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Abstract. In this paper �rst we present some new identities by using the notions of quantum
integrals and derivatives which allows us to obtain new quantum Simpson�s and quantum Newton�s
type inequalities for di¤erentiable convex functions by using the qx-quantum integral and qy-quantum
integral. In particular, this paper generalises and extends previous results obtained by the various
authors in the �eld of quantum and classical integral inequalities.

1. Introduction

Simpson�s rules are well-known ways for the numerical integration and numerical estimation of
de�nite integrals. This method is known as developed by Thomas Simpson (1710�1761). However,
Johannes Kepler used the same approximation about 100 years ago, so that this method is also known
as Kepler�s rule. Simpson�s rule includes the three-point Newton-Cotes quadrature rule, so estimation
based on three steps quadratic kernel is sometimes called as Newton type results.
1) Simpson�s quadrature formula (Simpson�s 1/3 rule)Z y

x

g({)d{ � y � x
6

�
g(x) + 4g

�
x+ y

2

�
+ g(y)

�
:

2) Simpson�s second formula or Newton-Cotes quadrature formula (Simpson�s 3/8 rule).Z y

x

g({)d{ � y � x
8

�
g(x) + 3g

�
2x+ y

3

�
+ 3g

�
x+ 2y

3

�
+ g(y)

�
:

There are a large number of estimations related to these quadrature rules in the literature, one of them
is the following estimation known as Simpson�s inequality:

Theorem 1. Suppose that g : [x; y]! R is a four times continuously di¤erentiable mapping on (x; y) ;
and let



g(4)

1 = sup
{2(x;y)

��g(4)({)�� <1: Then, one has the inequality����13
�
g(x) + g(y)

2
+ 2g

�
x+ y

2

��
� 1

y � x

Z y

x

g({)d{
���� � 1

2880




g(4)



1
(y � x)4 :

In recent years, many authors have focused on Simpson�s type inequalities for various classes of
functions. Speci�cally, some mathematicians have worked on Simpson�s and Newton�s type results
for convex mappings, because convexity theory is an e¤ective and powerful method for solving a
large number of problems which arise within di¤erent branches of pure and applied mathematics.
For example, Dragomir et al. [14] presented new Simpson�s type results and their applications to
quadrature formulas in numerical integration. What is more, some inequalities of Simpson�s type
for s-convex functions are deduced by Alomari et al. in [6]. Afterwards, Sarikaya et al. observed the
variants of Simpson�s type inequalities based on convexity in [33]. In [27] and [29], the authors provided
some Newton�s type inequalities for harmonic convex and p-harmonic convex functions. Additionally,
new Newton�s type inequalities for functions whose local fractional derivatives are generalized convex
are given by Iftikhar et al. in [18].
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On the other hand, quantum calculus (shortly, q-calculus) deals with the calculus without limits,
where we can obtain classical mathematical formulas as q ! 1. Firstly introduced by Euler (1707�1783)
in the track of Newton�s in�nite series, the study of q-calculus was introduced in the early Twentieth
Century after the work of Jackson (1910) on de�ning an integral later known as the q-Jackson integral
(see, [13, 15, 21, 23]). In q-calculus, the classical derivative is replaced by the q-di¤erence operator in
order to deal with non-di¤erentiable functions, for more details (see, [5,12]). Applications of q-calculus
can be found in various �elds of mathematics and physics, and the interested readers are referred
to [7, 20,31,38].
Many integral inequalities well known in classical analysis such as Hölder inequality, Hermite-

Hadamard inequality and Ostrowski inequality, Simpson�s inequality, Newton�s inequality, Cauchy-
Bunyakovsky-Schwarz, Gruss, Gruss- Cebysev and other integral inequalities have been proved and
applied to q-calculus using classical convexity. Many mathematicians have done studies in q-calculus
analysis, the interested reader can check [1�4,9�11,16,19,22,24�26,28,30,34,37,39,40].
The organization of this paper is as follows: In Section 2, a brief description of the concepts of

q-calculus and some related works in this direction are given. In Section 3, we o¤er four di¤erent
identities involving quantum numbers, quantum derivatives, and quantum integrals. The Simpson�s
and Newton�s type inequalities for di¤erentiable convex functions are established in Section 4 and
Section 5, respectively. The relationship between the results presented herein and comparable results
in the literature is also studied. Section 6 contains some conclusions and further directions for the
future research. We believe that the study initiated in this paper may inspire new research in this
area.

2. Preliminaries of q-Calculus and Some Inequalities

In this section, we �rst present the de�nitions and some properties of quantum derivatives and quantum
integrals. We also mention some well-known inequalities for quantum integrals.
In [21], Jackson de�ned the q-Jackson integral from 0 to y for 0 < q < 1 as follows:

(2.1)

yZ
0

g ({) dq{ = (1� q) y
1X
k=0

qkg
�
yqk
�

provided the sum converge absolutely [21].
Moreover, he de�ned the q-Jackson integral on any closed interval [x; y]:

(2.2)

yZ
x

g ({) dq{ =

yZ
0

g ({) dq{ �
xZ
0

g ({) dq{ :

Tariboon and Ntouyas de�ned the following qx-derivative and qx-integral:

De�nition 1. [35] Let g : [x; y]! R be a continuous function. The qx-derivative of g at { 2 [x; y] is
characterized by the expression

(2.3) xDqg ({) =
g ({)� g (q{ + (1� q)x)

(1� q) ({ � x) ; { 6= x:

Since g : [x; y]! R is a continuous function, we can state

xDqg (x) = lim
{!x

xDqg ({) :

The function g is said to be qx- di¤erentiable on [x; y] if xDqg ({) exists for all { 2 [x; y]. If x = 0
in (2.3), then 0Dqg ({) = Dqg ({) , where Dqg ({) is the familiar q-derivative of g at { 2 [x; y]
de�ned by the expression (see, [23])

Dqg ({) =
g ({)� g (q{)
(1� q){ ; { 6= 0:
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De�nition 2. [35] Suppose that g : [x; y]! R is a continuous function. Then, the qx-de�nite integral
on [x; y] is de�ned as

yZ
x

g ({) xdq{ = (1� q) (y � x)
1X
k=0

qkg
�
qky +

�
1� qk

�
x
�
:

