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ABSTRACT. In this article, by using the notion of newly defined ¢;ga-derivatives and integrals some
new Simpson’s type inequalities for co-ordinated convex functions are shown. The outcomes raised in
this paper are extensions and generalizations of the comparable results in the literature on Simpson’s
inequalities for co-ordinated convex functions.

1. INTRODUCTION

Quantum calculus or g-calculus is sometimes referred to as calculus without limits. In this, we gain
g-analogues of mathematical items that may be got back as ¢ — 1. There are two kinds of g-addition,
the Nalli-Ward-Al-Salam ¢g-addition (NWA) and the Jackson-Hahn-Cigler g-addition (JHC). The first
one is commutative and associative, at the same time as the second one is neither. That is why from
time to time multiple g-analogs exist. These operators form the basis of the technique which unites
hypergeometric collection and g-hypergeometric collection and which gives many formulations of g-
calculus a natural shape. The past of quantum calculus may be traced back to Euler (1707-1783),
who first added the ¢ in the tracks of Newton’s infinite series. In recent years many researchers have
shown an eager hobby in studying and investigating quantum calculus accordingly it emerges as an
interdisciplinary subject. This is of course because of the fact that quantum analysis is very helpful
in several fields and has huge applications in various areas of natural and carried out sciences such as
computer science and particle physics, and additionally acts as an critical tool for researchers operating
with analytic number theory or in theoretical physics. Quantum calculus can be considered as a bridge
among Mathematics and Physics. Many scientists who use quantum calculus are physicists, as quantum
calculus has many applications in quantum group theory. For some recent trends in quantum calculus
involved readers are referred to [8-12,21].

In recent decades the idea of convex functions has been drastically studied because of its fantastic
significance in numerous fields of pure and applied sciences. Theory of inequalities and concept of
convex functions are closely related to each other, thus diverse inequalities can be found within the
literature which are proved for convex and differentiable convex functions of single and double variables,
see [3-5,13-17,20,23].

Simpson’s rules are well-known technique for the numerical integration and the numerical estima-
tions of definite integrals. This method is known to be developed by Thomas Simpson (1710-1761).
However, Johannes Kepler used a similar approximation about 100 years ago, so this method is also
known as Kepler’s rule.

Simpson’s quadrature formula (Simpson’s 1/3 rule) stated as:

/abF(x)dx ~ é {F(a) +AF (“ : b) + F(b)} .

There are a large number of estimations related to these quadrature rules in the literature, one of them
is the following estimations known as Simpson’s inequality:
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Theorem 1. Suppose that F : [a,b] — R is a four times continuously differentiable mapping on (a,b),
and let HF(4)HOO = sup ‘F(4)(x)‘ < oo. Then, one has the inequality
z€(a,b)

370 e (52)] -

10 1
[ o] < g ] o

In recent years, many authors have focused on Simpson type inequalities for various classes of
functions. Specifically, some mathematicians have worked on Simpson and Newton type results for
convex mappings, because convexity theory is effective and strong method for solving a great number
of problems which arise different branches in pure and applied mathematics. For example, Dragomir
et al. presented new Simpson type results and their applications to quadrature formula in numerical
integration in [7]. What is more, some inequalities of Simpson type for s-convex functions are deduced
by Alomari et al. in [2]. Afterwards, Sarikaya et al. observed the variants of Simpson type inequalities
based on s—convexity in [19]. Kunt et al. also gave the simpson’s type inequalities for the functions of
two variables in [18].

Inspired by this ongoing studies, we establish some new quantum analogues of Simpson’s inequalities
for g-differentiable co-ordinated convex functions. This is the primary motivation of this paper. The
ideas and strategies of the paper may open new venues of further research in this field.

2. PRELIMINARIES OF ¢-CALCULUS AND SOME INEQUALITIES

In this section we present some required definitions and related inequalities about g¢-calculus. For
more information about g-calculus, one can refer to ( [9-11])

Definition 1. [21] For a continuous function F : [a,b] — R, then g- derivative of F at x € [a,b] is
characterized by the expression

F(z)-F(gr+(1-q)a)

(1-¢q)(z—a)

Since F : [a,b] — R is a continuous function, thus we have 4d,F (a) = lim od,F (z) . The function
F is said to be g- differentiable on [a,b] if odoF (t) exists for all x € [a,b]. If a = 0 in (2.1),
then odoF (z) = doF (x) , where d F (x) is familiar q-derivative of F' at x € [a,b] defined by the
expression (see [12])

(2.1) odoF (1) =

, T # a.

_ F()- Fl)

(1-q)z
Definition 2. [21] Let F : [a,b] — R be a continuous function. Then, the q,-definite integral on [a, b]
is defined as

(2.2) d,F () 2 #£0.

x

(2.3) / F(t) adgt =(1—q)(@—0a) S ¢"F(¢"z+(1-q")a)

@ n=0
for x € [a, b].
We have to give following notation which will be used many times in the next sections (see [12]):
_-1
nl, = L=

Moreover, we will need to the following Lemma in our main results:

Lemma 1. [22] We have the equality

b
N B (b _ a)a+1
a/ (@ =) wder =

for a € R\ {-1}.
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On the other hand, Bermudo et al. gave the following new definition and related Hermite-Hadamard
type inequalities:

Definition 3. [5] Let F : [a,b] — R be a continuous function. Then, the q°-definite integral on [a,b]
1s defined as

b o0
/i%wb%t::u—qﬂb—m§j¢wwfx+a—q%w

n=0
for x € [a, b].

Theorem 2. [5] If F' : [a,b] — R be a convex differentiable function on [a,b] and 0 < ¢ < 1. Then,
q-Hermite-Hadamard inequalities

(2.4) F (a[;—]qb> < bi /bF(z) bdgr < Fla) +qF (b)

a

In [15], Latif defined g,.-integral and partial g-derivatives for two variables functions as follows:

Definition 4. Suppose that F : [a,b] x [c,d] C R? — R is continuous function. Then, the definite
Gac-integral on [a,b] X [c,d] is defined by

//ﬁwaﬁc%ﬁ gt = (=) (1 —a) (& —a)(y— o)

XD > qra F g+ (1—q1) e, oy + (1 - g2) €)

n=0m=0
Jor (z,y) € [a,b] x [c,d].
Lemma 2. [13] If the assumptions of Definition 4 holds, then

Yy x
//F(t,s) algt cdg,s = //Fts algt cdg, s — //
Y1 J I Y1 Y1
Y1
//F(t,s) algt cdg, s — /F(t,s) algt gy s

/ / (t,s) adgt dq28+/ / F(t,s) qdgt cdg,s.

