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Abstract  

This work proposes a novel population-balance based model for a bubbling fluidized 

bed reactor. This model considers two continuum phases: bubble and emulsion. The 

evolution of the bubble size distribution was modeled using a population balance, 

considering both axial and radial motion. This sub-model involves a new 

mathematical form for the aggregation frequency, which predicts the migration of 

bubbles from the reactor wall towards the reactor center. Additionally, the reacting 

particles were considered as a lagrangian phase, which exchanges mass with the 

emulsion phases. For each particle, the variation of the pore size distribution was also 

considered. The model presented here accurately predicted the experimental data 

for biochar gasification in a lab-scale bubbling fluidized bed reactor. Finally, the 

aggregation frequency is shown to serve as a scaling parameter.  

Key Words: Fluidized bed reactor, Gasification, Population balance, Mathematical 

modelling 

 

Introduction 

 

Gasification has gained relevance in recent years and appears as an alternative for 

partially replacing conventional fuels since it has compounds similar to those of oil1. 



Gasification is the process of transforming coal or biomass carbonaceous material into 

a gaseous fuel by thermochemical reactions in various types of reactors2. One of the 

most common is the bubbling fluidized bed reactor, which has been extensively 

researched both experimentally and theoretically, which many industries have used 

for the production of energy and high added-value products3. In a fluidized bed, 

particles such as char or biomass, are suspended due to gas entering the reactor, 

forming a mixture of solid and gas phases with a behavior similar to that of a fluid. The 

excess gas produces bubbles that rise through the bed, constantly mixing the different 

phases. This improves the solid-gas contact, increasing the mass transfer and 

maintaining the temperature in the bed almost homogeneous4. 

 

Due to the heterogeneous nature of the fluidized beds and the strong interaction 

between hydrodynamics, chemical kinetics, and heat and mass transfer phenomena, 

it has been necessary to use empirical dimensionless group models5 to predict the 

temperature and concentration profiles, char conversion, specific surface area, and 

porosity. However, these expressions do not consider the interaction between different 

phenomena and are only valid for limited reactor scales. In addition, the bubble size 

distribution, which is given by the characteristic bubble interactions inside the bed, is 

not considered by most of these models. 

 

The first models describing the behavior of fluidized beds date back to the 50s and 

70s, where the two-phase theory by Toomey and Johnstone6 and the first fluidized-

bed reactor model by Shen and Johnstone were described7. Subsequently, many 

models were published, which can be classified into two groups8: the simple models 

and the bubbling bed models. The former assume a monophasic system with three or 



more variables, while the latter consider the formation of bubbles, their properties, and 

increasing bubble size. Horio and Wen9 proposed a model considering two phases 

with adjustable parameters, which are fitted using experimental data from the center 

of the reactor, neglecting wall effects. Another assumption made by this model is how 

the variables change with vertical position within the bed. However, the model does 

not consider the particle size distribution. Comparing this model with experimental data 

demonstrated that predictability strongly depends on the adjustable experimental 

parameters; consequently, this model lacks generality.  

 

In 1986, Grace10 analyzed the performance of fluidized bed gasifiers with respect to 

some variables such as temperature, operating scale, heat transfer, and pressure drop. 

He classified the models according to the number of phases (one, two, or three) and 

proposed some simple expressions for the first order chemical kinetics.  

 

In 2003, Ho11 stated that fluidized bed gasification reactor models can be categorized 

into two classes. The first class refers to models based on a pseudo-homogeneous 

approach assuming ideal flows, a homogeneous dispersion of particles, and constant 

temperatures. The second class refers to models considering two phases (bubble and 

emulsion), where a governing equation for each phase describes the mass and energy 

exchange between the phases. These two-phase models have demonstrated a 

remarkable fit between predictions and experimental data, leading to them being the 

most accepted. A general expression for the mass transfer between the two phases 

was proposed by Wen and Fang12. The most used model is the so-called two-phase 

model proposed by Davison and Harrison13. This model incorporates essential 

phenomena such as mass transfer, hydrodynamics, bubble dynamics, and diffusion 



between phases. However, this model assumes a homogenous bubble size 

distribution throughout the bed and is based on multiple semi-empirical correlations14. 

 

Over the last few years, several modifications have been introduced to the classical 

two-phases model15,16. These modifications include the modeling of bubble sizes and 

velocities, new equations predicting the mass transfer between phases, complex 

particle reactions, as well as sub-models for describing devolatilization phenomena 

and char conversion. Nevertheless, these models assume steady-state conditions, 

which does not fully represent the reality of fluidized bed gasifiers. Furthermore, 

certain emulsion phase particles experience intraparticle mass transfer phenomena 

and changes in porosity and reactivity 4,16,17 which these models do not account for.  

 

The most common particle models do not take into consideration the effect of non-

uniformity on the overall reaction rate. Recently, Maya et al. 18–21 presented several 

models based on population balances for predicting the evolution of microstructures 

during solid-gas reactions. However, these models have been used only at the particle 

scale without considering effects appearing at the reactor scale. 

 

A large number of correlations have been reported in the literature for predicting the 

evolution of the average bubble size, and the mass transfer, heat transfer, and 

diffusion coefficients. However, these correlations have not been generalized and 

consequently lead to predictions far from experimental results when applied to the 

different reactors and operating conditions of the fluidized bed gasifiers22. The 

behavior of the bubbles depends on multiple operating parameters such as the reactor 

geometry, configuration of the distributor, and the gas velocity, physicochemical 



properties, density, and viscosity. The bubble size distribution determines the 

dispersion of solid particles and gas within the bed, affecting the mass, heat, and 

momentum transfers. The above-mentioned bubble size distribution can be 

characterized by population balance models considering the phenomena of 

coalescence, rise, growth, and dispersion within the bed23. 

