{0}: I(u) =0}.
It follows from Lemma, [3.1] that A is not empty set. Thus, we can define

d:J‘IEl/f\/J(u). (3.5)

We next give the following lemma, which will play an important role in the proofs of our
main results for the low initial energy case.

Lemma 3.2. Let (1.2)—(1.3) hold and u € HZ(£2)\{0}. Then we have

1 d
J(u) = —1I(u) > —
q max{Az,AZi By }

where )\, is as in Lemma

Proof. For any u € HZ(Q)\{0}. Then by virtue of Lemma there exists A, € (0,00) such
that I (Asu) = 0. By the definition of d and replacing u by A.u in (3.4), one has

d < J(Au)

1 1 1 1 1 1
(3 et 0 (G Y [0 (L LY
2 q Q p(z) ¢ Q e qx)
1 1 1 1
Smax )‘37)‘5_7)‘1+ |:< > Au 2+/ ( ) Vu p(z) dx
{ H(3 )1+ | (o= =) v

()]

— max {)\f, prad Az*} [J(u) - 11@)} .

q
This implies the required result. The proof is complete. O

Based on the above two lemmas, we can prove the following lemma, which shows that d is
positive and is actually attained at some u € N.

Lemma 3.3. Let (1.2)—(1.3)) hold. Then we have

1) d= inf sup J(Au).
() weHZ(Q)\{0} A>18 ( )

(ii) d is a positive number.
(iii) There exists u* € N, u*(x) > 0 a.e. in Q such that J(u*) = d.
Proof. For any u € H3(Q)\{0}. By virtue of Lemma we have

sup J(Au) = J(Auw). (3.6)
A>0

By the definition of N, it follows from Lemma [3.1] that A\,u € N. Hence,

Asu) > inf =d. .
J(Acu) 2 inf J(u) (3.7)
Combining (3.6 and (3.7, one has

inf  supJ(Au) >d. (3.8)

ueHF (\{0} A>0



On the other hand, for any u € N, by virtue of Lemma [3.I] one has A, = 1, that is,

sup J(Au) = J(u).
A>0

Hence,

inf sup J(Au) < inf sup J(Au) = inf J(u) = d. 3.9
v oy S (Au) Jnf sup (Au) = inf J(u) (3.9)

We deduce from ((3.8]) and (| . ) that (i) holds true.
We next prove (11) Since ¢(x) satlsﬁes ([3), HZ(Q) can be embedded into LI¢)(Q) contin-
uously. Denote by ;) the optimal embedding constant, i.e.,

[y

Sq) = sup (3.10)

u€HZ()\{0} HAUH2

Let any u € H3(Q)\{0} such that I(u) < 0. Then it follows that

nAu%fz/‘m“@dx

+
< max { Jull? ), Jullfy, }
+
< max {S%) llaulf, S7) [ Aullf }.

Taking this fact into account and notice that ||Aul[, > 0 and ¢~ > 2, we obtain
[Aully > 1, (3.11)

where ¢ is a positive constant given by

2q_ 2q++

— 3 —q~ —q

01 = min Sq(.) ,Sq(.) .

Fix u € N, we have u € H3(Q)\{0} and I(u) = 0. By using ( and (3.11)), we get

T2 (5 - =) sl + (- _)AﬁmWﬂ¢pH;Hw
2(2—q>nAm2 (3.12)

Then by the definition of d, we obtain

1 2
d> - -
<2 q >5 =0

Finally, we prove (iii). By (3.5 . there exists {u,}°2; C N is a minimizing sequence of J
such that h_)m J(up) = d. Clearly, |u,| € N and J(|un|) = J(up). For this reason, we may
n—oo

assume that u,(x) > 0 a.e. in Q for all n € N*.
Since lim J(uy) = d and using (3.12), we infer that {u,} is bounded in HZ($2). Then, since
n—oo

HZ(Q) is reflexive, H3(Q) — Wol’p(')(Q) and HZ(Q) < LI0)(Q) are compact embeddings (by



(L.2) and (1.3)), there exists a sub-sequence of {uy}, still denoted by {u,} and a u* € HZ(Q)
such that

u, — u* weakly in  HZ(Q),
u, — u*  strongly in W&’p(')(ﬁ),

up, — u*  strongly in  LI0)(Q),
up(x) = u*(z) a.e in Q.

