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Abstract In this paper, we show a regularity criteria for three dimensional nematic liquid
crystal flows. More precisely, we prove that the strong solution (u, d) can be extended beyond T,
provided Vuz € LP(0,T; L4(R%)), 2 + <y ( <g<3)or 2 + 3 I+ (g > 3) with
some conditions about the orlentatlon ﬁeld Vid € LO‘(O T, Lﬁ(R3)) 242 ﬁ < 4 (,8 > ).
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1 Introduction

We consider the following equations:

u+ (u-Vyu+VP =vAu— AV - (Vd® Vd), in R>x(0,T),
di + (u-V)d = y(Ad - f(d)), in R?x(0,7), (1.1)
V-u=0, in R3x(0,7),

with the initial conditions
u(x,0) = up(x), d(x,0) = do(x), divug =0, x€eR>, (1.2)

where u is the velocity field, P is the scalar pressure, d represents the macroscopic molecular
orientation field of the liquid crystal materials, V- denotes the divergence operator, the (i, j) — th
entry of Vd ® Vd is given by Vd - V. d (1 < i,j < 3), f(d) = n%(ldlz —1d and v, 4, v, n are
positive constants. For simplicity, we suppose that they are all one.

In the 1960s, the hydrodynamic theory of liquid crystals was established by Ericksen and
Leslie, see [6, 7]. The above system is a simplified version of the Ericksen-Leslie equations
for liquid crystal flows. When the orientation field d equals to a constant, the above equations
become the incompressible Navier-Stokes equations. Many regularity results on the solutions
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to the three-dimensional Navier-Stokes equations have been extensively studied, see e.g., [3,

9, 10, 12, 13, 14, 15]. Especially, Zhou and Pokorny in [10] have proved the regularity of the

strong solution under the assumption Vus € LP(0, T; L1(R3)), % + %1 < % + zl—q,q € (f—g,3],

or 243 <3

rRE %,q € (3,00]. Similarly, there are many interesting results on the regularity
criteria for liquid crystals equations, see [1, 2, 4, 5, 8, 11, 16, 17, 18, 20]. Recently, Zhao
and Li [20] proved that the solution to liquid crystals equations can be regular in terms of one
velocity component and two components of the nematic liquid crystal orientation field, provided
w3, Viud € LP(0,T; LY(R3)), % + %] < % + i(q > %). Moreover, Zhao and Li [21] gave the

regularity criteria for the system (1.1) involving one derivative components of the pressure and
components of gradient of the orientation field, provided
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Motivated by their ideas, in this paper we show the regularity of the strong solution to 3D
liquid crystals equations in terms of gradients of one velocity component.

Theorem 1.1. Let uy € H' (R?), dy € H*(R?), and assume that (u,d) be a strong solution to the
liquid crystals equations (1.1)-(1.2) on [0, T) for some 0 < T < oo. If (u,d) satisfies

Vus € LP(0, T; LY(R?)) (1.3)
and
Vid € L*(0, T; IF(R?)), (1.4)
where p, q, a, B satisfy
2 3 19 1 30
st751m T q€ (3l
(1.5)
2 3 3 1 10
at5S1tap Be(z,x]
or 2 3 3 3
stysatag g € (3,0],
(1.6)
2 3 3 1 10
;+Bﬁz+@,ﬂ€(?,m]

Then (u,d) can be extended beyond T.



2 Preliminaries and Proof of the main result

Denote
ou Ou od od u  0%u 0*d  0%d
th= YRR E =\5 %5 | :_+_a ha = —= PR
0x1 0xy 0x1 Oxp 8x% Bxg (9x% (9x§
0 od
oiu = —u;(?,-d =—(@0=1,2,3), f wdx = f:,bdx, W is some function.
c’ix,- c')x,- R3

Lemma 2.1. (see[11]) Letug € H'(R?), dy € H*(R?), then there exists (u, d) be the weak solution
to the liquid crystal (1.1)-(1.2) on [0,T) for some O < T < co, satisfying the following:

eell oo 0. 7:22) + Weell 20, 7: 11y + Nl o0 7.1y + 1Al 200, 7:12) < C. (2.1)