Definition 5. [15] Let F : [a,b] X [¢,d] C R* — R be a continuous function of two variables. Then
the partial qi-derivatives, ga-derivatives and q1qz-derivatives at (z,y) € [a,b] X [¢,d] can be given as
follows:

adg,t cdg, s

Y0, F (x,y)  Flpz+(1—q)a,y) —F(z,y)
O =) (@—a) 27
O F(xy) _ Flegy+(-e)o-Fy
204,y (1-g)(y—c ’
a, Og o F (z,y) 1 _ _
B0t Oy @0 G-9(-m g L @rtlraenytl-e)

~Flar+(1-q)ay) — F(z,2u+ (1 —q2)c) + F(z,9)], v #a, y#c

For more details related to g-integrals and derivatives for the functions of two variables one can see
([15).

On the other hand, Budak et al. gave the following definitions of ¢2, q; and q"? integrals and related
inequalities of Hermite-Hadamard type:
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Definition 6. [6] Suppose that F : [a,b] X [c,d] C R? — R is continuous function. Then the following
q?, ¢° and ¢*¢ integrals on [a,b] x [c,d] are defined by

r d
(2.5) //F<t,s> Ups wdpt = (1—q)(1—q)(@—a)(d—7y)

XY D aia F g+ (1—g)e,qy+ (1—q1)d)

n=0m=0

by
26) [ [P dys Yt = (-a)(1-a@)b-2) -9
XN Gy F (e + (11— q2) by + (1— 1) ©)
n=0m=0

and

b
(2.7) //F(m) Uys tdgyt = (1—g1)(1—q2)(b—2)(d—y)

d
Ty

XYY qrgy F (e + (1= g2) b,y + (1 — 1) d)
n=0m=0

respectively, for (z,y) € [a,b] x [c,d].

Theorem 3. [6] Let F : [a,b] x [¢,d] C R* — R be coordinated on [a,b] x [c,d]. Then we have the
inequalities

(2.8) F<q1a+b c+q2d>

b
1 1 ¢+ qod 1
Z r ¢ q2¢
2 bfa/ (m, [2] > ada, @ taze

q2

b d
1
< (b—a)(d—c)//F(x’y) ddqzy adg, T

C

IN

n\&
e
VR

)
pu—
RS
[+

o>
~
Q.
Is%
<
V)
NS

[SUERS]

q 1
<3, g e WIENCED

/d
b b
1 /

- 2.0) Jdow +—n2
B m el ECCRUSE =

q2
< a1 F (a,¢) + 1q2F (a,d) + F (b, ¢c) + q2 F (b, d)
- 2], 2],

for all ¢1,q2 € (0,1).
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Theorem 4. [6] Let F : [a,b] % [c,d] C R? — R be coordinated on [a,b] x [c,d]. Then we have the
inequalities

29) F<a+q1b q2c+d>

IN
N —
>
| | =
IS
S
|
/N
}2
1)
—_— N
ISR
+
Q
~_—
o
I8
=)
&
+
IsH
| | =
o
\m
|
VR
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3|+
2R
-
o
~
=%
[t=)
[N
NS

b d
. - b
< (b—a)(d—c)//F( Y) edgyy dg,

d d
1
< Q[Q](d_c)/F(a’y) cdgyy + /F cdgy

b
q2
+7/F(x,c) Ydpr + /F
2[2]q2(b—a)a ! 2(2],, ( b—a
< @ F (a,¢) + F (a,d) + ¢1q2F (b,¢) + 1 F (b, d)

[2} q1 [2]¢Z2

for all q1,q2 € (0,1).

Theorem 5. [6] Let F : [a,b] X [c,d] C R? — R be coordinated on [a,b] x [c,d]. Then we have the
iequalities

(2 10) P <a+qlb C+Q2d>
2l, 2,
b d
<1 b /F xc—i—qu bd, x + ! /F a+q1by dd, y
-2 b—aa 2], « d—cc 2], -

d
! T
32[2]q1(d—c)/F(a’y) g,y +2[2]q1(d—c)/F(b’y) dd,.y

_|_

b
- e d @ N .
2 [2]42 (b_ a) a/F( ’ ) dqzy * 2 [2](12 (b_ a) a/F( ,d) dql

F(a,c) + g2F (a,d) + ¢1 F (b,¢) + q1q2F (b, d)
2], 2],

<

for all q1,q2 € (0,1).

Theorem 6. (q1q2 Hdlder s inequality for two variables functions, [15]) Let xz,y > 0,0 < q1, ¢2 < 1,
p1 > 1 such that —|— = =1. Then

/"w/oy|F(x’y)G(m’y)|d“m‘”y<(/ | eear dqlxd‘“y)l ([ [ 1660 iy, )

We can give the following new partial g-derivatives for functions of two variables

Definition 7. [1] Let F : [a,b] x [c,d] C R? — R be a continuous function of two variables. Then
the partial qi-derivatives, ga-derivatives and q1qz-derivatives at (z,y) € [a,b] X [¢,d] can be given as
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follows:
balF(‘T7y) _ F(Q1x+(17Q1)bay)7F(z7y)
Lorae RPN s e
90, F (z,y)  F(z,qy+ (1 —q2)d) — F (z,y)
Oy -0 d—9) E
ga‘?l,qu ($7 y) _ 1
O By @ (g (g T eertize)d
“Flar+(1-q)ay) —F(z,q2y + (1 —q2)d) + F(z,9)], v #a, y #d,
005 0o F (xy) 1
R U T T T L
~Flarz+(1-q)by) = F(z,0y + (1 —q2)c) + F(z,y)],  #b, y#c,
b, d321, QF(ZL‘,y) B 1
O By D@ () g et a)bey+ (=)

—F(pz+(1—q)by) —F(z,ey+ (1 —q2)d) + F (z,y)], x #b, y #d.

3. A CruciAL LEMMA

We deal with identity which is necessary to attain our main estimations in this section.
Let’s start with the following useful Lemma.