Then we have u*(z) > 0 a.e in © and

|Au*||2 < liminf ||Auy]|e,
n—oo
/\Vu*]p(x) dz = lim / IV, P dz,
Q n—oo Q
1 1 1 1
/ ( — _) \Vu* P dz = lim < — _) [V, [P dz,
o \p(r) ¢ n=oo Jo \p(z) ¢
/|u*\q(x)dm: Jim / 1|7 dz.
Q n—oo Q

/ <1 b ) |u*\q(x) dr = lim <1 b > \un]q(x) dx.
o \4q q(z) n—oo Jo \¢ q(x)

Replacing u by u, in (3.4) and notice that u,, € N, one has

d = liminf J(uy,)

n—o0

VAR 2/<1 1) (@) /(1 1) (x)}
=liminf | = — — | |Au,||5 + — — — | [Vu, [P dz + — = —— | Jup| " da
n—00 K2 (J‘>H Iz o \p(x) q" Ve o\a  qlx) ]
1 1 2 /<1 1> (@) /(1 1)*(93)
> (= —— | ||Au*|; + —— — — ) |[Vu* [P da + — — —— | [u* " dz
<2 q‘)” I o \p(x) ¢ Vel a\a  qx) v

=Ju") — = I(u®). (3.13)
Suppose that I(u*) < 0. Then by virtue of Lemma[3.1] and there exists A, € (0,1) such that
Ty — = I(u*) > ‘.

q max{)\f,/\ﬁf,/\z }
This contradicts , and so
I(u*) > 0. (3.14)

Since u,, € N, we have I(u,) = 0. Then it follows that

0 = liminf I (u,) = lim inf <HAuan +/ \Vun‘p(:c) de — / ’un|Q(ac) dx)

n—o0

> A+ [ (9u s = [ ) da
Q Q
=1I(u"),

which, together with (3.14]), implies that I(u*) = 0. We now prove u* € N. It remains to show
that u* # 0. Indeed, since u,, € N and (3.11]), we obtain

/ [un|" dz = || Aun 3 +/ |V, [P de > 62,
Q Q



Passing to the limit, we have

/ w1 dz > 62 > 0,
Q

which gives u* # 0. Hence, u* € N and therefore J(u*) > d. By (3.13)) and I(u*) = 0, we have
J(u*) <d. So, J(u*) = d. The proof is complete. O

We now can define the so-called stable set YW and unstable set ¢ which is similar to Sattinger
[24], Payne and Sattinger [21].

W= {ue H3(Q): J(u) <d,I(u) >0} uU{0},
U={ue HFQ): J(u) <dI(u) <0},

We also introduce
N_={ue H{(Q): I(u) <0}, Ny={ueH;Q):I(u)>0},
and the open sublevels of .J
JP={ue H}(Q): J(u) <k}.
The variational characterization of d also shows that
Np:=NnJF£) forall k>d.

For k > d, we now define

A, = 1inf {|jullq :w € Ni}, and Ag =sup{|lully:ue Ng}. (3.15)
It is obviously that

k +— Aj is non-increasing, and k +— Ay is non-decreasing.

The next lemma shows that A\p and A are finite positive numbers, and therefore the result
of Theorem [4.8] is nontrivial.

Lemma 3.4. Let (1.2)—(1.3)) hold. Then for any k& > d, A\ and Ay defined in (3.15)) satisfy
0< A <Ap <o0.

Proof. Firstly, we prove Ay < co. For any k > d and u € N, we have J (u) < k and I (u) = 0.
Then by (3.2) and using the embedding HZ (Q) — L% (), we get

11 , (1 1 1
E>Jw > =——)||Au +<—>/Vup(x)dm+lu
2 (5= ) 1+ (5= =) [ [wur et 21w

1 1
> (52 ) Il (3.16)

which yields

2kq~

< S
lully < Sy [ =




where So > 0 is the optimal embedding constant, i.e.,

Sp = sup lul, (3.17)
ueHZ ()\{0} [ Aully
This shows that
2kq—
- =2

A < 59 < 0.

