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Abstract

In the current work, we have introduced a new deformation and generalization of the
Sumudu transform called the Conformable Double Sumudu Transform (CDST), which
can be applied to solve conformable fractional partial differential equations (CFPDESs).
Further, we proposed some fundamental properties of the (CDST). To show the efficiency,
applicability, high accuracy, and simplicity of the proposed transform, we apply this new
transform to solve a wide class of linear fractional partial differential equations in the

sense of Conformable fractional derivative (CFD).
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1 Introduction

In current years, fractional partial differential equations (FPDEs) have found to be very im-
portant for modeling many applications in real life sciences and engineering such as fluid dy-
namics, mathematical biology, electrical circuits, optics, quantum mechanics, etc. [9, 16, 12].
In literature, many definitions of fractional derivatives and integrals have been stated such
as Rizez, Weyl, Riemann-Liouville, Caputo, Hadamard and so on. These types of fractional
derivatives have many unusual properties such as not all obey chain rule, product, and quo-
tient rule of two functions, these important properties lead to some flaws in applications in
physics and engineering. In 2014, Khalil et. al [8] defined a new type of fractional derivative
called the Conformable fractional derivative (CFD) which satisfies the classical properties
of the known derivative. During the last few years, authors have been developing many
analytical and numerical methods to obtain the solutions of conformable fractional partial
differential equations, such as tanh method [19], reliable methods [10], exponential rational

function method [7], Kudryashov method [11], simplest equation method (SEM) [3], single



conformable Laplace transform method (CLT) [6], conformable double Laplace transform
(CDLT) [15]. Sumudu transform (ST), which derived from the classical Fourier transform,
(ST) was first introduced by Watugala in 1993 [5] and has been implemented to obtain the
solution of many problems in real life science and engineering. (ST) proved to be an efficient
method for solving physical problems because of its unit and scale preserving properties.
For more about (ST) see [13, 4, 17, 1]. Recently, in 2019, the single Conformable Sumudu
transform (CST) was introduced by Kamyar Hosseini [20] and coupled this transform with in-
variant subspace method (ISM) to solve nonlinear conformable fractional dispersive equation
of the fifth order. Due to the some advantage of (ST) over the (LT), we introduce the (CDST)

to solve linear fractional differential equations in the conformable fractional derivative sense.

2 Preliminaries

In this section, we present some basic notations about the conformable fractional derivative
(CFD).
[2] The (CFD) of a function x : (0,00) — R of order v is given by:
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[18] The (CFPD) of a function ¢ (%, % : R x (0,00) = R of order v is defined by:
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Let 0 <v,8 <1 and ¢(x,7) be v and (- differentiable at a point x, t > 0, then

DY (2, 7) = 2 2EBT)
Dl (z,7) = Tl_ﬁw-



2.1 Conformable fractional derivatives (CFPD) of some functions:

We have the following
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3 Conformable Double Sumudu Transform (CDST)

In this section, we introduce the definition of (CDST).
The (CDST) of a piecewise continuous function ¢ : [0,00) x [0,00) — R of exponential order

is defined on the set;
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by the following integral
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where £ > 0, 7 > 0, and p, q are the transform variables of x and 7 respectively.
The single Conformable Sumudu transforms (CST) of a real valued function

@ :[0,00) x [0,00) — R with respect to the variables x and 7 respectively, are defined by
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Let ¢ : [0,00) x [0,00) — R be a function such that @(p,q) = S%Sr <<,0 (77 F)) exist, then

Sv.sP8 (w (‘”: T;)) = 5257 (p(z,7)),

where S;.S; ( f fe =T o(px, qr)dwdT.

By using the definition of (CDST), one can easily see the proof by letting w = (%) , V= (7) .

The (CDST) for certain functions is given by:
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If 3(p,q) = Sx”Sf (cp (%, %)) exist for p,q > 0, then for a,b,r, s € R, we have

8452 (¢ (ca,dr)) = @ (cp. dq)
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By using the definition of (CDST), one can easily show the proofs.

For 0 < v, 8 <1, the (CDST) of 890”, dﬁf are given respectively as follows:

i 8257 (5:) =p 7 e (n.0) — (0, 0)],

ii. svs? (%):q (@ (p,q) — ¢ (p,0)].