 

Several authors have explored the modelling of fluidized beds using population 

balances22–25. Models, such as proposed by Ramkrishna26, contemplate the growth, 

coalescence, and rise of the bubbles within the bed. Ramkrishna’s model considers 

that coalescence only occurs in the axial direction. However, it has been demonstrated 

that bubbles coalesce in both axial and radial directions by migrating towards the 

center of the reactor; that is, larger bubbles are concentrated in the reactor center 

whereas smaller bubbles are found closer to the reactor wall27. 

 

The coalescence of bubbles has been modeled using population balance equations 

by means of birth and death terms, which involves the use of a parameter known as 

the aggregation frequency. Some authors have proposed aggregation frequencies 

based on the coalescence probability as a function of vertical bubble separation25,28–

30; however, this approach cannot be used for modelling radial coalescence.  

 

Based on the above overview, the main shortcomings of the fluidized bed reactor 

models developed thus far can be summarized as: (i) omitting intra particle 

phenomena during gasification; and (ii) omitting radial coalesce. In consequence, the 

present work develops a bubbling fluidized bed model that incorporates the migration 

of bubbles to the reactor center due to coalescence. A population-balance based 



coalescence model is coupled with the mass and heat transfer equations for both 

emulsion and bubble phases. Furthermore, this model considers changes in particle 

structure and intraparticle mass transfer phenomena. Finally, the model presents a 

novel mathematical form for the aggregation frequency, and modified birth and death 

terms in the population balance equation. The model is validated with experimental 

data. 

 

Mathematical model 

The correct modelling of bubbling fluidized beds implies mathematical models at 

various scales. Accordingly, a mathematical model predicting the behavior of CO2 

gasification in a bubbling fluidized bed reactor was proposed. Figure 1 presents a 

schematic of the model, which considers a dispersed phase formed by bubbles and a 

homogeneous phase consisting of gases and particles (emulsion). 

 

Figure 1. Schematic of fluid-dynamics processes in a bubbling fluidized bed reactor. 

 
The particles inside the emulsion were considered as a lagrangian phase that reacts 

to produce a variation in the pore size distribution. The evolution of the bubble size 



distribution was modeled using population balances, considering the rising of bubbles 

in the bed and both axial and radial motion. Mass and energy balances for each phase, 

as well as transfer terms between phases, were included. 

 

Particle model  

These reacting particles transfer mass to both emulsion and bubble phases along the 

bed. The particle model is based on that developed by Maya et al.21, which assumes 

that the reactant particle is spherical and formed by cylindrical pores that grow axially 

when reacting with CO2, where the reaction is given by Eq.1. The intrinsic reaction 

rates for the CO2-char in terms of the change in mean pore length can be expressed 

by Eq.2. 

𝐶 + 𝐶𝑂2(𝑔) → 2𝐶𝑂(𝑔) (1) 

𝑑𝑙

𝑑𝑡
=

𝑘(𝐶𝐶𝑂2
)

𝜌𝑚
 (2) 

where 𝑙 is the mean pore length, 𝑘 is the kinetic constant for the CO2-char reaction, 

𝐶𝐶𝑂2
 is the CO2 concentration, and 𝜌𝑚 is the molar density of the reactant solid. The 

particle mass balance is calculated as: 

𝜀𝑝

𝜕𝐶𝐶𝑂2

𝜕𝑡
=

1

𝑟𝑝2

𝜕

𝜕𝑟𝑝
(𝐷𝑒𝑓𝑓,CO2

𝑟𝑝
2
𝜕𝐶𝐶𝑂2

𝜕𝑟𝑝
) − �̇�CO2

′′′ (3) 

�̇�CO2

′′′ = 𝑣𝐶  𝜌𝑚

𝑑𝑙

𝑑𝑡
𝑆 (4) 

These equations account for mass transport by diffusion and chemical reaction, where 

𝜀𝑝  is the particle porosity, 𝑟𝑝, 𝐶𝐶𝑂2
,  𝐷𝑒𝑓𝑓,CO2

 and �̇�CO2

′′′  are the particle’s radial 

coordinate, the particle’s CO2 concentration, and the effective diffusivity and the 

volumetric reaction rate of the CO2, respectively. The boundary conditions for Eq. 3 

are: 



𝜕𝐶𝐶𝑂2

𝜕𝑟𝑝
= 0     at   𝑟𝑝=0 

𝐶𝐶𝑂2
= 𝐶𝐶𝑂2,𝑒    at    𝑟𝑝=𝑟𝑝𝑜

 

 

For the particle model, the conversion is expressed as a function of porosity as follows: 

𝑋(𝑟𝑝, 𝑡) = 1 −
(1 − 𝜀) − 𝑣𝑎𝑠ℎ

(1 − 𝜀0) − 𝑣𝑎𝑠ℎ
 (5)                                          

where 𝑣𝑎𝑠ℎ is the ash volume fraction. The average conversion is calculated by Eq.6. 

�̅�(𝑡) =
∫ 4𝜋𝑟𝑝

2𝑋(𝑟𝑝, 𝑡)𝑑𝑟𝑝
𝑟𝑝𝑜

0

4
3⁄ 𝜋𝑟𝑝𝑜

3
 

(6) 

 

Pore overlapping 

During the reaction process, CO2 reacts with the carbon located at the pore ends. 

Consequently, the pores increase in length, which increases the specific surface area 

of the first stage of the reaction with CO2. As the reaction proceeds, the pores begin 

to overlap, reaching a maximum specific surface area, followed by a monotonic 

decrease until the end of the reaction. Eq.7 gives the porosity distribution function 

𝑓𝜀(𝑟𝑝) of the extended system. 

