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Abstract

In this work, we demonstrate uniqueness of the weak solution to the fractional anisotropic
Navier-Stokes system with only horizontal dissipation.
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1. Introduction

In this paper, we are interested in the following fractional anisotropic Navier-stokes sys-

tem in R3:
Oy + vp(—Ap)*u+ (u- V)u+ Vp =0, in R? x (0, 00),
divu = 0, in R3 x (0, 00), (1.1)
uli=o = o, in R?,

where u = (u',u? u®) designates the velocity of the fluid, p is the scalar pressure,the con-
stants v, > 0 and a > 0, represent respectively the horizonal viscosity and dissipation,
more, the fractional power of the horizontal laplacian can be defined in terms of the Fourier

transform:
Fl(=2An)ul(t,€) = [&[** Fu(t, £),

Meanwhile, let’s note down
Ap = (A2
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In particular, (1.1) becomes the anisotropic Navier-stokes equations in the case of « = 1. We
proved the uniqueness of weak solutions for fractional Navier-Stokes equations in [9], and also
established the global existence and uniqueness of regular solutions in spatial variable for the
higher-order elliptic Navier-Stokes system in [10]. We also proved the time-local existence
of the mild solution to the fractional Navier-Stokes-Coriolis system in Sobolev space [11].

In[5], the author investigate the equations of anisotropic incompressible viscous fluids in
R3, rotating around an inhomogeneous vector B(f, z1,22). The author prove the global
existence of strong solutions in suitable anisotropic Sobolev spaces for small initial data
as well as uniform local existence result to the Rossby number in the same spaces under

assumption that B(¢,z1), or B(¢,z2). In[8], the authors proved that as long as the velocity

e

ue L0, T, B,

has a uniqueness solution. Hence, we investigate the equations of fractional anisotropic

) such that %l + 27& > « then the generalized Navier-Stokes equations

incompressible viscous fluids in R? in this paper, we prove this type of result to the 3D
fractional anisotropic Navier-Stokes system with only horizontal dissipation.

we are going to designate that u is a weak solution of the fractional anisotropic Navier-Stokes
equations if u such that

(H1) u is weakly continuous R* — L?;

(H2) u € L = L>®(R*; L?) N L*(R*, H*Y);

(H3) For all ® in D'(R* x R?) such that div® = 0,

/0 (u, 0y®)dT + /0 (u, (—Ap)*®)dT + /Ooo(u7 (u-V)P)dT + (ug, (0)) =0,

with V® € D'(R* x R?),
/ (u, V®)dr = 0.
0

52 42a04+2,0

Proposition 1.1. Let o > %, 2<r<o0,2<q< oo, then Yug € B(rroo)q we have the

unique solution u associated with ug such that VT < T* and ¥p € [q,00),
-2129 90420
p BT
ue LP(0,T; B ).
The proof of Proposition 1.1 is straightforward. It suffices to modify the proof of Propo-
sition 1.1 in [4] slightly, and so it is omitted here.

.2 9,
Theorem 1.1. Let u and v be two weak solutions associated with uy € L*> N B/ cot20

(r,00),q and
2a

vo € L? such that divuy = 0,diveyg = 0. Let 2 < r < 00,2 < ¢ < 00, and%—i—? > a,



v € L is any weak solutions associated with vy, u is the unique solution associated with wug

242 o,
with w € L9(0, T B’“+ ? +20) NL. ForVT >0, if w=u—v, then Yt < T ,we have:

(s )

O < o= vl exp (€ [ T e )

(TOO)q

In particular, ug = vy, we get u = v.

