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Abstract: Recent researches show that virus-to-cell infection and cell-to-cell transmission are two HIV infection modes. In this paper, we propose a delayed HIV infection model including both virus-to-cell infection and cell-to-cell transmission and CTL immune response. The time delay describes the phenomenon between viral entry and viral production. We show the nonnegativity and boundedness of solution, obtain the equilibrium points and prove local asymptotic stability of the equilibrium points. Then the optimal control problem with antiretroviral therapy and pharmacological delay is posed. We establish and analyze two types of objective functions, one is linear control and the other is quadratic control. Numerical simulations have been performed to verify the stability of equilibrium points and show the optimal control strategies and the effects of control on cells concentration by Matlab and Lingo.
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1 Introduction

Human immunodeficiency virus (HIV) mainly attacks the human immune system, which can weaken the body’s defense against infections, diseases or cancers. Statistics show that there were 21.7 million HIV-infected individuals access to antiretroviral drugs in 2017 [1], where the antiretroviral drugs generally consist of reverse transcriptase inhibitors (RTIs) and protease inhibitors (PIs) [2]. Over the past decade, many scholars have focused on HIV infects cells through the virus-to-cell infection [3-5]. However, some articles have showed there are two HIV infection modes by virus-to-cell infection and cell-to-cell transmission in recent years [6-8]. Cell-to-cell transmission can reduce the probability that the virus is neutralized by antibodies and cleared by cytotoxic T lymphocytes (CTLs) [7], cut down the effectiveness of antiviral drugs and explain the persistence of viral load during effective therapy [8].

The study of HIV infection model can provide help and guide for understanding the dynamics of the virus and exploring the optimal treatment measures. With the discovery of two transmission modes, mathematical models including both virus-to-cell infection and cell-to-cell transmission were established and analyzed in ref [9-12], where reference [9] further considered a delayed model with latent infection. In 2014, Gollmann et al [13] derived the minimum principle for multiple delayed optimal control problem. Subsequently, Rocha, Rodrigues and Rocha et al [14-16] discussed the local stability of equilibrium points and the optimal treatment strategy in a delayed HIV infection model, but these models only described the virus-to-cell infection. In ref [14, 15], the optimal control problem used the single drug (RTIs), considered pharmacological delay, and established the objective function of linear control. In ref [16], the optimal control problem discussed the two drugs (RTIs and PIs) and established the objective function of quadratic control, but did not consider pharmacological delay. 

On the basis of the ref [9, 14-16], we consider the following model of delayed differential equations:
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respectively are the concentrations of uninfected CD4+T cells, infected CD4+T cells, free virus particles and CTL effectors at time 
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is the proliferation rate of uninfected CD4+T cells, 
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are the infection rates of free virus and infected CD4+T cells on uninfected CD4+T cells respectively, 
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is the killing rate of CTLs on infected CD4+T cells,
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is the average number of free virus released for a single infected CD4+T cell, 
[image: image10.wmf]a

is the self-propagation for CTLs, 
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represents the surviving probability of infected CD4+T during the age of
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are the death rates of uninfected CD4+T cells, infected CD4+T cells, free virus particles and CTL effectors. The initial conditions for system (1) are given by:
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From [17], we know that the solution 
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of system (1) satisfying (2) and (3) is existing and unique for all
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In this paper, we mainly discuss the nonnegativity and boundedness of solution in system (1), calculate the basic reproductive number and equilibrium points, and prove the local stability of equilibrium points. Meanwhile, the optimal control problem including two drugs (RTIs and PIs) and pharmacological delays is considered, where the objective functions of linear control and quadratic control are established by using the effect of drug treatment as control variable and aiming at maximizing the concentration of uninfected CD4+T cells and CTLs and minimizing the side effect of drugs within a certain treatment time. The characteristics of optimal control are discussed by using the minimum principle for multiple delayed optimal control problem. The local stability of equilibrium points is verified by numerical simulation. Ref [13, 14] used AMPL and IPOPT (or LOQO) to simulate the optimal control problem with time delay. However, we use Matlab and Lingo to give the optimal control strategies and the effects of control on the concentration of uninfected CD4+T cells, infected CD4+T cells, free virus particles and CTLs.