Secondly, we prove A\; > 0. By the Gagliardo—Nirenberg inequality, there exists a positive

constant Ay depending only on Q, N, ¢~ and ¢q* such that

)

- 0—q— 1-07)q~
lull?- < Ao [[Aufg " [lull "
and

6tqt 1-6+
lulls < Ao [l Auf§ ufl§ 0

N +
Where9i2(4i) (0;1) by (L.3).
Then, since u € Nk and NV, C NV, it follows that

A2 < / ]9 dg
Q

< [l + 1) da

- +
< 2ma { a2 )7} }

—q- 1-6- +gt 1-6F)qt
ngomax{uAun;’ ST aul e }

Taking this fact into account and notice that ||Aull, > 0 and §* < 1, we obtain

" 2-0"q" 2-0t4 +
Huuzzmin{@Ao)@—-w 1Au|T T (240) FDF Ay ST } (3.18)

On the other hand, it follows from (3.11]) and ( - ) that

qu

= dy, forall u € M.

o1 < [[Aul, <

This, together with (3.18)), implies

1 2—9:47_ 2—9:,;*_
|u|ly > min {(QAO)(e——l)q— min {51(10 )a 752(1,9 )a } ,
1 2-0Fq " 2-9tqt
(2AO)W min {61(19+)q+ , 52(179+)q+ }} > 0.

Hence, A > 0 by the definition of A\;. This completes the proof. O

10



Finally, we give the following lemma, which is necessary for our proofs of the main results
in case of the high initial energy.

Lemma 3.5. Let (1.2)—(1.3) hold. Then we have
(i) 0is away from both A" and N_, that is, dist(0,N') > 0 and dist(0, N_) > 0.
(ii) The set N} N J* is bounded in HZ(?) for any k > 0.

Proof. By (§3.11]), it is easy to see that

dist (0,N) = ulgj{[HAu\b >4 >0,
and

dist (0,N-) = inf || Aufl, > 8 > 0.

We now prove (ii). For any v € N\ NJ*, we have J(u) < k and I(u) > 0. Then by using (3.2),
it follows that

11 , (1 1 1
E>Jw > =—-—||Au +<—>/Vup(‘r)dx+lu
2 (5= ) I+ (5 - =) [ [wur et 21w

which implies that

This completes the proof. O

4. Evolution problem
We first give the precise meaning of solution to problem (|1.1)).

Definition 4.1. Let 7' > 0, a function u = u(t) € L= (0, T; H¢ (Q)) with u; € L* (0,T; L? (Q2))
is said to be a weak solution to (L.1)) in Q x [0,T), if u(0) = up € HE () and satisfies

(ug, v) + (Au, Av) + <|Vu]p(x)72 Vu, Vv> = <|u\q<x)*2 u,v> ,

for all v € H2 (Q). In addition, u is called a strong solution to (L)) if it is a weak solution and
satisfies the energy identity

d
T lu(t)ll3 = =21 (u(t)), (4.1)
and the conservation law
to
(/HM@M®+Jm@»:Jmm»,0§m§b<T. (4.2)

Remark 4.2. e Under the assumption ug € HZ (), by using the standard Galerkin’s
method as in [I1, B2], we can prove immediately the existence of local weak solutions
u(t). In addition, if u(t) is a strong solution to then it follows from and the equi-
integrability of u; that J(u(t)) is continuous functional which implies u € C ([0, T); HZ ().
In the rest of this paper, we shall prove the global existence and nonexistence of strong
solution to ([1.1).

11



e Regarding the uniqueness of solution to , it can be obtained under some suitable
assumptions on the initial data ug, p(-) and ¢(-). For example, in [II] Han proved the
uniqueness of bounded weak solution (L*-bounded solution), such kind of solution can be
obtained by either in one dimensional space or p(-) > N.

