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ABSTRACT. In this paper first we present some new identities by using the notions of quantum
integrals and derivatives which allows us to obtain new quantum Simpson’s and quantum Newton’s
type inequalities for differentiable convex functions by using the g;-quantum integral and ¢¥-quantum
integral. In particular, this paper generalises and extends previous results obtained by the various
authors in the field of quantum and classical integral inequalities.

1. INTRODUCTION

Simpson’s rules are well-known ways for the numerical integration and numerical estimation of
definite integrals. This method is known as developed by Thomas Simpson (1710-1761). However,
Johannes Kepler used the same approximation about 100 years ago, so that this method is also known
as Kepler’s rule. Simpson’s rule includes the three-point Newton-Cotes quadrature rule, so estimation
based on three steps quadratic kernel is sometimes called as Newton type results.

1) Simpson’s quadrature formula (Simpson’s 1/3 rule)

[ st~ 5 Jate) 149 (S50 ) gt

2) Simpson’s second formula or Newton-Cotes quadrature formula (Simpson’s 3/8 rule).
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There are a large number of estimations related to these quadrature rules in the literature, one of them
is the following estimation known as Simpson’s inequality:

Theorem 1. Suppose that g : [x,y] — R is a four times continuously differentiable mapping on (x,y),
and let Hg(4)HOO = sup ‘9(4)(%” < co. Then, one has the inequality
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In recent years, many authors have focused on Simpson’s type inequalities for various classes of
functions. Specifically, some mathematicians have worked on Simpson’s and Newton’s type results
for convex mappings, because convexity theory is an effective and powerful method for solving a
large number of problems which arise within different branches of pure and applied mathematics.
For example, Dragomir et al. [14] presented new Simpson’s type results and their applications to
quadrature formulas in numerical integration. What is more, some inequalities of Simpson’s type
for s-convex functions are deduced by Alomari et al. in [6]. Afterwards, Sarikaya et al. observed the
variants of Simpson’s type inequalities based on convexity in [33]. In [27] and [29], the authors provided
some Newton’s type inequalities for harmonic convex and p-harmonic convex functions. Additionally,
new Newton’s type inequalities for functions whose local fractional derivatives are generalized convex
are given by Iftikhar et al. in [18].
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On the other hand, quantum calculus (shortly, g-calculus) deals with the calculus without limits,
where we can obtain classical mathematical formulas as ¢ — 1. Firstly introduced by Euler (1707-1783)
in the track of Newton’s infinite series, the study of g-calculus was introduced in the early Twentieth
Century after the work of Jackson (1910) on defining an integral later known as the g-Jackson integral
(see, [13,15,21,23]). In g-calculus, the classical derivative is replaced by the g-difference operator in
order to deal with non-differentiable functions, for more details (see, [5,12]). Applications of g-calculus
can be found in various fields of mathematics and physics, and the interested readers are referred
to [7,20,31, 38].

Many integral inequalities well known in classical analysis such as Holder inequality, Hermite-
Hadamard inequality and Ostrowski inequality, Simpson’s inequality, Newton’s inequality, Cauchy-
Bunyakovsky-Schwarz, Gruss, Gruss- Cebysev and other integral inequalities have been proved and
applied to g-calculus using classical convexity. Many mathematicians have done studies in g-calculus
analysis, the interested reader can check [1-4,9-11,16,19,22,24-26, 28, 30,34, 37, 39, 40].

The organization of this paper is as follows: In Section 2, a brief description of the concepts of
g-calculus and some related works in this direction are given. In Section 3, we offer four different
identities involving quantum numbers, quantum derivatives, and quantum integrals. The Simpson’s
and Newton’s type inequalities for differentiable convex functions are established in Section 4 and
Section 5, respectively. The relationship between the results presented herein and comparable results
in the literature is also studied. Section 6 contains some conclusions and further directions for the
future research. We believe that the study initiated in this paper may inspire new research in this
area.

2. PRELIMINARIES OF ¢-CALCULUS AND SOME INEQUALITIES

In this section, we first present the definitions and some properties of quantum derivatives and quantum
integrals. We also mention some well-known inequalities for quantum integrals.
In [21], Jackson defined the g-Jackson integral from 0 to y for 0 < ¢ < 1 as follows:

Y

(2.1) /g(%) dyx =(1=q)yY_ "9 (vd")

4 k=0
provided the sum converge absolutely [21].
Moreover, he defined the g-Jackson integral on any closed interval [z, y]:

Y

(2.2) [ot) du = / 9 dpe ~ [9G) duse
0

0

x
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Tariboon and Ntouyas defined the following g,-derivative and ¢,-integral:

Definition 1. [35] Let g : [z,y] — R be a continuous function. The q.-derivative of g at s € [x,y] is
characterized by the expression

g(») —glge+(1—q)x)
(1-q)(>x—2x) ’

Since g : [z,y] — R is a continuous function, we can state

(2.3) +Dgg () =

» # x.

qug (m) = }1_% meg (%) .