𝑓𝜀(𝑟𝑝) = 𝑓𝜀,𝑒(𝑟𝑝) × exp (−∫ 𝑓𝜀,𝑒(𝑟𝑝′)
𝑟𝑝

0

𝑑𝑟𝑝′) 
(7) 

Total porosity 𝜀 can be calculated as follows:  

𝜀 = ∫ 𝑓𝜀

∞

0

(𝑟𝑝)𝑑𝑟𝑝 = 1 − exp(−𝜀𝑒) (8) 

where 𝜀𝑒  is the porosity of the non-overlapped system. The non-overlapped pore 

system grows by a differential amount 𝑑𝑙, where the differential change in porosity 

can be expressed in terms of the specific surface area of the non-overlapped system 

as follows: 



𝑑𝜀𝑒 = 𝑆𝑒𝑑𝑙 
(9) 

The above relation is also valid for the overlapped system. Therefore, we 

have: 

 

𝑑𝜀 = 𝑆 𝑑𝑙 
(10) 

where 𝑆𝑒 is the specific surface area of the pore ends for the non-overlapped system. 

Finally, the specific surface area of the pore ends for the non-overlapped system is 

given by: 

𝑆𝑒 = ∫ 𝜋𝑟𝑝
2𝑓(𝑟𝑝)

∞

0

𝑑𝑟𝑝 (11) 

 

Two-phase reactor model  

The balance equations are based on the generic fluidized bed model proposed by 

Grace and Abba31, which takes into account different fluidization regimes such as 

bubbling fluidized bed, dispersed flow at low velocities, and core-annular flow at high 

velocities. The mass balance for both emulsion and bubble phases includes terms of 

accumulation, convection, axial diffusion, interphase mass transfer, and chemical 

reaction. For each phase, the model considers both mass and energy transfers for 

predicting the evolution of both the concentration and temperature profiles over time. 

The equations for the emulsion and bubble phases are given by Eqs.12 and 13, 

respectively.  

𝜕ℂ𝑖,𝑒

𝜕𝑡
= −𝑢𝑔

𝜕 ℂ𝑖,𝑒

𝜕𝑧
+ 𝑘𝐸−𝐵𝑎 (

ℂ𝑖,𝑏(1 − 𝜖𝑏)(𝜖𝑚𝑓)

𝜖𝑏
− ℂ𝑖,𝑒)

+
𝐷𝑔,𝑒

𝜖𝑚𝑓

𝜕

𝜕𝑟
(𝑟

𝜕ℂ𝑖,𝑒

𝜕𝑟
) + ∑𝛤𝑗𝛼𝑖,𝑗

𝑗

+ �̇�𝑝−𝑒,𝑖
′′′  

 

(12) 



𝜕(ℂ𝑏,𝑖)

𝜕𝑡
= −𝑢𝑏

𝜕(ℂ𝑏𝑖)

𝜕𝑧
+ 𝑘𝐸−𝐵𝑎 (

ℂ𝑒,𝑖𝜖𝑏

(1 − 𝜖𝑏)𝜖𝑚𝑓

− ℂ𝑏,𝑖) + 𝐷𝑔,𝑏

𝜕

𝜕𝑟
(𝑟

𝜕ℂ𝑖,𝑏

𝜕𝑟
)

+ ∑𝛤𝑗𝛼𝑖,𝑗

𝑗

 

(13) 

where ℂ = (𝐶𝑒𝑖(1 − 𝜖𝑏)(𝜖𝑚𝑓))  and �̇�𝑝−𝑒,𝑖
′′′  is the gas mass flow coming from the 

reactant particles, given by: 

�̇�𝑝−𝑒,𝑖
′′′

.
= 4𝜋 ∫ −𝑟𝑝0

2 𝑓𝑝(𝑟𝑝𝑜
)𝐷𝑒𝑓𝑓,𝑖

𝑑𝐶𝑐𝑜2

𝑑𝑟𝑝
|
𝑟𝑝𝑜

∞

0

𝑑𝑟𝑝𝑜
 

(14) 

 

The energy balance equation for the emulsion phase and bubble phase are given by 

Eqs.15 and 16, respectively. 

𝜕𝑇𝑒

𝜕𝑡
= −𝑢𝑔

𝜕 𝑇𝑒

𝜕𝑧
+

ℎ𝑏𝑒

𝜌𝑒𝐶𝑝𝑒
𝑎(𝑇𝑏 − 𝑇𝑒) + 𝐷𝑇𝑔,𝑒

𝜕

𝜕𝑟
(𝑟

𝜕𝑇𝑒

𝜕𝑟
) + ∑𝛤𝑗

𝑗

∆𝐻𝑗

+ ∑�̇�𝑝−𝑒,𝑖
′′′

𝑗

∗ ℎ𝑖 

(15) 

𝜕𝑇𝑖,𝑏

𝜕𝑡
= −𝑢𝑏

𝜕 𝑇𝑏

𝜕𝑧
+

ℎ𝑏𝑒

𝜌𝑏𝐶𝑝𝑏
𝑎(𝑇𝑒 − 𝑇𝑏) + 𝐷𝑇𝑔,𝑏

𝜕

𝜕𝑟
(𝑟

𝜕𝑇𝑏

𝜕𝑟
) + ∑𝛤𝑗

𝑗

∆𝐻𝑗 
(16) 

 