Lemma 3. Let F : A C R? — R be a twice partially qqo-differentiable function on A°. If partial ¢1qo-
b 197 (t,s)

derivative #jat; is continuous and integrable on [a,b] X [c,d] C A°. Then following identity
q1 a2

holds for q1qs-integrals:
(3.1) " Ty 00 (F)
Lot bdg? JF(ta+ (1 —1t)b,sc+ (1 —s)d)
= -0 [ [ A @A, () e dayt doys,
0 JO q1 q2

where q1,q2 € (0,1),

F(54,0) + F (5,) +4F (52, 55%) + F (o, 55%) + F (0, )
9
F(a,c)+ F (a,d) + F (b,c) + F (b,d)
+ 36

6(1)1_@/; [F(a:,c)+4F (x,”d) +F(w,d)} Ydg,

_G(dlc)/cd [F(a,y)—i—ﬁlF <a;—b,y) +F(b,y)} Pdgyy

+1/b/dF(x ) Ydg, x 4d
b—a)(d—c) /, /. Y) G ey

b dI(Ith(F) =

[\

and

_ qlt—l, te 0,%)
Agl(t)_{qltg, tG[ 1)7
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Proof. Because of the Lemma 2 and the definition of A, (t) and Ay, (s), it is easy to see that
(3.2) / / A bdaglqz (ta+ (1 —1t)b,sc+ (1 —s)d)
: lIl 112 baqlt danS

_ / /bda§1q2 (ta+ (1 —t)b,sc+ (1 —s)d)

00g,t 404, s

2 5\ » 902, F (ta+ (1—t)b,sc+ (1 —s)d)
L) 0,0, ot b
gy

é(qlt—5> b, daglqz (ta+ (1 —1t)b,sc+ (1 —s)d)
6

dg,t dg,s

dg,t dg,s

dg,t dg,s
baqlt daqzs q1 q2

1,1 b, dg2
5 07 F(ta+ (1—t)b,sc+ (1 —s)d)
t—— - = 1,02 dg,t dy,s.
) (=) (me-5) CRE o ot ot
= h+DLh+I3+14

From Definition 7, we have
bdg2 F(ta+ (L—1t)b,sc+ (1 —s)d)
b0y, t 104, s
1

= (w0 d—os [F (tgra+ (1 —tq1) b, sqac + (1 — sqa) d)

—F({tqra+ (1 —tq1)b,sc+ (1 —s)d) — F(ta+ (1 —1t)b,sqac + (1 — sg2) d)

+F (ta+ (1 —t)b,sc+ (1 —s)d)].

It is need to calculate the integrals in the right side of (3.2) in order to finish this proof. By using the
definition of ¢;go-integrals, we obtain that

(3.3) / /b 192 L F (ta+ (1 —t)b,sc+ (1 —s)d)

baqlt daqz s

dg,t dg,s

TG aa=a ), J, P net O tab st (s

—F({tqa+ (1—tq1)b,sc+ (1 —8)d) — F(ta+ (1 —1t)b,sqac+ (1 — sg2) d)

+F(ta+(l—t)b sc+ (1 —s)d)]dg,t dg,s

_ (_a(d C{ZZF<Q1 a+< qzl)bqg;ﬂw(l qg:l>d>

oo oo

n=0m=0
-2 F

n+1 n+1 m m
4 a2 _ 42
(e (-5 )0 e (1-5) )
0
o= o, [ qF ! g
_ 4 1 —
>N (2 ( )b, 5 c+< 5 ) d

n=0m

n=0m=0

A2 () e (- 9)
= s e () (g e (5

So
4

b g P00 F (50) - (050) < (505
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Now from Definition 6, we obtain the following

bdp2 F(ta+ (1—1t)b,sc+ (1 —s)d)
4 q1,92 ’
(3 ) / A baqlt daq28 d(ht dQQS

= (1_q1)(1_q21) = —c// F(tqra+ (1 —tq1)b,sqac+ (1 — sqz2) d)

—F(tq1a+ (1 —tq1)0, sc—|— (I1-=98)d)—F(ta+ (1 —t)b,sqac+ (1 — sg2) d)
+F (ta+ (1 —1t)b,sc+ l—s)d)]d td23

_ ZZ n+1 a—+ 17Q?+1 b m—+1 +(17 m+l)d
- ( (d —~ Oq2 2 3QQ c QQ
q qn+1
—ZZqE"(F( : a+<1— 5 )b,qE”ch(l—QQ”)d))
n=0m=0
S (e (o)
n=0m=0
o0 o0 - n q
+nz;)mzoqz (F<2 +<1 2>bq26+(1—q2)d>>}
[e%e) n+1
e B[S (e
=0 n=0
qn m m
7;)( ( a+(121> by e+ 1) d>>]
+> g ZF<qla+<1q§)b,q’$C+(1Q?)d)
m=0 n=0

2
qn+1 qn+1
—ZF(l a+(1 12 )b,q;"c+(1—qgl)d)”

= (;,{Z g le+ (1—gt)d) = Y a5 F (b,gg'c+ (1 —q5") d)

m=0 m=0

o0

+Z rnF( .q ;’LC+(1—qm > Z H'LF (a+b’q£n+1 +(1 q£n+1)d>}

m=0

= (b — a)l(d { Z b qénc 4 (1 _ qm) d) _ lF (b, C)

e q2

l—gg~=~ ,,~[a+b . m 1 a+b
_ QZqQF(2,q20+(1—q2)d>+qu< 5 ,c)

2 =

1 1 p L[ fa+b
ERGEDICEr [d/ P Yo [P (50)

1 1 a+b
——F (b,c)+ —F , .
r o+ ()]

By using the similar operations used in (3.3), we have

. LhdgZ F(ta+ (1—t)b,sc+ (1—s)d)
(3:5) / / b0y, t 40y, s

- Graamg [P0 () - rea e ()

dfh 3 df12 $
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From (3.4) and (3.5), we obtain that

Similarly, we have

Also, we have

1b.dg2  F(ta+ (1 —1t)b,sc+ (1 —s)d)
91,92 )
(3.6) / / 0, 110, 5 dg,t dgys
= m[ (b,d) — F'(a,d) — F (b,c) + F (a,c)],
Lobdg2 F(ta+ (1—t)bsc+ (1—s)d)
91,92 )
(3.7) / / R dg,t dgys

1 d d 1 d 4
(b—a>(d— ){Q2(d—c)/c Fy) dfhyq?(d_c)/c F (a,y) "dq,y

1 1
——F(b,c) + —F(a,c) ¢,
P00+ F (0,0

(3.8)

b, d
/ /1 %" ta:(l_t)b’scﬂl_s)d)dqlt dyy s
Ot 40y, s

= X b €T — # ’ SCCb T
e e R R

1 1
faF(a d)+q F (a, c)}
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and