Alp et al. proved quantum Hermite-Hadamard inequalities for qx-integrals by utilizing convex functions
as follows:

Theorem 2. [3] Suppose that g : [x; y]! R is a convex di¤erentiable function on [x; y] and 0 < q < 1.
Then, we have the quantum Hermite-Hadamard inequalities

(2.4) g

 
qx+ y

[2]q

!
� 1

y � x

yZ
x

g ({) xdq{ � qg (x) + g (y)

[2]q
:

In [3] and [28], Alp et al. and Noor et al. established some bounds for the left and right hand sides of
the inequality (2.4), respectively.
On the other hand, Bermudo et al. de�ned a new quantum derivative and integral which are called
qy-derivative and qy-integral, which can be expressed as:

De�nition 3. [8] Let g : [x; y] ! R be a continuous function. The qy-derivative of g at { 2 [x; y] is
characterized by the expression

yDqg ({) =
g (q{ + (1� q) y)� g ({)

(1� q) (y � {) ; { 6= y:

De�nition 4. [8] Let g : [x; y] ! R be a continuous function. Then, the qy-de�nite integral on [x; y]
is de�ned as

yZ
x

g ({) ydq{ = (1� q) (y � x)
1X
k=0

qkg
�
qkx+

�
1� qk

�
y
�
:

Bermudo et al. also proved the corresponding quantum Hermite-Hadamard inequalities for qy-integral:

Theorem 3. [8] If g : [x; y] ! R is a convex di¤erentiable function on [x; y] and 0 < q < 1. Then,
q-Hermite-Hadamard inequalities are as follows:

(2.5) g

 
x+ qy

[2]q

!
� 1

y � x

yZ
x

g ({) ydq{ � g (x) + qg (y)

[2]q
:

We have to give the following notation which will be used frequently in the next sections (see, [23]):

[n]q =
qn � 1
q � 1 :

Additionally, we shall use the following lemma in the main results:

Lemma 1. [36] We have the equality
yZ
x

({ � x)� xdq{ =
(y � x)�+1

[�+ 1]q

for � 2 Rn f�1g :

3. Identities

In this section, we o¤er some new identities by using the notions of quantum integrals and quantum
derivatives. These identities are necessary to prove the main results of this paper.
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Lemma 2. Let g : [x; y] ! R be a qy- di¤erentiable function on (x; y) and 0 < q < 1. If yDqg is

continuous and integrable on [x; y], then for h 2 (0; 1) with 1
[n]q

� [h]q �
[n�1]q
[n]q

; one has the identity:

1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i
(3.1)

= q (y � x)
1Z
0

�(t; [n]q ; [h]q)
yDqg (tx+ (1� t) y) dqt

where

�(t; [n]q ; [h]q) =

8<: t� 1
[n]q
; t 2

h
0; [h]q

�
;

t� [n�1]q
[n]q

; t 2
h
[h]q ; 1

i
:

Proof. Using the formula (2.2), from the de�nition of the function �(t; [n]q ; [h]q), we �nd that

1Z
0

�(t; [n]q ; [h]q)
yDqg (tx+ (1� t) y) dqt(3.2)

=
[n� 1]q � 1

[n]q

Z [h]q

0

yDqg (tx+ (1� t) y) dqt

+

Z 1

0

t yDqg (tx+ (1� t) y) dqt

�
[n� 1]q
[n]q

Z 1

0

yDqg (tx+ (1� t) y) dqt:

By the De�nition 3, one also has

yDqg (tx+ (1� t) y) =
g (qtx+ (1� qt) y)� g (tx+ (1� t) y)

(1� q) (y � x) t :

Now, if we substitute the above equation in (3.2), we obtain

1Z
0

�(t; [n]q ; [h]q)
yDqg (tx+ (1� t) y) dqt(3.3)

=
[n� 1]q � 1

[n]q

[h]qZ
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) t dqt

+

1Z
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) dqt

�
[n� 1]q
[n]q

1Z
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) t dqt :
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Calculating the �rst integral in the right side of (3.3) by taking into account the case when x = 0 in
De�nition 2, it is found that

[h]qZ
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) t dqt(3.4)

=
1

(y � x) [h]q

8<:
1X
k=0

qk
g
�
qk+1 [h]q x+

�
1� qk+1 [h]q

�
y
�

qk [h]q

�
1X
k=0

qk
g
�
qk [h]q x+

�
1� qk [h]q

�
y
�

qk [h]q

9=;
=

1

(y � x)

n
g (y)� g

�
y + [h]q (x� y)

�o
:

If we similarly observe the other integrals in the right side of (3.3), from De�nition 4, then we get

1Z
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) dqt(3.5)

=
1

y � x

8<: 1

q (y � x)

yZ
x

g (t) ydqt �
1

q
g (x)

9=;
and

1Z
0

g (qtx+ (1� qt) y)� g (tx+ (1� t) y)
(1� q) (y � x) t dqt(3.6)

=
1

y � x fg (y)� g (x)g

Substituting the expressions (3.4)-(3.6) in (3.3), and later multiplying both sides of the resulting
identity by q(y � x); the equality (3.1) can be captured. �

Remark 1. In Lemma 2, if we consider the limit q ! 1�, then we obtain the following identity

1

y � x

yZ
x

g (t) dt� 1

n
[g (x) + (n� 2) g (y + h (x� y)) + g (y)]

= (y � x)
1Z
0

�(t; n; h) g0 (tx+ (1� t) y) dt

where

�(t; n; h) =

�
t� 1

n ; t 2 [0; h) ;
t� n�1

n ; t 2 [h; 1]

which can be viewed as a special case of the identity given in [32, Lemma 1].