The function g is said to be q,- differentiable on [z,y] if Dgg(3) exists for all € [z,y]. If x =0
in (2.8), then oDgg(5¢) = Dgyg(3) , where Dgg(3¢) s the familiar q-derivative of g at s € [x,y]
defined by the expression (see, [23])

Dqg () = Wa % #0.
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Definition 2. [35] Suppose that g : [z,y] — R is a continuous function. Then, the q,-definite integral
on [x,y] is defined as

Y

o0
/g(%) wdpr =(1=q)(y—2)Y "9 (dFy+ (1-¢") ).
T k=0
Alp et al. proved quantum Hermite-Hadamard inequalities for ¢,-integrals by utilizing convex functions
as follows:

Theorem 2. [3] Suppose that g : [x,y] — R is a convez differentiable function on [z,y] and 0 < g < 1.
Then, we have the quantum Hermite-Hadamard inequalities

(2.4) g(qT2]+y> Syia:/yg(”) Ly ng(z)+g(y)_

In [3] and [28], Alp et al. and Noor et al. established some bounds for the left and right hand sides of
the inequality (2.4), respectively.

On the other hand, Bermudo et al. defined a new quantum derivative and integral which are called
qY-derivative and ¢¥-integral, which can be expressed as:

Definition 3. [8] Let g : [x,y] — R be a continuous function. The ¢¥-derivative of g at s € [x,y] is

characterized by the expression

glgx+(1—qy) —g()
(1—q)(y—=)

Definition 4. [8] Let g : [z,y] — R be a continuous function. Then, the ¢¥-definite integral on [z, y)
1s defined as

YDyg () =

, HFY.

Y

/g(%) Vdgre = (1—q)(y—2)> ¢ (d"z+ (1—¢")y).

> k=0

Bermudo et al. also proved the corresponding quantum Hermite-Hadamard inequalities for ¢¥-integral:

Theorem 3. [8] If g : [z,y] — R is a convex differentiable function on [x,y] and 0 < q¢ < 1. Then,
q-Hermite- Hadamard inequalities are as follows:

Y

T +qy 1 y g9(z)+4q9(y)
(2.5) g( [2](1 )Sy—x/g(%) dg ST-

x

We have to give the following notation which will be used frequently in the next sections (see, [23]):

m, ==L
17 g1

Additionally, we shall use the following lemma in the main results:

Lemma 1. [36] We have the equality

Y )(X+1

« _(y—l‘
/(%_37) aldg? = [aJrl]q

x

for a € R\ {—1}.

3. IDENTITIES

In this section, we offer some new identities by using the notions of quantum integrals and quantum
derivatives. These identities are necessary to prove the main results of this paper.
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Lemma 2. Let g : [z,y] — R be a ¢¥- differentiable function on (z,y) and 0 < g < 1. If YDyg s

continuous and integrable on [z,y], then for h € (0,1) with on ] <[], < [n[;]l]q, one has the identity:
1 i 1
Y - 20 — —

60 [e0 v [a@ a2 (v, @) a0 )

/ 1

—aly—2) [ Al (1)) *Dyg(to+ (1= 1)y) dt
0

where

t- g te 0171, ) -
- ["[;]t]«, te [[h]q,l}.

A, [nl,, [h],) = {

Proof. Using the formula (2.2), from the definition of the function A(t, [n],, [h],), we find that

(3.2) At YDug(tx+ (1 —1)y) dgt
[

n [r],
_ | [} /0 YD,g (te + (1 — 1)) dyt

+/0 tYDgg (tx + (1 —t)y)dgt
[n—1]

_Wq/o YDqag (tz + (1 —t) y) dgt.