Recall the following Sobolev and Ladyzhenskaya inequality in R? (see [19])

6—p p=2 p=2 p=2 6-p 3(p-2)

I8l < Cpllgll,” 101411, 102811, 1183611,7 < Cpligll,” gl 7" (2.2)

foreach¢ € H I(R3), here C, is a some positive constant, p € [2,6].
Multiply (1.1); by |d|*d, and integrate over R?, then we get

1d
T f d|%dx + f Gld*\VdP + |d¥)dx = f d|%dx,

1dC:, Dllz0.7:6) < Clidolle < Clidoll1- (2.3)

which follows

Next, we shall give the proof of Theorem 1.1.

Proof of Theorem 1.1: Suppose [0, 7*) be the maximal time interval for the existence of
the local smooth solution, if 7* > T, the conclusion is obviously valid; but for 7* < T, we shall
show

lim sup(|[Vu(, Dll2 + IAd(, Dll2) < C, (2.4)

t—=T*

which however contradicts with the definition of 7.
Take V}, on both sides of (1.1); and multiply by V,u, it then follows from (1.1)3 that

1d
EEIIth||§+|IVhVu|I§+ f V(u - Vi) - Vyudx = — f ViV (Vd@ Vd)] - Viudx.  (2.5)

Take A on both sides of (1.1),, multiply by A,d, we can still get

1d

EEHV;ZVd”% + fA(u -Vd) - Apddx = —||V11Ad||% - fAf(d) - Apddx. (2.6)



It then follows from (2.5) and (2.6) that
Ld Voull? + ([V4VdI?) + IV, Vull? + ||V,Ad))?
EE(” wutlls + IVAVAIL) + VR Vull5 + IV, Ad]]5

- th(u -Vu) - Vyudx — th[V -(Vd®Vd)] - Vyudx
2.7)

—fA(u-Vd)-Ahddx—fAf(d)-Ahddx
=L1+Lr+ L3+ Ly.

Next, we will estimate each term of (2.7) step by step, for the term L(see [10]), by using (1.1)3,
we have

Ll :_fvh(u.Vu).thdx:f(u-vu)‘Ahudx

1
= 3 Z f@gug(?juiaju,-dx—f63u381u182u2dx+f(93u362u181u2dx

IIML,.) \

f@ku 0; ugakugdx + Z fu383ujAhujdx (28)

D))
= f63u36ju,-(9ju,~dx—f63u381u102u2dx+f(93u382u161u2dx
i,j=1

1

1 k

<
1l

N =
“MN

2

2
1
Zf kua u36ku3dx— Z (fc’)ku383uj6kujdx— 5 fag,ug,akujakujdx).
=1

Jk=1

Mw

—

i=

Then we obtain
Li<C f IVu3||th|2dx + CfIVuglquHthldx. 2.9
By using (1.1)3 again, we have

L, =— th[V - (Vd @ Vd)] - Vyudx

2 3

f D Z «(0;0:dd;d + 8id Ad)dyuidx
k_

NS}

3
f > Z(@ka d0;0,d + 0:d0;0 d)dyuidx (2.10)

k=1 i,j=1

fZZakadaadakudx fZZé)d@k&adakudx

=11i,j=1 k=11i,j=1

[\
W

=Ly + Ly,



Z Z 8kd8j6j8,-d6ku,-dx + 8kd6 0 83daku3dx

= fi i 22: akdajajaidéku,-dx -

g} %
Mo TP
- -

00,dd j03dOuzdx

k=1 j=1 i=1 k=1 j=1
T 2.11)
- f D0 0kdd03d0, jusdx
k=1 j=1
2 3 2 2 3
- f N3N oo odouudx— [ 0,0:d0;03d0pusdx
k=1 j=1 i=1 k=1 j=1
2 3 2 3
+ f DU 0uoudd;dxddjusdx + | )" 0kdd0kd3ddjusd,
k=1 j=1 k=1 j=1
2 3 2 2 3
Ly =- f D20 0id0kd ;0 ddgudx - f D) 03d0kd,0ddhuzdx
k=1 j=1 i=1 k=1 j=1
2 3 2 2 3
=- f DD 0id0kd ;0 ddkudx + f D7) 0,03d0,dhuzdx
=1 j=1 i=1 =1 j=1 (2.12)
2 3
+ f D) 930400 duzdx
k=1 j=1
= Loy + Loy + L3,
Combining (2.10)-(2.12), we have
L<C f IV4dl[V,V2d|[Vuldx + C f Vus|[V4Vd|V2dldx + L. .