Remark 2. In Lemma 2, if we assume n = 2 and [h]q =
1
[2]q
, then we have the following identity

g (x) + qg (y)

[2]q
� 1

y � x

Z y

x

g ({) ydq{ =
q (y � x)
[2]q

Z 1

0

�
1� [2]q t

�
yDqg (tx+ (1� t) y) dqt

which is given by Budak in [11, Lemma 1].
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Corollary 1. In Lemma 2, if we take n = 6 and [h]q =
1
[2]q
, then we obtain the following identity

1

y � x

yZ
x

g (t) ydqt �
1

[6]q

�
g (x) + q2 [4]q g

�
x+ qy

2

�
+ qg (y)

�

= q (y � x)
1Z
0

�

 
t; [6]q ;

1

[2]q

!
yDqg (tx+ (1� t) y) dqt

where

�

 
t; [6]q ;

1

[2]q

!
=

8<: t� 1
[6]q
; t 2

h
0; 1

[2]q

�
;

t� [5]q
[6]q
; t 2

h
1
[2]q
; 1
i

which is given by Erden et al. in [17].

Lemma 3. Let g : [x; y] ! R be a qx- di¤erentiable function on (x; y) and 0 < q < 1. If xDqg is

continuous and integrable on [x; y], then for h 2 (0; 1) with 1
[n]q

� [h]q �
[n�1]q
[n]q

; one has the identity:

1

[n]q

h
qg (x) + q2 [n� 2]q g

�
x+ [h]q (y � x)

�
+ g (y)

i
� 1

y � x

yZ
x

g (t) xdqt(3.7)

= q (y � x)
1Z
0

�(t; [n]q ; [h]q) xDqg (ty + (1� t)x) dqt

where

�(t; [n]q ; [h]q) =

8<: t� 1
[n]q
; t 2

h
0; [h]q

�
;

t� [n�1]q
[n]q

; t 2
h
[h]q ; 1

i
:

Proof. If the techniques used in the proof of Lemma 2 are applied by taking into account the De�nitions
of qx-derivative and qx-integral, the equality (3.7) can be proved. �

Remark 3. In Lemma 3, if we take the limit q ! 1�, then we have the following identity:

1

n
[g (x) + (n� 2) g (x+ h (y � x)) + g (y)]� 1

y � x

yZ
x

g (t) dt

= (y � x)
1Z
0

�(t; n; h) g0 (ty + (1� t)x) dt

where

�(t; n; h) =

�
t� 1

n ; t 2 [0; h) ;
t� n�1

n ; t 2 [h; 1]
which can be viewed as a special case of the identity given in [32, Lemma 1].

Remark 4. If we assume n = 2 and [h]q =
1
[2]q

in Lemma 3, then we obtain [28, Lemma 3.1].

Corollary 2. If we consider n = 6 and [h]q =
1
[2]q

in Lemma 3, then we obtain the following identity

1

[6]q

"
qg (x) + q2 [4]q g

 
qx+ y

[2]q

!
+ g (y)

#
� 1

y � x

yZ
x

g (t) xdqt

= q (y � x)
1Z
0

�

 
t; [6]q ;

1

[2]q

!
xDqg (ty + (1� t)x) dqt
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where

�

 
t; [6]q ;

1

[2]q

!
=

8<: t� 1
[6]q
; t 2

h
0; 1

[2]q

�
;

t� [5]q
[6]q
; t 2

h
1
[2]q
; 1
i
:

Lemma 4. Let g : [x; y] ! R be a qy- di¤erentiable function on (x; y) and 0 < q < 1. If yDqg is

continuous and integrable on [x; y], then for h 2 (0; 1) with 1
[n]q

� [h]q �
[n�1]q
[n]q

; one has the identity:

1

y � x

Z y

x

g ({) ydq{ �
1

[n]q

24g (x) + q
�
[n]q � [10� n]q

�
[10� n]q

g
�
y + [h]q (x� y)

�
(3.8)

+
[n� 1]q [10� n]q � [n]q

[n]q [10� n]q
g
�
y + [1� h]q (x� y)

�
+ qg (y)

#

= q (y � x)
Z 1

0

�
�
t; [n]q ; [h]q

�
yDqg (tx+ (1� t) y) dqt

where

�(t; [n]q ; [h]q) =

8>>><>>>:
t� 1

[n]q
; t 2

h
0; [h]q

�
t� 1

[10�n]q
; t 2

h
[h]q ; [1� h]q

�
t� [n�1]q

[n]q
; t 2

h
[1� h]q ; 1

i
:

Proof. We can obtain the following equality after applying the fundamental properties of quantum
integrals and the de�nition of �(t; [n]q ; [h]q) :

q (y � x)
Z 1

0

�
�
t; [n]q ; [h]q

�
yDqg (tx+ (1� t) y) dqt

=
[n]q � [10� n]q
[n]q [10� n]q

Z [h]q

0

yDqg (tx+ (1� t) y) dqt

+
[n� 1]q [10� n]q � [n]q

[n]q [10� n]q

Z [1�h]q

0

yDqg (tx+ (1� t) y) dqt

�
[n� 1]q
[n]q

Z 1

0

yDqg (tx+ (1� t) y) dqt

+

Z 1

0

t yDqg (tx+ (1� t) y) dqt:

Following arguments similar to those in the proof of Lemma 2, the required identity can be obtained.
�

Lemma 5. Let g : [x; y] ! R be a qx- di¤erentiable function on (x; y) and 0 < q < 1. If xDqg is

continuous and integrable on [x; y], then for h 2 (0; 1) with 1
[n]q

� [h]q �
[n�1]q
[n]q

; one has the identity:

1

[n]q

"
qg (x) +

[n� 1]q [10� n]q � [n]q
[n]q [10� n]q

g
�
x+ [1� h]q (y � x)

�
(3.9)

+
q
�
[n]q � [10� n]q

�
[10� n]q

g
�
x+ [h]q (y � x)

�
+ g (y)

35� 1

y � x

Z y

x

g ({) xdq{

= q (y � x)
Z 1

0

�
�
t; [n]q ; [h]q

�
xDqg (ty + (1� t)x) dqt
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where

�(t; [n]q ; [h]q) =

8>>><>>>:
t� 1

[n]q
; t 2

h
0; [h]q

�
t� 1

[10�n]q
; t 2

h
[h]q ; [1� h]q

�
t� [n�1]q

[n]q
; t 2

h
[1� h]q ; 1

i
:

Proof. If the techniques used in the proof of Lemmas 2, 3, and 4 are applied by taking into account
the De�nitions of qx-derivative and qx-integral, the equality (3.9) can be proved. �

4. Simpson�s Inequalities for Quantum Integrals

In this section, we o¤er some new quantum boundaries for quantum Simpson�s inequalities via qx-
integrals and qy-integrals. Moreover, we give some calculated integrals that will be used in the new
results.