By the Definition 3, one also has

glgtz+ (1 —qt)y) —g(tz+ (1 -t)y)

gl 0w = 00

Now, if we substitute the above equation in (3.2), we obtain

1
(3.3) At ) YDyg (tx + (1 —t)y) dgt
[t
=1 [ glgtat (1-at)y) gl + (1—8)y)
- [n— glgtz+ (1 —qt)y) —gtz+(1—-2t)y
} ! (-0 -t et
1g(qtfv+(1*qt)y)aq(ltfH(l*t)y)
*!l i-00-3 a0
1], 1g(th+(1—qt)y)—g(ltvar(l—t)y)
i, / - o)t dat

0
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Calculating the first integral in the right side of (3.3) by taking into account the case when x = 0 in
Definition 2, it is found that

[,
(3.4) /g(th+(1—qt)y)—g(t:c+(1—t)y) 0t
0

(I-q)(y—a)t

1 > g (q’“+1 [h], + (1 AR [h]q) y)
eI Pt rany

< g (qk [h], =+ (1 —q* [h]q) y)
_kzzoqk q* [h],
= #{g(y)—g(yﬂh]q(w—y))}-

(y— =)

If we similarly observe the other integrals in the right side of (3.3), from Definition 4, then we get

1

g(gtr + (1 —qt)y) —g(tx + (1 —t)y)
(35 / 0-0-2 !

0

1 I S|

- = q(y_x)x/ga) dt = ~g(@)

and

1g(qm+(1*qt)y)aq(t»”H(lﬂf)ZJ)
(3:6) / (1-q)(y—a)t Aot

0

(y) —g (=)}

Substituting the expressions (3.4)-(3.6) in (3.3), and later multiplying both sides of the resulting
identity by ¢(y — x), the equality (3.1) can be captured. O

Remark 1. In Lemma 2, if we consider the limit ¢ — 17, then we obtain the following identity

1
Yy—x

/g(t)dt*%[g(x)+(n*2)g(y+h(:c*y))+9(y)}

/Atnh "(tx+(1—1t)y) dt
0

where
_ t*la te [O7h)7
A(t’n’h)_{t _1, t € [h,1]

which can be viewed as a special case of the identity given in [32, Lemma 1].

L
(2],”

g(x)[—%qg(y) _yix/yg(%) ydq%:W/o (1= 121,t) "Dy (tz + (1= 1) y) dyt

Remark 2. In Lemma 2, if we assume n =2 and [h]q = then we have the following identity

which is given by Budak in [11, Lemma 1].
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1

o then we obtain the following identity
q

Corollary 1. In Lemma 2, if we take n =6 and [h]q =

yix/ygu) it~ o)+ a,e (5% vas )

T

1
1
=q(y—) A(t,[6]q,> YDug (tz+ (1 —1t)y) dgt
O/ 2],
A( 1>: t_ﬁ’ te@’i)’

"

where

which is given by Erden et al. in [17].

Lemma 3. Let g : [z,y] — R be a q.- differentiable function on (z,y) and 0 < g < 1. If zDqg s
[n—1]

continuous and integrable on [z,y], then for h € (0,1) with on ] <I[n], < > one has the identity:
1 1 i
— 2 J— — J—
(3.7) o [290)+ ¢ 0 =20 (0 + 1, 0 —2) + 9 0)] - — [9(0) Lt
1
_m/dum%,mgwpw@y+ufox)d¢
0
where

t— g te [0, [h]q),
t— [”[:L]i“, te {[h]q,l] .

Proof. If the techniques used in the proof of Lemma 2 are applied by taking into account the Definitions
of g,-derivative and ¢,-integral, the equality (3.7) can be proved. O

A(t, [n]q ) [h]q) =

Remark 3. In Lemma 3, if we take the limit ¢ — 17, then we have the following identity:

S|

(@) + (=2 g+ =) +a)) - —— [aar

1
/Atnh Nty +(1—t)7) dt
0

where
_ t—;, te [O,h),
A(t’”’h)_{ t—2=1 e h,]

n ’

which can be viewed as a special case of the identity given in [32, Lemma 1].

Remark 4. If we assume n =2 and [h], = ﬁ in Lemma 3, then we obtain [28, Lemma 3.1].

Corollary 2. If we consider n =6 and [h]q = ﬁ in Lemma 3, then we obtain the following identity

o lqg () +4* 4,9 <QT2]+Q> +9()

q

Y

1
2dgt
—— [s) wa,

T

ZQ(y_$)/A<tv[6]q>[2l]> 2Dg (ty + (1 —t)x) dyt
0 q
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_1 o
omog)-{ e

[6l,’

where

Lemma 4. Let g : [z,y] — R be a ¢¥- differentiable function on (z,y) and 0 < ¢ < 1. If YD,g is
[n—l]q

continuous and integrable on [z,y], then for h € (0,1) with ﬁ <[h], < T - one has the identity:
(35) = [0 v o oy =101 (v + 1, e 1)
. g\rz = gz g\y r—=Yy
y—zJ; Il [10 —n], !