Using (1.1)3, we obtain

Ly = - fA(u -Vd) - Apddx = fV(M - Vd) - Ay Vddx

2 3
f Z Z O ;0 dd:0xDrddx + f DD w0000 diddx
k=1 1i,j=1 k=1 i,j=1
2 3 2 3
f D0 B0 dd0nrddx - f D0 G000 0iddx
k=1 i,j=1 k=1 1i,j=1
2
f > Z u ;00 jdOOrddx
k= i = (2.14)
2 3
= f D> 00,0 diddx + f Z Z 00 ju 0;ddOrddx
k=1 1i,j=1 k=1 i,j=1
2 3
+ f D0 Oha;0,dd 00iddx
k=1 1i,j=1
2 3
= | D2 du;0,ddi0idddx + f Z Z Oy j0;d0 0,0y ddlx
k=11i,j=1 k=1i,j=1
= L31 + Lay,

Mw

2 3 2
Ly = f DD D 00 ddddiddx + f D) Oizd3ddiddpddx

k=1 i=1 j=1 k=1 i=1

2 3 2 2 3
- f ;;;aiujajdaiakakddx f ;Z}:aka,-uﬁﬂ@iakddx 015)
=1 1=1 j= =] 1=
2 3

f D0 diuzds0rddidddx

k=1 i=1

s 3 2 2 3
Ly = f Z Z Z O ;0;dd j0;0rddx + f Z Z Ok j03d0 j030rddx, (2.16)

k=1 j=1
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Thus, combining (2.14)-(2.17), we have

I <C f \Vul|V,d||V,V2d|dx + C f |Vus||[V2d||V, Vd|dx

(2.18)

+C f IVidlIViVul|V, Vd|dx + L3qs.

Noting that Lyy3 + L31p = 0.
For the term L4, we have

Li=- [ as@- sy =~ [(aGaPa) - sd)- Ay

= f V,(|dI>d)V ,Addx + f IV, Vd|>dx

2
= f Zak(|d|2d)8kAddx+ f IV, Vd|*dx
k=1
2 2
= f Z|d|26kdakAddx+2 f Z(d-(’)kd)(d-akAd)dx+ f IV, Vd|*dx.
k=1 k=1

Then using (2.2) and (2.3), we can obtain

(2.19)

Ly < ClIZIIVAdlllIVaAdll + IV, Vdll5
< Clldol12, IV VLIV, Adll + (V4 V3 (2.20)

1
< §||VhAd||§ + C|IV4Vd|f3.



Combining (2.8)-(2.20), then (2.7) becomes
5% (I 4ull3 + V4V I3) + V4 Vull3 + VaAdI3
Cfqu3||Vu||th|dx+Cfqu3||th|2dx
+C f IV4d||IVuV2d||Vuldx + C f Vus ||V, Vd||[V2d|dx 2.21)
C f IVhdllthulthledx+%lthAd||%+C||Vth||§

=M +M, + M3+ My+ Ms+ Mg+ M.

Next, we will estimate terms from M| — M7 step by step. By using Holder’s inequality, the
Sobolev and Ladyzhenskaya inequality(2.2) and Young’s inequality, we get

M; < ||Vus]lglVpull < CIIVu3II2" IVaull; + IIVhVullg, (2.22)

3

1-3
M3 < CIIVudlpIVaV2dIRIVull, 7 (IVull?