Lemma 6. The following quantum integrals hold:Z [h]q

0

t

�����t� 1

[n]q

����� dqt = A1 (q) =
2q2 + [h]

2
q [n]

2
q

�
[h]q [n]q [2]q � [3]q

�
[n]

3
q [3]q [2]q

;(4.1)

Z 1

[h]q

t

�����t� [n� 1]q[n]q

����� dqt = A2 (q) = 2
q2 [n� 1]3q
[3]

3
q [2]q [3]q

+
1 + [h]

3
q

[3]q
�
[n� 1]q

�
1 + [h]

2
q

�
[n]q [2]q

;(4.2)

Z [h]q

0

(1� t)
�����t� 1

[n]q

����� dqt = A3 (q) =
2q + [h]q [n]q

�
[h]q [n]q � [2]q

�
[n]

2
q [2]q

�A1 (q) ;(4.3)

and Z 1

[h]q

(1� t)
�����t� [n� 1]q[n]q

����� dqt(4.4)

= A4 (q) = 2
q [n� 1]2q
[2]q [n]

2
q

�
[n� 1]q

�
1 + [h]q

�
[n]q

+
1 + [h]

2
q

[2]q
�A2 (q) :

Proof. Since [h]q � 1
[n]q
; we haveZ [h]q

0

t

�����t� 1

[n]q

����� dqt =

Z 1
[n]q

0

t

 
1

[n]q
� t
!
dqt+

Z [h]q

1
[n]q

t

 
t� 1

[n]q

!
dqt

= 2

Z 1
[n]q

0

t

 
1

[n]q
� t
!
dqt+

Z [h]q

0

t

 
t� 1

[n]q

!
dqt

=
2q2 + [h]

2
q [n]

2
q

�
[h]q [n]q [2]q � [3]q

�
[n]

3
q [3]q [2]q

:

Similarly, the quantum integrals (4.2)-(4.4) can be computed and the proof is �nished. �
4.1. Simpson�s Inequalities for qx-integrals. In this subsection, we prove quantum simpson�s in-
equalities using the Lemma 2.

Theorem 4. We assume that the conditions of Lemma 2 hold. If the mapping jyDqgj is convex on
[x; y], then the following inequality holds for qy-integral:������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������(4.5)

� q (y � x) [jyDqg (x)j fA1 (q) +A2 (q)g+ jyDqg (y)j fA3 (q) +A4 (q)g]
where A1 (q)�A4 (q) are given in (4.1)-(4.4), respectively.



CERTAIN GENERALIZED QUANTUM SIMPSON�S AND QUANTUM NEWTON�S TYPE INEQUALITIES 9

Proof. By taking the modulus in Lemma 2 and using the properties of the modulus, we obtain that������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������(4.6)

� q (y � x)
Z [h]q

0

�����t� 1

[n]q

����� j yDqg (tx+ (1� t) y)j dqt
+q (y � x)

Z 1

[h]q

�����t� [n� 1]q[n]q

����� j yDqg (tx+ (1� t) y)j dqt:
Since the mapping jyDqgj is convex on [x; y], therefore, we have������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������
� q (y � x) jyDqg (x)j

"Z [h]q

0

t

�����t� 1

[n]q

����� dqt+
Z 1

[h]q

t

�����t� [n� 1]q[n]q

����� dqt
#

+q (y � x) jyDqg (y)j
"Z [h]q

0

(1� t)
�����t� 1

[n]q

����� dqt+
Z 1

[h]q

(1� t)
�����t� [n� 1]q[n]q

����� dqt
#
:

From (4.1)-(4.4), we have������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������
� q (y � x) jyDqg (x)j fA1 (q) +A2 (q)g+ q (y � x) jyDqg (y)j fA3 (q) +A4 (q)g

which ends the proof. �

Remark 5. If we set the limit q ! 1� in Theorem 4, then we obtain the following Simpson�s type
inequality ������ 1

y � x

yZ
x

g (t) dt � 1

n
[g (x) + (n� 2) g (y + h (x� y)) + g (y)]

������
� (y � x) [jg0 (x)j fA1 (1) +A2 (1)g+ jg0 (y)j fA3 (1) +A4 (1)g]

which can be viewed as a special case of the inequality given in [32, Theorem 2.1].

Remark 6. In Theorem 4, if we take n = 2 and [h]q =
1
[2]q
, then we have the following trapezoidal

type inequality �����g (x) + qg (y)[2]q
� 1

y � x

Z y

x

g ({) ydq{

�����
� (y � x)

"
j yDqg (x)j

q2
�
1 + 4q + q2

�
[3]q [2]

4
q

+ j yDqg (y)j
q2
�
1 + 3q2 + 2q3

�
[3]q [2]

4
q

#
which is given by Budak in [11, Theorem 3].

Corollary 3. If we use n = 6 and [h]q =
1
[2]q

in Theorem 4, then we have the following Simpson�s

type inequality ������ 1

y � x

yZ
x

g (t) ydqt �
1

[6]q

�
g (x) + q2 [4]q g

�
x+ qy

2

�
+ qg (y)

�������
� q (y � x) [jyDqg (x)j fA1 (q) +A2 (q)g+ jyDqg (y)j fA3 (q) +A4 (q)g]
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where

A1 (q) =
2q2 [2]

2
q + [6]

2
q

�
[6]q � [3]q

�
[2]

3
q [3]q [6]

3
q

;

A2 (q) =
2q2 [5]

3
q

[2]q [3]q [6]
3
q

+
[6]q

�
1 + [2]

3
q

�
� [3]q [5]q

�
1 + [2]

2
q

�
[2]

3
q [3]q [6]q

;

A3 (q) = 2
q [3]q [6]q � q2

[2]q [3]q [6]
3
q

+
1

[2]
3
q

 
q + q2

[3]q
� q

2 + 2q

[6]q

!
;

and

A4 (q) = 2
q [5]

2
q [6]q [3]q � q2 [5]

3
q

[2]q [3]q [6]
3
q

+
q2

[2]q [3]q
�

q [5]q
[2]q [6]q

� 1

[2]
3
q

"
[5]q

�
2q + q2

�
[6]q

� q + q
2

[3]q

#

which is given by Erden et al. in [17].

