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Abstract
Let R be a commutative local ring whose maximal ideal is generated by a
nilpotent element, and Mat(n, R) be the multiplicative monoid of the square
matrices of order n over R. In this article, we provide (1) the construction
of the Green’s H-equivalence classes in Mat(n, R), and (2) the enumeration
of the Green’s H-equivalence classes in Mat(n, Z/p?Z).
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1 Introduction

We firstly review the Green’s relations defined by J. A. Green in [1].

Definition 1.1. Let M be a monoid, and a,b € M. We write a < b if there
exists m € M such that a = mb, and write a =y b if both a <; b and b < «a.
Similarly, we write a <g b if there exists m € M such that a = bm, and write
a =g bif both a <p b and b <g a. And we write a <y b (resp., a =g b) if both
a <pband a <gb (resp., both a = b and a =g b).

*The first author is supported by the National Natural Science Foundation of China (Grant
No. 11626161).
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tion of China (Grant No. 11426157 and No. 11671070) and Liaoning Natural Science Foundation
(Grant No. 20180550233).
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We can check that <;, <z and <y are partial orders on M, which are called the
Green’s L-order, R-order and H-order, respectively. We can also see that =, =p
and =g are equivalence relations on M, which are called the Green’s L-relation,
R-relation and H-relation, respectively.

Remark 1.2. The notations aLb, aRb and aHb of the Green’s relations are more
standard than a =1 b, a =r b and a =g b, respectively. But this article mainly
discusses the Green’s relations of matrices, and we denote matrices by capital
letters according to tradition. Therefore the standard notations of the Green’s
relations would look quite confused.

Green’s relations not only play a significant role for understanding the structure
of a monoid or a semi-group [2, 3, 4], but also have important applications in many
fields [5, 6, 7]. In particular, lots of such applications involve only the H-relation.
The notion of the inverse along an element, introduced by X. Mary in [§], is a
classical example.

Let R be a commutative local ring whose maximal ideal is generated by a
nilpotent element. In this article, we mainly consider the H-equivalence classes
(H-classes for short) in the monoid Mat(n, R) of square matrices of order n over
R, Such kind of rings R include (1) Z/p?7Z with d > 2 (the integers module by
a prime power) which can be regarded as the most typical case, (2) the quotient
K[z]/(x?) where K is a field, (3) the localization (Z/p%qZ); where p and ¢ are
distinct primes and d > 2, and so on.

After some preliminaries, we discuss the H-classes and its enumeration in
Mat(n, K) for a field K in §2. This is a good comparison of our main theo-
rem in §3 which describes the construction of the H-classes in Mat(n, R). In §4,
we give a necessary and sufficient condition for the invertibility of the matrix over
R, in term of the row or column vectors. As an application, we provide the size of
each H-class in Mat(n, Z/(p?Z)) for prime p and positive integer d in §5.

2 Preliminaries and notations

Lemma 2.1. Let M be a monoid, and a,b,u,v € M. We assume that u,v are
wvertible elements. Then we have

(1) a <p b, a <gp band a <y b if and only if vav <j ubv, uav < ubv and
uav <g ubv, respectively;

(2) a =1 b, a =g b and a =g b if and only if vav =p ubv, uav =g ubv and
uav =g ubv, respectively;

(3) the map x — uzv is a bijection from the L-class (resp., R-class, H-class) of
a to the L-class (resp., R-class, H-class) of uav.
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Proof. If a <; b, then by definition there exists m € M such that a = mb.
Thus we have uav = (umu=")ubv, so uav <, ubv. The converse is obvious since
a = v Huav)v™ and b = v~ (ubv)v~!. The proofs for the R-order and H-order
in (1) are similar. (2) and (3) simply follow from (1). O

Through the rest of this article, we use the following notations: Let R be a
commutative local ring such that its maximal ideal is generated by a nilpotent
element £&. We denote by 0 and 1 the zero and identity of R, respectively. We
write d for the nilpotent index of &, that is, d is the smallest positive integer such
that ¢4 = 0. We also adopt the convention that 7 = 1 for any r € R. Furthermore,
we denote by E, and O,, the identity matrix and the zero matrix of order n over
R, respectively.