Considering the 3D fractional anisotropic Navier-Stokes system with only horizontal dis-
sipation, it is reasonable to use anisotropic functional spaces which distinguish horizontal
derivatives from the vertical one. Let us recall the definition of those spaces, it requries
an anisotropic dyadic decomposition of the Fourier space, so let us start by recalling the
definition opertors of localization in Fourier space:

Ala = F7H(U(279|¢,|)a)  for allj € Z,

J
Ava = FHU(27Y¢,)a) forall I €Z,
Sta=F'(x(277[¢,a) for allj € Z,
Sta = F Y (x(27Y¢,)a)  forall I € Z,

where &, = (£1,&), F(a) or a denotes the Fourier transform of a, while F~!(a) designates

the inverse Fourier transform of a, x(7) and W(7) are smooth function such that

3 8 .
supp¥ C {r e R: 2 <|r| < §} and V7 > O,Z\I/(Q_JT) =1,

JEZ

4
suppxC{7’€R:|T|§§} and V7 € R, x(7 +Z\I/29
JEZL
Definition 1.2. Let s and s’ be two real numbers. Let q € (1,00) and r € [1,00), the

anisotropic Besov space B(Sf;o)q denotes the space of homogeneous tempered distribution a
such that:

1
o0 q
. /
lall 5. T (E 25| AT Z@HLgOL;) :

e k=

Lemma 1.1. Let By, (resp.B,,) a ball of RZ (resp.Ry ), and Cy, (resp.C,) a ring of R (resp.R, ).
Let 1 <py<p1 <ooand 1< g < ¢ <o00. then there holds

Zf suppd C 2th = ||a§hG/HLil(Lgl) 5 2 (‘a|+1’2 Pl ||CL”LPZ Ly,



if suppa C 2' By = 02, all ) S 2500 al g,

2k‘N

ifsuppd C Qk Ch = ||a||LZ1(L?,1) ~ Sup H@ CL“Lm (L)

laf=

ifsuppa C 2'C, = ||a||L”1 (LYY X S 270, aHL”l (LI

Lemma 1.2. Let a > 0, a € L®((0,00); L*(R?)) N L2((0, 00); H**(R?)), we have, for every
2 <p< o0,

a € "R H7(R%)
with

2
la < Clall,

Lemma 1.3. Let (a,q,7) € R3, such that « >3,2<r<o00,2<qg<o0 and 2 —|—2—O‘ > a,
B = % + 270‘ —2a+ 2, then, for V1" >0, the trilmear form:

Lp (R T O(®)) Wﬂwnwawﬂwmr

T
a,b,c) € L2 x LU0, T; B*° . ) a-Vb) - cdxdt
(r,00),q R

18 continuous, and we have

t ) L
)/0 /RS(CL . Vb) . Cdl’dt‘ S C (||a||zw(R+;L2)||A(}?a||L2((§R+;L2)||Azb||L2(R+;L2)
2 _2
+ [[ARall 22 HbHZW(RhB) HA%HB&M;L?)
= 1-1 1 N 11
+ ||a||£°°(R+9L2)||Aha||L2&R+§L2)H||b||z°°(R+;L2)||Ahb||L2(qR+;L2)>||C||LQ(O,T;B?T’2O)#)
and

t
[ [ (0 a) - cdud] < Al s +c/ ol el s
0 JR

(r,00),q

2. Proof of the weak-strong uniqueness result

In this section we will prove Theorem 1.1. Let us recall the situation, we consider two

divergence-free vector fields vy and wug, such that

vo € L*(R*) and wo € L*N B(Tr ;?:20

(R?).

We have chosen 2 < r < 00,2 < ¢ < oo, with we associtate with vy and ug two weak
solutions v and u such that H(1) — H(3) in the space L>°(R*; L*(R3)) N LP(R™; H%’O(Rg’)),
with additionally, accoding proposition 1.1:

we L0, T; Bf*jf““O(R?’)).



Proof. we have known conditions:

ol +2 [ 1Al s < ol
ol 2 [ IR < ol

If w=u—w, then

o+ [ 1agu |m@—|wm-w/HA (SEads + o]

2 [ 1o 200000 0(0) ~ 1 [ (830 A1,

t
Jw(®)3a + /HA ads < Juolls + lolfs = 20000, ut) = 4 [ (Au. Ago)ds
t
— 1lvo — |2 — 2(v9, o) + 2(0(8), u(t)) — 4/ (A%, ASv)ds.
0
According to the Lemma(2.1), we have
t t
(u(t),v(t)) + 2/ (Afu, Afv)ds = (vg, ug) +/ / (w - Vw) - udzdt,
0 0 R3

therefore,

[Jw(t HL2+/ | Ajw ||L2ds<||U0—U0HL2+// w - Vw) - udzdt.