e [t is also noticed that the proof of global nonexistence generally does not imply finite time
blow-up of the solution as pointed in [I]. However, if one can couple the global nonexistence
with the continuation principle, then the global nonexistence implies finite time blow-up.
In this paper, we will assume the existence and uniqueness of the local strong solution
and refer the continuation principle as follows: If u(t) is a local strong solution to (|1.1))
on [0,7") such that

sup [[u(t)]| 2 < o
tel0,T)

then it can be continued as a solution to a larger interval [0,7”) with 77 > T'. Furthermore,
if we let Tihax be the maximal existence time of the solution u(t) then either the life span
Tinax = 00 Or Thax is finite and

li t = 00.
i Ju(®)] 3 = o0

The next lemma shows the invariant of stable and unstable sets.
Lemma 4.3. Let (1.2)—(1.3) hold and J(ug) < d. Then we possess the following statements:
(1) If I(ug) < 0, then I(u(t)) < 0 for all ¢ € [0, Trax)-
(ii) If I(ug) > 0, then I(u(t)) > 0 for all ¢t € [0, Tiax)-

Proof. Tt is first noticed that u(t) ¢ NV, for all ¢t € [0, Tinax) since J(u(t)) < J(up)) < d.

For (i). Assume the contrary that there exists tg € (0, Tmax) such that I(u(t)) < 0 for all
t € [0,t0) and I(u(ty)) = 0. Then by (3.11)), we get ||Au(t)||l, > &1, for all ¢ € [0,%y). Letting
t — to, we have ||Au(tp)||y > 01, which gives u(tg) # 0. Hence, u(tg) € N. We thus arrive at a
contradiction.

For (ii). By contradiction, we assume that there exists t; € (0, Tyax) such that I'(u(t1)) < 0.
This and I(up) > 0 imply that there exists 2 € [0,¢1) such that I(u(t2)) = 0. It gives u(ta) =0
due to u(tz) ¢ N. Then we get u(t) = 0 for ¢ € [t2, Tymax). Thus u(t;) = 0. This contradicts
I(u(t1)) < 0. The proof is complete. O

We introduce the sets
S = {qb € Hg(ﬂ) : ¢ is a stationary solution of } ,
and define the w-limit set w (ug) of the initial data ug € Wol’p(') (Q) by
w(ug) = {w € HF(Q) : I{t,,} with t,, — oo such that u(t,) — w}.

Let u(t) be a solution to (L.I)) associated with ug € HZ (2) on the maximal existence time
interval [0, Tinax). We then introduce the sets

G={uo € HZ(Q) : u(t) exists globally, i.e., Tiax = 00 I8
Go = {uoég:u(t)%Oian(Q) ast — oo},
B = {ug € H5() : u(t) blows up in finite time, i.e., Tinax < 00} .

Our main results read as follows.

12



Theorem 4.4. Let (1.2)—(1.3) hold. If J(up) < d and I(ug) > 0, then the maximal existence
time Tpax = 00. Moreover, u(t) holds the following decay estimates:

u®)l < fluolly e,
2q~ 2\ _—pt
<
JAut)l; < \/ gy (T00) + ol ),

2 2 _
VI@®) + a3 < /T (o) + Jugll2e,
where a and [ are some positive constants.
Theorem 4.5. Let ((1.2)—(1.3)) hold. Then we possess

(i) If up € HE (2)\{0} holds J(ug) < 0 then Tipax < co. Furthermore, we can get an upper
bound for the maximal existence time

P e
Tonax < Cmax { Juoll3 ™ o3}

where
_ - +
¢ max {8y, . 5%, |
(¢~ =2) (¢ —max{2,pt})
and Sy 2 is the optimal embedding constant of L1)(Q) < L*(Q) when ¢~ > 2, i.e.,

C= > 0, (4.3)

u
Sq)2 = sup lul, . (4.4)
wezaO@\op lg)
(i) If 0 < J(up) < d and I(up) < 0, then the maximal existence time Tiax < 00.

Remark 4.6. As a consequence of Theorem [£.4] and we have a sharp result in case of
J(ug) < d, that is, the strong solution to (1.1]) exists globally and blows up in finite time
provided that I (ug) > 0 and I (up) < 0, respectively.

Theorem shows that any global solution which starts from the potential wells W tends
to zero. And the next theorem shows the asymptotic behavior of any global solution of (|1.1)).

Theorem 4.7. Let (1.2)—(1.3) hold and u(t) be a global solution of (|1.1). Then there exists a
sequence {t,} with ¢, — oo as n — oo and ¢ € S such that

Jim[[Au(tn) — Aglly = 0.
Our next result gives an abstract criterion for vanishing and global nonexistence of solutions
to (1.1)) in terms of the variational values A\; and Ay.