Population balance for the bubble size distribution  

The model proposed in this work developed a population balance for the bubbles 

within the bed. This model explains the dynamic evolution of the bubble size 

distribution as a function of operating conditions. In the case of a fluidized bed reactor, 

the bubble size distribution may change due to coalescence between adjacent bubbles, 

the rising of bubbles, and the growth produced by chemical reactions. Solving the 

population balance equation is a difficult task; hence, this work applies the method of 

moments to the bubble size distribution for evaluating its effect on the surface area of 



bubbles per unit volume and the volume fraction of bubbles within the reactor. The 

moment of the bubble size distribution function is given by: 

𝑀𝑛=∫ 𝑓𝑏𝑟𝑏
𝑛∞

0
𝑑𝑟𝑏 (17) 

 
If one cylinder-shaped reactor element of cross-sectional area Ac and height ∆z is 

considered, the following balance can be made: 

(𝑀𝑛𝑉)𝑎𝑐𝑢𝑚 = (𝑀𝑛𝑉)𝑖𝑛 − (𝑀𝑛𝑉)𝑜𝑢𝑡 + (𝑀𝑛𝑉)𝑔𝑒𝑛 (18) 

where (𝑀𝑛𝑉)𝑖𝑛 is the quantity (𝑀𝑛𝑉) entering the system of volume 𝑉 = 𝐴𝑐 × ∆𝑧, per 

unit time. Similarly, (𝑀𝑛𝑉)𝑜𝑢𝑡, (𝑀𝑛𝑉)𝑔𝑒𝑛, and (𝑀𝑛𝑉)𝑎𝑐𝑢𝑚  are the leaving, generation, 

and accumulation, respectively, of quantity (𝑀𝑛𝑉) in the system of volume 𝑉 per unit 

time. The convective flux of quantity (𝑀𝑛𝑉) is given by: 

(𝑀𝑛𝑉)′′̇ = 𝑀𝑛𝑢𝑏 (19) 

Thus, by substituting Eq. 19 in 18, we obtain: 

∆(𝑀𝑛𝑉)

∆𝑡
= (𝑀𝑛𝑢𝑏)𝑧 × 𝐴𝑐 − (𝑀𝑛𝑢𝑏)𝑧+∆𝑧 × 𝐴𝑐 + (𝑀𝑛𝑉)𝑔𝑒𝑛 

(20) 

Dividing both sides by 𝑉, Eq. 20 yields 

∆(𝑀𝑛)

∆𝑡
=

(𝑀𝑛𝑢𝑏)𝑧 − (𝑀𝑛𝑢𝑏)𝑧+∆𝑧

∆𝑧
+ (𝑀𝑛)𝑔𝑒𝑛 

(21) 

Taking the limit when both ∆𝑧 and ∆𝑡 tend to zero, we get: 

𝜕(𝑀𝑛)

𝜕𝑡
=

−𝜕(𝑀𝑛𝑢𝑏)

𝜕𝑧
+ (𝑀𝑛)𝑔𝑒𝑛 

(22) 

 

(𝑀𝑛)𝑔𝑒𝑛  appears due to coalescence and bubble growth. This term is defined 

elsewhere32: 



(𝑀𝑛)𝑔𝑒𝑛 = 𝑛 ∫ 𝑟𝑏
𝑛−1

𝑑𝑟𝑏
𝑑𝑡

∞

0

𝑓𝑏𝑑𝑟𝑏 + ∫ 𝑟𝑏
𝑛(𝐵 − 𝐷)

∞

0

𝑑𝑟𝑏 
(23) 

Where 𝐵 and 𝐷 are the birth and death terms respectively. 𝐵 and 𝐷 are given by: 
 
 

𝐵 = 𝑎𝑔𝑓 [
1

2
∫ 𝑓𝑏  (𝑟𝑏 − 𝑟𝑏

′)𝑓𝑏 (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

+ 𝑓𝑏 𝑖−1 (𝑟𝑏)∫ 𝑓𝑏 𝑖−1  (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

] (24) 

 

𝐷 = 𝑎𝑔𝑓 [𝑓𝑏 (𝑟𝑏)∫ 𝑓𝑏 (𝑟𝑏
′)𝑑𝑟𝑏

′ + 𝑓𝑏 𝑖 ∫ 𝑓𝑏 𝑖 (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

∞

0

] (25) 

 

Finally, by combining Eqs. 22 and 23, we obtain: 

𝜕(𝑀𝑛)

𝜕𝑡
=

−𝜕(𝑀𝑛𝑢𝑏)

𝜕𝑧
+ 𝑛 ∫ 𝑟𝑏

𝑛−1
𝑑𝑟𝑏
𝑑𝑡

∞

0

𝑓𝑏𝑑𝑟𝑏 + ∫ 𝑟𝑏
𝑛(𝐵 − 𝐷)

∞

0

𝑑𝑟𝑏 
(26) 

where 𝑀𝑛,𝑖 is the moment n, 𝑀0 is the density (number of bubbles per unit volume), 

𝑀1 is the sum of all radius of bubbles (m of bubbles per unit volume), 𝑀2 is proportional 

to the surface area of bubbles (m2 of bubbles per unit volume), and 𝑀3 is proportional 

to the porosity inside the bed (m3 of bubble per unit volume). In addition, 
𝑑𝑟𝑏

𝑑𝑡
 is the rate 

of change of the bubble radius due to the mass transfer between the emulsion and the 

bubble phase and is given by: 

𝑃

𝑅𝑇𝑏
 
𝑑𝑟𝑏
𝑑𝑡

= 𝑘𝐸−𝐵𝑎 (
ℂ𝑒,𝑖𝜖𝑏

(1 − 𝜖𝑏)𝜖𝑚𝑓

− ℂ𝑏,𝑖) 
(27) 

where the specific surface area 𝑎  and the volume fraction of the bubbles are 

expressed as follows: 

𝑎 = 4𝜋𝑀2 (28) 

𝜖𝑏 =
4

3
 𝜋𝑀3 (29) 

Furthermore, an equation for both the growth and coalescence of bubbles based on a 

novel form for the aggregation frequency was proposed. This model assumes that the 



coalescence probability of a given bubble depends on the number of bubbles that 

surround it, and that bubbles migrate toward the center of the rector as coalescence 

takes place33, as shown in Figure 2. 