Thanks to the Lemma (1.3), we have

‘// w - Vw) udazdt‘<vh|Ahw|lL2 R+L2)+C’/ ||wHL2||u||BB0 ds.
R3

(r,),q

By the Gronwall’s inequality, then

Ol < o= vl exp (€ [ T o)

(7 00),q

In particular, when uy = vy,

Theorem 1.1 is proved. O



Let us prove the following result.

Lemma 2.1. Under the assumption of theorem 1.1, ¥t < T, the following equality holds

(u(t), v(t)) + 2 /0 t(AZ‘u,AZ‘v)ds: (vo, o) + /O t /]R (w- V) - udedt.

Proof. Take two smooth sequences {u,} and {v,} such that divu,, = 0 and divv, = 0, then

limv, = v in L}RT, H*Y),
n—oo

limw, = w in LR E) L0, T B

n— 00 (r,00),q

(2.1)

Take the scalar product with v,, and w,, of the generalized anisotropic Navier-stokes equations
on u and u respectively yields, after integration in time and integration by parts in the space

variables

/olt ((asu’vn)+mgu’Agvn)+(U'VU,vn))(S)ds = 0,

/Ot ((Gsv,un) + (Afv, Afuy) + (v - Vv,un)> (s)ds = 0.

Because {A%u,} and {A%v,} converge in L?(R*, L?),
t t
lim ((Agu, A%, + (Agv,Agun))(s)ds —9 / (Au, A%v)ds.

Lemma 1.3 implies that
t

t
lim [ (v-Vov,u,)(s)ds = / (v- Vo, u)(s)ds.
Similarly, since divu = 0,

t

lim [ (u-Vu,v,)(s)ds = /0 (u - Vo, u)(s)ds,

n—00 0

t

lim [ (u-Vu,v,)(s)ds = /0 (u-Vu,v)(s)ds.

n—oo 0

However 0,0 = —(—Ay)% — P(v- Vo) in D' (R?) where P stands for the Projector Operator,

SO
t t

nh_)rrolo ) (Osv,u,)(s)ds = — nll_{lolo i ((Aﬁfv, Ajuy,) + (v- Vo, un)> (s)ds
= — /Ot ((Agv, Aju) + (v - Vv,u)) (s)ds
= /Ot(ﬁsv,u)(s)ds.

6



Similarly,
t

lim (85u,vn)(s)ds:/0(8Su,v)(s)ds.

n—0o0 0

Then, we have the limit

lim { /Ot ((agu, vn) + (Afu, Afv,) + (u - Vu, vn)> (s)ds

+ /Ot ((asv, Up) + (Afv, Afuy,) + (v- Vo, Un)> (s)ds}
/Ot ( (D5, v) + (950, 1) + 2(Afu, AYv) + (u - Vu,v) + (v - Vo, u)) (5)ds

= /Ot (—(u,v) + 2(Aju, Ajv) + (u - Vu,v) + (v - Vo, u)) (s)ds

So
(u(t),v(t)) + 2/0 (Aju, Ajv)(s)ds = (ug, vo) + /0 (w - Vu,w)(s)ds.

Lemma 2.1 is proved.

3. Proof of the Lemma 1.3

The aim of this section is to prove Lemma 1.3. Lemma 1.3 was stated in the introduction
and used several times in the proof of the theorem. Let us recall that we consider a trilinear
form

2 58,0 g
(a,b,c) € L7 x LU0, T; B ) — /0 /RS(a - Vb) - cdzdt,
for which we hope to prove the continuity as well as the estimate
t t
[ [ (0 0) - cdud] < oAl sy + € [ lalfalel, ds
o Jrs 0

(r;00),q

Now we start to the proof of Lemmal.3.