(i) Using definition of (CDST) and definition of (CFPD), we get
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using definition 4,
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simplyfing,
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by integration by parts,
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Which completes the proof.
(ii) The proof is analogous to the proof of (i).

The (CDST) of the, (CFPDs) az:f, % , of the function ¢ is given by,
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The proof can be done by mathematical induction.
(Conformable Double Laplace- Conformable Double Sumudu duality). If the (CDST) of a

function ¢ (z, 7) exists, then
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where LY LY ( (— ﬂ)) = e <p7+q7)<p ("” %) x¥~ 78~ dxdr denotes the (CDLT)
of the function ¢.



By using the definition of (CDST), one can easily show the proof. If ¢(p, q) = S;;’Sf (g@ (%, %)) and ¢(p, q) =
svs? (¢ (L %)) both exist for

p > 0 and g > 0. Then the Conformable double Sumudu transform of the convolution of

pand ¢
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is given by ;
SySP ([90 * %] <a; ;)) = pap(p, q)(p, q).-

Using Lemma () and Theorem 2.2 in Ref.[14] we have

v f v B
(i (5 5)- (9 (). (G
- (o(2 ). (G0 m(o(5.5) . (31)
Pq v’ B P q v B P q
v ﬂ v 6
_ . oavaB T v B T T
s (6 (2.5)) 5 (7))

4 Applications

In this section, the (CDSTM) is applied to obtain the solutions of a wide class of linear
fractional partial differential equations involving (CFD).
Consider the conformable fractional partial Telegraph equation
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with respect to the initial and boundary conditions
2
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Applying the (CDST) to both side of equation (1) and single (CLT) to initial and boundary

conditions (2), we get
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substituting the single (CST) of initial and boundary conditions
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simplifying, we obtain
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taking the inverse of (CDST), we get
2\ 2 B
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v s
for v =1 and 8 = 1, the exact solution of (1) becomes

o(x,7) = 2%+ 7.

Consider the conformable fractional Advection- Diffusion equation
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subject to the initial and boundary conditions:
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Applying the (CDST) to both side of equation (4) and single (CLT) to initial and boundary

conditions (5), we get

(6)
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Consequently,
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when v =1 and 8 = 1 the exact solution of (4) becomes

)

simplifying,

oz, 7)=¢€"—z+T.

Consider the conformable fractional Klein-Gordon equation
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subject to the initial and boundary conditions:
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Applying the (CDST) to both side of equation (7) and single (CLT) to initial and boundary

conditions (8), we get
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simplifying, we get

v B
_ g-1lg-1 p q . T . T
o(x,7)=S5,"S; [1+p21+q2]—s1n<y>sm<ﬂ>.

When v =1 and 8 = 1 the exact solution of (9) becomes

o(z,7) = sin(x) sin(7).

Consider the CFPD Korteweg-de Vries equation
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subject to the initial and boundary conditions:
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Applying the (CDST) to both side of equation (10) and single (CLT) to initial and boundary

conditions (11), we get
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simplifying,
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In the case of ¥ =1 and = 1, the exact solution of (10) becomes
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Consider the (CFPD) Euler-Bernoulli equation
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Applying the (CDST) to both side of equation (13) and single (CLT) to initial and boundary

conditions (14), we get
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In equation (15), we obtain
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5 Conclusions

In this article, we have introduced the definition of the comformable double Sumudu trans-
form (CDST). First, we have applied the (CDST) to some certain functions, next, some
theorems and properties related to (CDST) are presented and proved. To illustrate the ap-
plicability and efficiency of the proposed transform, we have implemented (CDST) to obtain
the exact solution of a wide class of (FPDE) involving (CFD). Based on the results obtained,
we conclude that the (CDSTM) is efficient, appropriate, reliable and sufficient to acquire
the exact solutions of (CFPDESs) subject to the considered initial and boundary conditions.
Moreover, the calculations involved in (CDST) have small computational size as compared
to other methods. Finally, it’s worthwhile to mention that the (CDSTM) can be coupled
with some other methods to solve non-linear (CFPDESs) arising in many field of sciences and

engineering, which will be discussed in a subsequent article.
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