1-3 2 1
< CIIVhdIIpIIVhV2d||2IIVu||2 PVl IV2ully (2.23)
2 2p-3)

1
sguvhvzdnﬁ —||VhVu||2+C||Vhd|| 2|V ||2”||V2u|| ,

1-3 3
Ms < ClIVidlIplIViVul oIV Vdll, "1IVAVdllg
1-3 3
< ClIVidllplIVeVull2| VA Vd]l, ”IIVhV2d||2” (2.24)
1
< —IVaVull3 + _”VhV2d||2 + ClIVudlly” IIVthIIZ

Next, we will estimate terms M| and M4 by two cases.
o If g € (3, 0], then

My < CliVusligl Vull2lIVaull 2
2

3 3

1-
< IIVM3I|q||Vu||2|Ith||2 ! ||th||g (2.25)

IIVhVullz + C||Vu3||2" HIVull3,

My < C”VM3||q||V2d”2||Vth||27‘12
=

3 1=3
< CIIVM3||q||V2d||2||Vth||gIIVth||2 ! (2.26)

||V;,V2d||2 + cnwgnz‘f ‘||v2d||2



e If g € [2,3], then

M, < ClIVusllgliViullellVull s
5q—

2g-3 3—q
< ClIVusllglVaVull2Vull,* IVull*
+6 2q 2g-3 ) 3 q
3
< CIIVM3||q||VhVu||2 T Vull, 11V ull,”
6q 129-18 629

5q—6 5q—6 2 5¢-6
—IIVhVu||2+CIIVu3II" IVull,™™ IV=ull,”™,

My < cnwgnqnvzdnﬂ||Vth||6
2g-3
< C||Vuz||q||vhvzd||z||v2d||2‘f ||V2d||

124-18 6-2¢

||vhv2d||2 + C||Vu3||54 6||V2d||;‘f ~IVAdILC.

By combining (2.22)-(2.26), then (2.21) becomes

d
—(||th||§ + IV, VdIR) + IV, Vull3 + IV,AdI3

2]) 2(p-3)

< CIIVusllzq 3(||thII2 + IVully + IV2dII3) + CIIVadll [IVull,” IIVzuII

+ C”Vhd” IIVthII2

By integrating in time, then we have
!
sup (IVull3 + IVAVdI[3) + f (IVLVull3 + IVAdI3)dT
0<r<t

< IVauoll3 + V4 Vdoll; + Cf IIVu3||2" (IVpul3 + IIVMIIZ +[IV2dlp)dr

t 2p 2(p-3) 4

IIVhdII IVl |IV2u||2 “dr+C IIVhdII IIVthllﬁdT

Besides, by combing (2.22)-(2.24) and (2.27)-(2.28), then (2.21) becomes

d
—<||vhu||§ +IVAVdI3) + IV, Vull3 + IV,Adl3

< CIIVusllz" IVaull3 + CIIVusllsq *(IVully + ||V2d||2) S0 (||V2M||2 + IIVAdllz)Sq ¢
2p 2(p=3)

+ ClIV3dlly IVull,”™ IIVZMII +CIIVhdII” 3IIVthII2

(2.27)

(2.28)

(2.29)

(2.30)

2.31)



By integrating in time, then we have

!
sup (IVull? + IV, Vd|3) + f (IVLVull3 + IV, AdIR)dT
0<r<t

29
< IVauoll? + IV, Vdoll3 + C f IVusll ) IV pull3dt
(2.32)

+ Cf IIVu3II5" IVl + 192l 5 (IV%ully + IVAdll) 7 dr

2 2Ap-3)
+Cf||Vhd|| NVull,” IIVzuII”sz+Cf|IVhdII *|IV,Vdl3dr.

Taking A on both sides of (1.1); and multiplying it by Ad, then multiplying (1.1); by —Au,
by adding them, it follows from (1.1)3 that

d
Ed—t(uwni +IAdI3) + llAull3 + VA3

3
- f (- Vyu- Audx =2 f Vu:d,Vd - Addx — f Af(d) - Addx (2.33)
i=1

=F+F,+ Fj.