2 Analysis of the delayed model

2.1 Nonnegativity and boundedness of solution

Theorem 1 Let 
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be the solution of system (1) with initial conditions (2) and (3), then 
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is nonnegative and bounded for all
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Proof From the system (1), we have:
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is a small enough positive constant, so we have 
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. On the other hand, from the second equation of (1), we have
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Next, we will prove the boundedness of solution of (1) with initial conditions (2) and (3). From the first equation of system (1), we have 
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From the third equation of system (1), we have
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From the proof of Theorem1, a positive invariant set of system (1) is given by:
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2.2 The basic reproductive number and equilibrium points

Obviously, system (1) has an infection-free equilibrium
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The Jacobian matrices of 
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Using the next generation matrix method [19], the basic reproductive number of system (1) is
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Proof The equilibrium points of system (1) satisfies
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              (4)
From the first and third equations of (4), we have
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Meanwhile, from the fourth equation of (4), we have 
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from the above equation. If 
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2.3 Local stability

In order to simplify the following discussion, we note
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Proof Let
[image: image141.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

**

,,,

xtTtTytTtTptVtVqtCtC

=-=-=-=-

, where 
[image: image142.wmf](

)

*

,,,

TTVC

 denotes any equilibrium points of (1). The linearization of (1) at 
[image: image143.wmf](

)

*

,,,

TTVC

 is given by

                     
[image: image144.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

,

xtxtxt

ytytyt

d

SS

ptptpt

dt

qtqtqt

t

t

t

t

-

æöæöæö

ç÷ç÷ç÷

-

ç÷ç÷ç÷

=+

ç÷ç÷ç÷

-

ç÷ç÷ç÷

ç÷ç÷ç÷

-

èøèøèø

                    (6)
where


[image: image145.wmf](

)

(

)

*

*

*

1221

*

3

1

3

**

0

00

,

00

0

T

T

v

T

c

kVkTkTkT

kCkT

N

aTCaTCaTT

S

m

m

mm

m

-++--

æö

ç÷

ç÷

=

ç÷

ç

-+

ç

èø

-

-

÷

÷

-



[image: image146.wmf](

)

*

12

2

21

0000

0

.

0000

0000

kVkTekTekT

S

e

dtdtdt

---

æö

ç÷

ç÷

=

ç÷

ç÷

ç÷

èø

+


The characteristic equation of system (6) for any equilibrium point 
[image: image147.wmf](

)

*

,,,

TTVC

 is 


[image: image148.wmf](

)

12

0

ESSe

tl

ll

-

D=--=

,

where 
[image: image149.wmf]E

 denotes the identity matrix of dimension 4.
(i) The characteristic equation at infection-free equilibrium 
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It easily finds that there exist two negative real roots
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Assume that
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Using Routh-Hurwitz criterion, we obtain that 
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This leads to a contradiction. Therefore, when
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(ii) The characteristic equation at CTL-inactivated equilibrium
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It is easy to see that there exists a negative real root
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Assume that
[image: image180.wmf]0

t

=

, the equation (9) becomes


[image: image181.wmf]32

123

0,

CCC

lll

+++=


where


[image: image182.wmf](

)

(

)

*

*

*

*

*

*

1

2

100

00

20

1

20

3

12

0

,

,

.

1

1

Tv

v

T

T

vTvT

T

TTv

T

T

Tv

v

Tv

T

ksN

ks

CRR

RR

kR

ksN

CR

kN

R

k

C

m

mmmmm

mmm

m

m

mm

m

m

mm

m

mm

m

=++-=++

=+

=

-

+

+

-


Therefore, we have 
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Assume that 
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By adding up the squares of both equations and using the fundamental trigonometric formula, we get
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Let
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Obviously, the equation (8) exists a positive root
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    (iii) The characteristic equation at CTL-activated equilibrium
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is given by:
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Assume that
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By calculating, we have
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Assume that 
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By adding up the squares of both equations and using the fundamental trigonometric formula, we get 
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The proof is complete.
3 Optimal control

In this section, we study the optimal control problem including two drugs (RTIs and PIs) and pharmacological delay. Within a certain period of treatment, we expect to achieve the concentration of uninfected CD4+T cells and CTLs as large as possible and the drug side effect as small as possible by controlling the efficiency of RTIs and PIs. Recently researches [21, 22] show that PIs can effectively block cell-to-cell transmission of HIV while RTIs are less effective inhibitors cell-to-cell transmission compared to cell-free infection. Based on system (1) and ref [21, 22], we propose the following model:
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where 
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The set of admissible control function is given by:
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where 
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 denotes the final time of treatment.

