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Abstract
Fatigue tests with solid round bar specimens were carried out to investigate the effect of stress amplitude ratio on the axial-torsion fatigue failure of low carbon steel under a certain equivalent stress. The processing of surface short cracks initiation and propagation were recorded by replica technology. It is observed that all the crack propagation curves based on the criterion of dominant effective short fatigue crack (DESFC) clearly exhibits a similar oscillations tendency caused by the microstructure. In addition, the fatigue life, fracture angle and crack source vary with the value of stress amplitude ratio. Hence, a short crack model incorporating the effects of stress amplitude ratio was used to simulate the short crack growth rate, and the model can directly estimate the biaxial short cracks growth rate under different stress amplitude ratios according to the experimental data of uniaxial short cracks. A good agreement is achieved between simulation results and experimental data.
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1 INTRODUCTION
[bookmark: _Hlk36462458]Many engineering components and structures in the actual service conditions undergo multi-axial cyclic loading. In multi-axial loading, the effect of stress characteristics on fatigue failure is complex due to the direction of the stresses and strains. On the other hand, because of the difficulty, high cost and long-time of multi-axial fatigue test, extensive studies on materials were conducted on uniaxial loading, and there are relatively few studies on multi-axial fatigue test. Hence, this study aims to propose a model, which can be used to describe the crack growth rate under multi-axial loading by the uniaxial fatigue test data.
At present, theoretical analysis and experimental studies involving the stress characteristics effect on the fatigue behaviour have been conducted and some important achievements have been made. Stress characteristics tests were carried out on the solid smooth round bars [1][2][3] or thin-walled hollow cylinder [4][5][6]. Brown and Miller [7] firstly proposed a theory based on physical interpretation for multi-axial fatigue behaviour. This theory interprets that the shear train and tension strain effect on fatigue failure mechanism. Fatemi and Socie [8] predicted multiaxial fatigue life by modifying Bown and Miller’s critical plane approach [7], and then Foletti [9] reviewed the research status of multi-axial fatigue in the past 40 years and believed that the crack initiation and propagation are influenced by stress condition. In the follow-up other studies [10][11][12][13], the statistical research on fatigue behaviour under the uniaxial tension, pure torsion and combined axial-torsion loadings were conducted. The results suggest that the crack growth rate varies with the different stress conditions. 
Kumar and Singh [14] found that the fatigue life increases with increasing stress ratio. Liu [15] found that the fatigue life is shortest under 90º out-of-phase combined tension and torsion loading path. The fatigue life is the longest under pure torsion loading path. It is explained the difference in fatigue life under different loading conditions. Chen et al. [16] found that most of the fatigue life of 2A12 aluminum alloy is consumed in the crack initiation stage, and the shear stress had an important influence on the crack initiation stage. As the stress amplitude ratio increases, the tension-compression loading increases, the torsion loading decreases. Then, the shear stress damage decreases to delay the crack initiation, thus multi-axial fatigue life of the material increases. The results demonstrate that the change of strain amplitude directly affects the fatigue life of materials. Yang et al. [17][18][19] recently studied the short fatigue crack behaviour of railway axles under different load forms, such as axial tension-compression, pure torsion, rotary bending as well as combined tension and torsion, etc. The studies verify the influence of load form on fatigue behaviour. With the change of stress amplitude ratio in tension and torsion, the material exhibits different fatigue properties. In particular, the difference reflects in fatigue life, crack initiation and propagation, along with fracture mode. However, few works of literature have studied the effects of different stress ratios on fatigue behavior from the perspective of short cracks. At the same time, the axle is the key component of the vehicle bogie. The axle bears the joint action of different load forms under the actual working condition. Therefore, the study on short fatigue cracks behaviour of the railway axles under variable load forms is critically important, especially in academic research and industrial applications. 
In this work, LZ50 steel, which is widely used in the Chinese railway axle, is taken as the object. By experiments the fatigue life, fractography and crack growth rate under different stress amplitude ratios with a certain equivalent stress are obtain. Based on the previous work, the objective of the present study is to establish a short crack growth rate model. These research can be helpful for future research in this area.
2 MATERIALS AND METHOD
2.1 Material and specimens
The current paper focuses on the initiation and propagation of short fatigue cracks in carbon steel (LZ50 steel). The steel is widely used in railway axles due to its high tensile strength, good ductility and weldability. This material investigation is LZ50 steel with the chemical composition and the mechanical properties accessed in Ref [18], which are listed in Table 1 and Table 2, respectively. 
To reveal the fatigue behaviour of LZ50 steel under different combined axial-torsion loadings, the specimens were removed from the axial direction of the axle. The middle of the specimen was machined into a smooth funneled-shape according to ASTM E466-15 with a minimum cross-section diameter of 6mm. Furthermore, the funnel-shaped part should be mechanically polished to reach the mirror effect so as to facilitate to observe the initiation and propagation of the short cracks. The shape and geometry of the specimens are designed and shown in Figure 1. 
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FIGURE 1  The geometric freature of the specimen and replica region. The dimension is in mm.