Remark 7. In Corollary 3, if we take the limit q ! 1�, then we have the following inequality of
Simpson�s like for the function whose modulus values of the �rst derivative are convex (see, [6]):

����16
�
g (x) + 4g

�
x+ y

2

�
+ g (y)

�
� 1

y � x

Z y

x

g (t) dt

����(4.7)

� 5 (y � x)
72

[jg0 (x)j+ jg0 (y)j] :

Theorem 5. We assume that the conditions of Lemma 2 hold. If the mapping jyDqgjp1 ; p1 � 1 is
convex on [x; y], then we have the following inequality

������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������(4.8)

� q (y � x)

264
0@ 2q

[2]q [n]
2
q

+
[h]q

�
[h]q [n]q � [2]q

�
[n]q [2]q

1A1� 1
p1

� (A1 (q) j yDqg (x)jp1 +A3 (q) j yDqg (y)jp1)
1
p1

+

 
2
q [n� 1]q
[2]q [n]

2
q

+
1

[2]q
�
[n� 1]q
[n]q

�
[n� 1]q [h]q [2]q � [h]

2
q [n]q

[n]q [2]q

!1� 1
p1

� (A2 (q) j yDqg (x)jp1 +A4 (q) j yDqg (y)jp1)
1
p1

i

where A1 (q)�A4 (q) are given in (4.1)-(4.4), respectively.
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Proof. By reconsidering the inequality (4.6), applying the well-known power mean inequality for the
quantum integrals and the convexity of jyDqgjp1 ; p1 � 1, we �nd that������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������
� q (y � x)

24 Z [h]q

0

�����t� 1

[n]q

����� dqt
!1� 1

p1
 Z [h]q

0

�����t� 1

[n]q

����� j yDqg (tx+ (1� t) y)jp1 dqt
! 1

p1

+

 Z 1

[h]q

�����t� [n� 1]q[n]q

����� dqt
!1� 1

p1
 Z 1

[h]q

�����t� [n� 1]q[n]q

����� j yDqg (tx+ (1� t) y)jp1 dqt
! 1

p1

35
� q (y � x)

24 Z [h]q

0

�����t� 1

[n]q

����� dqt
!1� 1

p1

�
 
jyDqg (x)jp1

Z [h]q

0

t

�����t� 1

[n]q

����� dqt+ jyDqg (y)jp1
Z [h]q

0

(1� t)
�����t� 1

[n]q

����� dqt
! 1

p1

+

 Z 1

[h]q

�����t� [n� 1]q[n]q

����� dqt
!1� 1

p1

�
 
jyDqg (x)jp1

Z 1

[h]q

t

�����t� [n� 1]q[n]q

����� dqt+ jyDqg (y)jp1
Z 1

[h]q

(1� t)
�����t� [n� 1]q[n]q

����� dqt
! 1

p1

35 :
From (4.1)-(4.4), we obtain that������ 1

y � x

yZ
x

g (t) ydqt �
1

[n]q

h
g (x) + q2 [n� 2]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������(4.9)

� q (y � x)

24 Z [h]q

0

�����t� 1

[n]q

����� dqt
!1� 1

p1

(A1 (q) j yDqg (x)jp1 +A3 (q) j yDqg (y)jp1)
1
p1

+

 Z 1

[h]q

�����t� [n� 1]q[n]q

����� dqt
!1� 1

p1

(A2 (q) j yDqg (x)jp1 +A4 (q) j yDqg (y)jp1)
1
p1

35 :
We also observe thatZ [h]q

0

�����t� 1

[n]q

����� dqt =

Z 1
[n]q

0

 
1

[n]q
� t
!
dqt+

Z 1

1
[n]q

 
t� 1

[n]q

!
dqt(4.10)

=
2q

[2]q [n]
2
q

+
[h]q

�
[h]q [n]q � [2]q

�
[n]q [2]q

and Z 1

[h]q

�����t� [n� 1]q[n]q

����� dqt(4.11)

=

Z [n�1]q
[n]q

[h]q

 
[n� 1]q
[n]q

� t
!
dqt+

Z 1

[n�1]q
[n]q

 
t�

[n� 1]q
[n]q

!
dqt

= 2
q [n� 1]q
[2]q [n]

2
q

+
1

[2]q
�
[n� 1]q
[n]q

�
[n� 1]q [h]q [2]q � [h]

2
q [n]q

[n]q [2]q
:
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Substituting the computed integrals (4.10) and (4.11) in (4.9), we obtain the inequality (4.8) and the
proof is ended. �

Corollary 4. In Theorem 5, if we take the limit q ! 1�, then we obtain the following Simpson�s type
inequality

������ 1

y � x

yZ
x

g (t) dt � 1

n
[g (x) + (n� 2) g (y + h (x� y)) + g (y)]

������
� (y � x)

"�
1

n2
+
h (hn� 2)

2n

�1� 1
p1

�
�
A1 (1) jg0 (x)jp1 +A3 (1) jg0 (y)jp1

� 1
p1

+

�
n� 1
n2

+
1

2
� n� 1

n
� 2 (n� 1)h� h

2n

2n

�1� 1
p1

�
�
A2 (1) jg0 (x)jp1 +A4 (1) j g0 (y)jp1

� 1
p1

i
:

Corollary 5. In Theorem 5, if we set n = 6 and [h]q =
1
[2]q
, then we obtain the following Simpson�s

type inequality

������ 1

y � x

yZ
x

g (t) ydqt �
1

[6]q

h
g (x) + q2 [4]q g

�
y + [h]q (x� y)

�
+ qg (y)

i������(4.12)

� q (y � x)

24 2q

[2]q [6]
2
q

+
q3 [3]q � q
[6]q [2]

3
q

!1� 1
p1

� (A1 (q) j yDqg (x)jp1 +A3 (q) j yDqg (y)jp1)
1
p1

+

 
2q

[5]
2
q

[2]q [6]
2
q

+
1

[2]q
�
[5]q
[6]q

�
[5]q [2]

2
q � [6]q

[6]q [2]
3
q

!1� 1
p1

� (A2 (q) j yDqg (x)jp1 +A4 (q) j yDqg (y)jp1)
1
p1

i

where A1 (q)�A4 (q) are given in Corollary 3. The above inequality of Simpson�s type for di¤erentiable
convex functions was given by Erden et al. in [17].