 

Aggregation frequency  

The mathematical form for the aggregation frequency proposed in this work is based 

on the following assumptions. 

(i)        Two types of bubble coalescence: intra-element and inter-element coalescence. 

The former involves bubbles belonging to the same differential element, and the latter 

considers bubbles belonging to adjacent differential elements. 

(ii)      The intra-element aggregation frequency is assumed to be proportional to the 

bubble density in the given differential element, whereas the inter-element aggregation 

frequency is considered proportional to the sum of the densities of the adjacent 

differential elements. The latter indicates that bubbles located closer to the reactor 

center have a larger aggregation frequency than those located closer to the reactor 

wall. 

 

Figure 2. Representation of aggregation frequency 



 
The inter-element bubble coalescence phenomenon is represented by new terms of 

birth and death, the fifth and sixth RHS terms of Eq.30. The birth term is due to the 

death of bubbles in the adjacent element closer to the wall. The death term is due to 

the coalescence of bubbles located in a given element with bubbles of the adjacent 

element closer to the reactor center. Therefore, it can be inferred that inter-element 

coalescence always drives bubbles towards the reactor center. After some 

mathematical manipulation, Eq. 26 takes the form of Eq.30. 

𝜕𝑀𝑛,𝑖

𝜕𝑡
= −�⃗� 𝑏

𝜕𝑀𝑛,𝑖

𝜕𝑧
+ 𝑛

𝑑𝑟𝑏
𝑑𝑡

𝑀𝑛−1,𝑖 +
𝑎𝑔0𝑀0

2
∑(

𝑛
𝑖
)

𝑛

𝑖=0

𝑀𝑛−𝑖𝑀𝑖

− 𝑎𝑔0𝑀0(𝑀0𝑀𝑛) + [𝑎𝑔0(𝑀0,𝑖−2 + 𝑀0,𝑖)𝑀0,𝑖−1𝑀𝑛,𝑖−1]

− [𝑎𝑔0(𝑀0,𝑖−1 + 𝑀0,𝑖+1)𝑀0,𝑖𝑀𝑛,𝑖] 

 

(30) 

The aggregation frequency 𝑎𝑔𝑓 have different mathematical forms depending on the 

class of coalescence. Thus, we will define the variables 𝑎𝑔𝑓1  and 𝑎𝑔𝑓2 , that are 

respectively the intra-element and inter-element aggregation frequencies, and can be 

calculated from: 

𝑎𝑔𝑓1,𝑖 = 𝑎𝑔0 ∗ 𝑀0,𝑖 (31) 

𝑎𝑔𝑓2,𝑖 = 𝑎𝑔0 ∗ (𝑀0,𝑖−1 + 𝑀0,𝑖+1) (32) 

where 𝑎𝑔0 is a constant that must be fitted experimentally . Thus, Eq. 30 implies that 

the aggregation frequency near the reactor walls is smaller than that close the reactor 

center. Interestingly, this fact allows an approximation to the scaling of bubbling 

fluidized bed reactors. Firstly, let’s consider the following continuity equation for the 

bubble size distribution function. 



𝜕𝑓

𝜕𝑡
+

𝜕(𝑢𝑏𝑓𝑏 )

𝜕𝑧
= 𝐵 − 𝐷 

(33) 

by assuming a steady-state and replacing 𝐵 and 𝐷 from Eqs. 24 and 25, we obtain 

𝜕(𝑢𝑏𝑓𝑏 )

𝜕𝑧
= 𝑎𝑔𝑓̅̅ ̅̅̅ [(

1

2
∫ 𝑓𝑏 (𝑟𝑏 − 𝑟𝑏

′)𝑓𝑏 (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

+ 𝑓𝑏 𝑖−1 (𝑟𝑏)∫ 𝑓𝑏 𝑖−1 (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

)

− (𝑓𝑏 (𝑟𝑏)∫ 𝑓𝑏 (𝑟𝑏
′)𝑑𝑟𝑏

′ + 𝑓𝑏 𝑖 ∫ 𝑓𝑏 𝑖 (𝑟𝑏
′)𝑑𝑟𝑏

′
∞

0

∞

0

)] 

(34) 

It must be said, that in this case averaged aggregation frequency 𝑎𝑔𝑓̅̅ ̅̅̅ is for the sake 

of deriving dimensionless parameters useful for the scaling up process. The average 

aggregation frequency is defined by: 

 

𝑎𝑔𝑓̅̅ ̅̅̅ =
∫ 𝑎𝑔𝑓|𝑧=0

2𝜋𝑟𝑑𝑟
𝑟0
0

𝜋𝑟02
 

(35) 

From Eq.35  it is inferred that as the reactor radius increases, the average aggregation 

frequency also increases. Conversely, as the reactor radius decreases, the average 

aggregation decreases too. This lattes suggest that the average aggregation 

frequency can be used in the scaling up process. Now, the following set of 

dimensionless variables are defined. 