Proof. We are going to use the paraproduct algorithm introduction by Bony, we have

/ot/ﬂas(a'vb)'Cdxdt:Z/OT/RBA?((G'V@'C)M&-

JEZ



We are going to split the term 3 [ [ Al ((a - V) - c) dzdt in the following way
jez

// Ah (a-Vb) - )d:cdt

JEL R3

— Z// Ah (ap - Vib) - dxdt+2// (az - O3b) - )dmdt
R3 R3

JEZL JEZ
h v
41

We shall split the horizontal term ]’7’, using the hOmogeneous Bony’s decomposition, we have

[h =My g R,

where
i = / sk 1ahAthb>Ahcd:cds
li—k|<No R?
i = Z // Sp 1Vthkah>A?cdxds,
li—k|<No R?

RM = Z / / Ah Vthkah>A?cdxds.

k<j—No,|k— K’ <1

Estimate of 1]/

we use Holder inequality to infer

1| < HAhvhbHLzHAhCHLooerS,

|7 —k|<No

where

S | =

+
S
I
N —

As a result of Lemma 1.1

IN

2% || ARD|| 22727k,

/ I

1ALV 4D 22
2ak

ISk sanllpary < Zzﬂéﬂym Jan|| 2275275
K <k

So, we have

) < / Al 225 Al o2kt 1=E-%)

K <k

9~ j(2+2£7a)2]( +2£72a+2)||AhC||LooLTdS‘

8



We apply Lemma 1.2 to imply that

_2

h 2
(1] < lall foo gtz 1AR @I L2t 2y | AR Dl £oo ;2 L] 2420 sai20
Lao,138], 9
and
1 1
¢ 7 2

Furthermore, in the case when a = b we can also get

) < / Jallza ARl el 2.2 oot

(7 OO)q

IN

ol + € [ TaEN 5 s

(TOO)q

Estimate of I2/

By Holder inequality, then

h,
B7< > / | ALl 2| S8 Vabll o 1A e 1 s

|7—k|<No

with

S| =
+
=S =
I
DN | —

We also have used Lemma 1.1 that

||Slib—1vhb||L%Lz S Z 22(% % ||Ah 2ak zak
K <k

(1-3-%+2)

ki <k

i Lok (1—2 -2
57 < D / [ Afanlz22°H | A bl 2220 2 0775+
K <k
9- ](2+2&_a+2)2j(2+2ﬁ_2a+2)HAhC”LwLT dS
and similarly for b, then we get

_2

157

q

La(0T5B, I

with

|
| =

N

< HbH[a,oo(RJr;p) HAzb”m&w;L?) HA(I);CL“L‘”(R*;LQ) ||C|| L2420 50420



2 2 2 2
4 ay2=1-2-% 4
roq g

Furthermore, in the case when a = b we can also get

' t 2 1—2
B < [ ool lsgol sl et
0

(r,00),q

IN

t
vnl| AjallZ: +C/0 la(s)IZ2lle()] 2 20 ss0s-

(r,00),q

Estimate of R"J
Using the Holder inequality, we infer

t
mo< Y / | ALy |2 | A T o | Al o ds.
k>j—No,|k—k'|<1 0

Using Lemma 1.1, we get

)
Akl < 2% Akl

’ ’
ak

’ ak
ALV b| 2 < 2% ||ARLD|| 22 2 4,

L b ak ol p(a-2eK)
IR < Y | Ay 220 [|[ALD]| 22 27
k>j—No ” 0
2—j(—2a+270‘+2)2j(%+270‘—2a+2)||A?C||L80LZ.
Lemma 1.2 implies that
hj . a I a 7 aplt s
|[R™| < Ha||L°°(R+;L2)||Aha’HL2(R+;L2)||bHL°°(R+;L2)||AhbHL2(R+;L2)”CHLq(OT_B(%+2)7"—2a+2,0
7T (r,00),q
and
1 1
- + - — ].
q9 q