39 / / bdaglém (ta+(1—t)b,sc+(178)d)

balh t daqz s

dg,t dg, s

- W {ZZ% (7 a+ (1= i) bgt e+ (1- i) d)

m=0n=0

_ Z Zq?qmF n+1 a4+ ( n+1) b, quc_’_ (1 _ m) d)

m=0n=0
[ee] (oo}
> Y @ F (qta+ (1 —qt)bg5 e+ (1-g5") d)
m=0n=0
o0 (oo}
+Y > daF(gta+ (1 —al)bggc+ (1- Q?)d)}
m=0n=0
1
= Tq F (qta+ (1 — b,gy'c+ (1 —qgi")d
I {qm LX:O;:OCHQQ (afa+(1—q!)b.gg'c+ (1 —g¢5") d)
— Y @' F(agc+ (1-g5")d) = > qiF (qfa+ (1 —qf')bc) + F (a,c)
m=0 n=0
—— [Z > qt g F (qia+ (1—q!) b, g5 e+ (1 —g5") d)
m=0n=0

- Z 5 F (a,¢5"c + (1 - ¢3")

- — [Z > qteyF(qia+ (1 —qf)bg5c+ (1 —g5") d)

m=0n=0

—Zq?F gra+(1—q)b,c)

+ Z qu G'F (qfa+(1— )b, qdc+ (1 — q;”>d>}

m=0n=0

) (ba)l(dc){(l_ql U2 5 S g (gfa+ (1) b+ (1 a8) )

q1492 0 0

9192 = @9 q192

1 1 b b d 1 ’ b
- (b—a)(d—c){qlqgw—a)(d—c)/a f @ e = s [P0
. /dF< ) Udpyy + ——F (0,0
- a,x 2 —F (a,c) ;.
a1g2(d—c) J. =Y 4142

From (3.6)-(3.9), we obtain that

B 1 1 b pd X J
b (b—a)(d—c){(b—a)(d—a)L [ F e b

1 b 1 d
- F b -— | F d F
b —a /a (‘7;7 C) dq1$ d —c /c (CL, y) dqzy + (a'v C)}

1— 1— 1
qQZqQ”F (a,¢3°c+ (1 —q3")d) - QIZQ?F (¢fa+ (1 —qf)b,c) + —F (a, C)}

- > ! /bF( O e [ e b
6(b—a)(d—c) |b—aJ, “ N “ T Ca®

+F(a,¢) = F(a,d)} - G(bﬂj( { 70/ F(b,y) “dg,y
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d
dic/ F(a,y) dd42y+F(aac)F(b’C)}

25
5 a@—g F 0D~ Flad-Fbo+F ().

Now using the calculated integrals (1;)—(I4) in (3.2) and multiplying the resulting one with (b — a) (d — ¢),
then we have desired equality (3.1) which accomplisheds the proof. O

Remark 1. Under the given conditions of Lemma 8 with q1,q2 — 17, then we have following identity

F (52, c) + F (%2, d) + AF (%2, <59) + F (a, <) + F (b, <£9)

(3.10) 37 ;
+F(a7c)+F(a,d)+F(b7C)+F(b,d)
36
! b c+d
_m/a {F(CU,C)+4F($, 5 >+F(1‘7d):|d$
! ’ a+b
_m/c [F(a7y)+4p( ! ,y>+F(b7y)}dy
1 b pd
Jr(b_a)(d_c)/a/cF(I,y)dzdy
_ 1,1 O?F (ta+ (1 —t)b,sc+ (1 — s)d)
- (b-a)(d_c)/0 /0 A(t)A(s) b s
where
t—1 telol
A(t){ -5y [[;,1))
and

which is turned out by Ozdemir et al. in [18, Lemma 1].

4. SOME NEW @;G2-SIMPSON’S TYPE INEQUALITIES
For brevity, we give some calculated integrals before giving new estimates.

1-2¢—24°

1 1
3 1 24[2], 3], 0<g¢<g3
(4.1) Ai(q) = / ‘qt - 6‘ tdat = .
1842 +18¢—7 1
0 zfﬁ[z]q[g]q 3<g<l,
1 1-4¢° 1
2 1 24[2]q(f3]q 0<g<jy
(42) tala) = [la—gla-nai=¢ "
36¢°+12¢%+12¢+1 1
0 “ompLE, - 3S4<L
15—69—64> 5
L 5 24[2i[3}3 0<g<3
(4.3) As(q) = / ‘qt - 6‘ tdgt = ,
18¢2+18¢+25 5
i 2(116[2]q([13]q g<a<l
L —548¢+8¢°—8¢° (- . 5
5 24[2, 131, 7<%
(4.4) mio = [la-3la-nai=4
% 129" +12q+5 %S q < 17

216[2], 3],



12 MUHAMMAD AAMIR ALI, HUSEYIN BUDAK, ZHIYUE ZHANG, AND HUSEYIN YILDIRIM

Yy bat
(4.5) As(q) = A qt 5 dgt = 36 [2][1’
! 5 5
4. A — e _

Now we give some new quantum estimates by using the identity given in last section.

Theorem 7. Let F : A C R — R be a twice partially qiqs-differentiable function on A° such that

. Lo hdeR F(ts) . .
partial q1q2-derivative #"'a(tss) is continuous and integrable on [a,b] X [¢,d] C A°. Then we have
q1 qo

b, dg2
a411-,112 F(ts)

"0yt 1,5 is convex on [a,b] X [c,d]

following inequality provided that

b)dath,!mF(aaC)
00y, t 4Dy, s

47) [Ty o (F)] < (b—a)(d—o) [(Al (q1) + Az (1)) (A1 (g2) + As (2))
b$d81117q2F(a’d)
00y, t 4Dy, s
b7d8Q17Q2F(b7 C)
004, t 40g, s

049,, 4, F (b, d)
ba(ht danS 7

+ (A1 (q1) + Az (q1)) (A2 (g2) + A4 (g2))

+ (A2 (q1) + As (q1)) (A1 (g2) + A3 (g2))

+ (A2 (q1) + Aa (q1)) (A2 (g2) + Aa (g2))

where q1,q2 € (0,1).

Proof. On taking modulus of the identity of Lemma 3.1, because of the properties of modulus, we find
that

(48)  [" gy 0 (F)]

< <b—a><d—c>/01/01Aq1 (1) Ags (5)]

b dg2 F(t,s)

a1.92
b d
g1t 40qy8

bdp2 F(ta+ (1 —1t)b,sc+ (1 —s)d)

41,92
b d
Out 1D

dg, t dg,s

Now using the convexity of

, then (4.8) becomes
(4.9) |b’ qu1,qz (F)|

1 1
< <bfa><dfc>/0 Ay, (5) /OA%(t){t

bdg2 F(b,sc+ (1—s)d)

41,92
b d
Dy, t 40y,

bdg2  F(a,sc+ (1 —s)d)

41,92
b d
Ogit 404,

} dg, t] dg,s.