Theorem 4.8. Let (1.2)-(L.3) hold and J (ug) > d. If ugp € Ny and [luglly < Ay, then
ug € Go. If ug € N_ and ||U0H2 > AJ(UO), then ug € B.

As a consequence, one has a characterization on the data ug with arbitrary high energy J(uy)
that leads to blow-up in finite time phenomena.

Theorem 4.9. Let (1.2)—(1.3) hold and assume that ug € H3 () holds J (up) > d and

2J(UO), (4.5)

then ug € N_ N B. Here Sy is the constant given in (3.17).

Finally we can exhibit a class of initial data in N_ with arbitrarily high energy which gives
rise to blow-up.

Theorem 4.10. Let (1.2)—(1.3) hold. Then for any M > 0, there exists up; € N_ such that
J (upr) > M and ups € B.

13



5. Proof of Theorem [4.4]

Let u(t) := u(x,t) be a solution of on the interval [0, Thax) associated with to the
initial data ug. We first prove the uniform boundedness in time of u(¢) in H2 (2), which implies
Timax = 00 by the continuation principle. Indeed, since J(ugp) < d and I(ug) > 0, by virtue of
Lemma {4.3| we have that I(u(t)) > 0. Then by using the non-increasing property of J(u(t)) and

(3.2), we get

JWMZNMWZ(1—;)meﬁ+<;;1;>éﬁmwﬂﬂw+;jw@)

2
11
> (5 = ) 18ulB. (5.)
which implies
2qg=J(u
lAu®ll, < /= =—%* _( 20) = C..

We next show the decay estimates of u(t). If u(tg) = 0 for some tg > 0, then we have u(t) =0
for all t > tp, and the proof is complete. So we may assume wu(t) # 0 for all £ > 0. Then due to
I(u(t)) > 0, by virtue of Lemma[3.1] there exists A, > 1 such that I(A,u(t)) = 0. And therefore

XD T (u(t) = AL T (u(t)) — I(Aeu(t))
= () Jau B+ [ (3 - ) [Fu ds
Q
[ (M o) ) da
Q
> (A= 22) Jau@+ (3 -7 [ [vunp) da.
Q
Dividing the above inequality by AY , we get
I®) = (1-2277 ) @+ (1-x") / [V (t)") da. (5.7)
Q
We next estimate for \,. By applying Lemma and notice that A\, > 1, one has

Iu(®) - = 1(ult) > i ‘ip_ w1 Ai (5.8)

On the other hand, by using the non-increasing property of J(u(t)) and notice that I(u(t)) > 0,
we have

J(u(t)) — —I(u(t)) < J(uo).

q
This together with (5.8]), implies that
1
d o
A > >1 5.9
<J (U0)> (59)
It follows from (j5.7)) and (5.9) that
2—q— pt—q”

I(u(t)) > 1—<J(ZO)> " aw)2 + 1_<J(Z0)> q+

14



which yields
I(u(t)) > C1l|Au(®)]? and T (u(t)) > Cy / IVu(t) P da, (5.10)
Q

where C7 and Cy are positive constants given by

—q_ pt—q™

We now consider the exponential decay of ||u(t)]|,. Since (5.10)), it follows that

d
3 @1 = —21(u(®))
< =20, || Au(t)|?
< —20185 % u(t)3,

where Ss is the constant given in (3.17)). This implies that
lu@®)lly < lluolly e,
where a = C155% > 0.
We next consider the exponential decay of J(u(t)) and ||Au(t)||,. Using (3.3)), we get

suo) < (5= 2 ) 1800l + (= - ) [ 1vuop® do+ o),

This together with (5.10) immediately yields

J(u(t)) < C3l(u(t)), (5.11)

C_i l_i _|_i i_i _|_i>()
T a\2 ) G\p ) T

Let us define an auxiliary function L(t) by

where

L(t) = J(u(t)) + |[u(t)|l3, fort>0. (5.12)
Then by and , we get
L(t) < J(u(t) + S5 [ Au(t)[|3 < Ca(u(t)), (5.13)

20—
here Cy =1+ a
q~ —2

It follows from (j5.11)), (5.12)) and (5.13) that

S2 >0 and S is the constant given in (3.17).

d ’ 2 2 2
L0 == |/ (85 — 21 (u(t)) < —@J(u(t)) < e

L(2),

which implies that

L(t) < L(0)e™ ",
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where 8 = > 0. The above inequality can be rewritten as

C3Cy
J(u(t) + [u(®)3 < (T(u0) + Juoll3) 7.
By (5.6) and (5.14), we get

2
1Au(t)]? < q_q_

The proof is complete.