𝑟𝑏
′∗ =

𝑟𝑏
′

𝑟𝑏0
̅̅ ̅̅

 ;         𝑢𝑏
∗ =

𝑢𝑏

𝑢𝑏0

 ;         𝑧∗ =
𝑧

𝐻
  ;       𝑟𝑏

∗ =
𝑟𝑏
𝑟𝑏0
̅̅ ̅̅

  ;        𝑓𝑏 
∗(𝑟𝑏) =

𝑓𝑏 (𝑟𝑏)

𝑓𝑏0

 
(36) 

where 𝑟𝑏0
̅̅ ̅̅ , 𝑢𝑏0

 and 𝑓𝑏0
 are respectively the average bubble radius, the bubble velocity, 

and the bubble radius distribution function at 𝑧 = 0. By substituting variables of Eq. 36 

in Eq.34, we have: 



𝜕(𝑢∗𝑓𝑏 
∗)

𝜕𝑧∗
=

𝑎𝑔𝑓̅̅ ̅̅̅𝐻𝑓𝑏0
𝑟𝑏0
̅̅ ̅̅

𝑢0
 [(

1

2
∫ 𝑓𝑏

∗ (𝑟𝑏 − 𝑟𝑏
′)𝑓𝑏

∗ (𝑟𝑏
′)𝑑𝑟𝑏

′∗
∞

0

+ 𝑓𝑏 𝑖−1
∗ (𝑟𝑏)∫ 𝑓𝑏 𝑖−1

∗ (𝑟𝑏
′)𝑑𝑟𝑏

′∗
∞

0

)

− (𝑓𝑏
∗(𝑟𝑏)∫ 𝑓𝑏

∗(𝑟𝑏
′)𝑑𝑟𝑏

′∗ + 𝑓𝑏 𝑖
∗ ∫ 𝑓𝑏 𝑖

∗ (𝑟𝑏
′)𝑑𝑟𝑏

′∗
∞

0

∞

0

)] 

(37) 

In Eq.37, is observed, a dimensionless number appears, is defined as follows: 

𝜓 =
𝑎𝑔𝑓̅̅ ̅̅̅𝐻𝑓𝑏0

𝑟𝑏0
̅̅ ̅̅

𝑢𝑔0

     (38) 

This dimensionless number 𝜓  relates the characteristic time for bubble rising  

𝜏𝑢 =
𝐻

𝑢𝑔0

 with the characteristic time for bubble coalescence  

𝜏𝑎 =
1

𝑎𝑔𝑓̅̅ ̅̅ ̅𝑓𝑏0𝑟𝑏0̅̅ ̅̅ ̅
 as follows: 

𝜓 =
𝜏𝑢

𝜏𝑎
 (39) 

Thus, the dimensionless number 𝜓 allows to relate the forces involved with the bubble 

rising with those related to the bubble migration from the reactor walls to the center. 

In this sense, it is expected that maintaining this dimensionless number the bubbling 

regime will be conserved. The above dissertation does no pretend to establish a new 

validated scaling up process but to demonstrate that from the population balance 

modelling it is possible to explore new alternatives for scaling up bubbling fluidized 

bed reactors.  

 

Solution method and scales connection strategy 

The present mathematical model was solved using the software ode15s of Matlab 

R2019b, which is a solver of stiff ordinary differential equations that allows for the 



coupling of algebraic equations. Partial spatial derivatives are discretized by centered 

finite differences for diffusive terms and by the upwind scheme for convective terms.  

The energy and mass balance equations for all the phases and population balances 

for the bubbles were coupled. The emulsion phase was coupled to the bubble phase 

by the second RHS term of Eqs.12, 13, 15 and 16. The emulsion phase was coupled 

to the particles by the fifth RHS term of Eqs. 12 and 15. Finally, the population balance 

was connected by Eqs. 28 and 29. 

 

Results and discussions 

The model was initially validated with experimental data obtained from the scientific 

literature. This validation was further complemented with experimental tests in both a 

fluidized bed reactor and a thermobalance. Finally, some model predictions of the 

steady state bed porosity, mean bubble size, temperature, and pressure fluctuations 

within the bed were analyzed. 

The present work’s model predictions were fitted to experimental data reported by 

Rüdisüli et al.34,35, which were obtained in a fluidized bed reactor without chemical 

reaction. They measured the frequency and distribution of the bubbles in a bubbling 

fluidized bed using optical sensors, finding that the bubbles migrated from the walls 

towards the center of the bed and that larger bubbles tended to be located in the upper 

part of the bed. The following figures compare the experimental data obtained by 

Rüdisüli et al35, the results of the model developed here. 



 

Figure 3. Bubble frequency predictions 

 

Figure 3 shows that bubbles migrate to the reactor center, as predicted by the 

additional birth and death terms in the present model related to the migration of 

bubbles between bins. Figure 3 also shows that the number of bubbles is larger at 

Z=0.243 m that at Z=0.450 m. This is due to the coalescence phenomenon, which 

leads to a decrease in the number of bubbles with increasing height within the reactor.  

 

Figure 4. Bubble size predictions 

 



Figure 4 presents the bubble size profile at two different heights within the bed, 

showing the model to predict the experimental data remarkably well. This figure 

indicates that the bubble size increases with increasing height within the bed. This is 

due to the coalescence phenomenon, which decreases the number of bubbles while 

increasing the average bubble radius. 

 

Figure 5. Bubble rise velocity predictions 

Figure 5 presents the bubble rise velocity profile at two reactor heights, showing 

greater velocity with increasing height within the reactor. This is due to the bubble size 

increase, and, as observed in Figure 4, the larger bubbles are located higher within 

the reactor. 

Subsequently, the model predictions were compared with experimental data of the 

CO2-char reaction, taken in both a fluidized bed reactor and a thermobalance. Char 

gasification experiments were realized at the Aragón Institute for Engineering 

Research (I3A), Universidad de Zaragoza. In these experiments, char particles were 

gasified using CO2 as a gasifying agent at an operating temperature of 900 °C. The 

material used in this study was obtained from Encino biomass pyrolysis, it was 

characterized in terms of composition, calorific value and BET specific surface area. 