Lemma 2.2. For the ring R, we have

(1) every element r in R can be written in the form u&® for some unit u € R and
some k € {0,1,...,d}, and the k is uniquely determined by r;

(2) writing r = u€® as in (1), we have £471r = 0 implies k > 1, and £ty = £471
implies k =0 (namely r is a unit);

(3) every ideal I of R can be generated by &* for some k € {0,1,...,d}, so R is a
principle ideal ring;

(4) for any matriz A € Mat(n, R), there exist invertible matrices P, € Mat(n, R)
such that PAQ is a diagonal matriz whose diagonal entries are 1,£,£2, ..., %71
or 0, i.e., a matriz with the following form

E,,

§E,,
EE,

fd_ 1 Erd, )

O,

where ro, 1, ..., 11,8 >0, 7o +1m1+ - +14-1+5=mn, and by r; =0 (resp.,
s =0) we means that & (resp., 0) does not occur in the main diagonal;

(5) using the notations of (4), the map X — PXQ is a bijection from the H-class
of A to the H-class of D.

Proof. We have a chain 0 = (€4) C (¢471) € --- (&) € (€°) = R of ideals in R.
Take a nonzero r € R, we have r € (€*) but r ¢ (1) for some k € {0,...,d—1},
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so r = ué® with u € R. Since R is a local ring, if  was not a unit, then v would
be contained in the maximal ideal (£), namely u = v€ and r = v&ftl € (1),
This contradiction proves (1), and (2) follows from (1) immediately.

For a non-zero ideal I, we see from (1) that {i € {0,1,...,d —1}: & € I} is
not an empty set. By taking k to be the minimum number of this set, it is easy to
check that I = (¢*), which proves (3). Since R is a principle ideal ring, (4) follows
from [9, Theorem 4.1] and (1). Then (5) follows from Lemma 2.1 and (4). O

Definition 2.3. The matrix D in Lemma 2.2 is called the Smith normal form of
A.

To close this section, we consider the H-classes in the monoid Mat(n, K) of
square matrices of order n over an arbitrary field K. This discussion is a little
aside from the subject of this article. But the reader may find that the result and
proof in the case of Mat(n, K) provide good inspirations for those in the case of
Mat(n, R).

For any matrix A € Mat(n, K), there exist invertible matrices P, Q € Mat(n, K)
such that PAQ is a diagonal matrix whose diagonal entries are 1 or 0, i.e., a matrix
with the form diag(E,, O,), where r;s > 0 and r + s = n. By Lemma 2.1, the
map X — PXQ@ is a bijection from the Green class of A to the corresponding
Green class of diag(F,, O,). Hence, it suffices to consider the Green classes of the
matrices with the form diag(E,, Oy).

Theorem 2.4. Let A € Mat(n, K). The following conditions are equivalent:
(1) A=y diag(E,, Oy);
(2) A = diag(Ai1,Oy) for some invertible matriz Ay over K of order r.

When r = 0 and s = n, both diag(E,, Os) and diag(A11,O;s) should be read as
A= 0,.
Proof. Firstly, assume that the condition (2) holds. Then it is obvious that

diag(Ai1, Os) =diag(A1, O,) diag(E,, O,),
diag<Er7 Os) = diag(Al_lla Os) diag(Alla Os)
Hence A =, diag(E,, O;) by definition. And we can show A =g diag(FE,, Os) by a
similar argument.
Conversely, assume that the condition (1) holds. Then by definition there are
W,Y € Mat(n, R) such that A = diag(E,, O;)W and that diag(E,, Os) = Y A. We

partition the matrices A, W,Y into 2 x 2 blocks in the same way as diag(E,, Os).
Then the equation A = diag(E,, Os)W reads

An A\ . Wi Wil (Wi Wi
(A21 A22) = diag(Er, O:) (Wzl W22) - < 0 o ) '

4
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Thus Ay and Agy are both zero matrices. And the equation diag(E,,Os) = YA

reads
: Yiu Yo\ [An A YA YA
diag(E,, Oy) = = i
B(Er, 0x) (Ym Y22) ( 0 0.) Wndn Yads
In particular, we have Y1, A1 = E,, so both Y7; and A;; are invertible. Then we
deduce from Y;; A2 = O that Ajs = YﬁlO = 0. O

Corollary 2.5. Let K be a finite field of order q, and r be the rank of the matrix
A € Mat(n, K). Then the H-class of A in Mat(n, K) conszsts of T1i=s (" — ¢)
matrices. When r =0, we adopt the convention that [])—, (¢° — ¢') = 1.