TABLE 1
Chemical compositions in weight% of investigated materials [18].
	C
	Si
	Mn
	Cr
	Ni
	Cu
	Al
	P
	S

	0.470
	0.260
	0.780
	0.020
	0.028
	0.150
	0.021
	<0.014
	<0.007



TABLE 2
Mechanical properties for the investigated materials [18].
	
Offset yield stress,  (MPa)
	
Ultimate tensile stress, (MPa)
	Young’s modulus, E (GPa)
	Elongation, δ5 (%)

	342
	647
	209
	24


2.2 Experimental procedure
[bookmark: _Hlk40262085]The tests were carried out with MTS 809 servo-hydraulic testing machine with a 250 kN load capacity. It measures the applied load with a precision of 0.1%, which meets the requirements of the test. All tests were conducted at room temperature under stress control, and each specimen was loaded symmetrically by a sine wave until ruptured completely. A frequency of 2 Hz was performed in the test. At least two specimens were tested for each loading condition, one un-replicated specimen was tested for fatigue life to determine the replication numbers, and the other replicated specimen was tested to obtain effective test data. The equivalent stress  is defined as von Mises stress, and which was set to 340 MPa in the test. The relevant expressions are given by as following [20]:

                                                                        (1)

                                                                         (2)

                                                                      (3)

Where, σ and τ are axial stress and torsional stress, respectively. σa and τa are axial stress amplitude and torsional stress amplitude, respectively. ω and  are the angular frequency and phase angle, respectively.
The ratio of stress amplitude λ is defined as the ratio of axial stress and shear stress, which is calculated as: 

                                                                            (4)
For the effect of stress amplitude ratio under non-proportional loading, seven ratios of stress amplitude (λ= ∞, 3, 1.67, 1, 0.6, 0.33, 0) are selected in the condition that phase angle is 90°. The fracture angle α is defined as the angle between axial direction of the specimen and the fracture surface. The experimental results are shown in Table 3.
TABLE 3
Information of specimens for TT tests
	λ
	σα (MPa)
	τα (MPa)
	Fmax (N)
	Tmax (N·m)
	Specimen Number
	Nf (cycles)
	α (deg)

	∞
	340
	0
	9613
	0
	TT1
	15945
	85

	3
	294
	98
	8313
	4.16
	TT2-1
	52801
	80

	
	
	
	
	
	TT2-2
	48891
	79

	
	
	
	
	
	TT2-3
	50609
	80

	
	
	
	
	
	TT2-4
	50176
	81

	
	
	
	
	
	TT2-5
	51336
	79

	1.67
	236
	141
	6673
	5.98
	TT3
	127077
	75

	1
	170
	170
	4807
	7.21
	TT4
	171076
	72

	0.6
	111
	185
	3138
	7.85
	TT5
	252840
	62

	0.33
	64
	192
	1810
	8.14
	TT6-1
	306892
	51

	
	
	
	
	
	TT6-2
	327955
	50

	
	
	
	
	
	TT6-3
	338356
	50

	
	
	
	
	
	TT6-4
	343091
	52

	
	
	
	