6. Proof of Theorem [4.5]

We consider two following case by using different methods:
Case 1: up € H3 () \{0} with J(up) < 0. We define the function f(t) by

Ft) =llu®)3, forall t € [0, Tmax) .

By the definition of J and I, we have

T () = g 18wl + = [ VuOP do - = [ o ds

Y

; " 2 u (z) 2 _i u (z)
= max {2.p7) (IIA (t)||2+/ﬂyv ®)P*d > q_/Q| (t)]?

= <Hm{12p+} - ql) /Q [u()] " dz + me{lzpﬂl(u(t)).
Taking this fact into account and notice that J(u(t)) < J(up) < 0, one has
f1(t) = =21 (u(t))
> —2max{2, p*}J(u(t)) + 2 (1 - maxf”) /Q ()7 da

> 9 (1 - ma"fm> /Q lu(t)|9@) da

From this and ¢~ > max {2,p"}, we get
f'(t) >0, forallte[0,Tmax),
which implies that
f(t) > f(0) = Huong >0, forallte |0, Ta)-

Then by (6.2), we can estimate [ [u(t)|? %) dz as follows:

/|u yq<w>dx>mm{||u ) llu )II"f}
> min { qq),guu O 5,55 eI}
> min { q32,sq(q;}min{||u<t>u;,||u<t>|r%*}
= i {8857 b {1 0 )
> min {5, ,, 5,4, f min {1, Juolly " | £7 1),

(5.14)

(6.1)

(6.3)



where Sy o is defined in (4.4)).
It follows from (6.1)) and (6.3)) that

F1(t) = Cof 7 (1), (6.4)
where

_ maX{Q,p+} : -q~ ¢—qf ; " —q"
CO =2 <]. — qif min {Sq(.),2’ Sq(.),Q} min {17 ||U0H2 } > 0.

Since f(t) > 0, dividing the inequality (6.4]) by f %(t), we get

FOf 7 () = Co

Integrating the above inequality over [0,¢], one has

fl—%(t) < fl—T_(()) _ (q — 1) Cot, forallte [O,Tmax) .

|u0||gfq_ , forall t € [0, Tryax) -
Thus,

2 2—g~
= m l[uolls

R —_at
= Cmax { JuolF", ljuoll3™"}

where C' is the constant given in (4.3). The proof is complete.

Case 2: 0 < J(u) < d and I(up) < 0. By contradiction, we assume that Ty = oo.
Thanks to I(up) < 0, by Lemma we have I(u(t)) < 0. Then by virtue of Lemma and
there exists A, € (0,1) such that

T(u(t)) — qll(u(t)) > 0 ‘ip_ v > d,

which implies that

% lu(®)]l3 = —2I(u(t)) > 2q~ (d— J(u(t))) > 2q~ (d — J (uo))
Then we have
t
)1 = ol + [ 35 o)l ds
> [luoll +2¢™ (d — J(uo)) t. (6.5)

From this and J(ug) < d, we obtain tlim |u(t)||3 = oo. Hence, we can choose sufficiently large
— 00
to > 0 such that

2 q 2
[u(to)ll3 > T —2 [[uoll3 -
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Let
Jo' lu(s)II3 ds
(% — 1) (Juto)l3 ~ 72 luol3)

We now define the auxiliary function F' : [0,7] — (0, 00) by

T = +to > to > 0. (6.6)

F(t) :/0 lu(s)llz ds + (T = t) [luo]l3 - (6.7)

Then we have

F'(t) = [lu(®)3 = lluoll = 2/0 (u/(s),u(s)) ds,
and

F'(t) =2 (u'(t),u(t)) = —2I(u(t))
>2q" (d = J(u(t)))