[n—l]q[l()—n]q— [n]q
[n]q[lO—n]q

g (y+ 1 —h}q(x—y)) +qg(y)]

= o) [ 8 (6, ,) D e (- 0y) d

where
t—ﬁ, te [0, [h]q)
Al 1) =t et [, 10— R,)
g ol te[[l—h]q,l}.

[n],

Proof. We can obtain the following equality after applying the fundamental properties of quantum
integrals and the definition of A(t, [n],,[h],) :

¢y —2) /OlA(t, nl, [1],) “Dag (b2 + (1~ 1)y) dyt

nj, — -n (7],
B W/ "Dyg (to+ (1= 1)y) dyt
[n—1],[10 = n], — [n],
], (10— 7],

n—1 1
[ o ]q/o YDgg (tx + (1 —t)y) dgt

1
+/ tYDyg (tx + (1 —t)y) dgt.
0

[lfh]q
[ g+ a-0) a4
0

Following arguments similar to those in the proof of Lemma 2, the required identity can be obtained.
O

Lemma 5. Let g : [x,y] — R be a g,- differentiable function on (x,y) and 0 < ¢ < 1. If Dqg is

continuous and integrable on [x,y], then for h € (0,1) with ﬁ <I[n], < [n[;]l}q, one has the identity:
1 [n — 1], 10 = n], —[n],
(3.9) o [qg @)+ = oo (e 1= bl =)
q([nl, = [10 —n] v
- ( oo, q)g(x+ (h], (=) +g<y)] - yfx/w 9() adg

= a2 [ 8 (6, ,) D+ (- 02) d
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where
t— s te o[,
At [l 11],) =4 t— ot € (7], 11 1],)
[n—1],
t— nl, tG[[l*h]q,l}.

Proof. If the techniques used in the proof of Lemmas 2, 3, and 4 are applied by taking into account
the Definitions of ¢,-derivative and g,-integral, the equality (3.9) can be proved. g

4. SIMPSON’S INEQUALITIES FOR QUANTUM INTEGRALS

In this section, we offer some new quantum boundaries for quantum Simpson’s inequalities via q,-
integrals and ¢Y-integrals. Moreover, we give some calculated integrals that will be used in the new
results.

Lemma 6. The following quantum integrals hold:

W, |1 2% + [} ]2 (11, [n], 2], — [3],)
(4.1) /0 t ‘t - @ dgt = Ai(q) = [n]z 3], 12, g
e, @ e -1, (1)
I A T e O p i s TR
", o ~2q+ (], I, (4], n], — 121,)
@) [ a-nje- pL|4 = A= miE) AW,
and
! [n—1],
(4.4) /[h}q (=0t St
B Cgl—1p -1 (1) 1P
R O A
Proof. Since [h], > ﬁ, we have
[, 1 o (1 (rl, 1
_ /["l]"t LI dt+/mqt LI
0 [n], o ], )
207+ [ g ([0, [, (21, - (3],
- [l 3], (2], '
Similarly, the quantum integrals (4.2)-(4.4) can be computed and the proof is finished. O

4.1. Simpson’s Inequalities for ¢,-integrals. In this subsection, we prove quantum simpson’s in-
equalities using the Lemma 2.

Theorem 4. We assume that the conditions of Lemma 2 hold. If the mapping |YDgyg| is convexr on
[x,y], then the following inequality holds for q¥-integral:
i 1
Ja vt — o [g@) + P =20 (s+ 1, (o= 9) + as )
q

x

1
Yy—x

(4.5)

< q(y—2)[["Deg (x)] {A1 () + A2 (0)} + ["Dag (y)[ {A3 (q) + As (a)}]
where A1 (q) — A4 (q) are given in (4.1)-(4.4), respectively.
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Proof. By taking the modulus in Lemma 2 and using the properties of the modulus, we obtain that

(46) — / 9 vt 0@+ =0 (u+ 1, - 9) + a0 )
(h],
< a-o | || P e (=)
1 [n—1], y B
taly ) /[h]qt | P e (= )t

Since the mapping |YD,g| is convex on [z, y], therefore, we have

o vt — o 0@ + @ =20 (- 1, 0= 0) + ar )
[n — l]q

y—x
1
dt+/t d.t
T, 7], q]

dqt+/[1 (1—1)

nl,

1
t— —

[n],
[r],
+q(y —2)[YDyg (y)| [/O (1-1)

From (4.1)-(4.4), we have

t—

[h],
< q(y-2)|"Dyg ()] V i

t—

1
[n],

s [0 vt o o 420 (4 1, - 0) + a0 )
< q(y—2)["Deg (2)[{A1 (@) + A2 (9)} + q (y — 2) |"Dyg ()| {A3 (q) + A4 ()}
which ends the proof. O

Remark 5. If we set the limit ¢ — 1= in Theorem /, then we obtain the following Simpson’s type
imequality

1
y—x

[o®) @t =S ls@+ -2 g+ he )+

< (—2) g @)[{A (1) + A2 (D} + g () {As (1) + As (1)}]

which can be viewed as a special case of the inequality given in [32, Theorem 2.1].