Remark 8. In Corollary 5, if we use the limit q ! 1�, then we have the following inequality given by
Alomari et al. (see, [6]):

����16
�
g (x) + 4g

�
x+ y

2

�
+ g (y)

�
� 1

y � x

Z y

x

g (t) dt

����(4.13)

� 1

(1296)
1
p1

�
5

72

�1� 1
p1

(y � x)

�
��
61 jg0 (x)jp1 + 29 jg0 (y)jp1

� 1
p1 +

�
29 jg0 (x)jp1 + 61 jg0 (y)jp1

� 1
p1

�
:
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Remark 9. In Theorem 5, if we assume n = 2 and [h]q =
1
[2]q
, then we obtain the following trapezoidal

type inequality �����g (x) + qg (y)[2]q
� 1

y � x

Z y

x

g ({) ydq{

�����
� q (y � x)

[2]q

24 q �2 + q + q3�
[2]

3
q

!1� 1
p1

�
 
j yDqg (x)jp1

q
�
1 + 4q + q2

�
[3]q [2]

3
q

+ j yDqg (y)jp1
q
�
1 + 3q2 + 2q3

�
[3]q [2]

3
q

! 1
p1

35
which is given by Budak in [11, Theorem 4].

4.2. Simpson�s Inequalities for qx-integrals. In this subsection, we establish quantum Simpson�s
inequalities by using the Lemma 3.

Theorem 6. We assume that the conditions of Lemma 3 hold. If the mapping jxDqgj is convex on
[x; y], then the following inequality holds for qx-integral:������ 1[n]q

h
qg (x) + q2 [n� 2]q g

�
x+ [h]q (y � x)

�
+ g (y)

i
� 1

y � x

yZ
x

g (t) xdqt

������(4.14)

� q (y � x) [jxDqg (y)j fA1 (q) +A2 (q)g+ jxDqg (x)j fA3 (q) +A4 (q)g]
where A1 (q)�A4 (q) are given in (4.1)-(4.4), respectively.

Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 3, then we
can prove the inequality (4.14). �

Remark 10. If we set q ! 1� in Theorem 6, then we obtain the following Simpson�s type inequality������ 1

y � x

yZ
x

g (t) dt � 1

n
[g (x) + (n� 2) g (y + h (x� y)) + g (y)]

������
� (y � x) [jg0 (y)j fA1 (1) +A2 (1)g+ jg0 (x)j fA3 (1) +A4 (1)g]

which can be viewed as a special case of the inequality given in [32, Theorem 2.1].

Remark 11. In Theorem 6, if we take n = 2 and [h]q =
1
[2]q
, then we have the following trapezoidal

type inequality �����qg (x) + g (y)[2]q
� 1

y � x

Z y

x

g ({) xdq{

�����
� (y � x)

"
j xDqg (y)j

q2
�
1 + 4q + q2

�
[3]q [2]

4
q

+ j xDqg (x)j
q2
�
1 + 3q2 + 2q3

�
[3]q [2]

4
q

#
which is given by Noor et al. in [28, Theorem 3.2 for r = 1].

Corollary 6. If we use n = 6 and [h]q =
1
[2]q

in Theorem 6, then we have the following Simpson�s

type inequality ������ 1[6]q
"
qg (x) + q2 [4]q g

 
qx+ y

[2]q

!
+ g (y)

#
� 1

y � x

yZ
x

g (t) xdqt

������
� q (y � x) [jxDqg (y)j fA1 (q) +A2 (q)g+ jxDqg (x)j fA3 (q) +A4 (q)g]

where A1 (q)�A4 (q) are given in Corollary 3.

Remark 12. In Corollary 6, if we take the limit q ! 1�, then we obtain the inequality (4.7).



14 MUHAMMAD AAMIR ALI, HÜSEYIN BUDAK, PRAVEEN AGARWAL, AND YU-MING CHU

Theorem 7. We assume that the conditions of Lemma 3 hold. If the mapping jxDqgjp1 ; p1 � 1 is
convex on [x; y], then we have the following inequality������ 1[n]q

h
qg (x) + q2 [n� 2]q g

�
x+ [h]q (y � x)

�
+ g (y)

i
� 1

y � x

yZ
x

g (t) xdqt

������(4.15)

� q (y � x)

264
0@ 2q

[2]q [n]
2
q

+
[h]q

�
[h]q [n]q � [2]q

�
[n]q [2]q

1A1� 1
p1

� (A1 (q) j xDqg (y)jp1 +A3 (q) j xDqg (x)jp1)
1
p1

+

 
2
q [n� 1]q
[2]q [n]

2
q

+
1

[2]q
�
[n� 1]q
[n]q

�
[n� 1]q [h]q [2]q � [h]

2
q [n]q

[n]q [2]q

!1� 1
p1

� (A2 (q) j xDqg (y)jp1 +A4 (q) j xDqg (x)jp1)
1
p1

i
where A1 (q)�A4 (q) are given in (4.1)-(4.4), respectively.