=2q~ (d—J(uo))—l-Qq_/O Hu’(s)Hst

t
>2q_/0 Hu’(s)Hgds. (6.8)
We deduce from (6.7)) and that
t t
FOP'®) =2 [ (s)[3ds [ fuGs) s (6.9)

On the other hand, by Cauchy—Schwarz inequality, we have

2

too t t 1,
/0 Hu (S)Hst/O [u(s)||3 ds > </0 (u (s),u(s)>ds> =1 (F'(t)". (6.10)
Combining —, we obtain

FO)F"(t) > % (F'(t))%, forall tel0,T). (6.11)

Setting G(t) = F'~"7 (t), we get
/ — " q- / 2
e = (1-C) O a e = (1- £ ) FOFO -5 EO)F
" ( >qu_(t) © ( 2) P (1)

Then we have G”(t) < 0, for all ¢t € [0,T] due to (6.11). Thus, G(¢) is concave on [0,7]. This
implies that

G(t) < G(to) + G'(to) (t —tg), forall te0,T]. (6.12)
Replacing t by T in the above inequality and notice that , we obtain
G(T) < G(to) + G'(to) (T — to)

= F_%(to) [F(to) — <q2 - 1) (T — to) F’(to)}
=0.

This contradicts G(T') > 0, and the proof is complete.
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7. Proof of Theorem

Assume that u = u(t) is a global solution to (1.1)). Then by virtue of (i) in Theorem we
get J(u(t)) >0 for all ¢ > 0. And therefore

/0 [/ (9)]ly ds = T (o) = T (u(t)) < J (o).

Letting t — oo, one has
o
[T Il < s) < o0
0

Therefore there exists a sequence {t,} with ¢,, — oo as n — oo such that

lim ||v(tn H2 =0, (7.1)

n—o0

which implies that
|/ (tn)|, < A, VneN,

for some a constant A.
Then we have

< >\
(tn)lls
H252 [Au(tn)lly

S IIAU( )l

I/\ IA A

where S5 is the constant given in (3.17)).
Using the non-increasing property of J(u(t)), (7.3 and replacing u by u(t,) in (3.2), we obtain

o) = Tt > (5 = =) 18u)l + (5 = o= ) [ 19ute)P do s Zru(e)

1 1 ASo
> (= — =) | Aultn)]? = 222 | Aultn)],
> (5= 2= ) 18wl - L2 1aut)l,

which implies that

ASy ++/A352 +2q¢~ (¢~ — 2)J (uo)
- 2 N

[Au(ta)lly < (7.4)
The above inequality ensures that {u(t,)} is bounded in HZ(Q2). Then, since H3() is reflexive,
HZ(Q) — Wol’p(')(Q) and HZ(Q) < L10)(Q) are compact embeddings (by (1.2) and (T.3))), there
exists a sub-sequence of {u(t,)}, still denoted by {u(t,)} and a ¢ € HZ(£2) such that

u(ty,) = ¢ weakly in Ho (), (7.5)
u(ty) = ¢ strongly in W (Q) (7.6)
u(ty) — ¢ strongly in  LI)(Q). (7.7)

For any v € HZ(2). Replacing u by u(t,) in the equation (L.1]), by multiplying (I.1)) by v and
integrating by parts, we have

(Bu(tn), A0) -+ ([Vultn) P Vu(tn), Vo) = (futn) 1 u(ta). 0)|
= [/ ), 0)] < [ )] 0l -
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From this and ([7.1)), it follows that

lim ((Au(ta), Av) + (IValta) P77 u(ty), Vo) = (fu(t) 7O u(tn), v) ) =0,

n—oo

which, together with (7.5)), (7.6) and (7.7) yields
peS. (7.8)

By (1), (2) and (7). we obtain
nhﬁngo I(u(ty)) =0,
which, together with (7.6]), (7.7) and (7.8]), implies
|Au(t)ll, = — Tim / V()" dz + Tim / la(t) 1) das
—— [1Vor I as+ [ o1 az = gl (7.9

It is noticed that HZ () is uniformly convex. Then by (7.5)) and (7.9), we imply (see [2, Propo-
sition 3.32])

lim
n—oo

u(ty) — ¢ strongly in  HZ(Q).
The proof is complete.