	
	TT6-5
	338410
	51

	0
	0
	196
	0
	8.33
	TT7
	301705
	38


3 EXPERIMENTAL RESULTS
3.1 Fatigue life analysis
[bookmark: _Hlk37811552]The λ effect on Nf was depicted schematically in Figure 2, and the relation curve between Nf and λ was fitted. For the condition of equivalent stress, the Nf increases with the decreasing λ. Furthermore, the Nf increases significantly with the constant decreasing λ. Therefore, it can be inferred that the effect of tension and compression loading on fatigue damage is greater than that of torsion loading. 
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FIGURE 2  Relation curve between multi-axial fatigue life and stress amplitude ratio of LZ50 steel. 
3.2 Fractography Analysis
The fracture angle, α, is significantly different (see Table 3). For the condition of λ=∞, that is pure uniaxial loading, the α=85º is the largest. For the condition of λ=0, that is pure torsion loading, the α=38º is the smallest. For the condition from λ=3 to λ=0.33, that is combined axial-torsion loading, the α decreases with a decrease in the value of λ. The fatigue test of λ=3 and λ=0.33 have obtained 5 sets to reduce the scatter of experimental results, and the corresponding fracture angles are shown in Figure 3. From the figure, it is found that the fluctuation range of the fracture angles under axial-torsion loading with the same stress ratio is reasonable, and the α of λ=3 is larger than that of λ=0.33. 
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FIGURE 3  Definition of fracture angle, A; fracture appearance: B, λ=3 and C, λ=0.33.

The fracture surface of specimen is carefully examined by a scanning electron microscope (SEM). The aim is to investigate the effect of stress amplitude ratio on the behaviour of short fatigue crack growth. Figure 4 shows two typical fracture surface features taken from the specimen of λ = 3 and λ = 0.33. It is observed that the crack initiated on the specimen surface, and the origin region, propagation region and instantaneous rupture region are investigated clearly in the fracture appearance. However, the fracture appearances are also significantly different. 
For the case of λ = 3, in which axial loading plays a dominant role under combined axial-torsion loading. There are many river-line striations point to the origin region, as shown in Figure 4B. The main microscopic characteristics of propagation region are typical fatigue striations and secondary cracks. At the same time, the fatigue striations are continuous, parallel and basically perpendicular to the direction of crack extension, which is shown in Figure 4C. Many large deep dimples appear on the instantaneous rupture region shown in Figure 4C. From the whole fracture appearance, the fracture surface is flat and basically perpendicular to the specimen axis. This indicates that the maximum principal along the specimen axis is key to ultimate fracture of specimen. The fracture mode tends to mode I, that is tensile failure.
For the case of λ = 0.33, compared with λ = 3, the ratio of torsion loading increases. Multi-cracks origin initiate on the specimen surface [21][22][23], and obvious abrasion marks appear, as shown in Figure 4F. In the propagation region, the fatigue striations are also worn due to influence of the repeated torsion loading, as shown in Figure 4G. In addition, there are elongated shallow dimples along the shear direction in the instantaneous rupture region (see Figure 4H). The overall fracture is steep and the fracture angle is 50º, which is consistent with that of maximum shear stress. Therefore, the fracture mode tends to mixed mode I and mode II with increasing proportion of torsion loading. 

[image: F:\Doctor 2020\2020 期刊论文\期刊论文：应力幅比\2. FFEMS\FFEMS投稿\High-res image\FIGURE 4.tif]
FIGURE 4  Fracture feature of λ = 3: A, the overall fracture surface, B, origin region, C, propagation region and D, instantaneous rupture region; Fracture feature of λ = 0.33: E, the overall fracture surface, F, origin region, G, propagation region and H, instantaneous rupture region.