Table 1 resumes the results of the ultimate and the proximate analyses, the heating 

value and the specific surface area. Analytical standards and methods used in the 

material’s characterization are given too in the Table 1. 

 

The gasification experiments were conducted in a laboratory-scale fluidized bed 

reactor (1.27m height and 0.04m diameter) operating at atmospheric pressure shown 

in Figure 6. The reactor heating was assured in N2 atmosphere, then once the 

temperature rose 900 °C, before solid alimentation, the change from N2 atmosphere 

to CO2 was provided via gas valves situated in the reactor bottom. Solid was fed from 

the upper part of the reactor through double valve feeding system. Small particles of 

char were retained at the level of cyclone (at temperature up to 600 ºC) and gloss wool 

hot filter (at 450 ºC). Condensable gases produced were collected in the condenser 

cooled at 0 ºC through a water-recirculating chiller, then the small aerosols were 

retained from non-condensable gases using a cotton filter. The volume of gas 

produced was measured by a volumetric meter. Gas composition was analyzed 

continuously using a micro gas chromatograph (Agilent 3000-A). Once the experiment 

finished, the reactor was leaved cooling under nitrogen atmosphere. 

As for raw material, for each fluidized bed gasification experiment, the specific surface 

area of the produced solid was determined.  

 

Table 1. Characterization of char sample 

Proximate analysis (wt. % wet basis) Analytical standard or 
equipment 

Moisture 
Ash 

Volatile matter 
Fixed carbon 

5.55±0.03 
12.8±0.3 
29.4±0.1 
52.3±0.2 

EN 14774-3:2010 
EN 14775:2010 
EN 15148-2010 
By difference 

Heating Value (MJ/kg) (dry basis)  



HHV 
LHV 

24.8±42.4 
24.1±42.4 

Calorific Bomb IKA C2000 
basic 

Ultimate analysis (wt. % wet basis)  

C 
H 
N 
S 
O 

68.56±0.01 
3.24±0.05 
0.75±0.03 

<0.05 
14.69±0.03 

LECO CHN628 
LECO CHN628 
LECO CHN628 

LECO CHN628- 628-S add-
on 

By difference 

Area (m2/g) Quantachrome Autosorb iQ 
gas sorption 

Total area 205.00  

 

 

Figure 6. Diagram of fluidized bed experimental setup 

 

The present model requires known intrinsic kinetics. Therefore, five tests (in duplicate) 

were carried out with a thermogravimetric balance (TGA-DTG, Proteus STA 449 F1 

Jupiter- Netzsch) to determine the intrinsic kinetics of the reaction (pre-exponential 



factor, activation energy and reaction order). During these tests, around 20 mg of the 

solid sample was heated at a constant heat rate of 10°C/min from ambient temperature 

to the chosen temperature, then it was maintained during 1h. The temperature (800, 

850 and 900 °C) and composition of the gasifying agent CO2/N2 (50-50%, 70-30% and 

30-70%) were varied and the experimental data were fitted to the model under 

chemical control conditions. The evolution of both specific surface area with 

conversion and with the time of the particles in the fluidized bed reactor are shown in 

Figure 7(a) and Figure 7(b), respectively. 

 

Figure 7. a) Evolution of specific surface area with conversion. b) Evolution of char 
conversion over time. 

 

Figure 7(a) shows the evolution of specific surface area with conversion, indicating 

that it reaches a maximum before decreasing with further conversion. At the initial 

stages of gasification, the reaction induces pore growth, increasing the specific surface 

area of the reacting particle. However, as gasification progresses, the pores begin to 

overlap with adjacent pores. Consequently, there is a moment when pore overlapping 

becomes dominant, resulting in a decrease of the specific surface area. Figure 7(b) 

presents the evolution of conversion with time, showing that the conversion fraction 

with the maximum specific surface area (𝑋=0.71) corresponds to 28% of the time 



required for completing the reaction. Therefore, in order to obtain a char with high 

specific surface area (for instance. activated coal), long reaction times must be 

avoided. 

Finally, some predictions of the present model are analyzed. A fluidized bed reactor 

was modeled in the steady-state at 850 °C with 1 mm diameter char particles. The 

fluidized bed reactor has a radius of 0.3 m and a bed height of 0.4 m. Results were 

modeled at a height of 0.3 m above the distributor, predicting the variation of both the 

bubble size distribution and bed porosity at different ratios of minimum fluidization 

velocities. 

Figure 8. (a) Porosity distribution and (b) Average bubble size with radial position for 

various fluidization velocities 

 
Figure 8 (a) presents the porosity profiles for various fluidization velocities. The 

porosity at the reactor center is larger than that at the reactor walls, due to the bubbles 

located close to the reactor walls migrating towards the reactor center as coalescence 

takes place. Furthermore, the porosity in the reactor increases with increasing flow 

velocity as well. This is due to the excess gas producing a greater number of bubbles. 



Additionally, a higher gas velocity results in a greater reactivity and consequently 

increased bubble growth. Figure 8 (b) presents the mean bubble size profile. The 

mean bubble size increases with increasing fluidization velocity, also due to the 

greater number of bubbles resulting from the excess gas. Consequently increasing the 

aggregation frequency, as well. The figure further shows that larger bubbles are 

located in the center of the reactor, whereas smaller bubbles are found closer to the 

reactor wall. This is due to the inter-element coalescence phenomenon, by which the 

bubbles migrate from the wall towards the center of the reactor.  