Remark 6. In Theorem 4, if we take n = 2 and [h]q = ﬁ, then we have the following trapezoidal
type inequality
g(z)+qg9(y) 1 /’“’ v
2 2 2 2 3
@ (1+49+¢ ¢® (14 3¢2 +2g
< - l| 1Dy (@) TLEHED) g ) LU 20)
31, 2] 31, (2]

which is given by Budak in [11, Theorem 3].

Corollary 3. If we use n = 6 and [h]q = ﬁ in Theorem 4, then we have the following Simpson’s
q

type inequality

yix/yg(t) vd,t _[61}(1 {g(x)+q2[4]qg<xj;qy)+qg(y)}

x

< qy—2)[|"Deg (x)| {A1 (q) + A2 (¢)} + |"Dqg (y)| {As (q) + A4 () }]
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where
2% 2] + (6]} (161, - [3],)
Al(‘]) = 3 3 )
2% (3], (6]
27513 6] (1+1021%) =131 [5] (1421
g - [5]q3+uq( +Hq)3 3, 153, ( +Hq>,
2], 13, [6]° 2% (3], (6],
_ LBl 6, —a® 1 (q+q®  +2
Al = 2 ), o ﬂz]i’;( B, 1, >
and
bR, B, - PBE 2 b,
Al = 2w ELE, B,
1 (Bl (2a+¢%) q+¢°
2]? [6], 3],

which is given by Erden et al. in [17].

Remark 7. In Corollary 3, if we take the limit ¢ — 17, then we have the following inequality of
Simpson’s like for the function whose modulus values of the first derivative are convex (see, [6]):

(@7) sl (5 vaw] - L [lawa

y—x
)
= 72

lg" ()] + 19" (W)l

Theorem 5. We assume that the conditions of Lemma 2 hold. If the mapping |YD,g|"* , p1 > 1 is
convex on [x,y], then we have the following inequality

(48) — / 9 vt~ 0@+ =0 (u+ 1, -9) + a0 )
o, (1,0, - )\
< qy—=z) {([Q]q[n}z + [n]q [2(1

X (A1(9)| YDqg ()" + A3 (q) | YDeg (9)I"*)70

gln—=1, 1 [p=1, [[m=1,[0],[0],-H"), =
+<2 2], 2 (2], [n], [n], 12, )

x (A2 (9)| YDqg ()| + A4 (q) | YDeg (9)I™)70

where Ay (q) — A4 (q) are given in (4.1)-(4.4), respectively.
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Proof. By reconsidering the inequality (4.6), applying the well-known power mean inequality for the
quantum integrals and the convexity of [YD,g|"" , p1 > 1, we find that

yix/yw) vdgt —[nl]q[g<x>+q2[n—2]qg(y+[mq(x—y))+qg<y>}
< qy—x) [(/qu t—[nl}q dqt>1_pll (/O[h]q t—[nl]q | YDyg (tz + (1 =) y)[” dqt>;l
+ (/[hl] t— [n[;]ql]q dqt>1pll (/[hl] t— [n[;}qﬂq | YDyg (tx + (1 —t) y)|™* dqt> ]
< qly—u) [(/” t—[nl]q dqt>1;1

1

y . [r], i ) o [R], B _L p1
x<| D@l [ o= | ot + 1P ) | a-nl o dqt>
1 [n—l]q 1‘%
+(/th_ - )
y p1 ! 7[17,—1](1 y p1 ! B 7[71_1]11 G
x<| Dag@ [\ te= Tt a4 D [ a0l S dqt> ]

From (4.1)-(4.4), we obtain that

Y

J o vt i la@ a2l (4 1, ) + a0 )

x

(4.9) i

[h,]q 1 p1 n
< o= |( [ o) @ 1P @1+ A @)D )P
0 [”}q
! [n*ﬂq ' " y P1 Y P1 o=
[ h- Tt (Ae@) D@+ As)] "D )
[r], q
We also observe that
[, 1 w1 ! 1
(@.10) [ ae = (H> 4yt + /ﬁq (H) 4
o (n, ], - 121,)
[2]q [”]3 [n]q [Q]q
and
(4.11) /[hl] - [n]l]q dyt
[n—1]
_ i [nil]q_ ! _[”*1}(1
- /[h]q ( o t) dqt+/w (t . )dqt
gln—1], 1 [n—1], -1, 2], -] ",