Now we compute the integrals appear in right side of inequality (4.9)

+(1-1)

1 b dg2  F(a,sc+ (1 —s)d bdg2  F(b,sc+ (1 —s)d
J R R | [
0 8Q1t aqzs atht 8LJ25
i b, d 92
2 1 ls) F(a,sc+(1—3s)d
= / tlait — = qp (0 5e (17 5)d) dg, t
0 6 P0q,t g, 8

—&—/é(l—t) t—l brdg2 LF(bysc+ (1—s)d) i
0 ENG b0y, t 10y, s a
+/1t qt—§ bdg2 F(a,sc+ (1—s)d) i
1 "6 00y, t 404, s “
+/§(1_t) t—§ brdg2 LF(bysc+ (1—s)d) i
0 a 6 baqlt d6q25 “r
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From (4.1)-(4.4), we obtain that
bdg2 F(a,sc+ (1—s)d)

1
A
/0 q1 (t) {t baqlt d6q25

bdg2 L F(a,sc+ (1—s)d)
bafht dalhs

13

bdg2 F(bysc+ (1—s)d)

bafh 3 dan §

+(1—1)

}dqlt

(A1 (q1) + A3 (q1))

N b dang(b, sc+ (1 —s)d)
balht daqzs

(A2 (q1) + As(q1)) -

Thus, we have

brdg2 LF(a,sc+ (1 —s)d)
b0y, t 10y, s

IA
—
>
|
IS
NP
—~
ISH
|
o
S—
S—
i
=
[l=}
nN
—~
»
SN—
| — |

(A1 (q1) + A3 (q1))
bdg2 LF(bysc+ (1—s)d)

bafh 3 dath s
41,92

(b—a) (d—c)/0 Ag, (5) HS 20, t 0y, 5

bdg2 F(b,c)

(A2 (q1) + Ay (m))] dg,

bd92 F(a,c)

IN

41,92
b d
Ogit 404, 5

b 492 F(a,d
N G W

41,92

b 992, F (b,d)
ba‘ht datIzS batht danS

X (A1 (@) + As (ql))}+{s +(1=s)

x (A2 (q1) + Asa(q1))}] dg, s

= (b—a)(d—c) (A1 (q1) + A3 (q1)) lw /Oés qgs—é dg,s
T W /0é (1—s) Q2S—é dgys + - igzll’zzd}g:zc) /;s qgs—g dgys
W /; (1—2s) qQS—g dqzsl
+(b—a)(d—c) (A2 (@) + As (1)) l W /Oés qgs—% dy,
+ W /0é (1-5) (I28*% dgy s + : Czl)gifdgq(zbs@ /;5 qQS*% dg, 5
W /;(1—5) qgs—% dqQS].

From (4.1)-(4.4), we have

b,d a,c
P Ty n(F)] < (b—a)(d—o) [<A1 (@) + A3 (a1)) (A1 (g2) + A3 (g2)) | -Dmaa T (0:0)

b0yt 10y, s

%40, 4. F (a,d)
b0g,t 404, s
b’daql,qu(bv c)
b0yt 10y, s

29041,40 F (b, )
b9y, t 10y, s } '

+ (A1 (1) + A3 (q1)) (A2 (2) + As (g2))

+ (A2 (q1) + Aa (q1)) (A1 (g2) + A3 (g2))

+ (A2 (1) + Aa (q1)) (A2 (g2) + A4 (g2))

Hence proof is completed.
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Remark 2. Under the given conditions of Theorem 7 with q1,q2 — 17, then we attain the following
imequality

F(aft,c) + F (4, d) +4F (252

9

F(a,c)+ F(a,d) + F (b,c) + F (b,d)
* 36

_G(bl_a)/ab [F(x,c)+4F (:c,cgd) —l—F(x,d)] do

_G(dl_c)/cd {F(a,y)—#élF (“‘;b,y> +F(b,y)} dy

+m /ab /ch(ﬂf,y) dzdy

3% F(a,c)
25(b—a)(d—c) aios | T 8t8.s

72 72

39) + F (051

(4.10)

3*F(b,d)
Otds

F(b,c)
Btas

IN

which is shown by Ozdemir et al. in [18, Theorem 3.

Theorem 8. Let F : A C R? — R be a twice partially q1qs-differentiable function on A° such that par-

b, dn2 b, da2 p
04,45 F(£,5) 0, F(t,s)

tial q1q2-derivative —5""35—— is continuous and integrable on [a,b] x [c,d] C A°. If W
q1 q2 a2

is convex on [a,b] X [¢,d] for some p > 1 and % + % = 1. Then we have following inequality

(4.11) " 941, 4 (F)
< (b—a)(d—o) (/ / [Aq, (¢ ()" dq1tdq25>
P p
1 b d8§1 q2 F(a,c) + q2 > dagl q2 F(a,d)
2], 2y, | "0qt 20, 21, 2y, | Oqit “0gys
n q1 b d@i a2 F(b,c) 3 q192 dﬁi a2 F(b,d) 3 ;’
[2}(11 [2]112 8q1t 8‘]28 [2](11 [2]112 batht 8‘]28

where 0 < q1,q2 < 1.

Proof. Applying well-known Holder’s inequality for ¢;go-integrals to the integrals in right side of (4.8),
it is found that

(412) |b’ dICIh q2 (F)|
< (-0 [(/ [ 180 020 I i)
brdg2 JF (ta+ (1—1t)b,sc+ (1—s)d)

P v
dQl t dQ2 S)

(U

b0yt 4Dy, s
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. A b, ddz F(t,s P1
By applying convexity of #288)
(4.13) 1592, o (F)]
< b0 [(/ Jen
/ / ts " daghqz (a, C)
baqlt daihs
b, daQ F (b, C) p
+(1—1¢)s %
6‘11t 8¢Z2S

, then (4.12) becomes

r

)| dg, tdg, 5)

b 492 F(a,d) p
+t (1 _ 8) q1,92 ’
b0y, t 10y, s
b, da21 . (b, d) p b
+ (1 — t) (]. — S) W dqltdq2$
q1 q2

Now, if we apply the concept of Lemma 1 for a = 0 to the above quantum integrals, we attain

1,1
/ / tsdg, tdg, s
o Jo

(4.14)

(4.15)

(4.16)

(4.17)

(4.11) which finishes the proof.