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 3, then we
can prove the inequality (4.15). �

Corollary 7. In Theorem 7, if we take the limit q ! 1�, then we obtain the following Simpson�s type
inequality ������ 1n [g (x) + (n� 2) g (y + h (x� y)) + g (y)]� 1

y � x

yZ
x

g (t) dt

������
� (y � x)

"�
1

n2
+
h (hn� 2)

2n

�1� 1
p1

�
�
A1 (1) jg0 (y)jp1 +A3 (1) jg0 (x)jp1

� 1
p1

+

�
n� 1
n2

+
1

2
� n� 1

n
� 2 (n� 1)h� h

2n

2n

�1� 1
p1

�
�
A2 (1) jg0 (y)jp1 +A4 (1) j g0 (x)jp1

� 1
p1

i
:

Corollary 8. In Theorem 7, if we set n = 6 and [h]q =
1
[2]q
, then we obtain the following Simpson�s

type inequality ������ 1[6]q
"
qg (x) + q2 [4]q g

 
qx+ y

[2]q

!
+ g (y)

#
� 1

y � x

yZ
x

g (t) xdqt

������
� q (y � x)

24 2q

[2]q [6]
2
q

+
q3 [3]q � q
[6]q [2]

3
q

!1� 1
p1

� (A1 (q) j xDqg (y)jp1 +A3 (q) j xDqg (x)jp1)
1
p1

+

 
2q

[5]
2
q

[2]q [6]
2
q

+
1

[2]q
�
[5]q
[6]q

�
[5]q [2]

2
q � [6]q

[6]q [2]
3
q

!1� 1
p1

� (A2 (q) j xDqg (y)jp1 +A4 (q) j xDqg (x)jp1)
1
p1

i
where A1 (q)�A4 (q) are given in Corollary 3.

Remark 13. If we take the limit q ! 1� in Corollary 8, then we obtain the inequality (4.13).



CERTAIN GENERALIZED QUANTUM SIMPSON�S AND QUANTUM NEWTON�S TYPE INEQUALITIES 15

Remark 14. In Theorem 7, if we assume n = 2 and [h]q =
1
[2]q
, then we obtain the following

trapezoidal type inequality

�����qg (x) + g (y)[2]q
� 1

y � x

Z y

x

g ({) xdq{

�����
� q (y � x)

[2]q

24 q �2 + q + q3�
[2]

3
q

!1� 1
p1

�
 
j yDqg (y)jp1

q
�
1 + 4q + q2

�
[3]q [2]

3
q

+ j yDqg (x)jp1
q
�
1 + 3q2 + 2q3

�
[3]q [2]

3
q

! 1
p1

35
which is given by Noor et al. in [28, Theorem 3.2].

5. Newton�s inequalities for quantum integrals

In this section, we o¤er some new quantum boundaries for quantum Newton�s inequalities via qx-
integral and qy-integral. Moreover, we give some calculated integrals that will be used in the new
results.

Lemma 7. The following equalities hold for the quantum integrals:

Z [h]q

0

t

�����t� 1

[n]q

����� dqt(5.1)

= B1 (q) =
2q2

[n]
3
q [2]q [3]q

+
[h]

2
q

�
[h]q [2]q [n]q � [3]q

�
[2]q [3]q [n]q

;

Z [h]q

0

(1� t)
�����t� 1

[n]q

����� dqt(5.2)

= B2 (q) =
2q

[n]
2
q [2]q

+
[h]q

�
[h]q [n]q � [2]q

�
[2]q [n]q

�B1 (q) ;

Z [1�h]q

[h]q

t

�����t� 1

[10� n]q

����� dqt(5.3)

= B3 (q) =
2q2

[10� n]3q [2]q [3]q
+
[h]

3
q + [1� h]

3
q

[3]q
�
[1� h]2q + [h]

2
q

[10� n]q [2]q
;

Z [1�h]q

[h]q

(1� t)
�����t� 1

[10� n]q

����� dqt(5.4)

= B4 (q) =
2q

[10� n]q [2]q
+
[h]

2
q + [1� h]

2
q

[2]q
�
[h]q + [1� h]q
[10� n]q

�B3 (q) ;Z 1

[1�h]q
t

�����t� [n� 1]q[n]q

����� dqt(5.5)



16 MUHAMMAD AAMIR ALI, HÜSEYIN BUDAK, PRAVEEN AGARWAL, AND YU-MING CHU

= B5 (q) =
2q2 [n� 1]3q
[n]

3
q [2]q [3]q

+
1 + [1� h]3q

[3]q
�
[n� 1]q

�
1 + [1� h]2q

�
[n]q [2]q

;

Z 1

[1�h]q
(1� t)

�����t� [n� 1]q[n]q

����� dqt(5.6)

= B6 (q) =
2q [n� 1]2q
[n]

2
q [2]q

+
[1� h]2q + 1

[2]q
�
[n� 1]q

�
1 + [1� h]q

�
[n]q

�B5 (q) :

5.1. Newton�s inequalities for qy-quantum integrals. In this subsection, we o¤er some new
results about the Newton�s inequalities for qy-quantum di¤erentiable convex functions via the qy-
quantum integral.

Theorem 8. We assume that the assumptions of Lemma 4 hold. If the mapping jyDqgj is convex on
[x; y], then the following inequality holds for qy-integral:

������ 1

y � x

Z y

x

g ({) ydq{ �
1

[n]q

24g (x) + q
�
[n]q � [10� n]q

�
[10� n]q

g
�
y + [h]q (x� y)

�
(5.7)

+
[n� 1]q [10� n]q � [n]q

[n]q [10� n]q
g
�
y + [1� h]q (x� y)

�
+ qg (y)

#�����
� q (y � x) [j yDqg (x)j fB1 (q) +B3 (q) +B5 (q)g+ j yDqg (y)j fB2 (q) +B4 (q) +B6 (q)g]

where B1 (q)�B6 (q) are de�ned in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 4, then we
can prove the inequality (5.7). �

Remark 15. In Theorem 8, if we take the limit q ! 1� �rst, later we consider n = 8 and h = 1
3 ,

then we obtain the following inequality:

���� 1

y � x

Z y

x

g (t) dt� 1
8

�
g (x) + 3g

�
2x+ y

3

�
+ 3g

�
x+ 2y

3

�
+ g (y)

�����(5.8)