Proof. Combine Theorem 2.4 with the fact that there are exactly []/-, (¢" — ¢°)
inverse matrices of order r over a finite field of order q. n

3 The Green H-classes of matrices over R

By Lemma 2.2, it suffices to consider the H-classes of the matrices of the form D =
diag(Ery, EEry, ., & E,, |, Os) withrg, ..., 7q_1,8 > 0and ro+- - +rg_1+5 = n.
The following theorem is our main result.

Theorem 3.1. Let A € Mat(n, R), and D = diag(E,,,(E,,, ..., £ E,

Then A =g D if and only if A can be partitioned in the following form

Os).

d—17

By §B12 &Bis -+ 7By O
§Ba §Ba2 By -+ 7By O

£?Bs) £*Bsy §Bss -+ 7By O i.e., the coefficient ()

L. *

: : : - : : of Byj is gmax{iai=1,

€7 By €9 Bap €7'Bgz - £97'Bag O
@) (0] (0] (0] O

where By, Bag, . .., Byg are invertible matrices of rank ro,rq, ..., rq_1, respectively.

If some r;i_1 = 0, then the ith row partition and the ith column partition vanish,
so we don’t consider whether such By is invertible.

Lemma 3.2. Let A € Mat(n, R), and E, be the identity matriz of order n. If
1A = ¢47LE, then A is invertible in Mat(n, R).

Proof. The proof is by induction on n. It holds obviously for n = 1, and assuming
it to hold for n — 1, we will prove it for n. Since £¢471A = ¢9-1E,,, we deduce from
Lemma 2.2 that

cii §cip - ey

o1 a0 £eo
A=|"7 7 o

§6n1 £Cn2 Tt Cnn

5
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where ¢11, Coa, . . ., Cpp are unit in R. Applying the Laplace expansion along the 1st
row of A, we obtain

detA = C11 det(All) + Z(-l)i—i_lfcli det(AlZ-),

1=2

where Ajy; is the submatrix formed by deleting the 1st row and ith column of A. By
the inductive hypothesis A;; is invertible. Hence det A;; is a unit in R, and so is
c11 det(A11). And the rest part of the Laplace expansion above is contained in the
maximal ideal () of R, so det A is still a unit in R. Therefore A is invertible. [

Now we can give the proof of Theorem 3.1 as follows.

Proof. For the necessity of Theorem 3.1, assume that A =5 D for some A €
Mat(n, R). Then there exist W, X,Y, Z € Mat(n, R) such that A = DW = XD
and D = AY = ZA. We partition these matrices into (d + 1) x (d + 1) blocks in
the same way as D. For example,

All A12 e Ald Al,d+1
Ay Ay - Ay Asan
A=| z s
Aq A+ A Addn
Agv11 Advie - Aarid Adridn

Calculating A = DW = XD in the form of the block matrices, we conclude that
Aij = fi’lVVij = fjilXij for i,j € {]_, e ,d}, and that Aij =0Ofori=d+1or
j = d+ 1. Thus there exists r;_; x r;_; matrix B;; such that A;; = fmax{i’j}*lBij
for 7,5 € {1,...,d}, that is, A can be written in the form of (x).

It remains to show that all of Byq, Bao, ..., Byg are invertible over R. For this,
we set A = diag(¢41E,,, 472E,,, ..., E,, ,,0,). Then AD = diag(¢¢71E,_,, Oy).
Then we deduce from D = AY that

1By, 0] 0] O 0]
£971By €971 By 0 O O
d—lB d—lB d—lB O O
ding(¢" B, 0 — | & o & Pe & e | Y.
7By €' 'Bp £7'Byg oo £7'Bag O
O 0] 0] 0] O,

Denote by Y, the submatrix of Y formed by deleting the last s rows and the last
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s columns. Then we deduce from the equation above that

By O O 0]
BZl BQQ O s @)
¢E,  =¢41 | Bsi Bs2 DBss O 1v,.