Then we will compute F, F, and F5 step by step. By using (1.1)3,

F = f(u Vu - Audx—fzZuaujﬁkakujdx+fzu8u16363u1dx

k=1 i,j= i,j=1
f Z Z Byt ;O x + f Z Z widiu j0303u jdx + f Z U303 ;0303 x
k=11i,j=1 i=1 j=1
fZZakuaujaku dx — fzzlic%uau 031 jdx
k= llj 1 i=l j=

+ f Z(ﬁlul + Byt D31 D31 jdx
j=1

<C f IV ,ul|Vul>dx

1 3
< ClIVpul2lIVully [IVullg

1 1
< ClIVaull[IVull; IVA Vull2l|Aully
(2.34)

10



0ju;0;0;dAddx

VY

1l
—_

g 1M

)
f

8ju;0:0 ;dAddx — 22 f 013030 jdAddx

,_

=
=Fy+F»

3

2 2 3
F21:2Z f@&u,adAddx+ZZZf6u6d6 Addx = Fay1 + Fopo,

i=1 j=1 i=1 j=1

Fr <C f IV, d||V2ul|V2d|dx

1=3 3
< CIIVudll IV ullIV3dll, " IV3d)|!
3 1-3
< C||Vhd||p||V2u||2||v3d||5||V2d||2 ’

1 2])
sznvzuné —||VAd||2+C||Vhd|| *Iv2dli3,

Frp < CfthdlqullVAdldx

1=3 3
< ClIVAdllpIVAdIIIVull, “1IVullg
1=3 3
SCIIVhdllpllVAdII2||Vu||2 7 |IVu II”

1
szuvzuni —||VAd||2+C||Vhd|| ||Vu||2

We estimate the term of F»; by two cases.
o If g € (3, o0], then

Fy < C||Vu3||q||vzd||z||v2d||
q-—
3

< ||ws||q||v2d||2||v%l||2 "||V2d||g

||VAd||2 + C||Vu3||2" *||V2d||§.

11

(2.35)

(2.36)

(2.37)



oIf g € [3,3], then

Fyy < ClIVuslgIV2dllglIVdl| oo,
o

23 3
< ClIVusllgIVAdILIV2dll, * [1V2d]|"
23 (2.38)

3 29-3
< ClIVusll IVAdIIZ IV2d]l, *
1 15
< gnmdué + Cl[Vus || IV2d]f3.

For the term F3, similar to the estimate of L4 in (2.20),

Fs= —fAf(d)-Addx

= f V(ld*d)VAddx + [|Ad]f3

(2.39)
= f ld’VdVAddx + 2 f (d - Vd)(d - VAd)dx + ||Ad|5
1
< §||VAd||§ + ClIAdI3.
Combining (2.34)-(2.37) and (2.39), (2.33) becomes
d
d—<||Vu||§ +1IAdI3) + llAull3 + VA3
? 1 1 5 . (2.40)
< CIVRullIVullZ IV VUl lAul)? + C(L + Vsl + 1IVadlly ™ AACIS + [1Vull3).
Then by integrating in time, we obtain
!
IVull3 + A3 + f (lAull3 + IVAdI3)dr
0
! 1 1
< Vuoll3 + lAdoll3 + C f IV aull IV ull2 IV Vul | Aul) d
0 (2.41)

2q 2p

t [ S —_—
+C f (L +IVusll;™ + IV,dll; 7 )AIAGS + IVull3)dr
0

q 2p

4 2q_
< Vuoll3 + |Adoll + CH(z) + C f (L +1IVuzll ;™ + IV,dll;HAAI + (IVull3)dx,
0

where .
1 1
H() = f IVaul 2AVull; IV, Vull2||Aul|; dr.
0

12



Combining (2.30), we have

1 1 1

! 1 t b3 t 1

H() < sup ||vhu||z( f ||Vu||§dr) ( f ||VhVu||§dr) ( f ||Au||§df)
0<r<t 0 0 0

1
f f 7
< C(sup IVaull2 + f ||VhVu||§dr>( f ||Au||§dr)

0<t<t

{||vhuo||2+||vhwo||2+c f ||Vu3||2q3<||vhu||§+||Vu||§+||v2d||§)dr

2(1,;> 5

+C f ||vhd|| ||w||2” v un
2p L
||Vhd|| YV, Vdli3dr) ( f ||Au||§dr)

4
2q 3
< C(nvhuon2 + ||Vth0||2) +C f IVasl|;” (IVull5 + ||V2d||§)dr]