� 25

576
(y � x) [jg0 (x)j+ jg0 (y)j] ;

which is given by Noor et al. in [29].
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Theorem 9. We assume that the assumptions of Lemma 4 hold. If the mapping jyDqgjp1 , p1 � 1 is
convex on [x; y], then the following inequality holds for qy-integral:

������ 1

y � x

Z y

x

g ({) ydq{ �
1

[n]q

24g (x) + q
�
[n]q � [10� n]q

�
[10� n]q

g
�
y + [h]q (x� y)

�
(5.9)

+
[n� 1]q [10� n]q � [n]q

[n]q [10� n]q
g
�
y + [1� h]q (x� y)

�
+ qg (y)

#�����
� q (y � x)

264
0@ 2q

[n]
2
q [2]q

+
[h]q

�
[h]q [n]q � [2]q

�
[2]q [n]q

1A1� 1
p1

� (B1 (q) j yDqg (x)jp1 +B2 (q) j yDqg (y)jp1)
1
p1

+

 
2q

[10� n]q [2]q
+
[h]

2
q + [1� h]

2
q

[2]q
�
[h]q + [1� h]q
[10� n]q

!1� 1
p1

� (B3 (q) j yDqg (x)jp1 +B4 (q) j yDqg (y)jp1)
1
p1

+

0@2q [n� 1]2q
[n]

2
q [2]q

+
[1� h]2q + 1

[2]q
�
[n� 1]q

�
1 + [1� h]q

�
[n]q

1A1� 1
p1

� (B5 (q) j yDqg (x)jp1 +B6 (q) j yDqg (y)jp1)
1
p1

i
where B1 (q)�B6 (q) are de�ned in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 4, then we
can prove the inequality (5.9). �

Remark 16. If we take the limit q ! 1� �rst, later consider n = 8 and h = 1
3 in Theorem 9, then we

have the following inequality

���� 1

y � x

Z y

x

g (t) dt� 1
8

�
g (x) + 3g

�
2x+ y

3

�
+ 3g

�
x+ 2y

3

�
+ g (y)

�����(5.10)

� y � x
36

(�
17

16

�1� 1
p1
�
251

1152
jg0 (x)jp1 + 973

1152
jg0 (y)jp1

� 1
p1

+

�
1

2
jg0 (x)jp1 + 1

2
jg0 (y)jp1

� 1
p1

+

�
17

16

�1� 1
p1
�
973

1152
jg0 (x)jp1 + 251

1152
jg0 (y)jp1

� 1
p1

)
;

which can be found in [29].

5.2. Newton�s inequalities for qx-quantum integrals. In this subsection, we o¤er some new
results about the Newton�s inequalities for qx-quantum di¤erentiable convex functions via the qx-
quantum integral.
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Theorem 10. We assume that the assumptions of Lemma 5 hold. If the mapping jxDqgj is convex
on [x; y], then the following inequality holds for qx-integral:����� 1[n]q

"
qg (x) +

[n� 1]q [10� n]q � [n]q
[n]q [10� n]q

g
�
x+ [1� h]q (y � x)

�
(5.11)

+
q
�
[n]q � [10� n]q

�
[10� n]q

g
�
x+ [h]q (y � x)

�
+ g (y)

35� 1

y � x

Z y

x

g ({) xdq{

������
� q (y � x) [j xDqg (y)j fB1 (q) +B3 (q) +B5 (q)g+ j xDqg (x)j fB2 (q) +B4 (q) +B6 (q)g]

where B1 (q)�B6 (q) are de�ned in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 4 and consider the Lemma 5, then we
can prove the inequality (5.11). �

Remark 17. In Theorem 10, if we consider the limit q ! 1� �rst, later we consider n = 8 and h = 1
3 ,

then we recapture the inequality (5.8).

Theorem 11. We assume that the assumptions of Lemma 5 hold. If the mapping jxDqgjp1 , p1 � 1 is
convex on [x; y], then the following inequality holds for qx-integral:����� 1[n]q

"
qg (x) +

[n� 1]q [10� n]q � [n]q
[n]q [10� n]q

g
�
x+ [1� h]q (y � x)

�
(5.12)

+
q
�
[n]q � [10� n]q

�
[10� n]q

g
�
x+ [h]q (y � x)

�
+ g (y)

35� 1

y � x

Z y

x

g ({) xdq{

������
� q (y � x)

264
0@ 2q

[n]
2
q [2]q

+
[h]q

�
[h]q [n]q � [2]q

�
[2]q [n]q

1A1� 1
p1

� (B1 (q) j xDqg (y)jp1 +B2 (q) j xDqg (x)jp1)
1
p1

+

 
2q

[10� n]q [2]q
+
[h]

2
q + [1� h]

2
q

[2]q
�
[h]q + [1� h]q
[10� n]q

!1� 1
p1

� (B3 (q) j xDqg (y)jp1 +B4 (q) j xDqg (x)jp1)
1
p1

+

0@2q [n� 1]2q
[n]

2
q [2]q

+
[1� h]2q + 1

[2]q
�
[n� 1]q

�
1 + [1� h]q

�
[n]q

1A1� 1
p1

� (B5 (q) j xDqg (y)jp1 +B6 (q) j xDqg (x)jp1)
1
p1

i
where B1 (q)�B6 (q) are de�ned in (5.1)-(5.6), respectively.

Proof. If we apply the techniques used in the proof of Theorem 5 and consider the Lemma 5, then we
can prove the inequality (5.12). �

Remark 18. In Theorem 11, if we take the limit q ! 1� �rst, later we consider n = 8 and h = 1
3 ,

then we recapture the inequality (5.10).

6. Conclusions

We conclude our work by mentioning that here, we proved some new quantum integral inequalities
of Simpson�s and Newton�s type for di¤erentiable convex functions by using the notions of quantum
derivatives and quantum integrals. It is important to mention that our results transformed into the
some new and known results by considering di¤erent choices of the general quantum number and
considering the limit q ! 1� in our main results. We strongly believe that it is an interesting and new
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problem for the upcoming researchers those can obtain similar inequalities for co-ordinated convex
functions in their future work.
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