3.3 Short crack growth rate analysis
Based on the dominant effective short fatigue crack (DESFC) criterion [24], the DESFC growth rate under seven stress amplitude ratios were computed from test data by numerical differentiation using ASTM E466-15. All short fatigue cracks propagation curves clearly show a similar tendency, which are oscillations observed in short fatigue cracks consisting of acceleration periods and retardation periods. To analyze the relationship between DESFC growth rate and material microstructure, micrographs of the LZ50 steel are shown in Figure 5. The average diameter of the ferrite grain boundary is 19 µm. The average distance between pearlite bands for the horizontal direction is 80 µm to 200µm. Figure 6 depicts the evolution of the DESFC growth rate versus DESFC length and fatigue life fraction.
(A)
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FIGURE 5  The microstructure of LZ50 steel: A, pearlite bands in vertical direction and B, white ferrite and black pearlite.
FIGURE 6  The evolution law of the DESFC growth rate versus other parameters: A, DESFC length and B, fatigue life fracture.
On the whole, the DESFC growth rate curves of λ=3 and λ=0.33 are also similar. DESFC growth rate  increases initially, followed by twice decrease, then gain increases with increasing of DESFC length 2a or fatigue life fraction f. In addition, the DESFC growth rate curves of λ=3 are significantly higher than that of λ=0.33. This indicates that crack propagation is driven by the maximum principal stress. Under the fixed equivalent stress amplitude, when the stress amplitude ratio decrease, the amplitude of the normal stress on the minimum section of the specimen decreases continuously, while the amplitude of the shear stress increases continuously, resulting in the decrease of the maximum principal stress.
As shown in Figure 6A, the DESFC length 2a corresponding to the twice retardation periods of the DESFC growth rate is close to the size of the ferrite grain boundary and pearlite bands. The similarity between the values suggests that the oscillations observed in Figure 6A are due to the microstructure barriers. This is sensible since the ferrite grain boundary and pearlite bands are the microstructure barriers. Similar trends were previously found in ferrite and pearlite steels [18][25]. In Figure 6B, the twice retardation periods of the DESFC growth rate appear in the first 60% of fatigue life. At the end of fatigue life, the DESFC growth rate no longer slows down. In the short crack stage, the DESFC growth rate is hindered by the microstructure barrier. In the long crack stage, the DESFC growth rate has got rid of the microstructure barriers, and the long crack rapidly propagates to fracture.
4 SHORT FATIGUE CRACK GROWTH RATE MODEL
4.1 Short crack growth rate model
A model for describing the DESFC growth rate was recommended by Zhao et al. [24]. Based on this model, a short crack growth rate model considering microstructure factors was proposed by Yang [26]:

                                              (5)
[bookmark: _Hlk36820031][bookmark: _Hlk36820045][bookmark: _Hlk36820115]Where G0 is the lowest crack growth rate in the first cycle, ΔWt is the total far-field cyclic strain energy density, n is the total number of microstructure barrier , A and m refer to the material correlation coefficient.
[bookmark: _Hlk36820150]The resistance coefficient function, fi(Δdi), can be calculated as:

                                                             (6)
Where, di is the ith microstructure barrier, such as ferrite grain and pearlite bands structure of LZ50 steel in this paper, Δdi is the length of the DESFC tip after passing through the former microstructure barrier, (di-Δdi) is the distance between the crack tip of DESFC and the former microstructure barrier, ai is a constant parameter related to microstructure barriers and test data.
4.2 Short crack growth rate model considering stress amplitude ratio
In Table 3, the life increase ratio, M, is defined as the fatigue life of specimen TT2 ~ TT7 to that of the uniaxial specimen TT1. It should be noted that the fatigue life of specimen TT2 and specimen TT6 is taken as a mean value, respectively. Under the fixed equivalent stress amplitude, the fatigue life of the specimen increases with the decreasing λ. The fatigue life of the specimens under different stress amplitude ratios is the range of 3.18 to 20.76 times that of the TT1 specimen under uniaxial tension-compression loading.
The change law of fatigue life was analyzed by plane two-dimensional stress state [27]. With the decrease of the λ, the component of tension-compression load decrease and the component of the torsion load increase. For the funnel-shaped round bar specimen, the amplitude of axial stress on the minimum cross-section was decreasing, and the amplitude of torsional stress on the surface of the minimum cross-section was increasing. For each stress amplitude ratio loading path, the maximum principal stress and fatigue fracture angle can be calculated. According to the analysis of two-dimensional stress state, it can be seen that [27]:

                                                  (7)
The above formula is simplified as:

                                                               (8)
[bookmark: _Hlk36816635]Where, σmax and σmin are the maximum principal stress and the minimum principal stress, respectively. σx and σy are the component of the principal stress along the x-direction and the y-direction, respectively. τxy is shear stress.
According to Eq.(8), the σmax decrease with the decreasing λ under the non-proportional loading. Under the non-proportional loading path, the axial stress and torsional stress in the linear elastic stage also meet the elastic superposition condition. Therefore, the σmax in the non-proportional loading path is similar to that in the proportional loading path. With the decreasing λ, the σmax decreases and Nf increases. Thus, the fatigue life increase ratio, M, increases.
It can be seen that λ has a significant effect on Nf. Therefore, it is necessary to find out a way to quantify the stress amplitude ratio effect according to the test results, and reflect the influence of the stress amplitude ratio in the crack growth rate model.
TABLE 4
The fatigue life and the fatigue life increase ratio M under different stress amplitude ratios.
	Specimen group
	λ
	N (cycles)
	M

	TT1
	∞
	15945
	1.00

	TT2
	3
	50763
	3.18

	TT3
	1.67
	127077
	7.97

	TT4
	3
	171076
	10.73

	TT5
	0.6
	252840
	15.86

	TT6
	0.33
	330941
	20.76

	TT7
	0
	301705
	18.92


Constructing a function containing the λ effect:

                                                                        (9)
[bookmark: _Hlk36816958]Where K and B are the constant related to the material.
The K and B are calculated according to the test data and MATLAB software programming. The expression of stress amplitude ratio, λ, effect function for LZ50 steel is as follows:

                                                                 (10)
[bookmark: _Hlk36807645]FIGURE 7 shows the relationship between the M and the λ under multi-axial loading path. The general trend shows that for different stress amplitude ratios, M trends to decrease with the increasing λ.

[image: ]
FIGURE 7  The relationship between the life growth ratio and the stress amplitude ratio.

Based on the above analysis, the λ effect is added into the model proposed by Yang. According to the test results, considering that the λ effect function was introduced into the short crack growth rate model of specimen TT1 under the axial tension-compression loading path. The short crack growth rate model containing the λ effect can be obtained as follows:

                                     (11)
[bookmark: _Hlk36817047]Therefore, according to the test data of λ=∞ under the uniaxial tension-compression loading path, the DESFC growth rate of λ=3, 1.67, 1, 0.6, 0.33, 0 under tension and torsion loading paths can be obtained by equation (11).
5 RESULTS AND DISCUSSION
5.1 Short crack growth rate curve
Taking the short crack growth process of LZ50 steel as an example, the crack growth process is mainly divided into two stages. Before breaking through the ferrite grain boundary, the first stage is affected by the ferrite grain boundary barrier; After breaking through the ferrite grain boundary, the second stage is mainly affected by the pearlite band structure. For the convenience of the model description, the following marks 1 and 2 represent two kinds of microstructure barriers. The equivalent stress is the same under different stress amplitude ratios, and so the total cyclic strain energy density in the far-field is also the same. Then, assuming that the total cyclic strain energy density in the far-field does not affect the crack growth rate, the Eq.(5) can be further simplified as:

                                                       (12)

                                                      (13)
The relevant parameters of the short crack growth rate model under 7 stress amplitude ratios loading paths were obtained, as shown in Table 5. According to the test data, the prediction curves of the short crack growth rate model under 7 paths were obtained by fitting, as shown in Figure 8.
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FIGURE 8  Fitting effect of crack growth rate model on test data: A, λ=∞, B, λ=3, C, λ=1.67, D, λ=1, E, λ=0.6, F, λ=0.33 and G, λ=0.
TABLE 5
The relevant parameters of short crack growth rate model under different stress amplitude ratios.
	Specimen
	d1(μm)
	G01
(μm/cycle)
	A1
	m1
	α1
	d2(μm)
	G02
(μm/cycle)
	A2
	m2
	α2