By Ba Bas -+ Bua
Write B for the lower triangular matrix in the middle term of the right side of the
equality above. By Lemma 3.2, the matrix BYj is invertible, and so is B. Then all
of the diagonal blocks By, ..., Bgg must be invertible, which completes the proof
of the necessity for Theorem 3.1.

For the sufficiency of Theorem 3.1, let A be the matrix given by (*) in Theo-
rem 3.1. Then the following equalities yield A <y D.

Ay Ay A - €A, O
Ay Ay EAgz -+ 97245, O
A—D Agi Azy Azy o0 E3A3 O
An Ap  As - Add O
O O o - O O,

A Aqo Az o A O

§Aa Ago A oo Agg O

2 A §Asz Azg - Agg O

= . . . ) . | D.
EM Ay EPAp E7PAg - Aag O
O O O e 0O Oy

To show D = diag(E,,, By, ..., ¢ E,, ,0s) <g A, we only need to find matri-
ces Y, Z € Mat(n, R) such that D = AY = ZA. Review that the r;’s may be zero,
and let k& be the number of positive integers in {rg,r1,...,74-1}. The proof is by
induction on k. When k& = 0, we have D = O,,, the conclusion holds obviously.

Assume that £ > 1, and that the conclusion holds for k£ — 1, then we will prove
it for k. Let 6 = max{i : 1 < i < d,r;_1 # 0}, and Ay be the submatrix of A
formed by the first 6 — 1 row partitions and first § — 1 column partitions, which
is a square matrix of order t ;== ry +---+ 15,0 =n — s —rs_1;. Then A can be
written in the following form

Ay €U O
A — 56—1‘/ 55_1366 O 7
@) @] O,
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where
U = (Bys, Bas, ..., Bs_15)", V= (Bs1, Bsa, - -, Bss—1)-

By the inductive hypothesis, we have Ay =g diag(E,,,EE,,, ..., &7 2E,, ,). Let Dy
denote the latter diagonal matrix. Then by definition there exist square matrices
Yy and Z of order ¢ such that AgYy = ZypAg = D,.

Now let Ay be the diagonal matrix diag(£°—2E,,, £ 3E,,, ..., E,,_,) of order t.
Then we have AgDy = Doy = £°72E,. Combining the arguments above, one can

check that
Ap 55_1U O YO+£Y0A0UB;;1VYO —£YOA0UB;;1 O

D= &7V ¢ 1Bss O —B;'VY, B;s! O
0 O Os O O Os
Zo+E2UB' VIAZy —ZyUBss O Ay S VO]
= —EB5s VI~ Zy Bys! O OV ¢@-1Bss O
O O O, O O 0O
This shows D <y A and completes the proof of Theorem 3.1. m

Example 3.3. Let A € Mat(n,Z/47Z). Then A =g diag(E,,, 2E,,, O;) if and only
if A has the following partitioned form:

A 241, O
2491 245 O],
@] O O

where Aj; and Ags are invertible matrices over Z/47 of order ry and 11, respec-
tively.

Remark 3.4. In general, the H-class in Mat(n, R) is a proper subset of the L or
R-class. For instance, we see from Example 3.3 that the H-class of diag(2,0) in
Mat(2, Z/4Z) only consists of itself. But we have

G0 Go)=Go) = (o) Ea)-( o)

Hence, the L-class of diag(2,0) contains (; 8), and the R-class of diag(2,0)

. 2 2 . . .
contains (0 0) by taking the transpose in the equations above.
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4 The construction of invertible matrices over R

Let R° denote the subset of R consisting of 0 and all units, namely, R° = (R\(£))U

{0}.

Theorem 4.1. Let A = (a;;) be a square matriz of order n over R. We denote
by ri,...,rn and cq, ..., c, the rows and columns of A, respectively. That is, r; =
(@ity -5 Qi) and c; = (g, - - -, ani)*. Then the following conditions are equivalent:

(1) A is invertible;

(2) if there exist Ay,..., A\, € R° and an n-dimensional row vector r over R
such that \iry + -+ Ay =&, then Ay = -+~ =X\, =0;

(3) if there exist Ay, ..., A\, € R° and an n-dimensional column vector ¢ over
R such that \yc1 + - -+ M\, = &c, then \y =--- =\, =0.

Proof. We give the proof for the equivalence of (1) and (2), the proof for that of
(1) and (3) is similar.