Furthermore, in the case when a = b we can also get

, t 2 1_2
R < [ ol ARl el 2 e anenods
0

(r,00),q

t
< wnlAfals + € [ o) Bl sl
0

(r,00),q

We shall split the horizontal term [7, using the homogeneous Bony’s decomposition, we have
[;17j _ Iihj + I;),j + Rv,j,

10



where

I = // Sp lagAhagbAhcdxds
li—kl<No R
e L
I = Z // Spt O3bAR ClgA?Cdl'dS
lj—K|<No R
= —I;7-T}

R = Z // A /05D agA?cdxds
RS

k<j—No,lk—k'|<1

_ __}%hﬂ __}%mg]’
(3.2)
with
]f,’j = // Sy 1ahAththcdxds
|7—k|<No RS
I;J,’j = / Sp ahA?thd:cds,
lji—k|<No R?

R = Z //Ah bA ahA?thdxds.

k<j—No,|k—k'|<1

Estimate of [ f,’j

t
1 3 [ ISt sanllia AR | A} Vel sy s,
0

|7 —k|<No

where

_%

S|

1
5

S

Using Lemma 1.1 we have
|AFV el g2

HSI?—IahHL%LZ < 22%( )||A

K <k

IA

27| Alel ez,

2ak 2&k

11



Hence

< / | AL an]|2275 | AL a2k 0-E-%)

K <k

9~ ](2‘5‘2*&_()4)2](2 2&_2a+2)||AhCHL00L7 ds.

By Lemma 1.2 we obtain

. 2 1—2
157 < all?., Alall, .2 ASD]| oo R+ c 2,20 ,,
71 < el A5l AT el e
and
1 L 1 B 1
g q 2
2 2 2 2a
r q T 7

Furthermore, in the case when a = b we can also get

| < / Jall IRl el 3.2 s

(TOO)q

IN

onllAZalZ + C / (O A B P—

(W"OO)q

Estimate of I ;,’j

By Holder inequality, then

s 0 [ Iatal St g ATl

|7—K|<No
with
1,11
ro 72
We also have used Lemma 1.1 that
1_1 Jc/ 72@/
”Sl?—1bHLgL§ < 222(2 v AL,
K <k
= ZHAhb||L22 ¥ =33
ki <k
1839 neliery < 22018 el s,

12



v,j le% Q. : 2TO‘
1< S [ Iakalr a2 0

E <k
9~ J(2+2—°‘—a)2a(2+2—‘1—2a+2 ||Ahc||L°°LTd3
So, we get
. 2 1—2
’IU/’J < Hszoo R+-1,2 ||Azb||L2 (]Z1§+-L2 HAZMCL“LO"(R‘*;LQ)HCH 2422 24420
2 ( ’ ) ( bl ) L (OTB(TOO)q
with
1 n 1 B 1
qg q 2
2 2« 2 2
-+ ——a=1-=--—
r q r q

Furthermore, in the case when a = b we can also get

7] < /HGHLQHA GHLQQHCH 2420 2042008

(T 00) q
< wlfalls + O [ T 5,y
(T 00) q
Estimate of R’
Using the Holder inequality, we infer
R < > / 1A anle2 (| ARl 2 | ATV he]| o< ds.

k>j—No,|k—k'|<1

By Lemma 1.1, we get
IAE el oo < 2CD | Al oo

N

ak / 20<k/
IR < Z /||Akah||L22q’ ||Ahb||L22q "=

k>j—

9—i(= 2a+2")21(2 +22_2a+42) HAhCHLOOL'"

Lemma 1.2 implies that

_1 1 _1

v.J q @ a
R ol VARl e W o IS gl 3
(r,00),q
and
1 1
Sr =1
q q



Fur

thermore, in the case when a = b we can also get

0,j CnE e iod
17 | llallzz Az al . "lel

IN

2,20 9440008
B d
(r,00),q

IN

t
val|Afall72 +C/ IIG(S)IIiz||0(8)||2%+27a,2a+2,0d8~
0

(r,00),9
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