() ([

b
21, 121,,

1 1
q2
t(1—s)dy tdy,s = —2
AEA (L= s)dostdy,s = 175

1 1
q1
1 —t) sdy, tdg,s = —
Até( ) ooy tdays = 1

bt _ s 5 — 4142
/0/0(1 t)(l )dthtdth _[2]q1 [2]q2’

By substituting the calculated integrals (4.14)-(4.17) in

(4.13), then we obtain the desired inequality
O

Theorem 9. Let F : A C R? — R be a twice partially q,qo-differentiable function on A° such that par-

b, dg2
8<11-,L12 F(ts)

tial q1q2-derivative —55 55—
q1 a2

is continuous and integrable on [a, b] X

b, dn2 p
a<11 qu(t’S)

[e;d] © A° I |\ =5, 85—
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is convex on [a,b] X [¢,d] for some p > 1. Then we have following inequality

(4.18) > Ty, g (F)]
1-1 -5
< (-a)d—0 [As " (@) Ay 7 (g2)
> da21 2 (avc) : > d(i)21 2 ((I, d) ’
x {A1 (1) <A1 (92) | =5 ag | T4 | v tag s
q1 q2 a a2
b d621 2 (b7 C) 3 b d821 2 (b d) 1
+A2 (ql) (Al (QQ) bazltq—d&hs +A2 (QQ) baqqlg—aqys
1-1 -2
+A5 7 (q1) Ag 7 (g2)
b dg2 P (a,c) P b 42 F(a,d) ?
X {A1 (1) <A3 (g2) W + A4 (q2) %
q1 q2 an a2
b d821 2 (b’ C) : b da21 2 (b d) l
s <A3 (g0)| gl OOy, (g | o)
a1 q2 q1 q2
1-1 -2
+A4s 7 (1) A5 " (q2)
B da21 2 (a” C) : B da21 2 (a” d) !
X {A3 (Q1) (Al (QQ) baqqltq—daqzs +A2 (QQ) W
b 152 F (bo)|” 10z, F 0,0) [\
_ Y%t 00 L
+As(@1) (Al (22) b8q1t anS A2 (a) ba(nt 81125
1 l -1
+45 7 (q1) Ag ” (g2)
b dg2 P (a,c)|" b 492 F(aq,d)|"
{A3 q1) ( bazllfzd@@s + A4 (q2) W
b d821 2 (b7 C) b d821 2 (b d) l
() <A3 (g0)| gl OOy, (g | o)
q1 q2 a 92

where 0 < q1,q2 < 1.

Proof. Applying well-known power mean inequality for ¢;gs-integrals to the integrals in right side of
(4.8), it is found that

(4.19) " T4y, 00 (F)

< B-a)d-o (//
X(/Oé/oé

bdg2 F(ta+ (1 —1t)b,sc+ (1 —s)d)

q1,92
b d
Dyt 10,y s

1

1—1
1 P
dg, tdg, s)

§— =
q2 6

1
Q1t—6

423*6

tl 1
q1 6

P v
X dg,t dg, s)




SOME NEW SIMPSON’S TYPE INEQUALITIES

(]
(L

X

bdg2 F(ta+ (1—t)b,sc+ (1 —5)d)

41,92

1—1

;1 50 7
q1 6 q2s 6
; 1 5
_ = s— =
q1 6 q2 6

(L1
(1r

% 91,92

bdg2 F(ta+ (1—t)b,sc+ (1 —5)d)

P i
dg,t dg, s)

00y, t 4Dy, s

1—1
5 1 :
qlt—6’ q25—6’ dqltdq28>
; 5 1
— Zllgys — =
a1 6 a2 6

S

0k
1

b, d92
81117(12

F(ta+ (1 —t)b,sc+ (1 —s)d)

804, t 10y, s

p
dg,t dg, s)

5 5

qlt—G‘ qgs—G‘ dg,t dq25>
5 5

qlt—G‘ qgs—G‘ dg, tdg,s

» 1
P
dg td
b(“)qlt d8q2s v e S)

. . bodg2 L F(ts)|”
By applying convexity of | —5"4%;——| , then we have
a1 a2
1 1 1-1
2 2 1 1 P
(4.20) / / it — 6’ s — ¢ dg tdg,s
0o Jo
1 1
/5 /5 1 1 ’
X @t — | |q28 — =
< o Jo 6 6

X

bdg2 F(ta+ (1—t)b,sc+ (1 —s)d)

IN

1
‘ht—é

(r
¢

+(1-1)

’ /
2 6
0

41,92

b0y, t 104, s

o) ([

b, da2 F

» z
dg,t dg, s)

1 e
dQ25>>

q28 — 6
b, d —

92 oF(a,sc+ (1 —5s)d)

00g,t 4Dy, s

P

1

(b,sc+ (1 —s)d)

P

1

1—% 1-1
= 4 (CI1)A5 (q2)

baih t daqz $

P
) dqlt} dg,s

1
g2s — =

q1,92

bd92 F(a,sc+ (1 —s)d) !

Ay (fh)/j

6 004, t 10y, s

dg,s

17
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1
i b, d52 p D
2 1 0z . F(bsc+(1—s)d)
A _ = q1,92 d
+ 2((11)/0 @25~ & EREG 42
b, d52 P
1—1 1_1 0, (a,c)
< Ay T(q)As 7 A ( lh/ Q25‘ —
° > 59, 90,,s
b, da2 % 1
1 _ 91,92~ N\ 7/ q2 d A / =
+(1—s) 2, t daq23 ) s+ A2 (@ | D@25~ g
1
P »
x| s > danl q2 (a” C) + (1 _ S) b dagl q2 (a’d) d. s
bamt 81128 bamt aqzs “
b, dg2 p b, dg2
1-1 1-1 s .. Fla,c 9% . F(a,d)
— A P A P A A q1,92 A q1,92
5 " (@) A5 7 (q2) 1(Q1){ 1(g2) —baqlt By, 5 + A2 (g2) —b(’)qlt 4,5
1
» 1
b dagl 42 (b’ C) b dagl 42 (b’ d)

+As (q1) {Al (g2) + A2 (q2)

P
batht 8L]25 bamt aqzs }]

By applying the similar operations, we obtain that

3 [l 1 s\ 77
(4.21) / / q1t_’ Q28—‘
0 % 6 6
3 1 1 5
X /0 /l Q1t—6’ CI28—6‘
2

bdg2 F(ta+ (1—t)b,sc+ (1—5)d)

X 41,92
b d
Og,t 04,5

v ;
dg,t dg, s)

b dg2  F(a,c) p

q1,92
bafht d8¢125

1—1

1 b, daQ d
AT A —(“’ )

q1,92

ba‘ht 8112 S

i

IN

+ A4 (g2)

Ar (q1) {AS (q2)

p}
b dg2 F(b,c) p

q1,92
804, t 40g, s

" 00T (0,d)