Firstly, suppose that the condition (2) does not hold. Then there exist coeffi-
cients Aj,...,\, € R°, at least one of them is nonzero, and a row vector r such
that A\yrqy + - + \yr, = &r. We will show that det A is not a unit of R, and
consequently A is not an invertible matrix. Since neither whether det A is unit
nor whether the condition (2) holds is affected if interchanging the rows of A, we
may assume that \; # 0, i.e.;, A; is a unit of R. Let A; be the matrix formed
by replacing the 1st row r; of A by 71 + A7 Agrg + -+ + AT A\pr, = EA ' Then
det A = det A;, and every entry in the 1st row ¢\ 'r of A; has a factor £&. Thus
det A € (¢) and hence not a unit of R.

Conversely, suppose that the condition (2) holds. We will prove det A is a
unit in R by induction on n, and consequently A is an invertible matrix. For
n = 1, it follows from Lemma 2.2 that det A is a unit. Then assume that det A
is a unit for n — 1, and we will prove it for n. We can see that at least one of
Anl, - - - Gpy 18 Ot contained in (), for otherwise it would lead a contradiction by
taking Ay = --- = \,_1 = 0 and A\, = 1. Since neither whether det A is unit nor
whether the condition (2) holds is affected if interchanging the columns of A, we
may assume that a,, is not contained in (£) and hence is a unit in R. Let Ay be
the matrix formed by replacing the row r; of A by r; —a_tag,r, (1 <i<n—1).
Then the entries in the nth column of Ay are all 0 except a,,. By the Laplace
expansion, we obtain det A = det Ay = a,,, det A3, where A3 is the submatrix of
Ay formed by deleting the last row and the last column.

Since ay,, is a unit of R, it suffices to show that so is det A3. Let 7} be the ith
row of A3 (1 <4 < n —1). Then we have (r},0) = r; — a_la;,r,. Assume that
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there exist Aj,...,\,—1 € R° and an (n — 1)-dimensional row vector r’ such that
Ay 4+ Aot = &r'. Then we deduce that

n—1 n—1 n—1 n—1
5(7“/, 0) :(Z it 0) = Z A (Tg, O) = Z \iri — a ( Z )xz-am)rn
i=1 i=1 i=1 i=1

n

n—1
= Z )\Z'Ti, by Setting )\n = —a;ﬁ ( Z >\ZCLm) .
i=1 =1

Review that Ay,...,\,_1 € R°. In the case where A\, € R°, we get \; = --- =
An = 0 by the condition (2). And in the case where X\, & R°, say A\, = {t, we
have Z;:ll ANri +0-1, = 5[(7“’, 0) — trn], so A\ = -+ = A,_1 = 0 by the condition
(2) again. In either case, we can conclude from the inductive hypothesis that the
matrix As is invertible, so det A3 is a unit in R, which completes the proof. O]

Corollary 4.2. Use the notations of Theorem 4.1, and let k € {0,1,...,d — 1},
where d is the nilpotent index of & defined in Section 2. We assume that all of the
a;j’s are contained in the ideal (€F). Then the following conditions are equivalent:

(1) there is a invertible matriz B such that A = £*B;

(2) if there exist Ay, ..., \, € R° and an n-dimensional row vector r over R
such that \iry + -+ + My = EFlr then \y = -+ =\, = 0;

(8) if there exist Ay, ..., Ay € R° and an n-dimensional column vector ¢ over
R such that \icy + -+ 4+ Apcn = EFFle, then Ay = --- =\, = 0.

Proof. We need only to consider the case where k € {1,2,...,d — 1}, since when
k = 0, this is just Theorem 4.1. We give the proof for the equivalence of (1)
and (2), the proof for that of (1) and (3) is similar. Firstly suppose that the
condition (1) holds. Let s; be the ith row of B, then r; = £*s;. Assume there are

A, ..., A € R° and a row vector r such that A\;ry + - - + A\,rp, = E¥Tlr. Then we
have €8(A\1sy + -+ + Aps, — &) = 0. Since 0 < k < d, there exists a row vector s
such that A\;sy+-- -+ A5, —&r = Es. By Theorem 4.1, we have Ay = --- =\, = 0.