+C

4
2(p=3) 3
+C[f IIVhdII IIVMIIQ" : IIVZMII” sz f IVl IIVthH%dT]

- f |Aull3dr

< C(nvhuon2 +||Vth0||2)+ f lAull3dt + C f ||Vu3||6q 9(||Vu||§+||v2d||§)dr
4(p-3

)
Vd’”V 2d o Aul)>d de,, V2d||>d
|| wdlly” IVullydr || ullydt || wdll,” IV=d|l3dr

< C(IIthoI|2 + ||Vth0||2) +5 f IIAullﬁdT + Cf IIVM3II6" 9(IIVLtllz +[IV2dl)3)dr

3(]7 2)

%p 3)

]72/>3 ) —10
IIVhdII IVullydr

< C(IIthoII2 + ||Vth0||2) +5 f IAul3dT + Cf IIVM3II6“ "(IVully + IV*dI)dr

f IVadlll 3||v2d||§dr]

e f Vsl Vuldr + € f 193l 7 V2 dr.
(2.42)
Then combining (2.41) and (2.42), we have

A
IVull3 + IAd]]3 + f (IAull; + IVAdI3)dT
(2.43)

<C f <||Vu3||“ ° + ||Vhd||*” “’)(nVun% +IV2d|3)dr + C.

By Gronwall’s inequality, (1.3), (1.4) and (1.6), then the solution can be extended beyond 7.

13



On the other hand, combining (2.32), we have

1 1 1

f 1 f b f 1

H(1) < sup ||vhu||z( f ||Vu||§dr) ( f ||thu||§dr) ( f ||Au||§dr)
O<r<t 0 0 0

1
t t 1
< C(sup IVl + f ||VhVu||§dr)( f ||Au||§dr)

0<t<t

< A{IVauoll3 + IV Vdoll3 + Cf ||Vu3||2“ IVaull3dr

+C f ll%n”"’<||Vu||z+||V2d||z> i (IV2ullz + [IVAd|]) 56 dr

1
2p 2(p-3) 2p ! %
||Vhd||"2||Vu||2” ||V2u||" *dr+C ||Vhd||" 22|V, Vd|3dr ( f ||Au||%dr)
0

||VM3||2‘1 5 \Vul2dr |
2

3
f ||VM3II5" IVl + 1192dll2) 5 (IV%ully + [IVAdIl) 5 OdT]

< C(IIthollz + IIVthoIIZ) +C

Wy
fIIVhdII (Vull,” IV ull dr +C

2
+Z£||Au||2d‘r

4
2]) 3
f IVadll, IVthH%dT]

14



< C(IItho||2 + IIVthollz) + - f Il Aull3d + Cf IIVu3||6" 9IIVMH%dT
2(124-18)

129 3(54=6)
f Va3 lly™ " (IVull5 + IIVzdllz)dT} [f (1Aull + IIVAdIIZ)dT]3<“f g

+

4
f IVadll} *||V2d||§dr]

3 —2
IIVhdII IIVullﬁdr] (f llAul3 d0)TD + C

<C(IIthoII2 +IIVtho|I2)+ f IAul3dT + < f IIVAdllidT+Cf IIVM3II°"9||VMII§dT
2(12¢-18) 4(p=3)

121211'8 5 5 . 19930 4 5 3p-10
fIIV slly 7 (IVully + IVodlly)dr +C IIVhdII IIVullsz

f ||vhd|| ||v2d||§dr

< C(IVuol + 1935 doll) + f IAulidr + ~ f IVAdIRdr +C f sl 3 [Vl

+Cf IVu 3I|]9" %O(IIV II2+I|V2dII2)dT+Cf IIVhdII”’ 10IIV 3dt

+C f ||Vhd||3<” Y||IV2d|j3dr.
(2.44)

Then combing (2.41) and (2.44), we have

!
IVull; + IAd]l; + f (lAull3 + IVAdI3)dr
0 (2.45)

24¢ 8p
<C f (IVuslly™ + 1V,dlL " )(AIVall3 + IV2dI3)dr + C.

By Gronwall’s inequality, (1.3), (1.4) and (1.5), then the solution can be extended beyond 7.
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