+Au(2) 0y, t 10y, s
q1 q2

+A42 (q1) {A3 (q2)

;D
q1 6

1 e
q28 — 6‘ dqltdq25>

|

(]

2

L

b.dg2 F(ta+ (1 —t)b,sc+ (1 —5)d)

q1,92
b d
Aut Wy

Q23—6

P
q1 6

P z
dg,t dg, s)

b, dg2 F(a,c) p

q1,92
bamt 81125

X

b, da2 (a,d)

q1,92
balht 81128

i

IN
s

1 q_1
"As T + A2 (g2)

As(q1) {Al (q2)

p}
b, daZ (b,C) p

q1,92
b d
a%t a(125

> dagl q2 (b’ d)

- A2 (q2> ba(ht danS

+Aq (q1) {A1 (q2)

)
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(w.23) ( [ /;

5 5
qt— 6‘ 28 — 6‘ dg,t dq25>

1 1
5 5
X l/; L Q1t—6' (123—6‘ dg, tdg, s
2 2
, 1
b, 492 F(ta+ (1—1t)b,sc+ (1 —s)d)| v
X 91,92 (a’ ( ) 5¢ ( S) ) dEIlt dqzs
balht daqzs
b, da2 p b, da2 p
1-1 -1 1497 F(a,c) * 0, ¢ I (a,d)
< AT glE g A Z Y% \ MO, ~ Y000 DY)
< 6 6 3(q1) { 3 (q2) bﬁqlt d8q23 + A4 (g2) baqlt daq25
py oL
b2 F(be)| bodg2  Fb,d)|")]"
A A _ om0 A e D )
M 4(‘“){ W) | =5y tag,s | T4\ T g,
From (4.19)-(4.23), we obtain desired inequality and proof is ended. O

5. ADDITIONAL RESULTS

In this section, we present some results without proof since the proofs are similar to ones given in
Section 3.

Lemma 4. Let F : A C R? — R be a twice partially q,qz-differentiable function on A°. If partial 1 qo-
Lo bdgE F(Ls)
derivative W

holds for q1qo-integrals:
(5.1) Lara2 (F)

is continuous and integrable on [a,b] X [c,d] C A°. Then following identity

Lot 492 LF b+ (1—t)a,sc+ (1 —s)d)
L A A A P Iyt s,
o Jo aYq 92

where q1,q2 € (0,1), Ay, and Ay, are defined as in Lemma 3 and

F (%50 ) + F (%5, d) +4F (2, 54) + F (a, %) + F (b, 57

9
+F(a,c)—l—F(a,d)—l—F(b,c)—I—F(b,d)
36

G(bl_a)/ab [F(x,c)+4F <3: “f) +F(x,d)] allg,

_6(d1—c)/cd {F(a,y)—&-ﬁlF <a2+by> +F(b,y)} gy

1 b d
+(b—a)(d—c)/ / F(2,y) odgx Ydy,y.

ZIQM(D (F) =

and 0 < q, g2 < 1.

Proof. If the strategy which was used in the proof of Lemma 3 are applied by taking into account the
492 . F(t,s)

143 @ "4q1,92
definition of Bt 0,

, the desired inequality (5.1) can be attained. O

Remark 3. If we choose q1,q2 — 17 in Lemma 4, then the identity (5.1) reduces to identity (3.10).

Now we use Lemma 4 to find some new quantum estimates. We first examine a new result for
functions whose partially ¢;gs-derivatives in modulus are convex in the following theorem.

Theorem 10. Let F : A CR? — R be a twice partially qiqs-differentiable function on A° such that
492 F(t,s)
a 91,92

a5 18 continuous and integrable on [a,b] x [c,d] € A°. Then we have
atqq a2

partial qiqs-derivative
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d 52
a94, )qu(t,s)

following inequality provided that TOrt 10,

is convez on [a,b] X [c,d]

a7, - - 40410, (a,¢)
62 [{ZunP) < (=0 d=0) (A () + s (00) (A (a2) + s ()| 222200
ga(h,qu(a’vd)
aOg, t 40,8
Zaql,%F(b,c)
aOg t 40y, s
ga‘llath(b’d)
aOg, t 10y, s ] ’

+ (A1 (q1) + Az (q1)) (A2 (g2) + Aa (g2))

+ (A2 (q1) + A (q1)) (A1 (g2) + A3 (g2))

+ (A2 (q1) + A (q1)) (A2 (g2) + A4 (g2))

where q1,q2 € (0,1).

Theorem 11. Let F : A C R? — R be a twice partially qiqo-differentiable function on A° such
b, d82 F ¢ . . .

that partial q1qs-derivative WQB::) is continuous and integrable on [a,b] X [c,d] C A°. If

bodgz Rt [P

bafdas' is convex on [a,b] x [c,d] for some p > 1 and L + % = 1. Then we have follow-

g inequality

(5.3) 0Ty, 40 (F)|

1
< (b - CL (/ / |AQ1 | dmtdqu)

p p
gth(nF (a7 C) gafh,ih (CL, d)
aalht daqzs aatht d8Q2s
p‘| »

qz
[2]41 [2] qz

-

q()
a0, 10y,

404, 4o F (b, d)
aOg t 10y s

q1492
(2], 121,

where 0 < q1,q2 < 1.

Theorem 12. Let F : A CR? — R be a twice partially qiqo-differentiable function on A° such that

492 F(t,s) i92 e,y |P

partial qgo-derivative “agqll’?da”s is continuous and integrable on [a,b] X [c,d] C A°. If |* 8‘“ ;%aqzs

is convex on [a,b] X [¢,d] for some p > 1. Then we have following inequality

(5.4) |aZas, aa (F)]|

waxd@[A?imnA?;@a

IN

bodg2 P (b bodg2 F(b,d)|"
_ a7 %9 e 77
X {A1 (q1) <A1 (g2) Pt Dy, s + A2 (q2) b0t 1Dy,
b dg2 F(ac)|” bdg2  F(a,d)|” v
4z <Q1) (Al ((]2) baqlt daqgs Az (QQ) batht 3(125
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1

ne 1
+A; A " (q2)
A qwlz A q1,q2
{ 1(q1) < baqlt d8q25 + A4 (q2) baqlt anS )
b dg2  F(a,c) g b 107
A A _ Yq,0 "\ C) A ‘Zl;q2
+ 2(q1)< 3 (¢2) 00, 10y, 5 + A4 (¢2) b9yt 3q25
1-1 -5
+4g " (@) A5 7 (g2)
bodg2  F (b )| b dp2
A A L’ A 491,92~ 7T/ q2
X{ 3(611)< 1(g2) b0y t 90y, + 42 (¢2) b0y, t 8q2$
bdg2  F(a,c)]" b dg2
A A ~ a9, ~ne! (0d)
+ 4(Q1)< 1(42) b9, t U0y, s + 42 (g2) b9y, t 8q23
1-1 1-1
+As 7 (q1) Ag 7 (q2)
bodg2 (b, )| b, dg2
L " Vnw (00)
X {AB (ql) <A3 (q2) baqlt 81]25 + A4 (q2) batht daQQS
b dg2  F(a,c) ! b 4oy
_ %t 0 " 00 F (0, 4)
+ A4 (q1) <A3 (42) by t 90y, s + A4 (g2) C b9, t 49,5 daqzs

where 0 < q1,q2 < 1.