Conversely, suppose that the condition (2) holds. Since a;; € (¢*) for any i and j,
there is a matrix B = (b;;) such that A = ¢¥B. We still denote by s; the ith row

of B, i.e., r; = &*s;. Assume there are A\i,..., )\, € R° and a row vector s such
that A\is; + -+ 4+ A\psp, = €s. Then \iry + -+ + A\, = EFTlr. By the condition
(2), we have \; = --- = X\, = 0. Hence B is invertible by Theorem 4.1. O

5 An application: enumeration over Z/p?Z

In this section, we consider the typical case of R = Z/p?Z, where p is prime and
d is positive integer, and provide the size of the each H-class in Mat(n, Z/p?Z).

10
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Note that the conditions in the notations in §2 are satisfied only if d > 2, while
7./p7Z is a finite field and hence the discussions in §2 are applicable.

Lemma 5.1. Letk € {0,1,...,d—1}, A be a square matriz of order n over 7Z/p?Z
(d>1), and ry,...,r, be the rows of A.

(1) There exists an invertible matriz B such that A = p*B if and only if all
aij € (p¥) and for any A\i,..., \, € {0,1,...,p — 1} and any row vector r
such that \irq + -+« + A\yrn = pFlr, we must have \y = --- = )\, = 0.

(2) Let m € {1,2,....n}, M, ..o A, i1y« s i € {0,1,...,p — 1}, and r and
s be row vectors. In the case where the condition of (1) holds, we have
M7y A+ P = ey -y, + pFLs if and only if A =

o Am = i and pFHlr = pFtls,

Proof. When d = 1, this is well known. When d > 2, the proof of (1) is based on
Corollary 4.2 and the following observation. Any \; € (Z/p?7)° in the condition
(2) of Corollary 4.2 can be written in the form A\; = X;+pu; with X, € {0,1,...,p—
1}. And since every entry of A is contained in (p¥), every r; can be written in the
form r; = pFs;. Hence, the formula \;7q + - - - + A\,rn, = E¥T1r in the condition (2)
of Corollary 4.2 read as

/1r1+"'+)‘;1rn:plﬁ_l(r_:ulsl_"'_:unsn)? /17"'7)‘;16{0717"'7]9_1}7

which is just what we need. And (2) is a simple consequence of (1) since A\jr; +
o A DY = gy 4+ e, + pF s can be reformulated as (A — g ) +
ot (A = )T = P (s = 7). O

Lemma 5.2. Let k € {0,1,...,d — 1}. The number of matrices over 7 /p?Z
(d > 1) with the form of p*B where B is an invertible matriz of order n is equal
to

i (d=k)n _ ,(d—k—1)n+i
I p ).
i=0

Proof. The proof consists in the following construction of such matrix p* B using
Lemma 5.1. Let r; = (a1, ..., ain) be the ith row of p*B with all a;; € (p*). And
we know that the ideal (p*) consists of p¢=* elements.

Firstly, we construct r1. By (1) of Lemma 5.1, the only restriction for r is that
1 cannot be equal to p**+1r for some row vector . Thus there are p(¢—*n —pld=k=1)n
choices for 1. Secondly, we construct 5. By (1) of Lemma 5.1, the restriction for
7y is that 75 cannot be equal to A\;r; + p*r for some A € {0,1,...,p — 1} and
some row vector 7. And by (2) of Lemma 5.1, for a fixed r{, there are p(d=Fm —
pld=k=Un+1l choices for r,. Continuing this process, by (1) of Lemma 5.1, the
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restriction for r; is that r; cannot be equal to A\jry + - - -+ \;_17ri_1 + p**r for some

A, o1 €{0,1,...,p— 1} and some row vector r; and by (2) of Lemma 5.1,
for fixed r1,...,7r;_1, there are pld=*n — pld=k=Dn+i=1 choices for ;. Therefore, the
assertion follows from the rule of product of combinatorics. n

Corollary 5.3. Let A € Mat(n,Z/pZ), and diag(E,,,pEy,,...,p* 'E,, ,0)
be its Smith normal form. The H-class of A consists of T\=; M (i) [T\=g N(i)
elements, where

27 (ro4-+ri—1)(d—i) . 0
M(i) = {p ri 70,

1 ry = 0,
"'ifl —1 Ti —i— T j
N(i) = [T, (P9 = pl==bmd) -y 320,
1 Ty = 0.
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