8. Proof of Theorem and
By borrowing the ideas from [10, 29] we can prove the Theorem and as follows.

Proof of Theorem[4.8. Assume that ug € Ny and [[uglly < Aj(yy)- We first prove that u(t) € Ny
for all ¢t € [0, Tinax). Indeed, assume on the contrary that there is tg > 0 such that u(t) € Ny
for all ¢ € [0,tp) and u(tg) € N. Then for all ¢t € [0,ty), we have

0 < [I(u(t))] = [{u' (1), u(®))] < [Ju/' @), lu®)]

which gives |/(t)||, > 0. From this and (&.2), we obtain J(u(tg)) < J(uo), i-e., u(ty) € J7¥0).
So [lu(to)|ly > As(ug)- On the other hand, for all ¢ € [0,%9), we have

< Ju(e) B = 27 (u(t)) <0,

which implies that |lu(to)|ly < [[uoll; < Aj(ue)- We thus arrive at a contradiction and therefore it
proves the claim u(t) € Ny for all t € [0, Tinax). This gives u(t) € NNJ7(0) for all t € [0, Tiax)
by using the strictly decreasing property of J(u(t)). Then by virtue of (ii) in Lemma u(t)
remains bounded in HZ(Q) for all ¢ € [0, Tipax) S0 that Tipax = o0, i.e., ug € G. We next prove
ug € Go. Let any w € w (ug), we get

[wlly < Ajey and  J(w) < J(uo),

which implies that w (ug) NN = 0 by definition of Aj(,,). And therefore, w (ug) = {0}, i.e.,
ug € Go.

Now we assume that ug € N_ and [uglly > Ajq). By analogous arguments as above, we
also have u(t) € N_ for all t € [0, Tinax). Assume on the contrary that Tiax = 0o, then for every
w € w (up), one has

lwlly > Ay and  J(w) < J(uo),

which gives w (ug) NN = () by the definition of A y(,,). However, since dist (0, N_) > 0, we also
have 0 ¢ w (ug). And hence w (ug) = @), which contradicts Tyax = 00. Thus ug € B. The proof
is complete. ]
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Proof of Theorem[{.9 Let any u € H3(Q)\{0}. By using (3.2)), we get

11 ) (1 1)/ @) 1
J)>=——||Aullz+ [ — - — VulP' de + —1I (u
2 (5= ) I+ (5= =) [ [wurdes 21w

q
11 , 1
> (= —— ) [|Aul|s + —1 (u
(5 o= )t + =1 )
1 1 1
> (2 — =) S2 ul? + —1 (u). 8.1
> (3- =) sl + 1w (8.)

where S is defined in (3.17)).
Replacing u by ug in (8.1)) and using (4.5]), we obtain

1 1

1
J (uo) > (2 q> Sz lluolly + —=1 (wo)

1
> J(UQ) + qTI (U()) s
which gives I (ug) < 0, i.e.,
ug € N_. (8.2)

For any u € Nj(y,), we have I (u) = 0 and J (u) < J (ug). Then by using (8.1), we obtain

2
< J(uo),
Jull3 < =270
which, together with (4.5]), implies
[ully < [luolly -
Taking supremum over u € Nj(,,), we obtain
A jug) < lluolly - (8.3)

Then by virtue of Theorem it follows from ({8.2)) and ({8.3) that ug € N_ N B. The proof is
complete. ]

Proof of Theorem[[.10, Let M > d and assume that € and Qs are two arbitrarily disjoint open
subdomains of Q. For any o > 0 and v € HZ () \ {0}. Then by virtue of Lemma (i), we get

hIJIrl J (aw) = —oo. Hence, we can choose v € Hj (1) C H3 () and sufficiently large o such
a—r+00
that )
2q— S
J(av) <0 and |lav|; > ? 22M7
q p—

where Sy is the constant given in (3.17)).
We next pick a function w € HZ (Q2) C HZ () satisfying J (w) = M — J (av) . Then by setting
upr = w + av, we get J (upr) = J (w) + J (aw) = M > d and

2 2
lunly = [lavlly > un)-

2q~ S5
J
57l

And therefore, by applying Theorem [4.9] we imply that up; € N_NB. The proof is complete. [
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