Lemma 5. Let F : A C R? — R be a twice partially q1qo-differentiable function on A°. If partial giqo-

b, do2
derivative Ww is continuous and integrable on [a,b] X [c,d] C A°. Then following identity

holds for q1qo-integrals:
(5.5) o1, (F)

592 F(ta+ (1 —1t)b,sd+ (1—3s)c)
= —CL —C / / AQ1 qg ) — baqt(aqs dtht dqzsv
1 > 2

where q1,q2 € (0,1), Ag, and Ay, are defined as in Lemma 3 and

F(a;b,c)+F(a+b d)+4F(a+b c+d)+F(
9
F(a,c¢)+ F(a,d) + F (b,c) + F (b,d)
+ 36

_G(bla)/ab {F(x7c)+4F( c;d>+F(az d)} Ydy, v
6(611_0)/5 [F(a,y)+4F <‘12+by) +F(b7y)} edg,y

1 b pd b
e L e e

Proof. 1If the strategy which was used in the proof of Lemma 3 are applied by taking into account the
bo2 F(t, s)

€ 741,92
definition of Ton o0,

+ F (b, <t
Ty (F) = 5) (b 57)

, the desired inequality (5.5) can be attained. O

Remark 4. If we choose q1,q2 — 17 in Lemma 5, then the identity (5.5) reduces to identity (3.10).

Now we use Lemma 5 to find some new quantum estimates. We first examine a new result for
functions whose partially ¢;gs-derivatives in modulus are convex in the following theorem.
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Theorem 13. Let F : A CR? — R be a twice partially qiqo-differentiable function on A° such that

. o bha2 F(ts) | . )
partial q1qo-derivative % is continuous and integrable on [a,b] X [¢,d] C A°. Then we have
i1t Oy

b 52
c8<11 qu(t’s)

following inequality provided that T0g.t oOgy5
q2

is convex on [a,b] X [c,d]

b gafh,quF (a’c)

(5.6) | Ly g0 (F )| < (b—a)(d—c)|(A1(q1) + A3 (q1)) (A1 (g2) + A3 (q2)) 9 ¢ 0 5

q1"” c¥q2

ZatIl,Q:»F(avd)
batht Caths

IéaQI;QZF (bc)
bafht Caqgs

201.0.F (b,d)
b0yt Ogys ||

+ (A1 (q1) + Az (q1)) (A2 (g2) + A4 (g2))

+ (A2 (q1) + Aa (q1)) (A1 (g2) + A3 (g2))

+ (A2 (q1) + Aa (q1)) (A2 (g2) + A4 (g2))

where ¢1,¢2 € (0,1).

Theorem 14. Let F : A CR? — R be a twice partially qiqa-differentiable function on A° such that

92 P(ts) b2 p(ts)|P
partial q1q2-derivative % is continuous and integrable on [a,b] X [¢,d] C A°. If W

is convex on |a,b] x [c,d] for some p>1 and + + % = 1. Then we have following inequality

(5.7) | Zg1.00(F)]

< (b-a)( </ / Ay, () Ay, (5)]" dqltd@s)}'

1 26q17q2F(a7C) P q2 Zaql,qu(a,d) P
[2]111 [2}!12 bafht Ca‘hs [2](11 [2]42 baqlt canS
1
LR P (X0 B U R A RO
[Q]ql [2}q2 batht Ca(IQS [2]111 [2]q2 baqlt 08q23

where 0 < q1,q2 < 1.

Theorem 15. Let F : A C R? — R be a twice partially qiqz-differentiable function on Ao such that

892 F(t,s) Fts) [”
partial q1q2-derivative % is continuous and integrable on [a,b] X [¢,d] C A°. If W

is convex on [a,b] X [c,d] for some p > 1. Then we have following inequality

(5.8) g1, 02 (F)]

< waﬂd@[A?;mnA?;@g

X {Al (q1) <A1 (q2)

b, d62 (b, d) p

q1,92
b d
6111t anS

q1,92
balht daqz s

q1,92
bafht 81128

b, g2 F(a,d) p b, dy2 F(a,c)

+ Az (q2)

’ p>1
)

> dagl,tm (b’c)

’ A2 (q2) bafht danS

+A42 (1) (Al (g2)
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1 1

1—-1 1—-1
+45 " (q1) Ag 7 (a2)

b2 P (a,d)|" baAg2 L F (a,0)|”
4 A _ Y%t WY, _ Y%t (%59
X 1 (q1) 3 ((JQ) baqlt d5q25 + Ay (q2) baqlt d@qzs

S =

bodg2 F(bd)|" bodg2 F(bc)|”
+A42 (q1) | Az (q2) W + A4 (g2) W
q1 92 q1 q2

|
1-1 1-1 }
|
)

+Ag 7 (q1) A5 v (q2)

b 42 F(a,d b b 492 F(a,c b
x4 Az (q1) | A1 (q2) " Oy P () L)

A 91,92
bafht daqzs - ? (QQ)

004, t 404q, s

B

bodg2  F(b,d)|" b dg2 F(be)|
s () [ A (go) |- et (0D > 05,7 (b )

A q1,92
00yt 10,5 | A2

balh t daqz $

1-1 1

+Ag 7 (q1) Ag 7 (qo)

> dan gF(avd) 3 b da21 QF(a’C) ’
X3 As (@) | As (02) |02 | o+ Au(@2) |
a1 q2 a 92

b d821 zF(b? d) ! b d821 zF(b7 C) !
+Aq(q1) | As (g2) W + A4 (q2) W
q1 q2 q1 q2

where 0 < q1,q2 < 1.

6. CONCLUSION

In this paper, Simpson’s type inequalities for co-ordinated convex functions by applying the giqo-
integral are obtained. It is also showed that the results proved in this paper are potential generalisation
of the existing comparable results in the literature. As future directions, one may finds the similar
inequalities through different types of convexities.
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