In order to facilitate the following discussion, we note that
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3.1 Objective function of linear control

Assume that the objective function is the linear function about control variables 
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, we define objective function:

            
[image: image241.wmf](

)

(

)

(

)

(

)

(

)

1121122

0

,,

f

t

JuuTtCtututdt

aa

=+--

éù

ëû

ò

              (14)

where weight parameters 
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 respectively stand for the benefits and costs of drugs RTIs and PIs. Since optimal control expectation is the concentration of uninfected CD4+T cells and CTLs as large as possible and the drug side effect as small as possible in 
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Next, we mainly discuss the characteristics of optimal control. Due to the minimum principle for multiple delayed optimal control problem [13], we assume the adjoint variable is 
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Further, the adjoint equations are given by
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where 
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Moreover, the transversality conditions are
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From (16), we obtain the following switching functions:
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where
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    Therefore, the optimal control 
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3.2 Objective function of quadratic control

Assume that the objective function is the quadratic function about control variables 
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and
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, we define objective function:
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where weight parameters 
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 also respectively stand for the benefits and costs of drugs RTIs and PIs. Similarly, we need to find 
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Next, we mainly discuss the characteristics of optimal control. Due to the minimum principle for multiple delayed optimal control problem [13], we define the Hamiton function:
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where the adjoint equations and transversality conditions are same as (17) and (18).

From (21), we obtain the optimal control 
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where
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4 Numerical simulation

In this section, we mainly verify the Theorem 3 and show the optimal control strategies and the effects under corresponding control on the concentration of uninfected CD4+T cells, infected CD4+T cells, free virus particles and CTLs by numerical simulation. Based on ref [16], we assume the initial values are
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. Furthermore, the parameter values of system (1,11) are given in Table1.
4.1 Equilibrium points stability of system (1)
Considering the appropriate parameter values from Table 1, we verify the stability of equilibrium points in Theorem 3 by Matlab. Firstly, the values of parameters in simulation are
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. The numerical results are shown in Figure 3. Obviously, 
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4.2 Optimal control with objective function (14)

We consider the treatment time interval 
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 and the other parameters remain unchanged. Firstly, the optimal control problem (11-13,15) with objective function (14) is discretized into a nonlinear programming problem (NLP), where the discrete step is taken as
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and when 
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4.3 Optimal control with objective function (19)

Here the parameters values are the same as numerical simulation of optimal control with objective function (14). Similarly, we get the optimal control strategies of optimal control problem (11-13,20) and effects of the control on the concentration of cells
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5 Conclusion and discussion

For HIV mathematical models, many literatures have studied virus-cell infection, but few literatures have studied both virus-to-cell infection and cell-to-cell transmission. Similarly, there are many researches have studied the dynamic of delayed HIV infection model, but few researches have studied the optimal control of delayed HIV infection model. In this paper, we consider the dynamic and optimal control of a delayed HIV infection model including virus-to-cell infection, cell-to-cell transmission and CTL immune response. In the qualitative analysis, we analyzed the
nonnegativity and boundedness of solution, obtained the equilibrium points, the basic reproductive number 
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 and the CTL immune response reproduction number 
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. Due to the biological meaning of 
[image: image324.wmf]1

R

, the article discussed under the condition 
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, we proved that the infection-free equilibrium 
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; the CTL-inactivated equilibrium
[image: image330.wmf]1

E

 is locally asymptotically stable when 
[image: image331.wmf]*

10

1,

v

T

RR

mm

<<>

and unstable when
[image: image332.wmf]1

1

R

>

; when 
[image: image333.wmf](

)

{

}

2

1012

1,max,,0

T

RRD

mkk

>>³

and
[image: image334.wmf](

)

(

)

1121

00,0

zorzFz

<>>

 the CTL-activated equilibrium
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 is locally asymptotically stable. In analysis of optimal control problem, whether the optimal control problem is established by objective function (14) or (19), the adjoint equations and transversality conditions are same, but the conditions of optimal control variables are different. In the simulation, we verify the local stability of equilibrium points. Meanwhile, we compare the results of optimal control problems under two kinds of objective functions. It easily find that the control effects are similar, which both can increase the concentration of uninfected CD4+T cells and reduce the concentration of free virus particles. However, the optimal control strategies are obviously different. The optimal control strategy corresponding to objective function (14) is easier to implement in clinical practice.
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Table 1 Parameter values of system (1,11)

	Parameter
	Unit
	Ranges
	Reference
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