2, 2 R, W, n], 2],
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Substituting the computed integrals (4.10) and (4.11) in (4.9), we obtain the inequality (4.8) and the
proof is ended. O

Corollary 4. In Theorem 5, if we take the limit ¢ — 17, then we obtain the following Simpson’s type
inequality

% (A (D)9 @I + A5 (1) |9’ )" 77
2.\ 1= 77
+<n—1 1 n—l_2(n—1)h—hn>

n2 +§_ n 2n

x (4> (1) lg' (@) + A5 (1) | ¢ ()") 7]

Corollary 5. In Theorem b, if we set n =6 and [h]q = ﬁ, then we obtain the following Simpson’s
type inequality

Yy
1

yfx/g(t) Ydgt —ﬁ [g(w)+q2 [4]q9(y+[h]q (w—y)) +qg(y)}

x

3 N\
< dy-2) <[2]2q 2+q 3], 3q>

(4.12)

CHAGACH

< (A1 (@) | “Dag ()] + As ()| *Dag ()[") %
52 1 B, Bl R2-6,) "

+<2q[2]q[613+[21q[61q 6, 2]

where Ay (q) — A4 (q) are given in Corollary 3. The above inequality of Simpson’s type for differentiable
convex functions was given by Erden et al. in [17].

Remark 8. In Corollary 5, if we use the limit ¢ — 17, then we have the following inequality given by
Alomari et al. (see, [6]):

(4.13 sl (ZH) vaw] - L [la0a

< (12916);1 (752>1—m (y — )

< (o119’ @1 +291g' )] + 2919’ @)™ + 611 W] 7).
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Remark 9. In Theorem 5, if we assume n = 2 and [h]q = ﬁ, then we obtain the following trapezoidal
q

type inequality

g9 (x) +q9 (y) I y
Cerd IR

_aw-o [(e@rara)) T
-2, 2]

q

1

q(1+4q+¢% v plq(1+3q?+2cf“’)>"1
g e T e

which is given by Budak in [11, Theorem 4].

x <| YDyg (z)["

4.2. Simpson’s Inequalities for ¢,-integrals. In this subsection, we establish quantum Simpson’s
inequalities by using the Lemma 3.

Theorem 6. We assume that the conditions of Lemma 8 hold. If the mapping |;Dqg| is convexr on
[x,y], then the following inequality holds for q,-integral:

1 Yy
t) Ldgt
—— [s) 4,

1
i, J
< q(y—2)[[«Dgg (W) {A1 (¢) + A2 (0)} + [ Dqg ()| {43 (q) + A4 (0)}]
where Ay (q) — A4 (q) are given in (4.1)-(4.4), respectively.

(4.14) q9 (x) +¢*[n—2],4g (w +[hl, (y - w)) +g (y)] -

Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 3, then we
can prove the inequality (4.14). O

Remark 10. If we set ¢ — 1~ in Theorem 6, then we obtain the following Simpson’s type inequality

—— [a) &t~ L@+ (=Dl 1) +9 W)

< (W=2) g @H{AL (1) + A2 (1)} + g (2)[{As (1) + Az (1)}]

which can be viewed as a special case of the inequality given in [32, Theorem 2.1].

Remark 11. In Theorem 6, if we take n = 2 and [h]q = ﬁ, then we have the following trapezoidal
q
type inequality

a9 (x)+g(y) 1 /yg(%) vdys

¢ (1+4g9+¢%) Do ()] ¢* (14 3¢* +2¢°)
T 9] o014 zHq 4

3], 2] 3], 2]
which is given by Noor et al. in [28, Theorem 3.2 for r = 1].

< (W—2) |l +Dqg ()]

Corollary 6. If we use n = 6 and [h]q = ﬁ in Theorem 6, then we have the following Simpson’s

type inequality

m][w@»+fubg(ﬁ;y>+g@> —— [o0) L

< g =) [l2Dgg (W) [{A1 (@) + A2 ()} + [ Dgg (2)[ {As (@) + As (0)}]
where A; (¢) — A4 (q) are given in Corollary 3.