	TT1
	28.90
	5.13×10-3
	5.32×10-2
	2.56
	0.53
	51.00
	6.73×10-3
	8.84×10-4
	1.55
	0.31

	TT2-5
	15.90
	4.67×10-4
	4.16×10-2
	2.61
	0.62
	103.20
	3.29×10-3
	5.71×10-4
	1.36
	0.35

	TT3
	16.90
	4.30×10-4
	4.56×10-2
	2.71
	0.68
	46.50
	5.80×10-4
	4.23×10-4
	1.16
	0.32

	TT4
	17.70
	2.85×10-4
	4.18×10-2
	2.76
	0.72
	90.80
	1.18×10-3
	2.02×10-4
	1.19
	0.60

	TT5
	27.60
	6.95×10-4
	3.60×10-2
	2.25
	0.71
	143.40
	8.93×10-4
	1.53×10-5
	1.78
	0.21

	TT6-2
	33.50
	1.81×10-4
	1.40×10-2
	2.94
	0.83
	114.20
	5.16×10-4
	1.41×10-4
	1.16
	0.28

	TT7
	27.50
	2.30×10-4
	3.18×10-2
	2.63
	0.79
	142.40
	4.31×10-4
	1.16×10-4
	1.25
	0.38



5.2 Short crack growth rate model considering stress amplitude ratio
[bookmark: _GoBack]Figure 9 shows the comparison of the DESFC growth rate of λ=3, 1.67, 1, 0.6, 0.33, 0 and that of λ=∞ before and after modification. It can be seen from the figure that under the same DESFC length, the modified DESFC growth rate of λ=∞ is coincident with the DESFC growth rate under other stress amplitude ratios. Take λ=∞ under tension-compression loading and λ=0.6 under combined tension torsion loading as examples. At the same DESFC length, the original DESFC growth rate of λ=∞ is greater than that of specimen λ=0.6. However, the modified DESFC growth rate of λ=∞ and that of λ=0.6 are basically coincident. It is further proved that the DESFC growth rate under uniaxial loading can describe other multi-axial crack growth rate by the model.


FIGURE 9  The DESFC growth rate of original and modified uniaxial tension compression is compared with that of other stress amplitude ratios: A, B, C, D, E, F, G are original test data of λ=∞, A1, B1, C1, D1, E1, F1, G1 are modified data of λ=∞.

FIGURE 9  (Continued)
6 CONCLUSION
In this paper, the crack initiation and propagation of LZ50 steel under seven stress amplitude ratios are studied. In general, the crack growth rate oscillates in the short crack stage, and the crack size is the same as the size of the microstructure barrier when the oscillation slows down, which indicates that the crack growth rate is closely related to the microstructure barrier of the material.
· Under the condition of a certain equivalent stress, the maximum principal stress on the internal element body of the sample decreases with the decreasing stress amplitude ratio, resulting in the DESFC growth rate decreasing, the fatigue damage decreasing and the fatigue life increasing.
· The fracture morphology of the specimens was analyzed. With the decreasing stress amplitude ratio, the angle between the fatigue fracture path and the axial direction of the sample was decreasing, and a single crack source gradually transits to a multi-crack source.
· Based on the fatigue short crack growth rate model of the microstructure barrier, the test data under 7 different paths are fitted, and the parameters and fitting curves of the fatigue short crack growth rate model are obtained. Furthermore, the stress amplitude ratio effect function is introduced to modify the short crack growth rate model. This model can well reflect the law of short crack growth rate changing with stress amplitude ratio.
NOMENCLATURE
	σ0.2
	offset yield stress
	

	fracture angle

	σb
	ultimate tensile stress
	2a 
	crack length

	E
	Young’s modulus
	f
	fatigue life fraction

	δ5
	elongation
	DESFC
	dominant effective short fatigue crack

	σeq
	von Mises stress
	M
	fatigue life increase ratio

	σ
	axial stress
	

	DESFC growth rate

	τ
	torsional stress
	G0
	lowest crack growth rate in the first cycle

	σa
	axial stress amplitude
	ΔWt
	total far-field cyclic strain energy density

	τa
	torsional stress amplitude
	A
	material correlation coefficient

	ω
	angular frequency
	m
	material correlation coefficient

	δ
	phase angle
	fi(Δdi)
	resistance coefficient function

	λ
	stress amplitude ratio, λ=σa/τa 
	σmax
	maximum principal stress

	Fmax
	maximum axial force
	σmin
	minimum principal stress

	Tmax
	maximum torsional torque
	K, B
	material parameters

	Nf
	fatigue failure life
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