 

Moreover, the temperature profiles of emulsion for various flow velocities were 

simulated, presented in Figure 9. The profiles are almost flat, indicating that the radial 

heat transfer is negligible. On the other hand, the average temperature within the bed 

increases with increasing gas velocity. This is due to the heat transfer between the 

bubble and emulsion phases improving with the greater number of bubbles and 

therefore bubble surface area coming from the distributor as the flow velocity 

increases. 

 

Figure 9. Emulsion temperature profiles 



 
Finally. Figure 10 presents the pressure with time at z=0.3 m. Initially, there is an 

abrupt drop in pressure near time zero, due to the increase in bed porosity with the 

initial gas flow across the distributor. Subsequently, the pressure continues to 

decrease due to the chemical reaction, exhibiting a greater rate of decrease as the 

reaction progresses. 

 

Figure 10. Evolution of pressure over time at z=0.3 m. 
 

The above predictions are in agreement with experimental observations of bubble 

migration from the walls to the reactor center 25,27,28,36,37. Notably, this phenomenon 

has not been modeled previously. Consequently constituting the main scientific 

contribution of the present work. 

 

Concluding remarks 

The present work proposes a novel population-balance based model incorporating the 

effect of bubble coalescence on the evolution of the bubble size distribution. The 

equations of the developed model were solved simultaneously, integrating reactivity, 



hydrodynamics as well as energy and mass transfers simulating the dynamics of a 

bubbling fluidized bed at different scales: pore, particle and reactor. This model was 

successfully validated with experimental data. 

 

A new mathematical form for the aggregation frequency is proposed, simulating the 

phenomena of intra-bin and inter-bin coalescence. This aggregation frequency 

depends on the bubble density within a given element in the case of intra-element 

coalescence and on the adjacent element bubble density in the case of inter-element 

coalescence. The mathematical form proposed in this work predicts the bubble 

migration from the reactor wall towards the center. This phenomenon has been 

observed experimentally, however it had not been modelled previously. Consequently, 

its successful prediction is a significant contribution of this work. In addition, the 

aggregation frequency can be used as a parameter for the scaling of fluidized bed 

reactors representing another significant contribution of this work. 
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Notation 

𝑎𝑔0  Aggregation frequency. 1/m3-s 

𝑎       Surface area of bubbles per unit volume. m2/m3 

𝐵  Birth term in the population balance equation 

ℂ𝑖.𝑒   Concentration of species i in emulsion phase. mol/m3 reactor  

ℂ𝑖.𝑏   Concentration of species i in bubble phase. mol/m3 reactor 

𝐶𝐶𝑂2
    Concentration of CO2 in the particle 

𝐶𝑝𝑒  Average specific heat of the emulsion phase. (J/kg-K) 

𝐶𝑝𝑏  Average specific heat of the bubble phase. (J/kg-K) 

𝐷  Death term in the population balance equation 

𝐷𝑒𝑓𝑓.CO2
 Effective diffusivity of CO2 

𝐷𝑔.𝑖  Gaseous dispersion coefficients, axially and radially for emulsion and bubble 

phase (i=e and i=b). m2/s 

𝐷𝑇𝑔.𝑒  Heat diffusivity of gas i in the emulsion phase. (m2/s) 

𝐷𝑇𝑔.𝑏  Heat diffusivity of gas i in the bubble phase. (m2/s) 

𝑓𝑏  Density distribution function of bubble radius. number of bubbles/m3 reactor- m 

of bubble radius 

ℎ𝑖  Specific enthalpy of the gas i. J/mol 

ℎ𝑏𝑒  Heat transfer coefficient between bubble and emulsion phases. W/m2-K 

𝐻        Height of bed. m 

𝑘𝐸−𝐵  Mass transfer coefficient between emulsion and bubble phases. m/s 

𝑘1        is the reaction kinetic constants for the CO2-char 

L length. m 

𝑙  Average pore length. m 



𝑀𝑛   n-th moment (n=0.1.2.3…). mn/m3 of reactor 

𝑀𝑛.𝑖  n-th moment of bin i. mn/m3 of reactor 

�̇�𝑝−𝑒.𝑖
′′′   Flow of the gas i from the particle per unit volume. mol/m3-s 

𝑟    Radial coordinate within the reactor. m 

𝑟0       Reactor radius. m 

𝑟𝑝        Radial coordinate of particle 

𝑟𝑏  Bubble radius. m 

rp0
  Particle radius. m 

𝑆  Specific surface area of particle. m2/m3 

𝑆𝑒  Specific surface area of the extended pore system. m2/m3 

𝑆0  Specific surface area at the beginning of reaction. m2/m3  

T𝑖 Temperature of phase i (i=e and i=b). K  

𝑢𝑏   Bubble velocity. m/s 

𝑢𝑔    Gas velocity. m/s 

𝑋         Conversion 

𝑧         Axial coordinate of bed height. m 

𝛼𝑖.𝑗  Stoichiometric coefficient of the gas i in the reaction j 

𝛤𝑗  j-th volumetric reaction rate. kmol/m3-s 

∆𝐻𝑗  Heat of reaction j. J/mol  

𝜌𝑏  Density of the bubble phase. kg/m3 

𝜌𝑒  Density of the emulsion phase. kg/m3 

𝜖𝑚𝑓  Volume fraction of bubbles for the minimum fluidization velocity. m3 of 

bubbles/m3 of reactor  

𝜖𝑏    Volume fraction of bubbles within reactor. m3 of bubbles/m3 of reactor 



𝜀𝑝  Porosity of particle. m3 of pore/ m3 of particle 

𝑣𝐶        is the volumetric fraction of carbon in the particle 
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