Remark 12. In Corollary 6, if we take the limit ¢ — 17, then we obtain the inequality (4.7).
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Theorem 7. We assume that the conditions of Lemma 3 hold. If the mapping |,Dqg|™* , p1 > 1 is
convex on [z,y], then we have the following inequality

Y

s/ o®

(4.15) oo [0+ =20 (a4 1, (0= 2)) + 0 0)

IN
Q
=
|
&
//
I~
[t~}
=
RN
+
=
=)
~
s}
~
k]

1

X (A1 ()] «Dqg ()" + A3 (q) | 2Dyg (x)["*)7
2 -7
N <2q [n—1], L1 [n—1], [n-1],[n], [2]q — [h], [”L;)

fise

2w B, D, ], |

q
x (A2 () | +Dag W)I" + A (q) | = Dgg (2)"") ?]
where Ay (q) — A4 (q) are given in (4.1)-(4.4), respectively.

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 3, then we
can prove the inequality (4.15). O

Corollary 7. In Theorem 7, if we take the limit ¢ — 17, then we obtain the following Simpson’s type
inequality

[g(x)+(n—2)gy+h(z—y)+gy

1 h(hn—2)\'"m
<m+(zn)>
% (A1 (1) g ()" + A3 (1) g/ (@)") 7

L(n=1,1 n-1 2@-h-h¥n =50
2 2 n 2n

x (A2 () g W)™ +As (V)] o (x)|m)ﬁ} .

Corollary 8. In Theorem 7, if we set n =6 and [h]q = B then we obtain the following Simpson’s

@Pwm+q%%g<ﬁ£y>+wm

= )<mwﬁ+mmﬁ

type inequality

Y

= o0

% (A1 (9) | =Dyg W™ + As ()| +Dag ()"0
B2 1 B, BlRE-6,\ "
+'<2q[m o B, O,  [,e" )

q
< (A2 (9) | 2Dqg W) + A4 (@) | 2Dgg (x )|p1)”7}
where A; (q) — A4 (q) are given in Corollary 3.

Remark 13. If we take the limit ¢ — 1~ in Corollary 8, then we obtain the inequality (4.13).
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Remark 14. In Theorem 7, if we assume n = 2 and [h]q = ﬁ, then we obtain the following
q

trapezoidal type inequality

_ e [(a@rara))
< g, o

1
a(tdatd) | | "Dyg () ks 2q3)) )
3

8], [2] 3], (20

X <| YDqg (y)|™*

which is given by Noor et al. in [28, Theorem 3.2].

5. NEWTON’S INEQUALITIES FOR QUANTUM INTEGRALS

In this section, we offer some new quantum boundaries for quantum Newton’s inequalities via q,.-
integral and ¢Y-integral. Moreover, we give some calculated integrals that will be used in the new
results.

Lemma 7. The following equalities hold for the quantum integrals:

[h], 1
(5.1) /0 tlt— o] dyt
B g (A, 12,0, - 13),)
= Bi(g) = PR B, + 2, B, o, ;
[k, 1
(5.2) /0 (1= fo= | dat
B g [, (]l - 12,
- RO e, T B,
[1-h], 1
(5.3) /[h]q e~ i |
B @ 24> (R, + [1— ], - h]2 + [h)
T T oS, e, 3], [10—n],[2], "
[1-h], 1
(5.4) /[h]q (0|t~ g |t
2q B2+ 1= Rl2  [h],+[1—H],
= Bi(q) = 10— n], [, o], 10—, 3(q),
! [n—1],
(5.5) /[1_h]qt Tt
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B B 2¢% [n — 1]2 1+[1fh]2 [n—1], (1+[1_h]<21)
- PO, B, e,
! [n -1,
(5.6) /[l—h]q (1-t)|t— i, dqt
n— 2 . 2 n — — h
= DBgs(q) = 2[n -1, [ —hy+1 _ 1, (1 e ]q> — B5(q)

5.1. Newton’s inequalities for ¢Y-quantum integrals. In this subsection, we offer some new
results about the Newton’s inequalities for ¢¥-quantum differentiable convex functions via the ¢¥-
quantum integral.

Theorem 8. We assume that the assumptions of Lemma 4 hold. If the mapping |YDyg| is convex on
[,y], then the following inequality holds for q¥-integral:

! q([nl, — [10—n],
57 yix/xg(%) ydq%_[”l]q 9o+ ( [10 — 7], )9(y+[h}q(w—y))
n—1 10 —n| —n
[ [3”7}[[10—11(1 []qg(yﬂl_h]q(m—y))+qg(y)H

]
< qy—2)[| YDyg (2)[{B1(q) + B3 (q) + Bs (¢)} + | YDyg (v)[{B2 (¢) + Ba (q) + Bes (9)}]

where By (q) — Bg (q) are defined in (5.1)-(5.6), respectively.
Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 4, then we

can prove the inequality (5.7). O

Remark 15. In Theorem 8, if we take the limit ¢ — 17 first, later we consider n = 8 and h = %,
then we obtain the following inequality:

6:5) a0 g o430 (25 40 (52 4000
< -2l @l +1g W,

which is given by Noor et al. in [29].
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Theorem 9. We assume that the assumptions of Lemma 4 hold. If the mapping |Y Dyg|™, p1 > 1 is
convex on [z,y], then the following inequality holds for q¥-integral:

(5.9 L[99 v o o)+ - ([n]f10£12] ), (v+ 18], (=~ )
[n_l[lf][lgo_n g(y+ [1—h], (z - )>+qg(y)]
Ay ( ) o

IN
s}
—~
N
|
K
~

[n]q [2]q nl,

X (B1 (g) | "Dyg ()" + B2 (g)| *Dyg (y)|") 7"

2 RO [0\
* ([10 a2, @, 10— n], )
x (B3 ()| YDyg ()" + By (q) | YDyg (y)|"*) 71
IR A RS B R (1+m-n,)\ "
[n]q [2]q mq [n]q

X (B (4) | "Dag (2)"* + Bs (q)] *Dyg (1)) 7]

where By (q) — Bg (¢) are defined in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 4, then we
can prove the inequality (5.9). O

Remark 16. If we take the limit ¢ — 1~ first, later consider n =8 and h = % in Theorem 9, then we
have the following inequality

(5.10) y_lxjwyg@)dt—; a0+ 30 (20 430 (52 9]
el {G;) " (Tl >|p1+ﬁ7§’2|g'<y>|“)”11
(wer s tyor)”

1 1
17\ (973, . 251, o\t
(1) " (el @F + sl o)

which can be found in [29].

5.2. Newton’s inequalities for ¢,-quantum integrals. In this subsection, we offer some new
results about the Newton’s inequalities for ¢,-quantum differentiable convex functions via the q,-
quantum integral.
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Theorem 10. We assume that the assumptions of Lemma 5 hold. If the mapping |z Dqg| is convex
on [x,y], then the following inequality holds for q.-integral:

1 [n—1],[10 = n], — [n],
(5.11) of lqg (z) + ARITETT (ac+ il —h]q(y_x))
a (), — 1107, oo
+ [10 - 7], g(a:+[h]q(y—z))+g(y) _y—w/x 9 (30) pdgse

< gy =)l 2Dqg (¥)| {B1(q) + B3 (q) + Bs (9)} + | «Dyg (2)| {B2 (¢) + Ba(q) + Bs (9)}]
where By (q) — Bg (¢) are defined in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 5, then we
can prove the inequality (5.11). O

Remark 17. In Theorem 10, if we consider the limit ¢ — 1~ first, later we consider n = 8 and h = %,
then we recapture the inequality (5.8).

Theorem 11. We assume that the assumptions of Lemma 5 hold. If the mapping |, Dgg|"™", p1 > 1 is
convex on [z,y], then the following inequality holds for q,-integral:

n—1| [10 —n| —[n
(5.12) ﬁ lqg(x)Jr[ [Lq][[lo_if] [ }qg(x—f—[l—h]q (y—x))
¢ (], — (10—, o
AT g(o+1,-2) +9) 7y—;1c/z 9(50) wdyx
) o [, (18], ), —12),)\ "
= O R, T R,

1

< (B1(q) | «Dqg )I"* + B2 (q) | «Dqg (x)["*) 1

2 R PR L A
N ([10 7 AT 10— 7], )

x (B3 ()| 2Dqg )™ + By (q)| »Dqg (2)")7r

. gq[n_1]3+[1_h]3+1_[n—uq(lﬂl—h]q)

[”](2, [2] q 2] q [n]q

X (Bs (@) | «Dag ()" + Bo (a) | +Dyg ()" 7 |

where By (q) — Bg (q) are defined in (5.1)-(5.6), respectively.

1

r1

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 5, then we
can prove the inequality (5.12). O

Remark 18. In Theorem 11, if we take the limit ¢ — 1~ first, later we consider n = 8 and h = %,
then we recapture the inequality (5.10).

6. CONCLUSIONS

We conclude our work by mentioning that here, we proved some new quantum integral inequalities
of Simpson’s and Newton’s type for differentiable convex functions by using the notions of quantum
derivatives and quantum integrals. It is important to mention that our results transformed into the
some new and known results by considering different choices of the general quantum number and
considering the limit ¢ — 17 in our main results. We strongly believe that it is an interesting and new
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problem for the upcoming researchers those can obtain similar inequalities for co-ordinated convex
functions in their future work.
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